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Geometrical percolation threshold of congruent cuboidlike particles in overlapping particle systems
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With the advances in artificial particle synthesis, it is possible to create particles with unique shapes. Particle
shape becomes a feasible parameter for tuning the percolation behavior. How to accurately predict the percolation
threshold by particle characteristics for arbitrary particles has aroused great interest. Towards this end, a versatile
family of cuboidlike particles and a numerical contact detection algorithm for these particles are presented
here. Then, combining with percolation theory, the continuum percolation of randomly distributed overlapping
cuboidlike particles is studied. The global percolation threshold φc of overlapping particles with broad ranges
of the shape parameter m in [1.0, +∞) and aspect ratio a/b in [0.1, 10.0] is computed via a finite-size scaling
technique. Using the generalized excluded-volume approximation, an analytical formula is proposed to quantify
the dependence of φc on the parameters m and a/b, and its reliability is verified. The results reveal that the
percolation threshold φc of overlapping cuboidlike particles is heavily dependent on the shapes of particles, and
much more sensitive to a/b than m. As the cuboidlike particles become spherical (i.e., m = 1.0 and a/b = 1.0),
the maximum threshold φc,max can be obtained.
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I. INTRODUCTION

Percolation behavior of particle systems is one of the most
popular research topics in statistical physics [1,2] and closely
related to a host of physical and chemical phenomena in
materials science such as electrical properties of conductive
composites [3,4], cluster formation in ethanol-water mixtures
[5], recharge of groundwater in aquifers [6], metal-insulator
transition in condensed matter systems [7], penetration of
deleterious ions in porous structures [8], and ductile-brittle
transition of amorphous alloys [9]. Percolation threshold is a
mathematical concept related to the formation of long-range
connectivity in multiphase materials [10], and can be charac-
terized by the critical covering fraction of particles in particle
systems. With the emergence of global connectivity in the
systems, the materials performance would be changed dramat-
ically. Therefore, the investigations on continuum percolation
of particle structures, especially the percolation threshold, have
attracted appreciable attention in recent years [11]. Accurate
prediction of percolation threshold has been a central task in
the study of percolation behavior and the associated properties
of a great deal of composite materials.

Over the past decades, there has been significant progress
in the synthesis of particles with unique shapes such as
ellipsoids [12–17], polyhedrons [18–20], stars [21], cubelike
particles [22–24], nonconvex particles [25], etc. The advances
in artificial particle synthesis lead to new possibilities for
applications where particle shape is a crucial influencing

*chenhs@seu.edu.cn
†xwxfat@gmail.com

factor, like the aforementioned percolation behavior of par-
ticle systems. However, previous works on the percolation
phenomena of particles mainly focused on the random pack-
ing of spheres [26–28], fibers [29], disks [30], ellipsoids
[31–33], spherocylinders [34,35], and hyperparticles [36]. In
this study, a versatile family of cuboidlike particles [37–39]
which smoothly interpolate between ellipsoids and cuboids is
introduced. These particles are able to capture many of the
essential features of real particle shapes and represent a wide
range of shapes in nature. This has aroused great interest of in-
vestigating the microstructure and performance of the cuboid-
like particle systems. As described by Eq. (1), the surface
of cuboidlike particles, also known as “superellipsoids,” can
be simply described by an extension of the equation for an
ellipsoid.

|x|2m

a2m
+ |y|2m

b2m
+ |z|2m

c2m
= 1, (1)

where a, b, and c are three semimajor axis lengths in the
direction of the x, y, and z axes, respectively; m is a shape
parameter that can vary between 1.0 and +∞ corresponding
to ellipsoids (m = 1.0) and cuboids (m = +∞). Figure 1
illustrates the morphologies of the cuboidlike particles with
different values of the parameter m and the aspect ratio a/b,
where the semimajor axis length c is equal to the length b (i.e.,
b = c).

As mentioned above, a considerable amount of research
on the quantitative relations between particle shapes and
the percolation threshold for nonspherical particles can be
found in the literature [29–36]. Because there have been few
systematical reports on these cuboidlike particles, we chose to
study the dependence of percolation threshold of overlapping
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FIG. 1. The morphologies of cuboidlike particles with different
m and a/b.

particle systems on the geometric characteristics of cuboidlike
particles, such as the shape parameter m and the aspect ratio
a/b.

To achieve the above goal, both the geometrical model and
the contact detection algorithm for the cuboidlike particles are
given first. By using the Monte Carlo method, the percolation
models of overlapping cuboidlike particles are generated,
and a searching algorithm of percolation in finite-size struc-
tures is presented in detail. The percolation transition width
�L, correlation-length critical exponent ν, and percolation
threshold φc are determined successively via an extensive
finite-size scaling analysis technique. Based on the simulated
results, the generalized excluded-volume approximation is
utilized here to derive an analytical formula for the global
percolation threshold φc of cuboidlike particles, which can
be used to predict the value of φc for wide ranges of m

in [1.0, +∞) and a/b in [0.1, 10.0]. The reliability of the
analytical solutions from the present study is further verified
by comparing with the data in the literature.

II. CONTINUUM PERCOLATION

Percolation mainly describes the behavior of connected
clusters in random systems. In the modeling of continuum
percolation in particulate media, the structures are generally
assumed to be composed of random packing of soft particles
[26,31,32,35]. In the system, if two particles contact, they are
defined as overlapping particles and identified to the same
cluster. If there is one cluster which could continuously span
the domain from one boundary to its opposite boundary, the
percolation is deemed to be realized in the whole system.
Before investigating the percolation of cuboidlike particles,
two issues still need to be dealt with: The first one is how to
describe the geometrical model of the cuboidlike particle with
arbitrary position, size, and orientation by a general function,
and the second one is how to efficiently detect the interparticle
contact in the packing systems of cuboidlike particles.

A. Geometrical model of cuboidlike particle

Formally speaking, the function, i.e., Eq. (1), can only
describe the cuboidlike particle with its center located at the
origin of the Cartesian coordinates and three semimajor axes
parallel to the coordinate axes. To characterize these nonspher-
ical particles with random positions, sizes, and orientations,

a so-called ten-parameter method is used by referring to the
model of ellipsoids [40]. In this approach, a random cuboidlike
particle in three-dimensional (3D) space can be represented by
ten degrees of freedom, i.e., center (x0, y0, z0), three semimajor
axis lengths (a, b, c), three Euler angles (α, β, γ ), and shape
parameter (m). The corresponding geometrical function of
cuboidlike particles can be expressed as below:

Xint

⎡
⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎤
⎥⎦XT

int = 0, (2)

where Xint = (xm
int, ym

int, zm
int, 1). xint, yint, and zint are three

intermediate variables, and can be obtained by Eq. (3).

(xyz1)T = T RS(xintyintzint1), (3)

where (x, y, z) are the coordinates of an arbitrary point on the
surface of cuboidlike particles; T , R, and S are the translation,
rotation, and scaling matrices, which can be expressed by
Eqs. (4)–(6), respectively.

T =

⎡
⎢⎣

1 0 0 x0

0 1 0 y0

0 0 1 z0

0 0 0 1

⎤
⎥⎦, (4)

R =

⎡
⎢⎣

cos γ − sin γ 0 0
sin γ cos γ 0 0

0 0 1 0
0 0 0 1

⎤
⎥⎦

⎡
⎢⎣

cos β 0 sin β 0
0 1 0 0

− sin β 0 cos β 0
0 0 0 1

⎤
⎥⎦

⎡
⎢⎣

1 0 0 0
0 cos α − sin α 0
0 sin α cos α 0
0 0 0 1

⎤
⎥⎦, (5)

S =

⎡
⎢⎣

a 0 0 0
0 b 0 0
0 0 c 0
0 0 0 1

⎤
⎥⎦. (6)

B. Contact detection of cuboidlike particles

In general, the numerical contact detection algorithms for
nonspherical particles can be categorized into two kinds: the
multisphere technique [41,42] and the analytical geometric
approach [15,18,21]. Compared with the first method, the
analytical geometric approach generally has more accuracy
and efficiency. In this approach, the surface of the nonspherical
particle is characterized by the analytical model and the
interparticle contact is detected by means of the mathematical
principle. In this section, we present a simple interparticle
contact detection algorithm based on the characteristics of
these cuboidlike particles with arbitrary shapes.

Two random cuboidlike particles i and j with the
same parameter m are expressed by Eqs. (2)–(6) with ten
degrees of freedom as (x0,i , y0,i , z0,i , ai, ai, bi, ci, βi, γi, m)
and (x0,j , y0,j , z0,j , aj , bj , cj , αj , βj , γj ,m), respectively.
The translation, rotation, and scaling matrices of particles i and
j are denoted by Ti , Ri , and Si , and Tj , Rj , and Sj , respectively.
Assume that the maximum and minimum distances between
the center of a random particle and its corresponding surface
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are denoted by dmax and dmin. Then, the contact between
particle i and particle j can be preliminarily detected by
Eqs. (7) and (8).

If the central distance dij between these two cuboidlike
particles meets Eq. (7), no contact occurs.

dij =
√

(x0,i − x0,j )2 + (y0,i − y0,j )2 + (z0,i − z0,j )2

> dmax,i + dmax,j . (7)

If the central distance dij satisfies Eq. (8), contact must exist.

dij =
√

(x0,i − x0,j )2 + (y0,i − y0,j )2 + (z0,i − z0,j )2

� dmin,i + dmin,j . (8)

It is worth noting that, for the cuboidlike particles with m in
[1.0, +∞), the minimum distance dmin can be easily obtained
by Eq. (9).

dmin = min(a, b, c). (9)

FIG. 2. A random point P (x, y, z) on the surface of cuboidlike
particle.

However, the maximum distance dmax is determined by both
the shape parameter (m) and three semimajor axis lengths
(a, b, c), and can not be described by an analytical func-
tion. Thus, a searching algorithm of infinite approximation
is proposed here to derive the value of dmax for an arbitrary
cuboidlike particle. As shown in Fig. 2, taking one cuboidlike
particle expressed by Eq. (1) as an example, a random point
P (x, y, z) on the surface of this particle can be described by
Eq. (10).

x = d(θ, ϕ) sin θ cos ϕ, (10a)

y = d(θ, ϕ) sin θ sin ϕ, (10b)

z = d(θ, ϕ) cos θ, (10c)

d(θ, ϕ) = abc

(b2mc2m|sin θ |2m|cos ϕ|2m + a2mc2m|sin θ |2m|sin ϕ|2m + a2mb2m|cos θ |2m)
1/(2m) , (10d)

where θ is the angle between the zenith direction and the
line segment OP , ϕ is the signed angle measured from the
azimuth reference direction to the orthogonal projection OP ′
of the line segment OP on the reference plane O-XY, and
d(θ, ϕ) represents the distance from the surface point P to the
origin O.

It can be seen from Eq. (10d) that for a cuboidlike particle
with preselected shape parameter (m) and semimajor axis
lengths (a, b, c), the value of d(θ, ϕ) is closely related to the
angles θ and ϕ. Due to symmetry of the particle in Fig. 2,
we only need consider the surface of the cuboidlike particle
in the first quadrant to derive the maximum distance dmax. As
shown in Fig. 3, the values of both θ and ϕ are in the interval of
[0, π/2]. Suppose the angle ϕ is equal to a fixed value ϕk in the
interval of [ϕmin, ϕmax] first. The corresponding points with ϕk

and θ on the surface of the particle will form a red curve (seen
in Fig. 3), and the maximum distance from the origin O to the
red curve is denoted by the symbol dϕk

max. Consequently, dmax

is equivalent to the largest value of a series of distances dϕk
max

from the origin O to all of these surficial curves in 3D space,
which can be mathematically described by Eq. (11).

dmax = max
{
dϕk

max

}
ϕk ∈ [ϕmin, ϕmax]. (11)

Next, the major challenge we faced was how to obtain the
value of dϕk

max for an arbitrary curve with ϕk on the surface of
the particle as well as the corresponding angle θ . According to
the golden section searching algorithm [43], an approximation
method involved with θ and ϕ is proposed. As shown in Fig. 3,
the initial minimum value (θmin) and a maximum value (θmax)
are set to 0 and π/2, respectively. Obviously, the angle θ

corresponding to the distance dϕk
max must exist between θmin

FIG. 3. Schematic diagram of an arbitrary curve with a fixed angle
ϕk on the surface of cuboidlike particle in the first quadrant.
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and θmax. Then, two prescribed angles θ1 and θ2 in the interval
of [θmin, θmax] are obtained by Eqs. (12) and (13).

θ1 = θmin + κ (θmax − θmin), (12)

θ2 = θmax − κ (θmax − θmin), (13)

where κ is a random value between 0 and 0.5.
The distances d(θ1, ϕk ) and d(θ2, ϕk ) are separately cal-

culated by substituting the values of θ1 and θ2 into Eq. (10).
According to the quantitative relation between d(θ1, ϕk ) and
d(θ2, ϕk ), we can use the following rules:

If the distance d(θ1, ϕk ) is smaller than (or equal to) the
value of d(θ2, ϕk ), the minimum value (θmin) and maximum
value (θmax) are reset by Eq. (14)

θmin = θ1, θmax = θmax. (14)

If the distance d(θ1, ϕk ) is larger than the value of d(θ2, ϕk ),
the minimum value (θmin) and maximum value (θmax) are reset
by Eq. (15).

θmin = θmin, θmax = θ2. (15)

A reset interval of [θmin, θmax] can be obtained. Using
Eqs. (12) and (13) again, the new interval of [θmin, θmax] is redi-
vided into three parts (i.e., [θmin, θ1), [θ1, θ2), and [θ2, θmax]).
The new distances d(θ1, ϕk ) and d(θ2, ϕk ) are calculated by
Eq. (10d) and compared. The above process is iterated until
the angle difference between θmax and θmin meets Eq. (16).

|θmax − θmin| � ε, (16)

where ε is a specified threshold and selected to be 1.0 × 10−5

in the study.
According to Eq. (17), the maximum distance dϕk

max from
the origin O to an arbitrary curve with ϕk on the surface of
cuboidlike particle (e.g., the red curve in Fig. 3) as well as the
corresponding angle θ can be obtained.

dϕk

max = max{d(θ1, ϕk ), d(θ2, ϕk )}. (17)

The maximum distance dmax as shown in Eq. (11) can also
be derived by the above-mentioned method on the basis of
all of the acquired distances dϕk

max, but the research object of
the angle interval is [ϕmin, ϕmax] rather than [θmin, θmax]. For
the surface of the particle in Fig. 3, the initial minimum value
(ϕmin) and the maximum value (ϕmax) are also set to 0 and π/2
within the first quadrant, respectively. By Eqs. (18) and (19),
two prescribed angles ϕ1 and ϕ2 in the interval of [ϕmin, ϕmax]
are obtained as below:

ϕ1 = ϕmin + κ (ϕmax − ϕmin), (18)

ϕ2 = ϕmax − κ (ϕmax − ϕmin). (19)

By substituting ϕ1 and ϕ2 into Eq. (10d), the distances dϕ1
max

and dϕ2
max can be separately obtained and compared. By utilizing

the analogous approach expressed as Eqs. (14) and (15), a new
interval of [ϕmin, ϕmax] is obtained, and then redivided. The
derivation process mentioned above is also iterated until the
difference between ϕmax and ϕmin is smaller than the threshold ε

as Eq. (20). Once the iteration is completed, the corresponding
dmax can be derived by Eq. (11).

|ϕmax − ϕmin| � ε. (20)

FIG. 4. Schematic diagram of the linear transformation from the
global coordinate system O-XYZ to the local coordinate system O ′-
X′Y′Z′.

It should be noted methodologically that the total process of
deriving dϕk

max for a fixed curve with ϕk is nested in the process
of deriving dmax by narrowing down the interval of [ϕmin, ϕmax]
in the computer simulation. Based on the above approximation
algorithm, Eq. (7) can be adopted easily by us.

In addition, if the distancedij satisfies Eq. (21), further effort
is needed to detect whether or not these particles contact.

dmin,i + dmin,j < dij � dmax,i + dmax,j . (21)

In previous work [44], a numerical algorithm of efficiently
detecting the contact of superballs has been developed based on
linear coordinate transformation. In this paper, the algorithm is
extended to these cuboidlike particles. Taking the cuboidlike
particle i for example, Ti and Ri are the translation and rotation
matrices, respectively. According to Eq. (22), the cuboidlike
particle i in the global Cartesian coordinate system O-XYZ can
be converted into a new cuboidlike particle i ′ with its center
located at the origin O ′ of the new Cartesian coordinate system
O ′-X′Y′Z′ and three semimajor axes parallel to the coordinate
axes (i.e, O ′X′, O ′Y′, and O ′Z′) as shown in Fig. 4. The shape
and size of the new particle i in O ′-X′Y′Z′ is identical with the
cuboidlike particle i in O-XYZ and the geometrical formula
of particle i ′ can be expressed by Eq. (23). We call this new
coordinate system O ′-X′Y′Z′ the local coordinate system.

(x ′
i y

′
i z

′
i 1)T = R−1

i T −1
i (xi yi zi 1)T , (22)

|x ′
i |2m

a2m
i

+ |y ′
i |2m

b2m
i

+ |z′
i |2m

c2m
i

= 1, (23)

where (xi, yi, zi ) denotes the location of points on the surface
of cuboidlike particle i with respect to the global coordinated
system O-XYZ, and (x ′

i , y ′
i , z′

i) denotes the location of cor-
responding points on the surface of particle i ′ relative to the
new coordinate system O ′-X′Y′Z′. T −1

j and R−1
j represent the

inverse matrices of Ti and Ri .

|x ′
0,j |2m

a2m
i

+ |y ′
0,j |2m

b2m
i

+ |z′
0,j |2m

c2m
i

� 1. (24)

The center of cuboidlike particle j [Oj (x0,j , y0,j , z0,j )]
in O-XYZ can also be transformed into a new point O ′

j (x ′
0,j ,
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FIG. 5. Schematic diagram of accurate contact detection of two
cuboidlike particles i and j .

y ′
0,j , z′

0,j ) in O ′-X′Y′Z′. And if the new center of particle O ′
j

(x ′
0,j , y ′

0,j , z′
0,j ) meets Eq. (24), we can be definitely sure that

these two cuboidlike particles i and j make contact. Otherwise,
a more numerically stable contact detection algorithm based
on the geometric potential concept will be further utilized.
Refer to the detailed description in Ref. [45] for the equation
of a 3D particle f (x, y, z) = 0, a varying value of potential
f = f (x, y, z) represents a family of varying sized geometric
similar particles sharing the same origin. As shown in Fig. 5,
there exists a point (i.e., the black dot J1) on the surface
of cuboidlike particle j which forms the minimum potential
(i.e., the smallest f ) to the other particle (i.e., the cuboidlike
particle i). If this point J1 is inside or on the particle i

[i.e., f (xJ1, yJ1, zJ1) � 0], contact must exist. Zhou et al.
[46] utilized the above idea to develop a geometric-potential-
based contact detection algorithm for egg-shaped particles and
then investigated the behaviors of assemblies of egg-shaped
particles at macroscopic and microscopic levels.

In this study, for the sake of convenience, the surface of
a random cuboidlike particle in 3D space is simplified as a
set of discrete points. The contact of two arbitrary cuboidlike
particles can be determined by detecting whether the set of
points which forms a surface of one particle (e.g., the particle
j ) is inside the other particle (e.g., the particle i). In general,
the more homogeneous the distribution of the selected discrete
points is, the more similar the simplified surface of a cuboidlike
particle formed by those points is to the real morphology of
the particle. Following Ref. [44], two ranges of discontinuous
angles θ and ϕ are obtained by Eq. (25).

θ = 0 :
π

n
: π, (25a)

ϕ = 0 :
π

n
: 2π, (25b)

where n is a random positive integer.
Substituting Eq. (25) into Eq. (10), the coordinates of

distributed discrete points on the surface of one specified
cuboidlike particle expressed by Eq. (1) can be obtained.
Figure 6 visualizes the real morphology of a cuboidlike
particle and the corresponding 3D discrete points on its surface
by Eqs. (10) and (25). For an arbitrary cuboidlike particle

FIG. 6. Visualization of the discrete points on the surface of a
cuboidlike particle with m = 2.0, a = 2.0, b = c = 1.0, and n = 80,
respectively.

expressed by Eqs. (2)–(6), the coordinates of the points on
the surface can be obtained easily by the linear transformation
with the matrices T , R, and S.

In recent years, various methods of detecting the collision of
superellipsoids have been developed. For instance, Cleary et al.
[47] described a fast method for predicting intersuperellipsoid
collision based on the Newton-Raphson scheme. By utilizing

FIG. 7. Flowchart of the packing procedure of rigid cuboidlike
particles in the cubic container.
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FIG. 8. Verification of the contact detection algorithm for a spec-
ified cubic packing structure of multisized rigid cuboidlike particles
(m = 1.0 and a = b = c, i.e., spheres) generated by a random sequen-
tial packing approach. (a) The semiperiodic packing structure of mul-
tisized rigid particles which satisfies Fuller distribution function. (b)
The intersection of the section plane Z = 50 and the particles. (c) The
intersection of the section plane Z = 100 and the particles. (d) The
intersections of the section plane Z = 150 and the particles.

the common-normal concept, Wellmann et al. [48] developed
an efficient detection algorithm between superellipsoids and
the main feature of this algorithm is to search for the contact
direction instead of the contact points. Combing the common-
normal concept with the discrete element method (DEM), Zhao
and Zhou [49] introduced a superball-based DEM model and
the effect of particle shape on the mechanical behaviors of
monodisperse assemblies was investigated. Compared with
these above-mentioned approaches, the characteristic of our
algorithm is that the surface of an arbitrary cuboidlike particle
is assumed to be composed of a set of 3D discrete points. The
interparticle contact can be determined by detecting whether
the points on the surface of one cuboidlike particle are inside

the other one. Furthermore, combining the linear coordinate
transformation with vector and matrix operation theory, the
position relationship between a series of 3D discrete points
and the other nonspherical particle can be quickly determined
instead of detecting the iteration as described in Refs. [15,40].

C. Verification of the contact detection algorithm

In order to verify the reliability of the contact detection
algorithm for cuboidlike particles, a specified cubic packing
structure of multisized rigid cuboidlike particles with m = 1.0
and a = b = c (i.e., spherical particles) is generated by means
of a random sequential packing approach. The detailed packing
procedure is illustrated in Fig. 7. In the particle packing
structure shown in Fig. 8(a), the container is set to semiperiodic
boundary conditions (i.e., both the upper and lower walls are set
to rigid boundaries, and the other four walls are set to periodic
boundaries), and the side length L is equal to 200. For the
periodic boundaries, if the particle overlaps with the boundary
planes, a periodic compensation strategy [50] will be applied.
The volume fraction of rigid particles VP in the container is
selected to be 0.60 and the equivalent radius Req, which is
defined as the radius of an equivalent sphere having the same
volume as an arbitrary cuboidlike particle, is used by Eq. (26).

Req = �(0.5/m)

[
abc

2π�(1.5/m)m2

]1/3

, (26)

where Req is the radius of an equivalent sphere having the same
volume as the cuboidlike particles with a, b, c, and m.

For the packing of rigid spherical particles in Fig. 8, the
values of Req, a, b, and c are identical for an arbitrary particle.
The Fuller distribution function [14] is employed to represent
the particle size distribution (PSD) of multisized rigid particles.
The maximum and minimum equivalent radii (i.e., Req,max and
Req,min) are, respectively, set to 3 and 20. The integer n in
Eq. (25) is selected to be 80. Three section planes parallel to
the rigid boundary planes (i.e., Z = 50, 100, and 150) are used
to intercept the corresponding model structures, respectively.
It can be seen from Figs. 8(b)–8(d) that no interparticle
overlapping occurs in all of these slices, which indicates the
reliability of our interparticle contact detection algorithm.

FIG. 9. The searching algorithm for percolation cluster in the congruent overlapping cuboidlike particle packing structure with periodic
boundaries. (a) Realization of overlapping particle packing structure. (b) The particles overlapping with the left boundary plane. (c) Identification
of a percolation cluster.
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FIG. 10. Percolation probability P (φ,L) vs φ with a/b = 1.5 and different m.

D. Percolation model in particle systems

Through the combination of the model of cuboidlike par-
ticles, the contact detection algorithm, and the percolation
model [35], a simple searching algorithm for percolation
cluster in overlapping cuboidlike particle packing structure is
presented.

As shown in Fig. 9(a), we first generate a realization of
congruent overlapping cuboidlike particles with fixed particle
size Req, shape parameter m, the ratio of semimajor axis length
a/b (where b = c), and covering volume fraction φ in the
cubic container of size L by a random sequential addition
(RSA) process. The centers (x0, y0, z0) and Euler angles
(α, β, γ ) of particles are randomly selected in the intervals
of [0, L] and [0, 2π ], respectively, which means that all the
particles’ positions and orientations are totally uncorrelated.
All the boundary planes of the container are set to be periodic,
and the periodic compensation strategy [50] is applied as
well. The total number of particles N is determined by

Eqs. (27) and (28).

N = L3ln(1 − φ)−1

V
, (27)

V = 2

3

�3(0.5/m)

�(1.5/m)m2
abc, (28)

where V is the volume of a cuboidlike particle and can be
calculated by Eq. (28), φ is a given covering volume fraction
of particles, and L is the side length of the cubic container.

Taking the left and right planes of the cubic structure for
example, search for the particles which overlap with the left
plane of the container, and label them by a new color [i.e.,
the yellow particles in Fig. 9(b)]. Subsequently, based on the
contact detection algorithm, search for the particles which
overlap with the preceding particles labeled by the yellow,
and label them by the same color as well. This process is
iterated until there is no additional particle overlapping with
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FIG. 11. Percolation probability P (φ,L) vs φ with m = 2.0 and different a/b.

the preceding particles. Finally, detect whether or not these
particles denoted by new color interact with the right plane. If
one intersection is found as shown in Fig. 9(c), the connected
path throughout the horizontal direction of the structure is
formed and the percolation is realized. Otherwise, we need
to further detect the relationship between these particles and
the other four planes of the container.

In the finite-size systems, the percolation occurs with a
certain probability. For an overlapping particle system with
given volume fraction φ, a large number of samples are
generated and each is checked. The percolation probability
P defined as the ratio of percolated samples Np to the total
samples Nt is computed by Eq. (29). If the number of total
samples Nt is high enough, a reliable value of P can be
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FIG. 12. Effect of cuboidlike particle shapes on the curves of P -φ with L/Req = 50. (a) Effect of the parameter m. (b) Effect of the aspect
ratio a/b.

obtained.

P = Np

Nt

, (29)

where Nt is the total number of generated samples, and Np is
the number of percolated samples.

III. APPLICATIONS AND DISCUSSIONS

A. Percolation probability

A series of percolation models of congruent overlapping
cuboidlike particles with different morphologies are generated
in the cubic container of size L. For all the cuboidlike particles
in the models, the semimajor axis length b is equal to the length
c. The shape parameter m is selected to be 1.0, 1.5, 2.0, 4.0,
10.0, 20.0, 50.0, and +∞, respectively. The ratio of semimajor
axis lengths a/b is equal to 0.1, 0.25, 0.5, 0.7, 1.0, 1.5, 2.0,
3.0, 4.0, 7.0, and 10.0, respectively. According to the study
[35], the percolation threshold possesses a universal behavior
dependent only on the particle shape but not particle size for
the percolation of congruent overlapping particles. Thus, the
equivalent radius of particles Req here is fixed to be a constant
1.0 and the ratio of L to Req is assigned as at least 20 (i.e.,
L/Req � 20). To guarantee the statistical reliability of the
results, the number of total samples [i.e., Nt in Eq. (29)] is

assigned as 2000 for each percolation structure based on our
previous work [44].

Figures 10 and 11 illustrate the percolaton probability of
finite-size cuboidlike particle packing structures P as a func-
tion of volume fraction φ for different m and a/b, respectively.
It can be observed that the percolation probability P increases
monotonically with the increasing volume fraction φ. All the
shapes of the P -φ curves are very similar to the curves of
Gauss error function. Besides, the ratio L/Req (i.e., the side
length L) has remarkable impact on the curves of P -φ. For
the percolation models with fixed m and a/b, the curve of
P -φ becomes steeper with the increase of L from 20 to 60,
and the maximum slope of the P -φ curve also grows as well.
Predictably, as the side length of structures L approaches to
infinity, the slope of the P -φ curve tends to infinity and the
corresponding volume fraction φ on the horizontal axis of
Figs. 10 and 11 will be a constant value. Besides, we also
find from Figs. 10 and 11 that the crossing points of the
P -φ curves are generally at different values of φ for different
cuboidlike particles and are closely related on the positions of
those obtained curves of P -φ.

Figure 12 displays the influence of cuboidlike particle shape
(i.e., m and a/b) on the curves of P -φ with L/Req = 50. It can
be seen from Fig. 12 that both the shape parameter m and
the ratio a/b do not significantly affect the shapes of the P -φ
curves, and the percolation probability P in the curves of P -φ

FIG. 13. The negative power of percolation transition width �−1(L) as a function of L for different particle shapes. (a) Effect of the
parameter m. (b) Effect of the aspect ratio a/b.
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TABLE I. The values of critical exponent v of cuboidlike particles
with different m at a/b = 1.5 from Fig. 13(a).

m 1.0 1.5 2.0 4.0 10.0 20.0 50.0 +∞
v 1.075 1.01 1.034 1.102 1.064 1.062 1.027 1.042

increases with volume fraction φ. At L/Req = 50, all of the
slopes of the P -φ curves with m in [1.0,+∞) and a/b in [0.1,
10] remain basically invariable, but the vertical asymptotic
value of the P -φ curve along the horizontal axis (i.e., φ axis)
is dominated by the particle shape. By comparing the curves
of P -φ with different m in Fig. 12(a), we can find that the
P -φ curve shifts to a lower value of φ with the increasing
m from 1.0 to +∞. That is to say, more cuboidlike particles
are interconnected at high m, and such systems percolate at
lower volume fraction. Compared with the curves of P -φ with
different a/b in Fig. 12(b), it is observed that when 0.1 �
a/b � 1.0, the P -φ curve translates to higher volume fraction
along the horizontal axis (i.e., φ axis) with the increasing a/b.
However, as the ratio a/b continues to increase from 1.0, the
P -φ curve translates to lower φ along the horizontal axis of
Fig. 12(b), which is similar to the trends of curves of P -φ for
congruent ellipsoids [32].

B. Percolation threshold

The percolation threshold φc in the infinite space charac-
terizes the critical state of emergence of the spanning cluster.
To obtain the corresponding percolation threshold for differ-
ent systems, researchers have developed various numerical
methods and many good research achievements have been
accumulated so far. For instance, Lorenz and Ziff [51] used
extensive Monte Carlo simulations to evaluate the excess
number of clusters and the crossing probability function for
3D percolation on the simple cubic, face-centered cubic, and
body-centered cubic lattices. The results revealed that the
excess number of clusters per unit length is a universal quantity
with a value of 0.412 and the critical crossing probability
followed a universal exponential decay. In the literature [52],
Newman and Ziff described an efficient algorithm for studying
site or bond percolation on any lattice. The algorithm can be
used to measure an observable quantity in a percolation system
for all values of the site or bond occupation probability from 0
to 1 in an amount of time that scales linearly with the size of
the system. For the continuum percolation model of particles,
a comprehensive finite-sized scaling analysis technique was
adopted successively by different researchers [26,35,44] to
explore the effect of particle shape on the percolation behavior
of particle packing systems in a periodic cubic domain and the
generalized approximations for the threshold φc were obtained.
In our study, the percolation threshold φc is also represented
by a critical volume fraction of overlapping particles. In order

to derive the percolation threshold φc for the cuboidlike par-
ticle packing systems from the percolation probability P and
formulize the influence of cuboidlike particle morphologies
on the value of φc, the simple finite-size scaling technology
as described in Ref. [26] is utilized here without regard to the
small deviation caused by the assumptions in this method.

According to the implemented process of the finite-size
scaling method [32,35], a Gauss error function, as Eq. (30), is
used to fit the obtained P -φ curves in the simulation (e.g., the
curves in Fig. 10 and 11). Then, the local percolation threshold
φc(L) and the percolation transition width �(L) can be
derived.

P (φ,L) = 1

2

{
1 + erf

[
φ − φc(L)

�(L)

]}
, (30)

where φc(L) is the local percolation threshold for a system of
size L. The condition P (φ,L) = 0.5 is used to determine the
critical value of φc(L) for the finite system. �(L) denotes the
width of the percolation transition in the finite-size structures.

By fitting the curves in Figs. 10 and 11, Fig. 13 shows the
log-log plot of �−1(L) against L for different m and a/b,
respectively. It can be seen that �−1(L) is a quantity clearly
depending on the system size L. When the values of m and
a/b are fixed, all the values of log10[�−1(L)] increase linearly
with the increase of log10(L). Additionally, all the curves
of log10[�−1(L)]–log10(L) are approximately parallel to one
another at the same m (or a/b). In the literature [26,32,35],
�−1(L) is described as a function of system size L via a
correlation-length critical exponent v. According to the scaling
relation between �(L) and L as expressed by Eq. (31), the
corresponding exponent v can be obtained from Fig. 13 where
their values are equal to the slopes of these lines. In Tables I
and II, the specified values of the exponent v from Figs. 13(a)
and 13(b) are listed in detail, respectively. It can be shown that
the critical exponent v for a cuboidlike particle with different
shapes in our study is not a constant. All of the corresponding
values of v obtained fluctuate around 1.0 which is slightly
different from the results (v ≈ 0.876) in the literature [53,54].

�−1(L) ∝ L1/v, (31)

where v is a correlation-length critical exponent.

φc(L) − φc ∝ L−1/ν . (32)

After deriving φc(L) and v, the global percolation threshold
φc can be subsequently estimated by Eq. (32). Figures 14(a)
and 14(b) illustrate the variations of the local percolation
threshold φc(L) as a function of L−1/ν for the conditions of
a/b = 1.5 and m = 2.0, respectively. The interception of each
curve of φc(L)-L−1/ν the with y axis is the corresponding
φc for infinite-size systems. Taking the simulated results
with m = 1.0 and a/b = 1.0 as an example, the percolation
threshold φc = 0.2896 ± 0.0004 is obtained from a linear
fitting to the simulated data. The value of φc is basically
consistent with the simulated results by Rintoul and Torquato

TABLE II. The values of critical exponent v of cuboidlike particles with different a/b at m = 2.0 from Fig. 13(b).

a/b 0.1 0.25 0.5 0.7 1.0 1.5 2.0 3.0 4.0 7.0 10.0

v 1.037 1.091 0.992 1.041 1.052 1.034 0.997 1.019 1.030 1.027 1.062
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FIG. 14. The local percolation threshold φc(L) as a function of L−1/ν for different m and a/b. (a) Effect of the parameter m. (a) Effect of
the aspect ratio a/b.

(φc = 0.2895 ± 0.0005) [26], Lorenz and Ziff (φc =
0.289573 ± 0.000002) [27], Garboczi et al. (φc = 0.2854)
[31], and Xu et al. (φc = 0.2896 ± 0.0007) [35]. In Table III,
we list a series of the numerically simulated values of φc we
obtain by the above approach.

Figure 15 visualizes the derived percolation threshold
φc of congruent overlapping cuboidlike particles with m in
[1.0, +∞) and a/b in [0.1, 10.0], respectively, where the two
black solid lines in Fig. 15(b) separately correspond to the
values of φc for the conditions of m = 2.0 and a/b = 1.5. It
is found that φc is a heavily m- and a/b-dependent quantity,
which shows different changing trends with the variation of m

and a/b, respectively. As depicted in Fig. 15, at the same m,
the percolation threshold φc generally shows a first increasing
and then decreasing trend with the increasing a/b from 0.1 to
10.0, and the maximum threshold is obtained at a/b = 1.0 (i.e.,
ellipsoids), but the changing degree of φc is closely related to
the specified value of m.

When the ratio a/b is held constant, the impact of m

on the percolation threshold φc is slightly different with the
variation of a/b from 0.1 to 10.0. In Fig. 15, when the
value of a/b approaches 1.0, the global percolation threshold
φc of overlapping cuboidlike particles decreases with the
increasing m from 1.0 to +∞. Meanwhile, the impact degree
of m slows down with the increasing m and turns to be a
stable value. However, as the ratio a/b moves to both sides

from 1.0, the dependence of φc on the shape parameter m is
gradually weakened. The percolation threshold φc shows a first
increasing and then decreasing trend with the increasing m,
which is very different with the variation of φc at a/b = 1.0.
When the ratio a/b is large (e.g., a/b = 10.0) or small (e.g.,
a/b = 0.1) enough, the influence of m on the value of φc can
be neglected. Overall, the influence of the ratio a/b on the
percolation threshold φc is greater than that of the parameter
m, and the percolation threshold φc possesses a maximum
value at a/b = 1.0 and m = 1.0, which indicates that the
systems of congruent overlapping spheres are more difficult
to percolate than other cuboidlike particles. Such conclusion
has similarities with the results for congruent ellipsoids [31]
and spherocylinders [35].

C. An analytical approximation

Based on the simulated results in Fig. 15, we propose
an analytical approximation for percolation threshold φc of
congruent overlapping cuboidlike particles [i.e., Eq. (33)], in
which the exponent is closely related to the dimensionless
excluded volume Vdex , the shape parameter m, and the aspect
ratio a/b.

ψc = 1 − e−G/Vdex , (33)

TABLE III. The statistically simulated values of percolation threshold φc of cuboidlike particles with specified m and a/b.

����a/b
m

1.0 1.5 2.0 4.0 10.0 20.0 50.0 +∞

0.1 0.0895 ± 0.0004 0.0957 ± 0.0002 0.0973 ± 0.0002 0.0950 ± 0.0004 0.0906 ± 0.0004 0.0899 ± 0.0001 0.0883 ± 0.0003 0.0875 ± 0.0002
0.25 0.1783 ± 0.0003 0.1833 ± 0.0001 0.1819 ± 0.0002 0.1712 ± 0.0002 0.1613 ± 0.0003 0.1576 ± 0.0003 0.1551 ± 0.0002 0.1522 ± 0.0002
0.5 0.2537 ± 0.0002 0.2518 ± 0.0005 0.2447 ± 0.0003 0.2268 ± 0.0005 0.2111 ± 0.0003 0.2062 ± 0.0001 0.2022 ± 0.0002 0.1985 ± 0.0008
0.7 0.2784 ± 0.0005 0.2739 ± 0.0004 0.2643 ± 0.0003 0.2441 ± 0.0002 0.2268 ± 0.0001 0.2207 ± 0.0003 0.2167 ± 0.0002 0.2120 ± 0.0002
1.0 0.2896 ± 0.0004 0.2819 ± 0.0002 0.2729 ± 0.0003 0.2513 ± 0.0003 0.2335 ± 0.0003 0.2262 ± 0.0002 0.2220 ± 0.0003 0.2174 ± 0.0004
1.5 0.2757 ± 0.0007 0.2709 ± 0.0004 0.2617 ± 0.0003 0.2419 ± 0.0002 0.2242 ± 0.0004 0.2189 ± 0.0003 0.2152 ± 0.0002 0.2100 ± 0.0003
2.0 0.2537 ± 0.0005 0.2503 ± 0.0002 0.2428 ± 0.0002 0.2258 ± 0.0001 0.2106 ± 0.0003 0.2041 ± 0.0003 0.2008 ± 0.0006 0.1962 ± 0.0004
3.0 0.2033 ± 0.0004 0.2060 ± 0.0001 0.2028 ± 0.0002 0.1916 ± 0.0004 0.1794 ± 0.0006 0.1746 ± 0.0001 0.1725 ± 0.0002 0.1691 ± 0.0002
4.0 0.1666 ± 0.0002 0.1745 ± 0.0006 0.1708 ± 0.0002 0.1628 ± 0.0003 0.1538 ± 0.0003 0.1507 ± 0.0001 0.1479 ± 0.0005 0.1442 ± 0.0002
7.0 0.1022 ± 0.0003 0.1100 ± 0.0003 0.1099 ± 0.0003 0.1080 ± 0.0004 0.1033 ± 0.0002 0.1014 ± 0.0003 0.1009 ± 0.0003 0.0977 ± 0.0002
10.0 0.0724 ± 0.0002 0.0781 ± 0.0003 0.0796 ± 0.0002 0.0778 ± 0.0003 0.0768 ± 0.0001 0.0753 ± 0.0002 0.0749 ± 0.0002 0.0728 ± 0.0004
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FIG. 15. Visualization of the global percolation threshold φc of congruent overlapping cuboidlike particles. (a) The 3D graphic model.
(b) Top-down graph.

where the numerator G in the exponent is a coefficient related
to the shapes of cuboidlike particles (i.e., m and a/b), and Vdex

is the dimensionless excluded volume of a cuboidlike particle
and can be calculated via Eq. (34).

Vdex = 2V + 2SR̄

V
= 2 + 2SR̄

V
, (34)

where V , S, and R̄ are the volume, the surface area, and the
mean curvature radius of a cuboidlike particle with arbitrary
shapes, respectively.

As mentioned in Ref. [22], the values of S and R̄ for
a cuboidlike particle can be obtained via the following two
general formulas [i.e., Eqs. (35) and (36)], respectively.

S = 8
∫ π/2

0
dθ

∫ π/2

0
dϕ|xθ × xϕ|, (35)

_
R = 8

4π

∫ π/2

0
dθ

∫ π/2

0
dϕ{(xθ · xθ )[(xθ × xϕ ) · xϕϕ]

+ (xϕ · xϕ )[(xθ × xϕ ) · xθθ ]

− 2(xθ · xϕ )[(xθ × xθ ) · xθϕ]}
× [2(xθ · xθ )(xϕ · xϕ ) − 2(xθ · xϕ )2]−1, (36)

where the factor of 8 comes from integrating only over the
quadrant due to symmetry. x represents a vector from the origin
to the surface at a given θ and ϕ. xθ and xϕ are the first partial
derivatives of the vector x, and xθθ , xϕϕ , and xθϕ are the second

partial derivatives of the vector x. The detailed expressions of
the vector x and its partial derivatives for cuboidlike particles
in the study are shown in Appendix.

For the prolate spheroids (b = c, a � b),

e2 = 1 − (b/a)2, (37a)

Vdex = 2 + 3

2

(
1 + a

be
sin−1e

)(
1 + b2

a2e
tanh−1e

)
. (37b)

For the oblate spheroids (b = c, a � b),

e2 = 1 − (a/b)2, (38a)

Vdex = 2 + 3

2

(
1 + a2

b2e
tanh−1e

)(
1 + b

ae
sin−1e

)
. (38b)

After deriving the volume, the surface area, and the mean
curvature radius of a cuboidlike particle with arbitrary shapes
by Eqs. (28), (35), and (36), the dimensionless excluded
volume Vdex can be subsequently calculated from the quan-
titative relation [i.e., Eq. (34)], as listed in Table IV. Figure 16
presents the comparison of the statistical results of Vdex in our
study with the corresponding values obtained by the analytical
formula of dimensionless excluded volume of spheroids [i.e.,
Eqs. (37) and (38)] in Ref. [55], and the excellent agreement
can be concluded. Figure 17 shows the 3D variation of the
dimensionless excluded volume Vdex of a cuboidlike particle
Vdex with m in [1.0, +∞) and a/b in [0.1, 10.0]. It is observed

TABLE IV. The statistical values of dimensionless excluded volumes Vdex of cuboidlike particles with specified m and a/b.

�������a/b
m

1.0 1.5 2.0 4.0 10.0 20.0 50.0 +∞
0.1 26.387 24.438 24.162 24.734 25.898 26.485 27.032 27.203
0.25 12.956 12.620 12.790 13.595 14.549 14.986 15.286 15.491
0.5 9.077 9.191 9.478 10.313 11.176 11.557 11.816 11.992
0.7 8.275 8.478 8.786 9.623 10.463 10.831 11.080 11.264
1.0 8.000 8.233 8.548 9.384 10.216 10.580 10.825 11.000
1.5 8.357 8.551 8.857 9.693 10.536 10.905 11.155 11.333
2.0 9.077 9.190 9.476 10.312 11.176 11.557 11.815 11.992
3.0 10.907 10.809 11.041 11.867 12.778 13.187 13.466 13.658
4.0 12.956 12.615 12.782 13.588 14.545 14.983 15.284 15.498
7.0 19.546 18.419 18.361 19.066 20.142 20.661 21.033 21.285
10.0 26.381 24.440 24.138 24.709 25.882 26.475 26.878 27.225
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FIG. 16. Comparison of the simulated values of Vdex at m = 1.0
in the study with the analytical results for spheroids by Eqs. (37)
and (38).

that the value of Vdex is closely related to both m and a/b, and
the minimum value Vdex,min = 8.000 is obtained at m = 1.0
and a/b = 1.0.

Substituting the simulated results of φc in Fig. 15 and Vdex

in Fig. 17 into Eq. (33), the coefficient G in the exponent can
be determined by numerical calculation. From the trend of
the curved surface in Fig. 18, we can find that G is a heavily
shape-dependent quantity. By comparison, when a/b is held
constant, the variation of G with the increase of m is very small,
which can be neglected. For the sake of simplicity, it is assumed
that the coefficient G in Eq. (33) is only a function of a/b [i.e.,
G(a/b)]. By fitting the curved surface in Fig. 18, the function
of G(a/b) can be approximately expressed by Eq. (39).

G(a/b) = 0.012ln4(a/b) − 0.015ln3(a/b) − 0.157ln2(a/b)

− 0.024 ln(a/b) + 2.724. (39)

In the literature [36,55], Torquato and Jiao characterized
the percolation threshold as the critical reduced density ηc and
obtained the rigorous theoretical bounds for the percolation
threshold of congruent overlapping convex hyperparticles.
According to the relation between the critical density ηc and
the critical volume fraction (i.e., the threshold φc) described
by Eq. (40) [56], Xu et al. [35] rewrote the rigorous bounds

FIG. 18. Variation of the coefficient G in Eq. (33) with different
m and a/b by numerical calculation.

for the critical volume fraction of monodisperse soft convex
particles in 3D space, and the lower and upper bounds can be
expressed by Eqs. (41a) and (41b), respectively.

φc = 1 − e−ηc , (40)

where ηc is the critical reduced density of overlapping particles.

φc,lower = 1 − e−1/Vdex , (41a)

φc,upper = 1 − e−2.7344/Vdex . (41b)

As described by Eqs. (41a) and (41b), it can be seen that the
numerators in the exponent for the lower and upper bounds are
separately a fixed constant (i.e., 1 and 2.7344). In our study,
the coefficient G is considered to be a function of a/b, and the
maximum and minimum values ofG for congruent overlapping
cuboidlike particles with m in [1.0, +∞) and a/b in [0.1,
10.0] are equal to 2.724 and 1.99, respectively. All of the results
obtained by Eq. (39) lie within the rigorous bounds (i.e., 1.0 and
2.7344). By comparison, we also find all the obtained values of
G are relatively close to the upper bound. The closer the ratio
a/b is to 1.0, the larger the numerical value of G would be. In
Fig. 19, we further compare the present result of φc with the
upper and lower bounds for the percolation threshold of over-
lapping particles obtained by Eq. (41). It can be clearly seen
that our analytical approximations are in excellent agreement

FIG. 17. 3D visualizations of the dimensionless excluded volume of a cuboidlike particle Vdex with different m and a/b from different
perspectives.
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FIG. 19. Visualizations of the comparisons of the present results of φc with the rigorous bounds by Eq. (41) from two different perspectives.

with the simulated results. All of our results for overlapping
cuboidlike particles lie within the rigorous upper and lower
bounds and are close to the upper bound, which indicate that
the present simulations and the finite-size scaling analysis can
be used to generate good estimates of the percolation threshold
φc for a wide range of a/b and m.

We compare the percolation threshold φc of overlap-
ping cuboidlike particles by the derived approximation [i.e.,
Eq. (33)] with the numerical and simulated results in
Refs. [31,32] and the results in Ref. [44]. Figure 20(a) shows
the variation trend of the global percolation threshold of
congruent overlapping spheroids with the increasing a/b from
0.1 to 10.0. It is shown that the analytical solutions of φc

with m = 1.0 are generally slightly lower than the numerical
results of congruent spheroids by Garboczi et al. [31]. They
are in conformity with the corresponding data by Yi and Sastry
[32]. In Fig. 20(b), the simulated threshold of overlapping
superballs obtained in Ref. [44] is employed to compare
with our approximations for the condition of a/b = 1.0, and
excellent agreement is also observed. All these comparisons in
Fig. 20 indicate that the analytical formula we derived can be
used to provide good estimates of the percolation threshold φc

of convex particles with a great number of shapes.
It is known from the study by Lorenz and Ziff [51] that for

the cubic structures with periodic boundaries, the threshold can
also be obtained at the condition of the crossing probability

P = 0.573. This crossing probability is a universal property
and can be applied for all the systems of the same boundary
geometry. By using the above criterion, we obtained the
corresponding values of φ directly at P = 0.573 and L =
60 through the crossing curves of P -φ in Figs. 10 and 11.
Figures 21(a) and 21(b) clearly show the comparison of the
numerical results of φc by the scaling method with the values of
φ corresponding to P = 0.573 and L = 60. It can be found that
the obtained values of φ are also in excellent agreement withφc.

IV. CONCLUSIONS

In this paper, we have presented a geometrical model of
the cuboidlike particles with arbitrary positions, sizes, and
orientations, and developed a numerical contact detection
algorithm for these nonspherical particles. The reliability of
this algorithm is verified by combining the packing structure of
multisized rigid spheres with the section analysis technology.
Using the model of cuboidlike particles, the contact detection
algorithm, and the random sequential packing method, a series
of percolation models of congruent overlapping cuboidlike
particles in the cubic container with periodic boundaries is
generated, and the influence of particle shapes on the perco-
lation of randomly orientated cuboidlike particles is studied
via percolation theory. The percolation transition width �L,
correlation-length critical exponent ν, and global percolation

FIG. 20. Comparisons of the proposed approximation for φc with (a) the results in Refs. [31,32], and with (b) the results in Ref. [44].
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FIG. 21. Comparisons of the numerical results of φc by the scaling method with the direct values of φ at P = 0.573 and L = 60 for (a) the
curves of P -φ in Fig. 10 and (b) the curves of P -φ in Fig. 11.

threshold φc are determined successively by a finite-size
scaling analysis. Additionally, an analytical formula forφc with
an exponent depending on the characteristics of cuboidlike
particles (i.e., the shape parameter m and the aspect ratio a/b)
is proposed by combining with the dimensionless excluded-
volume approximation Vdex , and its reliability is verified by
comparing with the results in the literature.

From the study, we can find that the percolation threshold
φc is a heavily shape-dependent quantity for the cuboidlike
particles. For the given shape parameters of particles here (i.e.,
m and a/b), the value of φc shows different changing trends
with the increase of m and a/b, respectively. For a constant m

in [1.0, +∞), φc generally shows a first increasing and then
decreasing trend with the increasing a/b from 0.1 to 10.0, and
the maximum value is obtained at a/b = 1.0. However, for
a constant a/b in [0.1, 10.0], the impact of shape parameter
m on the percolation threshold φc is slightly different, which
is related to the specified value of a/b. By comparison, the
influence of the ratio a/b on the percolation threshold is greater
than that of the parameter m. Of all the cuboidlike particles,
the maximum value φc,max is obtained when the morphology
of the cuboidlike particle becomes spherical (i.e., m = 1.0
and a/b = 1.0). The analytical approximation we derived [i.e.,
Eq. (33)] can be used to predict the percolation threshold φc of
cuboidlike particles with a wide range of m from 1.0 to +∞
and a/b from 0.1 to 10.0. It is hoped that this study can provide
good guidance for the development of percolation theory and
composite materials design.

In the study, the slight difference between the simulated
results we obtained and the results in the literature is shown.
One reason may be that the scaling technique of deriving φc

we used is a relatively rough approach, in which there are some
approximations: (1) the crossing function of the P -φ curves is
considered as the derivative of the error function, which is not
precise theoretically. (2) The value of φc(L) is obtained at the
crossing probability P = 0.5, which is not the best estimate.
While the procedure we adopted is valid and gives correct
results when L goes to infinity, the convergence may be slower.
Other ways may be further explored to derive the threshold φc

in our future work.
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APPENDIX: DETAILED EXPRESSIONS OF THE VECTOR x AND ITS PARTIAL DERIVATIVES

For a cuboidlike particle described by Eq. (1), the symbol x represents a vector from the origin to the surface of the particle
at a given θ and ϕ. According to Eq. (10), x can be expressed by Eqs. (A1)–(A3).

x = [r (θ, ϕ) sin θ cos ϕ, r (θ, ϕ) sin θ sin ϕ, r (θ, ϕ) cos θ ], (A1)

r (θ, ϕ) = abcf (θ, ϕ)−1/2m, (A2)

f (θ, ϕ) = b2mc2m sin θ2m cos ϕ2m + a2mc2m sin θ2m sin ϕ2m + a2mb2m cos θ2m. (A3)

The first and second partial derivatives of the vector x (i.e., xθ , xϕ , xθθ , xϕϕ , and xθϕ) are expressed by Eqs. (A4)–(A18).

xθ = [cos ϕ(rθ sin θ + r cos θ ), sin ϕ(rθ sin θ + r cos θ ), rθ cos θ − r sin θ ], (A4)

xϕ = [sin θ (rϕ cos ϕ − r sin ϕ), sin θ (rϕ sin ϕ + r cos ϕ), rϕ cos θ], (A5)
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xθθ =

⎡
⎢⎣

cos ϕ(rθθ sin θ + 2rθ cos θ − r sin θ )

sin ϕ(rθθ sin θ + 2rθ cos θ − r sin θ )

rθθ cos θ − 2rθ sin θ − r cos θ

⎤
⎥⎦, (A6)

xϕϕ =

⎡
⎢⎣

sin θ (rϕϕ cos ϕ − 2rϕ sin ϕ − r cos ϕ)

sin θ (rϕϕ sin ϕ + 2rϕ cos ϕ − r sin ϕ)

rϕϕ cos θ

⎤
⎥⎦, (A7)

xθϕ =

⎡
⎢⎣

− sin ϕ(rθ sin θ + r cos θ ) + cos ϕ(rθϕ sin θ + rϕ cos θ )

cos ϕ(rθ sin θ + r cos θ ) + sin ϕ(rθϕ sin θ + rϕ cos θ )

rθϕ cos θ − rϕ sin θ

⎤
⎥⎦, (A8)

rθ (θ, ϕ) = −abc

2m
f −1/(2m)−1fθ , (A9)

rϕ (θ, ϕ) = −abc

2m
f −1/(2m)−1fϕ, (A10)

rθθ (θ, ϕ) = −abc

2m
f −1/(2m)−2

[(−1

2m
− 1

)
f 2

θ + f fθθ

]
, (A11)

rϕϕ (θ, ϕ) = −abc

2m
f −1/(2m)−2

[(−1

2m
− 1

)
f 2

ϕ + f fϕϕ

]
, (A12)

rθϕ (θ, ϕ) = −abc

2m
f −1/(2m)−2

[(−1

2m
− 1

)
fθfϕ + f fθϕ

]
, (A13)

fθ (θ, ϕ) = 2m[sin θ2m−1 cos θ (b2mc2m cos ϕ2m + a2mc2m sin ϕ2m) − a2mb2m cos θ2m−1 sin θ ], (A14)

fϕ (θ, ϕ) = 2m sin θ2m[a2mc2m sin ϕ2m−1 cos ϕ − b2mc2m cos ϕ2m−1 sin ϕ], (A15)

fθθ (θ, ϕ) = 2m{[(2m − 1) sin θ2m−2 cos θ2 − sin θ2m](b2mc2m cos ϕ2m + a2mc2m sin ϕ2m)

+ a2mb2m[(2m − 1) cos θ2m−2 sin θ2 − cos θ2m]}, (A16)

fϕϕ (θ, ϕ) = 2m sin θ2m{a2mc2m[(2m − 1) sin ϕ2m−2 cos ϕ2 − sin ϕ2m]

+ b2mc2m[(2m − 1) cos ϕ2m−2 sin ϕ2 − cos ϕ2m]}, (A17)

fθϕ (θ, ϕ) = 4m2 sin θ2m−1 cos θ [a2mc2m sin ϕ2m−1 cos ϕ − b2mc2m cos ϕ2m−1 sin ϕ]. (A18)
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