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Operator split forcing schemes exploiting a symmetrization principle, i.e., Strang splitting, for cascaded lattice
Boltzmann (LB) methods in two- and three-dimensions for fluid flows with impressed local forces are presented.
Analogous scheme for the passive scalar transport represented by a convection-diffusion equation with a source
term in a novel cascaded LB formulation is also derived. They are based on symmetric applications of the split
solutions of the changes on the scalar field or fluid momentum due to the sources or forces over half time steps
before and after the collision step. The latter step is effectively represented in terms of the post-collision change
of moments at zeroth and first orders, respectively, to represent the effect of the sources on the scalar transport
and forces on the fluid flow. Such symmetrized operator split cascaded LB schemes are consistent with the
second-order Strang splitting and naturally avoid any discrete effects due to forces or sources by appropriately
projecting their effects for higher-order moments. All the force or source implementation steps are performed
only in the moment space and they do not require formulations as extra terms and their additional transformations
to the velocity space. These result in particularly simpler and efficient schemes to incorporate forces or sources in
the cascaded LB methods unlike those considered previously. Numerical study for various benchmark problems
in 2D and 3D for fluid flow problems with body forces and scalar transport with sources demonstrate the validity
and accuracy, as well as the second-order convergence rate of the symmetrized operator split forcing or source

schemes for the cascaded LB methods.
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I. INTRODUCTION

The lattice Boltzmann (LB) method is now a well-
established alternative numerical technique to computational
fluid dynamics (CFD) problems. It derives its basis from kinetic
formulations involving the streaming of particle populations
along their characteristic directions comprising the lattice, and
collisions at lattice nodes represented as a relaxation process,
as well as a procedure to represent the effect of impressed
forces. The emergent fluid flow behavior is the averaged effect
of such stream, collide, and forcing steps, and thus the LB
method may be classified as a mesoscopic approach. Some
important advantages of the LB method include its natural
framework to incorporate kinetic models for complex flows,
ease of implementation of boundary conditions, and intrinsic
adaptability to parallel computing due to its localized compu-
tational steps. As a result, the LB scheme has been successfully
applied to a broad range of complex fluid mechanics problems,
including multiphase and multicomponent flows, turbulence,
thermal convective flows, among various other problems [1-4].
More recent efforts have focused on further improving the
accuracy, stability and efficiency of the LB method to further
expand its scope for applications.

The collision step, which represents various physics associ-
ated with the fluid motion including the momentum diffusion
as a relaxation process, plays a main role in the numerical
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stability of the method. Among the earliest collision models
is the single relaxation time (SRT) model [5], which, while
being popular due to its simplicity, is susceptible to numerical
instability at relatively high Reynolds numbers. A significant
improvement is achieved by the multiple relaxation time model
(MRT) [6] in which different raw moments relax at different
rates. More recently, further enhancement in stability was
made possible by the introduction of a cascaded LB method,
which is a multiparametric scheme that is based on considering
relaxation in terms of central moments, which are formulated
by shifting the particle velocity by the local fluid velocity [7].
The significant advantages of such more advanced collision
models were numerically demonstrated more recently [8]. A
strategy to accelerate the convergence of the cascaded LB
method has also been devised and studied [9], which has been
further extended with improved Galilean invariance properties
[10].

Another aspect of the LB schemes, which is particularly
important in applications, is the implementation strategy to
represent the various impressed body forces, which can either
arise within the fluids or imposed externally. Some examples
include the local surface tension and phase segregation forces
in multiphase fluid systems, Lorentz forces in magnetohydro-
dynamics, gravity and Coriolis forces. In general, such body
forces can be spatially varying and/or time dependent. Due to
the kinetic nature of the LB method, special considerations are
necessary and various forcing schemes have been introduced
over the years [11-16]. In particular, the investigation by
Ref. [14] highlighted the discrete effects arising in prior
LB forcing schemes via the second-order moments in the
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momentum flux tensor and provided a consistent source term
that avoids such spurious effects when used with the SRT
collision model. This was further generalized to the MRT
model by including source terms in the moment space in both
two-dimensions (2D) and three-dimensions (3D) [4,17,18].

In the case of the cascaded LB method, the first consistent
forcing scheme based on the central moments was presented
by Ref. [19]. By taking the source term proposed by Ref. [20]
as the starting point, they devised a forcing formulation
without discrete effects, which was also shown to be a further
generalization of that presented by Ref. [ 14] to the cascaded LB
scheme under appropriate limits. Later, Ref. [21] constructed
another type of forcing scheme for the cascaded LB method
based on the exact difference method [16]. More recently,
Refs. [22-24] presented other variants of forcing schemes for
LB methods based on central moments. While all these forcing
schemes differ from one another due to the variations in the
kinetic models for the source term, a common element among
them is the presence of extra source terms or changes to the
equilibria, which are usually taken together with the collision
relaxation terms as part of the collision step. This generally
involves computing source moments at different orders and
transforming them back to the velocity space, which entails
additional computational effort.

Based on the consideration that the LB schemes are gen-
erally fluid flow, i.e., Navier-Stokes (NS), solvers, and by
avoiding the kinetic aspects for the implementation of the
impressed forces, simpler and more efficient strategies can be
constructed. The numerical framework for this is the operator
splitting approach widely used to efficiently solve ordinary
and partial differential equations arising in various applications
including CFD [25,26]. The basis idea is to split the problem
into a set of simpler subproblems and then devise a strategy that
alternates between solving such simpler problems in certain
sequence, which then approximate the solution to the full
problem to a certain order of accuracy. Such operator splitting
techniques are sometimes also referred to as the fractional
step or time-splitting methods. Of particular importance is the
Strang spliting [27], which achieves second-order accuracy by
a symmetrized application of the solution method for one (or
more) of the subproblems. The structure of the higher-order
splitting errors can be analyzed via the Taylor-Lie series
[25] or using the Baker-Compbell-Hausdorff formulas [28].
From such a perspective, Dellar [29] presented a derivation of
the lattice Boltzmann method based on Strang splitting with
second-order accuracy and interpreted both unsplit and time-
split forcing schemes based on this approach. In particular, a
uncoupled spin-step to implement body force in a SRT LB
model introduced earlier by Salmon [30] was shown to be
consistent with the Strang splitting. Furthermore, it was also
extended to the MRT-LB models [29,31].

In the present investigation, our goal is to construct efficient
body force implementation schemes based on the symmetrized
operator (Strang) splitting for the cascaded LB methods. The
lattice symmetry and the use of central moments naturally
impose Galilean invariance for the chosen set of independent
moments basis. The symmetric application of the separate
body force steps in two half time steps in the cascaded LB
formulation provides a second-order accuracy. Unlike the
unsplit forcing schemes presented earlier for the cascaded

LB method [19], our approach does not require either the
computation of various source moments at different orders or
an extra transformation step to convert them back to velocity
space. In essence, the operator-split forcing scheme involves
one half application of the force before collision and the other
half force step after collision. The latter step will be seen to
lead to unique expressions for the post-collision change of
first-order moments in the cascaded collision operator. The
precise structure of these expressions will be shown to depend
on choice of the first-order moment basis vectors associated
with the type of lattice considered. In fact, we will present
operator split forcing scheme for the cascaded LB method
both in 2D and 3D for the computation of the fluid motion. In
addition, to demonstrate the generality of our approach, we will
extend it to represent the convective-diffusion equation (CDE)
with a source term, such as those arising in the convective
thermal flows with internal heat generation. In this regard, a
novel cascaded LB formulation for the solution of the CDE
with source term using the Strang splitting will be constructed.
Finally, we will present a numerical validation study of the
symmetrized operator split forcing/source schemes for the
cascaded LB method for fluid flow (i.e., the NS equations)
and passive scalar transport (i.e., the CDE) and in different
dimensions.

This paper is organized as follows. In Sec. II, we briefly
review the various operator splitting approaches including the
Strang splitting. Section III presents the general ideas behind
the symmetrized operator splitting based forcing implemen-
tation in the LB method. Section IV discusses the derivation
and the algorithmic procedure of the symmetrized operator
split forcing scheme for the 2D cascaded LB method for
representing fluid flow subjected to local impressed forces. A
corresponding 3D formulation is outlined in the Appendix.
Section V presents a symmetrized operator split approach
source incorporation scheme for a 2D cascaded LB scheme
for representing the convection-diffusion based transport of a
passive scalar field with local sources. Numerical validation
results of various symmetrized operator split forcing/source
scheme are presented in Sec. VI. Finally, Sec. VII summarizes
our approach and presents the main conclusion arising from
this work.

II. OPERATOR SPLITTING METHODS

We will now briefly review the various typical operator
splitting methods, including the Strang splitting which will
then be exploited to construct efficient second-order accurate
forcing schemes in the cascaded LB method. For the purpose
of illustration, we will consider the numerical solutions of the
following evolution problem:

dy

= = Py+Qy, y@t)=y, on [t,t+Ar], (1)
where, for ease of presentation, P and Q are considered as
linear operators. Nonlinear operators can be dealt with using
Lie operator formalism [28]. Here, At is the time step. For
reference, the unsplit solution y¥ of the full problem can be
represented as

yU — €A[(P+Q)y0. (2)
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Now, a first-order splitting scheme, which is sometimes known
as the Lie-Trotter (LT) splitting or as the Godunov splitting
scheme in the CFD literature, can be represented by means of
the following steps, which compute solution to each subprob-
lem involving P and Q separately:

dy*
StepP : Sol = Py*,
ep olve o y
Y5’ =1)=y, on[t,t + At], (3a)
kk
StepQ: Sol = Qy™*,
ep olve o y
y* (' =t)=y*(t+At) on[t,t+At], (3b)
Solution :  yXT(r + Ar) = y**(t + Ar). (3c)

This solution of the Lie-Trotter splitting or the P-Q splitting
scheme may be more compactly represented by means of the
exponential operators as

yLT(t+ At) — eAtQEAtho. (4)

The local error (E;) incurred over a small time step At due to
splitting when compared to the unsplit solution [Eq. (2)] can
be estimated by means of a Lie-Taylor series (factored product
expansions) as [25]

Eiir =y — y¥ = 1[P,Qly,Ar* + O(AF),  (5)

where the symbol [-,-] represents the commutator, i.e., [X, Y] =
XY — YX for any two operators X and Y. Then, the global
error (E,) over a time duration 7 or 7 /At number of
steps is Eg 11 = (T /At) - E;pr ~ O(At), which means that

J

the Lie-Trotter scheme is first-order accurate. This means that
even if a higher-order method is used to solve each subproblem
(Step P and Step Q), the above splitting scheme is still overall
first-order accurate due to the decomposition error arising
from the noncommuting operators, which is often the case in
practice.

One possibility to improve the order of accuracy is
to symmetrize the computation via taking the average of
the two sequences of calculations, i.e., Step P-Step Q and
Step Q-Step P results. Such an averaged scheme may be
represented as [32]

yA — %(eAtPEAtQ +eAthAtP)y0. (6)

This approach introduces a local error relative to the unsplit
solution [Eq. (2)], which can be written as [33]

Eia=y" —y! = RAS + 0(ArY),
where
R' = —L(P.[P.Q]] +[Q.[Q.P]})y,.

Hence, the global error becomes E, 4 = (T/At)E; o ~
O(At?). While this is theoretically interesting to gain an
order of accuracy, it is computationally expensive as, for each
time step, double the effort is required when compared to the
previous scheme (P-Q splitting).

A more efficient strategy to achieve a global second-order
accuracy is to devise the Strang (S) splitting [27]. In this
scheme, one of the operators (say P) is applied twice for a
time step of length At/2, before and after the solution of the
other subproblem (say, involving Step Q), which is solved for
full step length of At. This may be represented as

d *
StepP!'/? :  Solve d)t,/ =Py*, y"('=1t)=y, on [t,t+ At/2], (7a)
d kk
StepQ: Solve ;t/ =Qy™, y*@t'=1)=y"t+A/2) on[t,t+ At], (7b)
StepP!'/?:  Solve = Py“* y**(' =1)= y™( + At) on [t,r + A1/2], (7c)
Solution :  y5(t + A1) = y***(r + At/2). (7d)

This symmetric application of the operators in the P!/ — Q —
P!/? scheme achieves second-order accuracy, which may be
deduced by first noting that the Strang splitting solution may
be more compactly written in the exponential form as

yS(t + At) — eAl/ZPeAlQeAt/ZPyO. (8)

Its local error when compared to the unsplit solution [Eq. (2)]
then follows via a Lie-Taylor series as [26]

E s =y5 —yY =RAP 4+ O(ArY), 9)
where
R= ﬁ([[P,Q],P] + 2[[P,Q]1,Q])y,. (10)

Then, the global error (E,) over a time period T follows
as Eg 5 =(T/AE; s ~ O(Ar?) and hence this scheme is
second-order accurate. An equally valid possibility to achieve a
similar second-order accuracy is to consider the Q'/*>-P-Q'/?

(

splitting, which is useful when Step P is more expensive to
compute than Step Q. It may be noted that a similar scheme
was independently devised by Ref. [34], who further analyzed
and elaborated on its variants (see also Ref. [35]), and hence it is
sometimes referred to as the Strang-Marchuk splitting scheme.

III. STRANG SPLITTING OF LATTICE BOLTZMANN
METHOD INCLUDING BODY FORCES

Lattice Boltzmann (LB) schemes are generally constructed
to represent the evolution of the dynamics of the fluid motion
represented by

3 (ou)+V - (puu) = —VP+V Ty + F.

(11a)
(11b)
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where p and u are the fluid density and velocity, respectively,
P is the pressure and ITy is the viscous stress tensor. Here, F
represents the effect of the local impressed body forces, which
can vary spatially and may be time dependent, i.e., for example,
in 2D, F = (Fy,F,), where Fy = F.(x,t) and F, = Fy(x,t).
An efficient approach to solve the above fluid flow equation
in the LB framework is to solve the Eqgs. (11a) and (11b), but
without the body force F using the usual stream and collide
procedure (subproblem A) and then separately solve 0;(pu) =
F as aforcing step (subproblem B) and subsequently combined
appropriately in a certain sequence to yield a second-order
accurate scheme. This can be achieved via symmetrization
of the operator splitting of the one of the subproblems over
two half time steps. Dellar [29] performed a derivation and
analysis of the LB method via Strang splitting, which will be
used as formal starting point to construct efficient operator split
forcing schemes for the cascaded LB method in the subsequent
sections.

In the following, S, C, and F are used to denote the
operators used to perform the streaming step, collision step,
and the forcing step, respectively. For a lattice containing
o =0,1,2,...b directions, the collision and streaming steps
can be represented as

StepC: f(x,r + At) =Cf(x,r) =f(x,1))+K-g,
(12a)
StepS: fu(x,t + Ar) = Sf(x,1) = fo(x — e, AL,1).
(12b)

Here, f = (fo, fi.f>... f»)| is a vector of size (b + 1) rep-
resenting the distribution functions, where } is the transpose
operator, 8 = (20,81,82 - - - 8»)! is the vector representing the
change of different moments under collision, and K is the
transformation matrix of the cascaded LB method that maps
changes in moments back to changes in the distribution
functions, which are specified later.

It may be noted that C and S operators represent the
split solution operators of the discrete analog of 9, f, = Q4
and 9, f, + e, - V f, = 0, respectively, of the discrete velocity
Boltzmann equation o, f,, + €, - V f, = 4, whose emergent
behavior represents the NS equations given in Egs. (11a) and
(11b), but without F. Then, the forcing step separately solves
the following:

0
StepF : a—t(pu) =F. (13)

One possibility to combine the above split steps to effectively
achieve second-order accuracy is to perform a symmetric
application of the forcing steps over two half time steps, before
and after the collision step, which is akin to the spin steps for
the force presented by Salmon [30]:

fu(x,t + At) = SFY2CF'2 f,(x,1), (14)

where F'/? represents performing the solution of Eq. (13)
over time step of length Ar/2. Reference [29] showed
that this achieves second-order accuracy similar to the
Strang splitting extended to three operators: f ,(x,t + At) =
CI/ZFWSFI/ZCI/Zf'a(x,t), where the two are related by
fo= C'/2F'/2 f,. Since the momentum is conserved during

collisions, a second-order scheme with Eq. (14) can be ob-
tained by pu =Y, f yex = F/* (3, fues). We will adopt
the above strategy in our derivation of the symmetrized opera-
tor split forcing scheme for the cascaded LB method in the sub-
sequent sections. Similar approach was recently adopted for
the MRT LB models (see, e.g., Ref. [31]). In addition, Schiller
[36] proposed a variant of the Strang splitting of forcing steps
around streaming and collisions, where the half collision step
is valid for the regime involving the relaxation time being
much greater than the time step. Also, Dellar [37] showed
that the Crank-Nicolson solution of the moment equations for
combined collisions and time-independent forcing obtained by
Strang splitting is equivalent to Kupershtokh’s exact difference
method [16].

IV. BODY FORCE SCHEME FOR 2D CASCADED LB
METHOD FOR FLUID FLOW VIA STRANG SPLITTING

We will consider a 2D cascaded LB formulation for a two-
dimensional, nine-velocity (D2Q9) lattice. The components of
the particle velocities are then represented by the following
vectors using the standard Dirac’s bra-ket notation:

le) = (0,1,0,—1,0,1,—1,—1,1),
ley) = (0,0,1,0,—1,1,1,—1,—1)I.

(15a)
(15b)
Their components for any particle velocity direction « (where

a=0,...,8) are referred to as e,, and e,,, respectively.
Furthermore, we need the following nine-dimensional vector:

1) =(1,1,1,1,1,1,1,1,1)", (16)

The zeroth moment is the Euclidean inner product of this vector
with the distribution function. We then consider the following
specific set of orthogonal basis vectors used in the collision
term of the cascaded LB method (see, e.g., Ref. [19]):

|Ko) = [1), K1) = lex),
|K3) =3 e; +e5) — 4]1),

|K2) = ley),

|K4) = |ez —e3), |Ks) = lexey),

f
|Ke) = —3|eley) +2ley),
|K7) = =3 |ece]) + 2les),
|Ks) =9 |eze;) — 6le; +e5) +4[1). (17)

In the above, symbol such as |efey) = |eyeye,) represents a
vector resulting from the elementwise vector multiplication
(Hadamard product) of the sequence of vectors |e,), |e,) and
ley). By combining the above nine vectors, we then obtain the
following orthogonal matrix

K=[Ko).IK1),IK2),|K3),1K4),K5),1Ke),1K7),1Kg)].  (18)

Here, K maps changes of moments under collisions back
to changes in the distribution functions. To determine the
structure of the cascaded collision operator, we first define the
following set of central moments of the distribution functions
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and its equilibria of order (m + n), respectively, as

Ry
o) =2
me yn o

By equating the discrete central moments of the equilibrium

distribution function with the corresponding continuous central
moments based on the local Maxwellian [7,38], we get

Ja

feq>(eax - ux)m(eay - uy)n- (19)

q4 _ 7 — 7 — =2y K =2
Ky =p, k' =0, K1=0, &3 =cip, kyy =¢;p,
7 = x4 = a4 = Vo N
Koy =0, Ky, =0, Ky, =0, kg, =cp, (20)

where cf = 1/3 with ¢, being the sound speed. This is set
by applying the usual lattice units, i.e., Ax = Ar = 1 or the
particle speed ¢ = Ax/At = 1, and because ¢? = ¢?/3 for the
athermal LB scheme used in this work (see, e.g., Ref. [39]).
However, the actual computations in the cascaded formulations
are carried out in terms of raw moments, which are defined as

J

(designated here with the (") symbol)
Ronyr ( fa)
(kjﬂ/y,) Xa: fa

The collide and stream steps (C and S) of the 2D cascaded LB
method can then be, respectively, written as [7]

o Cary- (21)

StepC :
Step S :

fof) = fo+ (K *8)a
fa(x,t) = fP(x — e, At,1),

where f represents the post-collision distribution function
and g = (80,81.82 - - - g3)' is the change of different moments
under collisions, which is determined based on the relaxation
of various central moments to their corresponding equilibria
in a cascaded fashion [7]. Since the mass and momentum
are collision invariants, gy = g1 = g, = 0. As a result, the
cascaded structure starts from the non-conserved second-order
moments, and the corresponding components of the change of
different moments under collisions are given by

(22a)
(22b)

—~ w3 2 o P —~ w4 - P —~ ws P
%= E{?p + p(uf +u}) — (&, +Kyy)}, ga= ol —u)) - @ —R)} B = loway %),
—~ we 2 ~ ~ P 1 —~ —~ —~

%6 = —{2puiu, + Kpey = 2K, — UyKyy ) — Euy(3g3 +g4) — 2u,gs,

—~ w7 2 P P P 1 ~ ~ ~

&1 = 20wy + R0y, = 208y — iRy} = Sua(G8 — 80 — 21,85,

—~ wg 1 2. 2 Y P P o~ ! P

8 = 7 §p + 3,0uxuy — [Kxxyy — ZuXKw — 2unyxy +uyk,, +uyk,, + 4uxunyy]

-1 o o~ 1 ~ ~ ~ ~
=28 — U383 + 80) — S (383 — 8) — duut, B — 2,86 — 2.7,

where ws,wy, ...,wg are the relaxation parameters. These
relaxation steps lead to the following expressions for the bulk
and shear viscosities, respectively, as ¢ = %( L 1)At and

w2
v=1(1 — 1)At, where j = 4,5, and the pressure field P is
J

obtained via an equation of state as P = %,o.

After the streaming step, i.e., Eq. (22b), we obtain the output
velocity field components (designated with a superscript “o”)
as the first moment of f}:

8 8
pu; = Z Jalax, ,Ol/l;), = Z faeay~ (24)
a=0 a=0

We then introduce the effect of the body force F = (F,, Fy) as
a solution of the subproblem in Eq. (13). This is accomplished
by performing two symmetric steps of half time steps of
length At/2, one before and the other after the collision step.
Both these steps incorporate the effect of forces directly into
the moment space. Solving Eq. (13) for the first part of the
symmetric sequence of step yields pu, — pu = Fx% and

(23)

(

puy — puy = Fy%. Thus,

X

1( F,
—| oul + = At
0 2

1( -
0 y

Pre-collision forcing step F'2:u,

)
)

(25)

F
_yA[
2

Uy

Then, we use this updated velocity field (u,,u,) in Eq. (23) to
perform the cascaded relaxation collision step to determine
the change of different moments under collisions, i.e., §ﬂ,
B =3,4,...,8. As a result of correctly projecting the effect
of the forces in the various higher-order moments, it naturally
eliminates the discrete effects identified earlier [14] (see the
discussion at the end of this section). Then, to implement
the other part of the symmetrized force step with half step
to solve Eq. (13) post collision, we set pu’ — u, = Fx% and

puy — F, 4L, where (uf,u}) is the result of the target

Uy = vy
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velocity field due to the forcing step after collision. Thus,

F
Post-collision forcing step F'/2. pul = pu, + TXA;,

F
,0145 = puy =+ ?Al‘
(26)

Note that this can also be rewritten in terms of the output
velocity field u® = (u$,u7) given in Eq. (24) by using Eq. (25)
as

puy = puy + FyAt, puy = pu§ + FyAt. (27)

A main issue here is how to effectively design the post-collision
distribution function f in the cascaded LB method so that
Eq. (27) is precisely satisfied. Now, using ff = f, + (K-8,
and taking its first moments, we get

,Ouf = Eafapezxx = Eafaeax + Eﬂ (Kﬂ|ex)§ﬂv (283)
pu)p' = Eocfapeay = Eafaeay + Zﬂ<Kﬂ|ey>§ﬂ‘ (28b)

Based on the orthogonal basis vectors |Kg) given in Eq. (17),
it follows that

Yg(Kplec)gp = 681, Zp(Kgley)gpg =68.  (29)

Using Egs. (24) and (29) in Egs. (28a) and (28b), we get the
desired velocity field as

pul = puy +6g1, pul = puj + 6g>. (30

Comparing the result of the target velocity field following the
second half of the symmetrized forcing steps given in Eq. (27)
with the change of moments based expressions in Eq. (30), we
obtain

Fy

F
= —=At, & =LAt 31
g1 5 g2 6 (€29)

Equation (31) represents an algorithmic result that effectively
implements the effect of the post-collision forcing step over
a duration of half time step following collision. This is a
consequence of the momentum needing to change by FAr
over a time step, and the normalization is implied by our choice
of basis for the moments. Then, the above relation [Eq. (31)]
for the post-collision change of first moments due to the force
field (g; and g) along with the change of different higher
moments under collisions §,g, where g = 3,4, ....8, given in
Eq. (23) effectively provide the desired post-collision states of
the distribution function f;. Expanding Eq. (22a), we get the
expressions for the post-collision distribution functions as

fo = fo+1[8 — 4@ — g1,

= fi+E+8 —8+8+2E - &)
= fr+18+8 —8 — 8 +28 — &),
i =/fi+18 —8 — &+ 8 — 2 + gl

L= fa+18 —8 — 8 — 81— 28 + &),

S =f+8+8 +8+28+8 — g — & + &),
f&=Ffo+8@—81+8&+28—8 — 8+ 8 + 8l
=f+8—8 —28+28+8 +8 +8 + 8l
I$ = fs+[80+81—22+28:—85+8— 87+ 8s). (32)

Then, the algorithmic procedure of our symmetrized op-
erator split forcing scheme for the 2D cascaded method can
be summarized in terms of the following sequence of steps to
evolve for a time duration [z, + At]:

(i) Obtain the updated the velocity u = (u,,u,) based on
the precollision forcing with half step using Eq. (25).

(il) Compute the change of moments under collisions, gg,
B =3,4,...,8 using Eq. (23) based on the updated velocity
(u,uy) obtained in Step (i).

(iii) Perform post-collision forcing with a half step effec-
tively via the calculation of change of first-order moments, i.e.,
21 and g using Eq. (31).

(iv) Compute the post-collision distribution functions fr,
a =0,1,...,8 using Eq. (32).

(v) Perform the streaming step using Eq. (22b) to obtain
the updated distribution functions f,, « = 0,1, ...,8.

(vi) Finally, obtain the output velocity field u° = (ug,u3)

via Eq. (24) and the density p using p = Zi:o Ja-

Some of the main advantages of this symmetrized operator
split forcing scheme of the cascaded LB method are:

(a) Using symmetrization principle with half-time step
application of the body force before and after collision is
consistent with Strang splitting and the scheme is formally
second-order accurate in time.

(b) The approach correctly projects the effects of the body
force on the higher-order moments via step (ii) above and
hence naturally eliminates the discrete effects identified in prior
works [14] (see below for details).

(c) The procedure is simple and efficient by involving the
body force implementation directly only in the moment space
and does not require additional terms due to forcing in the
velocity space, which is usually obtained via cumbersome
transformation from the moment space as in prior forcing
schemes for the cascaded LB method. This aspect is especially
advantageous in 3D. The Appendix outlines the implemen-
tation of this approach for a 3D central moment based LB
scheme.

We will now present an analysis on how the spurious term
Fiuj + F;u; that can appear in the viscous stress is eliminated
in our present central moments-based cascaded LB formulation
using a split force implementation. This can be achieved by
a continuous time equation for the second central moment
whose evolution is independent of the body force. As a result,
it can introduce a canceling second moment of the body force
term at the leading order in the emergent PDE of the second
raw moment of the distribution functions recovering correct
flow physics. We will start with this latter aspect first and
identify this compensating second raw moment of the body
force by considering the discrete velocity Boltzmann equation
0 fo + €4 -V fo = Q4 + Sy, where 2, and S, are the collision
operator and the source term due to the body force, respectively.
Taking its zeroth and first moments lead to

op+V-(pu)y=0, %(pu)+V -I=F, (33

and then taking its second moment, we obtain the following
evolution equation

1
AL +V.-A=——T09 47, (34)
T
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where T and A are the second and third moments of the
distribution functions, i.e., )", fy€ai€aj and Y, fu€ai€ajear,
respectively, and Y is the required canceling second moment of
the body force term, i.e., ), Syeqi€qj, Which should arise via a
condition on the second central moment given in the following.
In Eq. (34), ™9 is the nonequilibrium part of the second raw
moment and T = 1/w;, where j = 4,5, is the corresponding
relaxation time, which are related to the viscous stress.

To determine the evolution equation for hydrodynamics
at the leading order, we now apply the Chapman-Enskog
(C-E) expansions of the distribution functions about its equi-
libria (local Maxwellian) and the time derivative, i.e., f, =
fogo) —i—efogl) + ezfofz) +---and 0, = 0, + €9y, + 628,2 + .-,
respectively, where € is a small perturbation parameter. This
is equivalent to the following expansions on the higher, non-
conserved, raw moments

=T+ 41?4000
A=A? + AV + AP + .. (35)

in the above moment system. To the leading order, the mass
and momentum equations in Eq. (33) become

3o+ V- -(pu)=0, 3,(pu)+V -TO=F, (36)

where I'? = c2pl + puu is the equilibrium part of the second
raw moment. However, the leading-order second raw moment
equation, via Eq. (34), reads as

1
TP +v.AQ=__1® 4. (37)
T

To recover the physically correct viscous stress, the nonequi-
librium part of the second moment I'") in Eq. (37) should only
berelated to V - A, which depends on the velocity gradients.
However, the presence of the time derivative term in Eq. (37),
ie., 0, T O = cfa,o pl + 8,,(puu), in which the time derivatives
of the velocity 0,,(ouu) via the leading momentum equation
[Eq. (36)] give rise to an additional term of the form Fu + u F.
This can be eliminated only if the corresponding moment of
the body force Y becomes equal to

Y=Fu+uF. (38)

This necessary condition for the second raw moment of the
body force ), Sqenienj = Fiu; + Fju;, which is a classic
result of the acceleration term in the Boltzmann equation, was
given in Ref. [40]. This implies a vanishing second central mo-
ment of the body force, i.e., ), Sq(eaxr — Ux)"(€qy — uy)" =
0 for m + n = 2, which appears explicitly in Ref. [41] and
was considered in the previous unsplit forcing approach for
the cascaded LB scheme [19].

In view of the above, in our present operator-split forcing
based cascaded LB formulation, the PDE needed for the
solving the split force step given in Eq. (13) is a central moment
representation of the split kinetic equation 9, f, = S,. That is,
taking the central moments of this equation of order (m + n),
we get an evolution equation as follows:

9 ~
StepF : 37 Ky = Oy (39)

where Kynyn = Y, falear — Ux)"(eqy —uy)" and Gy =
Za Se(eqx — )" (eqy — uy)" are the central moments of the

distribution functions and the source term due to the body force,
respectively. It thus follows that, in particular, the continuous
time equations for the change in the second central moment
components for the split body force step are given as

Step F 92 0 92 0 9% 0 (40)
epF: —«x.. =0, —k,, =0, —ky, =0,
PE o ar ar

which implies the necessary condition for introducing the
canceling second raw moment components of the body force,
i.e.,2Fuy, 2Fyu, and Fyu, + Fyu, to eliminate the spurious
effects in the viscous stress and thereby correctly recover the
Navier-Stokes equations as mentioned above.

V. EXTENSION OF THE SYMMETRIZED OPERATOR
SPLIT IMPLEMENTATION FOR CASCADED LB
METHOD FOR PASSIVE SCALAR TRANSPORT

INCLUDING SOURCES

In many applications, the transport of a passive scalar
(e.g., temperature or species concentration) occurs, which is
generally represented by means of the following convection-
diffusion equation (CDE) with a source term

8¢+ V - (p) =V - (DyV$) + Sy (41)

Here, ¢ is the passive scalar variable, Dy is the diffusion
coefficient, and S is the local source term (e.g., due to viscous
dissipation, internal heat generation or chemical reaction).
Various LB schemes have been investigated for modeling the
CDE during the last two decades (see, e.g., Refs. [11,31,42—
49]). A novel numerical approach considered in this study for
the solution of Eq. (41) is as follows. The velocity u in the
above equation can be obtained from the cascaded LB scheme
for the D2Q09 lattice presented in the previous section. Our
goal is to solve for the passive scalar field ¢ whose evolution
is represented by the above CDE, but without the source term
using a separate 2D cascaded scheme with collide and stream
steps involving another distribution function; then implement
the effect of the source term S, via additional source steps using
an operator split scheme based on a symmetrization principle.
To meet this objective, we consider a new cascaded LB scheme
for coupled fluid flow and scalar transport that we developed
recently in different dimensions [50] and further accelerated
by using multigrid [51]. Here, a two-dimensional, five-velocity
(D2Q5) lattice based cascaded LB method is introduced to
represent the evolution of the passive scalar field via the CDE,
which is adopted in this work for further extension using an
operator split source implementation.

The D2Q)5 lattice is represented by means of the following
components of the particle velocity vectors |e,) and |ey):

lex) = (0,1,0,—1,0)1, (42a)
le,) = (0,0,1,0,— D). (42b)

In addition, we introduce the following |1) vector:
1) = (1,1,1,1,D. (43)

The zeroth moment is the Euclidean inner product of this
vector with the distribution functions. The corresponding five
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orthogonal basis vectors are given by [51]
|Lo) = I1), [L1) = lex), [|L2) = ley),
(44)
IL3) =5 es +e5) —411), |La) = leg —e5),

which can be grouped together as the following transformation
matrix L for mapping changes in the moment space to those in
the velocity space

L = [ILo),IL1).L2),|L3), [L4)]. (45)

To represent the structure of the cascaded collision operator
for the passive scalar field, we define the following central
moments and raw moments, respectively, of the distribution
function g, and its equilibrium gg as

~O
K myn g
(ic\l;q,}qﬁ ) = Z <g;1) (e(xx Uy )m (erxy — uy)” , (46)
xmyn o (]

and

N
K myn 8a
~eq,¢ = Z ( eq>e;nxez)" 47
Kom'yn o \8«
By equating the discrete central moments of the equilibrium
distribution function with the corresponding continuous central

moments based on the local Maxwellian (wherein the density
is replaced by ¢), we get

Aeqrb = ¢, Aeqd)_() 7g§q,¢:0’

(43)
"€Q¢ — C ¢ "thﬁ — Cs¢¢’

which will be used in the construction of the collision operator
later. In this work, wet set c3¢ = 1/3. Then, the 2D cascaded
LB scheme for the passive scalar transport without the source
term can be represented by means of the following collision
and streaming steps:

g0 = go + (L -h),, (49a)
ga(x.1) = gP(x — ea AL1). (49b)

The procedure to obtain the change of different moments
under cascaded collision, i.e. h based on the central moment
equilibria Eq. (48) is analogous to that used in the previous
section for fluid flow, with the main difference being that in
the present case, there is only one collisional invariant, i.e., ¢,
and hence ho = 0. Then, it follows that [51] (see also Ref. [50],
which elaborates such a formulation for a 3D cascaded LBM
for CDE)

¢ w¢

hy = 71[¢ux —&l] = Hou, —&Y],

¢
hsy = %[2%24:‘15 - (Efx +/’€?\) + 2(“)6’?(1) + ”)@)
+ (1} +u3) ] + why +uyhs,
¢
= [~ R) 20— ) + ()]
+uhy — uyhy, (50)

where w(f s a)‘f , a)f and wff are the relaxation parameters. Notice

that the cascaded structure of the expressions for the change
of moments h starts from the first-order moments for the
CDE, unlike those for the NSE given the previous section. The
relaxation parameters for the first-order moments 1n the above
determine the molecular diffusivity Dg: Dy = Cv¢( 7 é)At

Jj = 1,2. After the streaming step in Eq. (49b), the output
passive scalar field ¢° is obtained as the zeroth moment of

8o as

4
=> 2. (51)
a=0

The effect of the source term S, can then be introduced as
the solution of the source subproblem split from Eq. (41):
0,¢ = Ss. As before, this can be implemented by means of
two symmetrized sequence of steps before and after collision,
each using a time step Af/2 and such a source operator will
be denoted by R'/2. Thus, the extension of the Strang splitting
approach for the cascaded LBM to represent the source term
in the CDE can be formulated as

go(x,t + A1) = SR> CR'?g,(x.,1). (52)

Solving the above subproblem representing the evolution of
the scalar field ¢ due to the source term S, yields the following
step before collision:

S
Pre-collision source step RY/? : ¢ = ¢° + %At. (53)

This updated ¢ is then used to perform the cascaded collision
relaxation step and determine the change of different moments
under collision 7, s> where B =1,2,3,4, given in Eq. (50).
Analogously, the other source half step following collision can
be represented as

S,
Post-collision source step R'/* : ZipP =+ 2¢ At

= ¢° + SyAr. (54)

To effectively implement this in the cascaded formulation, we
take the zeroth moment of the post-collision distribution gh
givenby gb = g, + (L - h)a, which yields

¢ =>"gl= g+ > (Kglhg. (59
o a B

Based on the orthogonal basis vectors given in Eq. (44), it
follows that Z (Kgll) h B = Sho, which when substituted in
Eq. (55), and along with Eq. (51), we obtain

¢P = ¢° + 5hy. (56)

Comparing the target result Eq. (54) with the above constructed
field [Eq. (56)], we get the following result for the zeroth-order
moment change due to the source S,:
~ S

ho = ?‘I)At. (57)
This effectively implements the effect of the post-collision
source step over a step length of Ar/2. Using this result
[Eq. (57)] along with Eq. (50) for the change of moments under
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collision in Eq. (49a) and expanding (K - ﬁ)a, we obtain the
post-collision distribution functions, which read as

g =g+ [ho — 4h3],

gl =g+ [ho + ) + 3 + ),

g =g+ [ho + ha + h3 — hal,

g =g+ [ho — 'y + 3 + ),

g8 = ga +lho — ha + h3 — hal. (58)

The overall sequence of computational steps for the 2D
cascaded LB scheme for passive scalar transport with a source
implementation based on the Strang splitting is similar to that
for the fluid flow presented in the previous section. Moreover,
such a symmetrized operator splitting formulation can also
be used to represent forces/sources in the 3D central moment
based LBM for thermal convective flows developed recently
[50].

VI. RESULTS AND DISCUSSION

We will now present a numerical validation study of the
various symmetrized operator split schemes to incorporate
forces or sources in the cascaded LB method presented
earlier by comparison of their computed results against a
set of benchmark problems with analytical solutions. In the
following, all the numerical results will be generally reported
in the lattice units typical for LB simulations [39]. That is,
unless otherwise specified, we consider Ax = At =1 and
hence the particle speed ¢ = Ax/At is taken to be unity.
The fluid velocity will be scaled by the particle speed c,
and the reference scale for the density pp is 1.0. For the
cascaded LB method for fluid flow presented in Sec. IV, the
considerations for the relaxation parameters are as follows:
w4 and ws determine the shear kinematic viscosity (via wy =
ws =1/tandv = %(r — %)At), which can be specified from
the problem statement. The parameter ws is related to the bulk
viscosity (see, e.g., Ref. [19]), while the remaining parameters
for the higher-order moments wg, w7, and wg, along with
w3 can be tuned to improve numerical stability. A detailed
study of the influence of such parameters in the cascaded
LB scheme was performed in Ref. [52]. For turbulent flow
computations, care needs to be exercised in choosing the
relaxation parameters for the higher-order moments to avoid
being over-dissipative. In this work, for the incompressible,
laminar flow benchmark flow problems considered in the
following, we use w3 = wg = w7 = wg = 1.0. However, for
the cascaded LB method for the solution of the passive scalar

transport presented in Sec. V, the parameters a)}” and a)f , which

are related to the coefficient of diffusivity (i.e. a)f = wg’ =

1/7% and Dy = 3(r® — 3)At), are assigned from the problem
statement based on the characteristic dimensionless group;
relaxation parameters a)‘jp where j = 3,4,5, which influence
the numerical stability, are set to unity in this work.

A. Poiseuille flow

In these sections, we validate our 2D operator split forc-
ing approach by considering various test problems involving
different types of body force fields. For the first problem,

0.1

0.08

0.06

u(y)

0.04

0.02

0
-50 0 50

FIG. 1. Comparison of the computed velocity profiles using the
2D symmetrized operator split cascaded LB forcing scheme with
the analytical solution for Poiseuille flow for body force magnitudes
of 1077 and 1078, The lines indicate the analytical results, and the
symbols are the solutions obtained by our present numerical scheme.

a two-dimensional Poiseuille flow in a channel discretized
with 3 x 100 lattice nodes is considered. In our computations,
at the top and bottom walls, a no-slip boundary condition,
and at the inlet and outlet, periodic boundary conditions are
applied. The no-slip boundary condition is implemented by
using the classical half-way bounce back scheme in this work
[39,53]. The analytical solution of the velocity profile flow for
this laminar flow problem can be written as follows: u(y) =
Unax[1 — (%)2], where Upax = FyL?/(2pv) is the maximum
velocity along the central line. Here, L, p, and v are the channel
half-width, fluid density, and kinematic viscosity, respectively.
F, is a constant body force acting in the x-direction which
drives the flow. Comparison of the simulation results of the
velocity profile against the analytical solution is shown in
Fig. 1, where the body forces for two cases with maximum
velocities of 0.02 and 0.08 are set to the values of 10~% and
107, respectively. For the former case, the relaxation time
T is chosen to be 0.5019, which for the latter it is 0.5047.
The corresponding Mach numbers Ma are 0.034 and 0.138,
respectively. It can be clearly seen that there is an excellent
agrement between the numerical simulation carried out using
the 2D symmetrized operator split cascaded LB forcing scheme
and the analytical solution for the both cases.

1. Grid convergence study

To determine the order of accuracy of our symmetrized
operator split forcing scheme, we perform a grid convergence
test by applying a diffusive scaling. According to this scaling,
Mach number Ma = U/c, reduces proportionally with the
increase in the grid resolution at a fixed viscosity or fixed
relaxation time T = 1/wj, j = 4,5, where w4 and ws represent
the relaxation parameters for the second-order moments in the
2D cascaded LB scheme (see Sec. IV), so that the scheme
has asymptotic convergence to the incompressible flow limit.
For our simulation, we consider a Poiseuille flow with the
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FIG. 2. Grid convergence for 2D Poiseuille flow with a constant
Reynolds number Re = 100 and relaxation time T = 0.55 computed
using the 2D symmetrized operator cascaded LB forcing scheme.

same set up as considered earlier. We consider a sequence
of 3 x 15,3 x31,...,3 x 121 lattice nodes to study grid
convergence under diffusive scaling when the relaxation time
and Reynolds number are set to T = 0.55 and 100, respectively.
Next, to quantify the grid convergence, we consider the global
relative error (E, ,) of the flow field under a discrete £,-norm

as follows:
T(ue — ug)?
E,.lh=.—————, 59
1Bl =\ =5 (59)

where u, and u, is the computed and analytical solutions,
respectively, and the summation is carried out for the flow
domain. The relative error between the computed results
and the analytical solution against different grid resolutions
is illustrated in Fig. 2. The relative errors have a slope of
2.00, which indicates that our new approach based on the
symmetrized operator split forcing scheme for the cascaded
LB method is spatially second-order accurate.

B. Hartmann flow

As the next benchmark case study, a numerical comparison
of the results with our 2D operator split forcing approach is
made for a specific type of magnetohydrodynamic (MHD)
flow, i.e., the flow between two unbounded plates subjected to
a transverse magnetic field known as the Hartmann flow. This
type of flow arises in a variety of engineering devices including
MHD pumps, fusion devices, generators and microfluidic
devices. Furthermore, an inherent spatially varying body force
makes this benchmark a particularly suitable test problem for
the present study. The fluid is driven by a constant body force F},
and retarded by a local variable force (i.e., Lorentz force) aris-
ing by an interaction between a uniform steady magnetic field
B, = By, acting perpendicular to the channel walls and the
fluid motion. By choosing the x axis for the flow direction and
the y axis to be codirectional with the external magnetic field
B, = By, the induced magnetic field resulting from such an

. . sinh(Ha &
interaction can be represented as B, (y) = %)L[ Sim(l(H;)) — % .

Here, the Hartmann number, Ha is the square root of the ratio

x 10

Ha=3,U _=0.0077
max

u(y)
=

Ha=10, U_ =0.0025
max

FIG. 3. Comparison of the computed velocity profiles using the
2D symmetrized operator split cascaded LB forcing scheme with the
analytical solution for Hartmann flow for Hartmann numbers Ha of 3
and 10. The lines indicate the analytical results, and the symbols are
the solutions obtained by our present numerical scheme.

of the electromagnetic force to the viscous force and L and
F,, are the channel half-width and the uniform driving force,
respectively. Consequently, the effectively spatially varying
body force which act on the flow is F, = Fj + F,,,. This
is a combination of the Lorentz force F,,, = Boddif, and the
uniform driving force Fj. The analytical solution for such a

problem is u,(y) = %}L\/gcoth(Ha)[l — %ﬁﬁg)] Here, v

is the kinematic viscosity and 7 is the magnetic resistivity,
which can be represented by 1 = By?L?/Ha?v. We consider
the same set up as considered for the Poiseuille flow simulation
for the boundary conditions but now with spatially varying
body forces. For two different values of Ha, 3 and 10, corre-
sponding to Mach numbers of 0.013 and 0.004, respectively,
the computed velocity profiles against the analytical solution
are illustrated in Fig. 3. It can be observed that the present
simulation is able to reproduce the analytical solution very
well. In particular, the significant flattening of the velocity
profile at higher Ha is well reproduced by our forcing scheme.

C. Womersley flow

We now turn to study the Womersley flow, which is a flow
between two infinite parallel plates driven by a temporally
oscillatory external force. This benchmark problem is used to
assess the ability of our symmetrized operator split forcing
scheme for representing time-dependent body forces. The
external force F,,cos(wt) oscillates with an amplitude F,, and
with an angular frequency w = 2m/T, where T is the time
period. Supposing that the flow is laminar and incompressible,
the analytical solution for the velocity field is given as

u(y.t) = Re{iﬂ[l — M}e“‘”’)}, (60)
) cosy
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FIG. 4. Comparison of computed and analytical velocity profiles at different instants within a time period of pulsatile flow at two different
Womersley numbers of Wo = 4 Wo = 10.7. Here, lines represent the analytical solution and symbols refer to the numerical results obtained

using the 2D symmetrized operator split cascaded LB forcing scheme.

where y = viWo?, Wo = L./(w/v) being the Womersley
number, which is a non-dimensional parameter representing
the ratio of the channel half width L to the diffusion length
over an oscillation period (i.e., the Stokes layer thickness).
Re{-} represents taking the real part of the expression within
the brackets. The simulation parameters are set as follows. The
computational domain is resolved by a 3 x 100 mesh, the time
period T = 10000 and the maximum force amplitude is set
to F,, = 1 x 1075. The boundary condition at the inlet and
the outlet is periodic and the half-way bounce-back scheme to
represent the no-slip condition is used at the walls. The body
force for this case is implemented as a solution of Eq. (13) to
update the velocity field. Since the explicit form of the time-
dependent force is known here, it can be either analytically
integrated to perform the velocity update in the force step
or solved numerically by representing the body force F, via
the trapezoidal rule as %Fm [cos(wt) + cos(wt + At/2)]. The
latter approach is used in the present study. In general cases,
if the body force F depends on u, then Eq. (13) needs to be
numerically integrated and used as an implicit equation to solve
for u. Simulations are carried out to obtain the velocity profiles
across the channel at different time instants with the time period
T. Figure 4 shows a comparison for the velocity profiles for
two values of the Womersley number, i.e. 4 and 10.7 at different
time instants. It can be clearly seen that the numerical results
agree well with the analytical solution represented by Eq. (60).
Thus, the symmetrized operator split forcing scheme is able to
represent flow profiles driven by time varying body forces with
excellent accuracy.

D. Flow through a square duct

To validate our 3D symmetrized operator split forcing
scheme for a multidimensional flow subjected to a body
force, we consider flow through a square duct driven by a
constant body force F, . In our computations, we apply periodic
boundary conditions at the inlet and outlet and a no-slip
boundary condition at the four wall surfaces. For a channel
with width 2a, this test problem has an analytical solution

based on a Fourier series for the velocity field, which reads as

1642 F, & (=1 cosh (—(Z"Eal)”)
)= pv 73 ; =D ' cosh (&5127)

cos (258

x 2n—1)>

where p and v are the fluid density and kinematic viscosity,
respectively and x is the direction of the flow,and —a < y < a,
—a < z < a is the cross section of the duct. We chose a
grid resolution of 3 x 45 x 45, with a relaxation parameter
7 equal to 0.76, and a body force magnitude of F, = 1 x 1077
is applied. Figure 5 illustrates the velocity profiles u(y,z)
computed using our 3D symmetrized operator split scheme
to incorporate forcing terms in the 3D cascaded LB method
for different values of y. In this figure, a comparison with

; (61)

x107"
1.6}

y=-a/2

-20 -10 0 10 20
z

FIG. 5. Comparison of the computed velocity profiles using the
3D symmetrized operator split cascaded LB forcing scheme and the
analytical solution, for flow through a square duct in presence of a
body force magnitude of F, = 1077 for different values of y. Here,
lines represent the analytical solution and symbols refer to the results
obtained using the present numerical scheme.
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FIG. 6. Comparison of the computed and analytical vertical ve-
locity profiles uy(x) at y = 7 for the four-rolls mill flow problem
at up = 0.01, v =10.0011, and N = 96. Here, line represents the
analytical solution and the symbol refers to the numerical results
obtained using the 2D symmetrized operator split cascaded LB forcing

scheme.

the analytical solution given above is also made. It is evident
that there is a very good agreement between our computed
results and the analytical solution for this body force driven
multidimensional flow problem.

E. Four-rolls mill flow problem

Let us now consider a problem involving two-dimensional
(2D), steady, fluid motion consisting of an array of counter-
rotating vortices in a square domain of side 27 that is periodic
in both x and y directions, driven by a spatially varying
body force, ie., Fy = Fy(x,y) and F, = Fy(x,y). It is a
modified form of the classical Taylor-Green vortex flow and
has been used as a benchmark problem to test body force
implementations in prior LBM studies (see, e.g., Refs. [22,54]).
The four-rolls fluid motion is established by imposing the
following local body force components:

Fo(x,y) =2povugsinx siny, Fy(x,y)=2povugcosxcosy,

2m N

LU%M

>
L 2% 9

(a)

T

where 0 < x,y < 2w, pg is the reference density, v is the kine-
matic viscosity, and ug is the velocity scale. A simplification
of the Navier-Stokes equations with the above local body force
leads to the following analytical solution for the velocity field:

uy(x,y) =uosinxsiny, uy(x,y) = upcosxcosy.

First, to validate the Strang splitting-based forcing scheme
for the cascaded LBM, we consider uy = 0.01, pg = 1.0 and
v = 0.0011, and the square domain of side 2w is resolved
by N x N mesh grids, where N = 24,48,96,192. The mesh
spacing Ax then is given by Ax = 2x/N. Considering the
convective scaling Ax/At = ¢ = 1, the kinematic viscosity
may be written as v = %(r — %)Ax, where 1 = 1/w4 = 1/ws.
Figure 6 shows the velocity field u,(x,y = ) computed
using N = 96 along the horizontal centerline of the domain
and compared against the analytical solution given above.
Excellent agreement is seen. Furthermore, Fig. 7 presents
the 2D computed and analytical results for the streamlines,
which are in very good agreement with each other. Evidently,
counter-rotating pairs of vortices are well reproduced by the
present forcing scheme for the cascaded LBM based on Strang
splitting.

1. Grid convergence study

To verify the higher-order accuracy provided by the Strang
splitting, i.e., O(Ax?) ~ O(Ar?), we use the convective or
acoustic scaling to study the convergence rate of the present
operator-split forcing formulation for different grid resolu-
tions, rather than the diffusive scaling considered earlier. Thus,
we again use uy = 0.01, v = 0.0011, and N = 24,48,96, and
192. By maintaining Ax/At = ¢ = 1, for any pair of grid res-
olutions, N; x N; and N; x N, the corresponding relaxation
parameters 7; and t;, respectively, under the convective scaling

are related by 7; = % + (t; — % % Figure 8 illustrates rate of
convergence using the relative error between the computed and
analytical solution for the x-component of the velocity field
summed for the entire domain under the discrete £, norm [see
Eq. (59)] for the above four different grid resolutions. It can
be seen that the relative error varies with the grid resolution

T

NG
(

T

>

b)

—

FIG. 7. Streamlines (a) computed using the 2D symmetrized operator split cascaded LB forcing scheme and (b) obtained using the analytical
solution for the four-rolls mill flow problem at uy = 0.01, v = 0.0011, and N = 96.
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FIG. 8. Grid convergence for the four-rolls mill flow problem at
1o = 0.01, v = 0.0011 computed using the 2D symmetrized operator
split cascaded LB forcing scheme under the convective scaling.

in the log-log scale with a slope of —2.0. Hence, the present
forcing scheme based on the Strang splitting for the cascaded
LBM is second-order accurate under the convective scaling. In
other words, this test demonstrates second-order accuracy in
time, while the earlier test for Poiseuille flow under diffusive
scaling in Fig. 2 is not.

F. Thermal Couette flow with viscous heat dissipation

For the purpose of validating the symmetrized operator split
cascaded source scheme for the solution of a scalar passive
field represented by the CDE with a source term in Sec. V,
we perform the simulation of a thermal Couette flow with
viscous heat dissipation. Here, the passive scalar field ¢ is the
temperature 7', which is evolved under a thermal diffusivity
D, and modified by a source term S, due to viscous dissipation
arising from the shear flow. For such a one-dimensional
Couette flow, the top wall moves with a constant velocity
Uy in a horizontal direction, which is maintained at a higher
temperature 7y and the bottom wall is at a lower temperature
T;, and remains stationary. The scalar source term S, resulting
from the viscous heat dissipation is given by

2v
S, = C—U(S 1 S), (62)

where S = [Vu + VuT] /2 is the strain rate tensor and C,
is specific heat at constant volume. The source term due to
the viscous heating S, in Eq. (62) is obtained in simulations
from the cascaded LB solution for the flow field presented in
Sec. III. In particular, the strain rate tensor S in the cascaded
LB formulation can be readily related to the second-order
non-equilibrium moment components (see, e.g., Refs. [19,52]).
For examplg Syy = %(axuy + Byux).: —%(Za faewfeay —
puyty). This problem has the following analytical solution for

10 20 30 40 50 60
y

FIG. 9. Comparison between numerical results of the temperature
profile computed using the 2D symmetrized operator split cascaded
LB source scheme for a passive scalar transport and the analytical
solution for the thermal Couette flow for various values of the Eckert
number Ec. Here, lines represent the analytical solution and symbols
refer to the results obtained using the present numerical scheme.

the temperature profile [55]

T —-T, PrE
- Yy Cl<1_l)’ (63)
Tw—T, H 2 H H

where Pr=v/D is the Prandtl number and Ec =

Ug/[CU(TH — Tp)] is the Eckert number. In Fig. 9, the Pr is
fixed at 0.71 while the Ec varies from 10 to 100 and the domain
is discretized with 3 x 64 lattice nodes. The velocity of the top
wall U is taken as 0.05, the boundary temperature 7; and Ty
are specified as 0.0 and 1.0, respectively, and the relaxation
parameters 7 and 7% are chosen as 0.70 and 0.782, respectively.
Computed results obtained using the symmetrized operator
split cascaded source scheme are compared with the analytical
solution given in Eq. (63). It is found that the numerical
results are in excellent agreement with the analytical solution
for various values of Ec, representing the source strength
for this problem. In addition, the relative error between the
computed results obtained using the Strang splitting-based
source scheme and the analytical solution measured under the

TABLE I. Relative error between the numer-
ical results obtained using the 2D symmetrized
operator split cascaded LB source scheme for a
passive scalar transport and the analytical solution
for the simulation of the thermal Couette flow at
various Eckert numbers Ec.

Eckert number Ec Relative error

10 2.840 x 1073
20 3.695 x 1073
40 4.317 x 1073
60 4.561 x 1073
80 4.691 x 1073
100 4.778 x 1073
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discrete £,-norm [Eq. (59)] for the simulation of the thermal
Couette flow are reported in Table 1.

VII. SUMMARY AND CONCLUSIONS

Symmetrized operator split forcing schemes for flow sim-
ulations in 2D and 3D and a method for incorporating sources
in a convection-diffusion transport of a scalar field using
the cascaded lattice Boltzmann formulations are developed.
They involve force or source implementation steps before and
following the collision step each taking a half time step, and are
consistent with the Strang splitting, which has second-order
rate of convergence by construction. The post-collision half
source or forcing step is effectively implemented in terms of
the change of moments at the zeroth or first order that is a
function of the source or body force and the time step, and a
normalization factor arising from the choice of the basis for
moments for the lattice set considered. The implementation of
the precollision half source or forcing step properly projects
the effects of the force or source to the higher-order moments
that undergo relaxation by collision and naturally eliminates
the discrete effects. In contrast to the prior forcing schemes
for the cascaded LB method that required using extra terms
at different orders in the moment space and cumbersome

J

lattice-dependent transformations to map them to the velocity
space, the present symmetrized operator split forcing/source
schemes result in a simpler formulation, with all the force-
or source-related computations performed only in the moment
space, which facilitates implementation. However, it may be
noted that for efficient implementations of the LB algorithms,
their performance on current hardware is limited entirely by
memory bandwidth rather than by floating point operations,
and the complexity of the aggregate collision operator (includ-
ing forcing) does not affect performance. Comparisons of the
numerical solutions obtained using the Strang splitting based
forcing or source implementation methods for cascaded LB
schemes against various benchmark solutions validate them
for flow computations in both 2D and 3D as well as for the
passive scalar transport with a local source. Furthermore, the
numerical results demonstrate the second-order accuracy for
the convergence rate in time under the acoustic scaling of the
symmetrized operator split forcing scheme.
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APPENDIX: STRANG SPLITTING IMPLEMENTATION OF BODY FORCES IN 3D CENTRAL MOMENT LB METHOD

For the propose of illustration, we will consider the 3D central moment LB method using the three-dimensional, fifteen velocity
(D3Q15) [56] lattice, but can be readily extended for other lattices such as the D3Q27 lattice. The components of the particle
velocity vectors along with the |1) vector (which is used to represent the zeroth moment with the distribution function) for this

lattice are

lex) = (0,1,-1,0,0,0,0,1,—1,1,—1,1,—1,1,= D),

e)') = (07050’19_110507lalv_lv_lvl’ly_la_l)T,
eZ) :(09010707091a_1711171117_17_17_19_1)1‘1
1) =(1,1,1,1,1,1,1,1,1,1,1,1,1,1,)".

(AL)

The corresponding linearly independent orthogonal basis vectors are given by [56]

|Ko) = [1), |K1) = |ex), |K2) = ley), |K3) = |ez),

|Ky4) = |exey>v |Ks) = |€X€Z>, |Ke) = |eyez>v

|K7) = |e; —e}). |Ks) = |e; + €} + €2) — 3|e2). |Ko) = |ef + e} + eZ) — 2[1),

|K10) =5 |e(e; + € + €2)) — 13]es),

|Ki1) =5 ey (e + €5 4+ €2)) — 13ley), [Kia) =5 |ez(ef + e} + 7)) — 13]ez),

|K13) = lexeye:), |Kis) =30 |eze; + ere + eyel) — 40 |e; + €; + €2) 4 32|1).

Then, the orthogonal matrix K follows as

K =1[IKo),IK1),|K2),|K3),|K4),|Ks),|Ke),|1K7),|K3),| Ko),| K10), | K11), | K12) | K13), | K14)],

(A2)

(A3)

which maps the change of moments under collisions back to the changes in the distribution functions. The central moments and
raw moments of the distribution function and its equilibrium of order (m + n + p) are defined, respectively, as

o

Romynzp fu
~eq = Z ( EQ> (eax — ux)"(€ay — uty)" (€az — uz)",
Kyomynzp -

and

N
Komynzp (
~eq - z :
K ymynzp >

Ja

(A4)

eq) CorxCory iz (AS)
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The central moment equilibria used for the construction of the 3D cascaded collision operator for the D3Q15 lattice is presented in
Ref. [56]. The collide and stream steps of the 3D cascaded method are formally represented in Egs. (22a) and (22b), respectively.
Owing to the mass and momentum being collision invariants, it follows that gy = g; = g> = g3 = 0. For the nonconserved
moments, the change of moments under cascaded collision are given by

—~ W4 ~ -~ s ~ -~ we !
84 = §[—ny + puxuyl, g5 = g[—"xz + puxu;l, ge = g[—xyZ + puyul,
—~ w7 o P —~ wsg A/ P .
g = I[ — (kK —Ky)) + p(ui - u%)], g3 = E[ — (kK + 1,y — 26, )+ p(ui + u% - 214?),
—~ w9 o P P
8= gl = @ TR, + 7D+ p(ur +ul + 7)),
—~ w10 P A/ A/ 2 —~ 1 —~ —~ —~
S0 = 1—6[ — Koy + 2uyK,, 4 u Ky, — 20uu7 | +uy 84 + glx (=87 + 85 + 389).
~ _ wnr w7 e ~ b 15
g1 = 1_6[ — Kyyy 22Uk, + Uyl — pusiy ] +ucgs + g”y(g7 + 88 + 389),
—~ w12 A/ P P 2 —~ 1 o~ —~ —~
812 = o [ = Ruwe + 20k, + ek — 2ousuc] + us@s + gu(@r + 8 + 380),
~ w13 - ~ ~ ~ ~ ~ ~
813 = ?[_nyz + UxKy, +uyk,, + UzKyy — 210uxuyuz] U 84+ uy8s + Uxgs,
~ w14 ~ ~ ~ 2! 2! ~ < = 2.2 ~
= E[ — Kyyyy T 2Mxnyy + 2uyfcxxy — UKy, — UK — 4uxuyicxy + K exkyy + 3,0quy] —2u\uy g4
1, na 1 2 2\~ 3 2 2 1\ . —~ —~
+ g(”x —u3)gr + g( —uy — My)gs + g( —ui —uy) - 5 )8 + 2u.gio + 2u,g11. (A6)

The output velocity field u° = (u,uf,u?) is obtained following the streaming step as

pul = Yot futax. UG =Y oty fulay PUL =Y oty futa:. (A7)

As in the 2D case, the precollision forcing step F'/? involves the following update to the velocity field:
! o4 Fx At ! ° 4 Fy At ! ° 4 F At (A8)
uy = —| pul + — , Uy =—(pul+ — , Uy =—| pul + = ,
P G e y=olpn 3 A U

which will be used in the determination of the cascaded collision based change of different moments, i.e., Eﬁ, where 8 =

4,5, ...,14 as given in Eq. (A6). Analogously, the other post-collision step F'/? in the symmetrized operator splitting can be
written as

F F F
pul = puy + TXAt, pul = puy + %At, pul = pu, + EZAI, (A9)
which, via Eq. (A8), reads as
puy = puy + FyAt, puy = pu§ + FyAt, pul = pu? + FAt. (A10)

To effectively introduce this effect into the 3D cascaded formulation, we take the first-order moments of the post-collision
distribution function f = f, + (K- 8),, which yields

IOMJI? = Eafapeotx = Xy folax + zﬂ(Kﬁ|eX)§5’ (Alla)
,OMS = Eafferxy = Eafaeay + Zﬂ<Kﬂ|ey>/g\ﬂa (Allb)
,Ol/tg = Eafo{)eaz = Eotfaeaz + Eﬁ<Kﬁ|eZ)§ﬁ~ (Allc)

Based on the orthogonal basis vectors Kz given in Eq. (A2), it follows that
Xs(Kplex)gp = 1081, Xp(Kpley)gp = 1082, Xp(Kpler)gs = 10gs. (Al12)

Using Egs. (Alla)—(Allc) along with Egs. (A7) and (A12) and comparing with Eq. (A10), we obtain the following result for the
change of first-order moments due to the force field:

A—FxAt A—Fym A—FZAI (A13)
1—10 ,82—10 783—10 .

oo
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Finally, using Eq. (A13) and Eq. (A6) for the change of moments under cascaded collision in (K - g), and expanding it, we get
the expressions for the post collision-distribution function, which read as

13 = fo+[80 — 280 + 32814,

U= fi+18 +8 +& + 8 — & — 8810 — 8214l

[ =fr+18 — 8 + & + 8 — & + 8810 — 8814l

fi=fi+g+8 —g +8 — 8 — 88 — 8g14l,

L= fa+18 — 8 — 8 +8s — 8+ 8811 — 8314l

J&=fs+18 +8 — 28 — 8o — 8212 — 8814l

f¢ = fo+ 18 — 8 — 28 — 8o + 8812 — 8814l

F=rf+R+8+8&+8+8 +8 +8 + 8 + 2810+ 2811 + 2812 + &13 + 2814l
S =ri+@—81+8+8 —8 — 8 ~+8 + 8 — 2810 + 2811 + 2812 — 13 + 2814],
&=/ o+ +8 —8+8 — 8 +8 — 8+ 8 + 2810 — 2811 + 2812 — 13 + 2814l
flo=fio+[8 —8 — &2+ 8 + 8 — & — 8 + & — 2810 — 2811 + 2812 + 813 + 2814],
=/ m+@+8+8 —8+8 —8 — 8 + 8 + 280+ 281 — 2812 — 813 + 2814l
fh=/fu+80—8 +8 —8 —8 +8 — 8 + & — 2810 + 2811 — 2812 — 813 + 2814l
fh=/fi+80+8 —8 —8 —8 — & + 8 + 8 + 280 — 2811 — 2812 + 813 + 2814l

fh=fu+8 -8 —8—8+8 +8 +8 + 8 — 2810 — 2811 — 2812 — §13 + 2814].

(Al4)

The overall algorithmic sequence of steps for the 3D cascaded LB method with the operator split forcing implementation is
similar to that presented in Sec. IV. Notice the significant simplification offered by the present 3D symmetrized operator split

forcing scheme, when compared to that presented in Ref. [56].
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