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Measurement of the lifetime of attachments formed by a single microtubule (MT) with a single kinetochore
(kt) in vitro under force-clamp conditions had earlier revealed a catch-bond-like behavior. In the past, the physical
origin of this apparently counterintuitive phenomenon was traced to the nature of the force dependence of the
(de)polymerization kinetics of the MTs. Here, first the same model MT-kt attachment is subjected to external
tension that increases linearly with time until rupture occurs. In our force-ramp experiments in silico, the model
displays the well known “mechanical signatures” of a catch bond probed by molecular force spectroscopy.
Exploiting this evidence, we have further strengthened the analogy between MT-kt attachments and common
ligand-receptor bonds in spite of the crucial differences in their underlying physical mechanisms. We then
extend the formalism to model the stochastic kinetics of an attachment formed by a bundle of multiple parallel
microtubules with a single kt considering the effect of rebinding under force-clamp and force-ramp conditions.
From numerical studies of the model we predict the trends of variation of the mean lifetime and mean rupture
force with the increasing number of MTs in the bundle. Both the mean lifetime and the mean rupture force display
nontrivial nonlinear dependence on the maximum number of MTs that can attach simultaneously to the same kt.
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I. INTRODUCTION

A mitotic spindle [1–3] is an example of a self-organized [4]
multicomponent molecular machine [5] that carries out mito-
sis [6], i.e., the process of segregation of replicated chromo-
somes, in eukaryotic cells. These machines are assembled at
the right place at the right time and disassemble after serving
their biological function. Even after the mitotic spindle is
fully assembled, its size, position, orientation as well as the
architecture keep changing dynamically with time, as required
for its function. Many of these changes of the spindle are driven
by its own components that transduce input energy to generate
these forces. Understanding its “emergent mechanics” [7],
i.e., how its mechanical properties emerge from the complex
dynamics, interactions and feedback of its energy-consuming
active building blocks [8], is one of the aims of research on
molecular biomechanics at the interface of physics and biology.

Assembling a mitotic spindle requires formation of molec-
ular joints between specific components. One of the major
components of a spindle, that also forms all the key molecular
joints in it, is a stiff filament called microtubule (MT) [9] each
of which has a tubular structure. On the surface of each sister
chromatid, that results from DNA replication, a proteinous
complex called kinetochore (kt) is located [10]. During the
self-assembling of the spindle, each kt attaches with one or
more MTs; the actual number varies from one species to
another. In this paper, we study kt-MT attachment in a mitotic
spindle as an example of a transient joint in a multicomponent
molecular machine. This molecular joint plays important roles
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not only in the morphogenesis [11], but also in the subsequent
emergent mechanics of the mitotic spindle.

Force plays all the three roles, namely, input, output, and
signal, for different components of the same kt-MT attach-
ment [12]. Force exerted by MTs, the key force generators
in mitosis, on the kt is essential for proper positioning of the
chromosomes in the initial stages of mitosis. Equally important
are the opposing tensions exerted by the MTs attached to the
two sister chromatids that pull the two sister chromatids apart
and away from each other in the late stages of mitosis [6].

In order to exert force through polymerization or depoly-
merization, the tip of each MT remains free to polymerize
or depolymerize [13] and rapid turnover of its monomeric
subunits continues even when the kt-MT attachments remain
intact. A kt-MT attachment would rupture spontaneously, even
in the absence of any externally applied tension, by a thermally
activated hopping over a barrier that separates the bound state
from the unbound state in the energy landscape [14]. Moreover,
the kt-MT attachment experiences quite high levels of tension
at various stages of mitosis. How the structural integrity of
a kt-MT joint is maintained during the entire lifetime of the
spindle, in spite of these potentially disrupting tendencies, is
one of the wonders of spindle operation.

In this paper, we study theoretical models of molecular
joints formed by the attachment of N (N � 1) parallel MTs
to a single kt by treating it as an unusual “ligand-receptor”
bond. In the words of Karplus [15], “the ligand can be as
small as an electron, an atom or diatomic molecule and as
large as a protein.” In principle, this definition of a ligand can
be extended even further to include a MT [9], whose tubular
filamentous structure consists of a hierarchical organization of
many proteins. Analogously, the kt, a macromolecular complex
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hub, is a receptor for a MT. The protocols of “force clamp” and
“force ramp” that we implement in the computer simulations
of our models may be regarded as in silico analogs of the
corresponding in vitro experiments carried out with common
chemical ligand-receptor bonds [16].

In a force-clamp experiment the magnitude of the externally
applied tension F on a preformed kt-MT attachment is kept
fixed (“clamped”) and the duration for which the attachment
survives before getting fully ruptured is defined as its lifetime.
Similarly, in a “force-ramp” protocol [17] the magnitude of the
tension is increased (“ramped up”) with time in a well-defined
manner until the bond ruptures at a value of the tension that
is identified as the rupture force. Because of the intrinsically
stochastic nature of the process of rupture, both the lifetime
and rupture force of a kt-MT joint are random variables that
fluctuate from one kt-MT joint to another identical joint. By
computing the probability distributions of the lifetime and
rupture force and, then, analyzing the data in the light of
the analogy with ligand-receptor bonds, we address some
fundamental questions on the biomolecular mechanics of the
kt-MT joint in a mitotic spindle.

Our in silico studies have been motivated by the in vitro
biophysical experiments [18–20] carried out over the last
few years using reconstituted kinetochores of budding yeast
which happens to be the simplest because each kt can attach
with only a single MT [18]. Under force-clamp conditions,
created in vitro using optical trap [21], the mean lifetime of the
reconstituted kt-MT attachment of budding yeast was found to
increase with increasing tension up to a moderate level beyond
which the mean lifetime decreased with further increase of
tension. Such nonmonotonic variation of the average lifetime
with increasing strength of the pulling force is reminiscent of
catch bonds formed by wide varieties of ligands with their
respective receptors [22–26].

Akiyoshi et al. [21] could account for the catch-bond-like
behavior of the reconstituted kt-MT attachment, as displayed
by experimental data, with a two-state model [27]. However,
this simple model reveals neither the structural nor the kinetic
origins of this behavior. Subsequently, a minimal theoretical
model was developed by Sharma, Shtylla, and Chowdhury
(from now onward referred to as SSC model) [28] that
explicitly describes the polymerization and depolymerization
of the MT. The SSC model reproduced the universally ac-
cepted “mechanical signatures of catch bonds” in force-clamp
experiments and elucidated the crucial role of MT kinetics
(particularly its force dependence) that makes this catch bond
unique and unusual.

In the first part of this paper, we present further evidence in
favor of this catch-bond-like behavior by demonstrating that
the SSC model also reproduces the well known “mechanical
signatures of catch bonds” in force-ramp experiments. In the
second part of this paper, we push the analogy with ligand-
receptor bonds even further to situations where a bundle of
parallel MTs (i.e., multiple “ligands”) form noncovalent bonds
with a single kt (i.e., the “receptor”). Studies of the case N > 1
are important for several reasons. First, it is a natural curiosity
because such systems are very common in biological systems.
Except unicellular eukaryote budding yeast, cells of most of the
organisms, including mammals, have multiple MTs attached
with single kt. For example, about 20–40 parallel MTs are

bound to each kt in the metaphase spindles of mammalian
cells. Analyzing this extended version of the model with N > 1
under both force-clamp and force-ramp conditions, we make
theoretical predictions.

Second, from the perspective of physics, this system pro-
vides a unique opportunity to explore collective effects in
force generation. Collective force generation by a bundle of
polymerizing biofilaments like MTs has been studied both
experimentally as well theoretically (see Ref. [29] for a recent
overview). Similar fundamental questions on the collective
effects of MT bundles in the MT-kt attachments are addressed
in this paper. What makes the problem very interesting is that
the kinetics of the individual MTs get influenced by others
bound to the same kt in spite of the fact that there are no direct
interactions between them; the interactions between the MTs
are like feedbacks mediated by the kt to which all these MTs
are attached.

At least two physical phenomena add to the complexity of
the process of rupture if N > 1. For example, upon detachment
of a MT from the kt, the load it experienced before detachment
must now be shared by the n (provided n > 0) MTs that are
still attached to the same kt according to some load-sharing
formula. Since, as seen in the special case N = 1, increasing
load on a single MT does not necessarily destabilize it, the extra
load is likely to have a nontrivial effect on the overall stability
of the attachment. Moreover, as long as n � 1, a detached MT
can reattach thereby, probably, prolonging the lifetime of the
attachment. Do the mean values of the lifetime and rupture
force increase simply monotonically, perhaps linearly, with
increasing N or is the variation with N more nontrivial? This
question is addressed in the second half of this paper.

In this paper we also mention the experimental methods
that, at least in principle, can test the validity of our theoretical
predictions. It is worth mentioning here that the focus of this
work is not on throwing new light on catch bonds in the usual
ligand-receptor systems that have been studied for decades.
Instead, our focus is on the tension-induced rupture of the
kt-MT attachment, which is an essential transient molecular
joint in a functionally important multicomponent intracellular
molecular machine. However, we discuss this phenomenon
from a broader perspective of molecular force spectroscopy
of noncovalent ligand-receptor bonds to highlight the crucial
differences in spite of the superficial similarities.

II. SSC MODEL: A BRIEF REVIEW

In this section we present a brief summary of the SSC
model and review its main results obtained earlier under
force-clamp condition. This summary will help in motivating
the adaptations that are appropriate for theoretical analysis of
the force-ramp scenario presented in Sec. IV.

The SSC model [28] is a minimal model in the sense that it
does not make any assumption about the molecular constituents
or structure of the kt-MT attachment. It merely assumes a
cylindrical, effectively “sleevelike,” coupler (in the spirit of the
Hill sleeve model [30]) that is coaxial with the MT and has a
diameter slightly larger than that of the MT [see Fig. 1(a)].
The sleeve may be an abstract representation of the Dam1
ring [31] while the “rigid rod,” that connects the sleeve with the
kinetochore, captures the effects of Ndc80 proteins [32–34].
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FIG. 1. (a) A schematic depiction of the kt-MT attachment in
the presence of external force. (b) Hypothesized effective potentials
Vb(y) and Vf (y,t) are plotted against the instantaneous length of
overlap y(t). (c) Net drift velocity v(F ) is plotted against F for
three different values of F�. Parameters used are listed in Table I. (d)
Linearly increasing force (F = at); different straight lines correspond
to different rates of loading. The kt-MT attachment survives the
increasing tension up to a certain time and then gets ruptured.

No further structural or kinetic details of the Hill model and its
later extensions [35] (see Refs. [36,37] for reviews) have been
incorporated in the minimal models of the kt-MT attachments
studied here.

Each microtubule is a cylindrical hollow tube with a
diameter of approximately 25 nm. Globular proteins called α

and β tubulins form heterodimers that assemble sequentially
to form a protofilament. Normally, 13 such protofilaments,
arranged parallel to each other, form a microtubule. The length
of each α-β dimer is about 8 nm. However, there is a small
offset of about 0.92 nm between the dimers of the neighboring
protofilaments. SSC model adopts the single protofilament
model [38] where each MT is viewed as a single protofilament
that grows helically with an effective dimer size 8/13 nm. Thus,
following the SSC model, throughout this paper, we represent
a MT as a strictly one-dimensional lattice with the lattice size
8/13 nm.

In this model the instantaneous overlap between the outer
surface of the MT and the inner surface of the coaxial
cylindrical sleeve is represented by a continuous variable y(t)
which is a function of time t . The total length of the coupler
is L so that 0 � y(t) � L. Two main postulates of this model
are as follows [28]:

Postulate (a): Increasing overlap y lowers the energy of the
system and that this lowering of energy is proportional to y so
that the kt-MT interaction potential Vb(y) is assumed to have
the form [see Fig. 1(b)]

Vb(y) = −By, (1)

where B is the constant of proportionality. Accordingly, the
magnitude of the depth of the potential at y = L is BL.

Postulate (b): The external force F suppresses the rate of
depolymerization β of the MT and that β decreases exponen-
tially with increasing F following

β(F ) = β0exp(−F/F�), (2)

where β0 is depolymerization rate in the absence of any
external force and the parameter F� is a characteristic force
that determines the sharpness of the decrease of β(F ) with F .

Postulate (a) is essentially a limiting case of the Hill model
in the sense that the “roughness” of the interface between the
outer surface of the MT and inner surface of the sleeve is
neglected in the minimal version of the SSC model. Postulate
(b) is qualitatively supported by the in vitro experiments of
Franck et al. [39]. The decrease of the rate β with the external
force F need not be exponential; all the conclusions drawn
from the SSC model in Ref. [28] remain valid as long as the
decrease of β with increasing F is sufficiently sharp. The
external tension (using the correct notation for its direction)
corresponds to an effective potential Vf = Fy [see Fig. 1(b)].

Note that the overlap y(t) can be viewed as the position of
a hypothetical Brownian particle in a one-dimensional space
and subjected to an external potential V (y) = −By + Fy.
Accordingly, the kinetics of this model kt-MT attachment can
be formulated in terms of a Fokker-Planck (FP) equation [40]

∂P (y,t)

∂t
= D

∂2P (y,t)

∂y2
− v(F )

∂P (y,t)

∂y
(3)

for the probability density P (y,t), where the net drift velocity

v(F ) = B − F

�
+ [α − β(F )]�

= B − F

�
+ (α − β0e

−F/F� )� (4)

of the hypothetical Brownian particle involves a phenomeno-
logical coefficient �, that characterizes the viscous drag on
it, and � is the increase of the length of MT caused by the
addition of each of its subunits. The diffusion constant D

in (3) gets contributions from two different physical processes.
First, on length scales much longer than �, the stochastic
polymerization-depolymerization of a MT can be described
in terms of the drift velocity v and an effective diffusion
constant [41]

DMT = �2(α + β)/2 (5)

even when the MT tip is not attached, or tethered, to any
surface. The second contribution that exists even in the absence
of polymerization-depolymerization of the MT is the diffusive
motion of the kinetochore plate itself [42]. Considering � =
8/13 nm, α = 30 s−1, and β � α, the effective diffusion
constant DMT is approximately 5 nm2/s. Even if one includes
the maximum possible value of β(F ), i.e., β0 = 350 s−1

[30,42–44] in (5), the effective diffusion constant DMT in-
creases to about 70 nm2/s which is still about an order of
magnitude smaller than the contribution coming from the dif-
fusional movement of the kinetochore plate which is typically
700 nm2/s [30,42,43]. Therefore, throughout this paper, we
assume the diffusion constant D to be independent of the
external tension F .
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The FP equation (3) can also be recast as an equation of
continuity

∂P (y,t)

∂t
= −∂J (y,t)

∂y
(6)

for the probability density P (y,t) with the probability current
density

J (y,t) = −D

[
∂P (y,t)

∂y
− v(F )

D
P (y,t)

]

= −D

[
∂P (y,t)

∂y
+ U ′(y)

kBT
P (y,t)

]
, (7)

where U ′(y) = dŨ (y)/dy and effective potential Ũ (y) is given
by

Ũ (y)

kBT
=

[
F − B

kBT
+ �

(β(F ) − α)

D

]
y. (8)

Note that the terms involving F and B in Eq. (8) are of energetic
origin whereas the remaining two terms involving α and β are
of kinetic origin.

The attachment survives as long as y remains nonzero; the
rupture of the attachment is identified with the attainment of
the value y = 0 for the first time. For the calculation of the
lifetime of the attachment a unique initial condition is required.
In Ref. [28] the authors assumed that initially (i.e., at time
t = 0) the MT is fully inserted into the sleeve, i.e.,

y(t = 0) = L (initial condition). (9)

Since the MT is not allowed to penetrate the kinetochore plate,
the overlap y cannot exceed L. This physical condition is
captured mathematically by imposing the reflecting boundary
condition

J (y,t)|y=L = 0. (10)

An absorbing boundary condition

P (y,t)|y=0 = 0 (11)

is imposed at y = 0 for the calculation of the lifetimes. In
terms of the hypothetical Brownian particle, the FP equation
for y(t) can be viewed as that for the position of a hypothetical
Brownian particle, subjected to an external potential V (y) =
−By + Fy, in a one-dimensional (1D) space with a reflecting
boundary at y = L, an absorbing boundary at y = 0, and the
initial condition y(t = 0) = L.

Starting from the initial condition y = L, the time taken by
the kt-MT attachment to attain vanishing overlap (y = 0) for
the first time was identified as the lifetime of the attachment.
Thus, the calculation of the lifetime is essentially that of a first
passage time for a hypothetical Brownian particle: the time
it takes to reach y = 0 for the first time starting from y = L

at t = 0. This lifetime fluctuates from one kt-MT attachment
to another; the distribution of the lifetime contains all the
statistical information.

In Ref. [28] the authors calculated the exact distribution of
the lifetimes analytically in the Laplace space and hence the
mean lifetime 〈t〉 to be

〈t〉 = D

v2(F )

[
ev(F )L/D − 1

] − L

v(F )
. (12)

FIG. 2. Using WPE method, continuous 1D space of length L is
discretized. In this discretized space, MT tip is moving either in the
forward or in the backward direction using transition rates wf (j ) and
wb(j ).

For the convenience of numerical computation of the distri-
bution of the lifetimes by computer simulation, the SSC model
was discretized in Ref. [28] following prescriptions proposed
earlier by Wang, Peskin, and Elston (WPE) [45,46]. The WPE
method is a numerical algorithm in which a FP equation is
discretized into a discrete Markovian jump process by finite
differencing of the FP equation. Following WPE, space was
discretized into M cells, each of length h = L/M and the
continuous effective potential Ũ (y) was replaced by its discrete
counterpart

Ũj

kBT
=

[
(F − B)

kBT
+ �

(β0e
−F/F∗ − α)

D

]
yj , (13)

where yj denotes the position of the center of the j th cell. In
the discrete formulation, instead of a FP equation, a master
equation describes the kinetics of the system in terms of
discrete jumps of the hypothetical Brownian particle from
the center of a cell to that of its adjacent cells, either in the
forward or in the backward direction. The rates of forward and
backward jumps ωf (j ) and ωb(j ) on the discretized lattice (see
Fig. 2) were given by [45]

ωf (j ) = D

h2

− δŨj

kBT

exp
(− δŨj

kBT

) − 1
= 1

h

B−F
�

+ �(α − β)

exp
(− δŨj

kBT

) − 1
, (14)

ωb(j ) = D

h2

δŨj

kBT

exp
( δŨj

kBT

) − 1
= 1

h

F−B
�

+ �(β − α)

exp
( δŨj

kBT

) − 1
, (15)

where

δŨj = Ũj+1 − Ũj . (16)

Excellent agreement between the results derived from the
analytical theory and computer simulations was reported in
Ref. [28].

III. FORCE CLAMP: DEPENDENCE OF LIFETIME
FOR N = 1 ON INITIAL CONDITIONS

In Ref. [28], where the SSC model was presented, the au-
thors reported the results for the model only under force-clamp
conditions. However, as summarized in the preceding section,
the lifetimes of the attachments were calculated beginning
always with the unique initial condition y(t = 0) = L. In order
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FIG. 3. Mean lifetime, under force-clamp condition, plotted
against external force F for randomly chosen initial position of the
coupler. In the inset, mean lifetime is plotted by varying the initial
position of the coupler L0 for a fixed force F = 0.5 pN. The numerical
values of all the other parameters used in the simulation are listed in
Table I except N = 1, F∗ = 1 pN, and B = 2 pN.

to test whether the conclusions drawn in Ref. [28] are sensitive
to the choice of the initial condition, we have now carried out
a detailed investigation of the distribution of the lifetimes with
two different types of initial conditions.

In one of these, any integer lying between 1 and L is chosen,
with equal probability, to be the initial value of the overlap y.
The mean lifetime is obtained by averaging the lifetimes over
a sufficiently large number of samples each with a randomly
chosen initial condition. The results of these computations are
plotted in Fig. 3. The “catch-bond” behavior is still observed.

In the second type, the lifetimes are first calculated for a fixed
initial condition y(t = 0) = L0 (1 � L0 � L) and then these
lifetimes are averaged over a large number of samples, all for
the same initial overlap L0, getting the mean lifetime 〈τ 〉(L0)
corresponding to the fixed L0. The process is then repeated for
several different values of L0 to get 〈τ 〉 as a function of L0

(0 � L0 � L). The results of these computations are plotted
in the inset of Fig. 3.

As expected on physical grounds, the mean lifetime of
the attachment increases with increasing initial overlap L0,
attaining its largest value (≈758 s) for L0 = L, i.e., where
the MT is initially fully inserted into the coupler. Note that
the mean lifetime corresponding to L0 = L is about seven
times that of the attachments where the initial overlap is
selected at random. Such lower values of 〈τ 〉 for random initial
overlaps are expected on the physical grounds that in several
initial configurations the MT begins with an initial overlap
y(t = 0) < L and, hence, expected to rupture sooner that those
with initial overlap y(t = 0) = L.

Physical origin of the catch-bond-like behavior. The exter-
nal pulling force F has two opposite effects on the MT. From
the expression (4) for the net drift velocity v(F ) we see that, on
the one hand, the MT is bodily pulled out of the coupler by F .
On the other hand, because of the suppression of the depoly-
merization by the external pull F , if the depolymerization rate
β falls below that of polymerization the tip of the MT exhibits a
net growth. Moreover, if the suppression of depolymerization
is so strong that the net rate of tip growth into the coupler
(increase in y) can more than compensate the rate of bodily exit
of the MT from the coupler (decrease of y) the growing MT tip

moves deeper inside the coupler (resulting in the net increase
of y) when subjected to external tension. Such an increase
of y [indicated by increase of v(F ) in Fig. 1(c)], instead of
the naively expected decrease, upon application of F would
be interpreted as an effective increase of the stability of the
kt-MT attachment with increasing strength of the applied force
F . However, as the strength of F increases, β(F ) gradually
saturates. Since β practically stops decreasing further with the
further increase of F , the bodily movement of the MT out of the
coupler at higher values of F can no longer be compensated by
the tip growth into the coupler; the net decrease of y [indicated
by decrease of v(F ) in Fig. 1(c)] with further increase of F

in this regime manifests as decrease in the stability of the
kt-MT attachment. However, monotonic decrease of v(F ) with
increasing F seen in Fig. 1(c) results for larger values of
F� because of weak suppression of depolymerization by the
external tension.

The physical scenario that emerges from the above inter-
pretation of the dependence of v(F ) on F� is also consistent
with the expression (12) for the mean lifetime 〈t〉 where
v(F )L acts like an effective barrier height. For small enough
F�, the nonmonotonic variation of v(F ) with F manifests
as a nonmonotonic variation of the barrier height v(F )L,
resulting in a nonmonotonic variation of the mean lifetime
〈t〉 with F which has been interpreted as a catch-bond-like
behavior. In contrast, for sufficiently large F� the monotonic
decrease of v(F ) with F results in a monotonic decrease
of the effective barrier height v(F )L which, in turn, causes
the monotonic decrease of the mean lifetime 〈t〉 with F that
has been interpreted as a slip-bond-like behavior. Thus, to
summarize, whether the attachment behaves like a catch bond
or a slip bond depends crucially on the magnitude of F�, which
determines the extent of suppression of depolymerization for
a given F , i.e., how sharply the depolymerization rate β(F )
falls with increasing tension F .

IV. RUPTURE OF kt-MT ATTACHMENT UNDER
RAMP FORCE FOR N = 1

In [28] the external tension F was assumed to be inde-
pendent of time t ; this condition corresponds to a force-clamp
situation in the experiments. In this section the time-dependent
external tension F (t) is assumed to increase according to a
well defined protocol; this corresponds to a force-ramp in
experiment [see Fig. 1(d)]. We adopt the postulates (a) and
(b) of the SSC model. For the sake of simplicity, we assume
a linear ramp force, namely, F (t) = at where a is the loading
rate. The instantaneous external tension F (t) can be derived
from the corresponding instantaneous potential landscape,
Vf (y,t) = F (t)y. The effective potentials Vb(y) and Vf (y,t)
at an arbitrary instant of time are plotted in Fig. 1(b). Net
instantaneous potential V (y,t) felt by the kinetochore is
V (y,t) = Vb(y) + Vf (y,t).

For the theoretical treatment of the kt-MT attachment
subjected to a ramp force F (t), we adapt the corresponding the-
ory for ligand-receptor bond rupture, developed originally by
Bell [47] and subsequently extended by Evans and Ritchie [48]
and by Evans and Williams [49] (see also the reviews in
Refs. [50–52]). In the presence of a given tension F , let koff (F )
be the rate (i.e., probability per unit time) of unbinding of a
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MT from the kt. Because of the specific choice of the initial
condition y(t = 0) = L and the absorbing boundary condition
at y = 0, no rebinding of the MT is possible and, therefore,
rebinding rate remains kon(F ) = 0 throughout this section.

Denoting the probability that y �= 0 (i.e., MT is attached to
the kt) at time t by the symbol Pon(t), the equation governing
the time evolution of Pon(t) is

dPon(t)

dt
= −koff (F )Pon(t). (17)

Hence, in terms of koff (F ), the survival probability S(t) of the
attachment (i.e., the probability that the hypothetical Brownian
particle has not reached y = 0 before time t) can be expressed
as [51]

S(t) = exp

[
−

∫ t

0
koff (F (t ′))dt ′

]
. (18)

Moreover, in terms of koff (F ) the probability density ρfp(F )
of the rupture forces is expressed as [51]

ρfp(F ) = koff (F )

a

[
exp

(
−1

a

∫ F

0
koff (F ′)dF ′

)]
. (19)

Mean rupture force is given by [51]

〈F 〉 =
∫ ∞

0
Fρfp(F )dF. (20)

Thus, for the calculation of S(t) and ρfp(F ) the analytical
expression for koff (F ) is required. For koff (F ) we use the
expression for the inverse of the average lifetime of a single
kt-MT attachment in the SSC model, reported in [28], namely,

koff (F ) = 1

〈t〉 = v2(F )

D(ev(F )L/D − 1) − Lv(F )
, (21)

where the expression v(F ) is given by Eq. (4). The ex-
pression (21) was derived under force-clamp condition and,
therefore, strictly valid when the force does not vary at all
with time. Use of this expression for koff (F ) in the calculation
of S(t) and ρfp(F ) is based on the assumption that the
expression (21) is a good approximation even when the tension
varies with time. Obviously, the deviations of koff (F ) from
this expression in force-clamp conditions are expected to be
insignificant provided the rate of increase of F is sufficiently
small. Substituting Eq. (21) into Eqs. (18) and (19) we get,
respectively, the survival probability S(t) and the rupture
force density ρfp(F ) by numerically evaluating the respective
integrals.

Thus, the theoretical results for the case N = 1 have been
derived from numerical integrations of Eqs. (18) and (19)
which have been plotted throughout this section by lines.
For computer simulation of the model, we discretize the FP
equation of the SSC model following WPE prescription [45,46]
as explained above [28]. Instead of a constant force, a time-
dependent external force F = at is imposed. Carrying out
computer simulations of this discretized version of the model
we directly compute the survival probability S(t) and the
distribution ρfp(F ) of the rupture forces. Throughout this
section, discrete symbols have been used to plot the data
obtained from computer simulations of the discretized model.
Parameter values that we used for numerical calculations are
listed in Table I.

TABLE I. Values of the parameters for kt-MT system.

Parameter Values

Interspace between MT binding site l [30,42,43] 8/13 nm
Total length of coupler L [53–56] 50 nm
Polymerization rate α [30,42–44] 30 s−1

Maximum depolymerization rate β0 [30,42–44] 350 s−1

Characteristic force of depolymerization F� [28] 0.8 pN
Attractive force between kt-MT B [28] 1.9 pN
Diffusion constant D [30,42,43] 700 nm2 s−1

Viscous drag coefficient � [30,42,43,57] 6 pN s μm−1

In Fig. 4 the rupture force distribution obtained from
numerical integration of Eqs. (18) and (19) of the continuum
theory and those obtained from computer simulation of the
discretized model are plotted for four different loading rates.
At loading rates as low as a = 3 × 10−4 pN s−1 (violet), the
most probable rupture force is vanishingly small. At such
slow loading rates the rupture of the attachment is mostly
spontaneous dissociation caused by thermal fluctuation and
is very rarely driven by the applied tension. However, as
the loading rate increases, a second peak at a nonzero value
of the force begins to emerge. At moderate loading rates
like a = 1 × 10−3 pN s−1 (blue line and triangle) and a =
3 × 10−3 pN s−1 (green line and square), a large fraction of the
kt-MT attachments survive up to a high force before getting
ruptured while another significant fraction of the attachments
still dissociate at a vanishingly small force. But, at sufficiently
high rates of loading, for example at a = 3 × 10−2 pN s−1

(red), an overwhelmingly large fraction survives up to a high
force while very few attachments get ruptured by very weak
forces.

In the Fig. 5(a) the survival probabilities are plotted at the
same loading rates for which the rupture force distributions
have been plotted in Fig. 4. At very high loading rates, the
probability of survival remains high, and practically unaffected
by the applied force, up to quite high values of the force and,
accordingly, the most probable rupture force is also expected
to be high. In contrast, sharp drop in the survival probability
with increasing force is also reflected in the vanishingly small
most probable rupture force at very low loading rates.

In Fig. 5(b) we have plotted mean rupture force as a function
of loading rate. Mean rupture force increases with increasing
loading rate. The increase of mean and most probable rupture
force with increasing loading rate is also observed in case of
common ligand-receptor attachments [51]; it follows from the
mathematical form of the equation

dPon(F )

dF
= −1

a
koff (F )Pon(F ) (22)

which is nothing but the equation (17) expressed in terms of
force F rather than time t . Equation (22) implies that the rate of
decay of the bound state of the bond is inversely proportional to
the loading rate a. Consequently, the kt-MT attachment persists
up to higher values of force when subjected to faster loading
rates.

The continuous black line in Fig. 5(b) has been obtained
using Eq. (20). As the loading rate exceeds about 100 pN s−1,
the black line begins to deviate from the corresponding data
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FIG. 4. Probability density of rupture force of the kt-MT attachment with N = 1, under force-ramp condition, for four different loading
rates, namely, (a) a = 3 × 10−4 pN s−1 (violet rhombus), (b) a = 1 × 10−3 pN s−1 (green square), (c) a = 3 × 10−3 pN s−1(blue triangle), and
(d) a = 3 × 10−2 pN s−1 (red circle) are plotted. The continuous curves have been plotted by numerical integration of Eq. (19), whereas the
discrete data points have been obtained from computer simulations of the discretized version of the same model. Numerical values of all the
other parameters are listed in Table I.

points obtained from simulations. This increasing deviation
indicates increasing failure of the approximation made by
substituting the force-clamp values of koff (F ) for evaluating
the integrals in Eq. (19). However, surprisingly, even at 10
times faster loading rates the error made by this approximation
is within about 20%.

Irrespective of the actual loading rate, a slip bond exhibits a
single peak at F = Fmp in the rupture force distribution ρfp(F )
at a given rate of loading. In this case, the most probable rupture
force Fmp → 0 corresponding to a → 0 and Fmp increases
with loading rate a. The trend of variation of ρfp(F ) with the
loading rate a is qualitatively different in case of catch bonds.
For the latter, at sufficiently low values of a, the distribution
ρfp(F ) exhibits a high peak at F = 0 and a much lower peak at
a larger nonzero value of F while ρfp(F ) remains very small
over a wide range of F in-between these two peaks. With the
increase of the loading rate a, the second peak at the nonzero
F increases in height while a concomitant lowering of the peak
at F = 0 occurs. The occurrence of two peaks in ρfp(F ) for
a given a is regarded as the “mechanical signature” of catch
bond in force-ramp experiments [22,23,58].

The shape of ρmp(F ) plotted in Fig. 4 for four different
values of loading rate a is, thus, an unambiguous evidence in
favor of the catch-bond-like behavior exhibited by the kt-MT
attachment (for N = 1) also in our force-ramp experiment in
silico. Several different molecular mechanisms proposed so
far can account for the observed signatures of catch bond

in conventional ligand-receptor systems [22–26]. However,
the distinct mechanism that we have summarized above in
the context of force-clamp studies of kt-MT attachment is
responsible also for the catch-bond-like behavior displayed in
Figs. 4 and 5.

In principle, our theoretical predictions for N = 1 can be
tested using the reconstituted kinetochore of budding yeast
in vitro [19] applying standard techniques of dynamic force
spectroscopy [16]; a typical setup would use an optical trap
with controlled ramp protocol [17]. In the force-clamp setup
with optical trap, the bead-trap separation is maintained at
a fixed value with a computer controlled feedback while the
change in the length of the MT is recorded by monitoring the
movement of the specimen stage [17]. A force-ramp setup,
where the bead-trap separation is gradually increased with
time, has also been designed by modifying the force-clamp
software [17]. This force ramp can be used to test the corre-
sponding theoretical predictions made in this paper. However,
the slow loading rate required to observe the theoretically
predicted behavior may still pose technical challenges.

V. EXTENDED SSC MODEL OF MT–SINGLE
kt ATTACHMENT FOR N > 1

In this section we extend the SSC model to capture some key
features of the energetics and kinetics of a dynamic attachment
formed between a single kt and a bundle of N parallel MTs. As
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FIG. 5. (a) Survival probability for different loading rates; the
continuous curves in (a) have been plotted by numerical integration
of Eq. (18). (b) Mean rupture force is plotted against the logarithm
of the loading rate; the continuous black line in (b) has been plotted
by numerical integration of Eq. (20). The same symbols in (a) and
Fig. 4 correspond to the same set of values of the model parameters.
Numerical values of all the other parameters are listed in Table I.

mentioned in the Introduction, this extension is motivated by
the fact that, in almost all organisms, except for budding yeast,
each kt can normally attach to multiple MTs simultaneously.
However, in none of the organisms, other than budding yeast,
the Dam1 ring, or any analogous complete ringlike structure,
have been detected so far. Therefore, kt-MT coupling based
on a real complete sleeve or ring seem highly unlikely in these
systems [59].

Based on the ultrastructure of vertebrate kinetochores [60–
62] and in vitro molecular force spectroscopy [63], it is widely
believed that flexible filamentous MT-binding proteins [43,64],
that are components of a kinetochore, can form load-bearing
attachments with MTs. The “binders” appear as one of the core
concepts in several recent models that include also the “lawn”
model [65], “sliding foot” model [66], etc. These binders can
engage a MT from all angles (see Fig. 6). Moreover, unlike the
synchronous attachments and detachments of the postulated
MT-binding sites on the inner surface of Hill’s sleeve [30],
the attachment and detachment of these flexible filamentous
binders are, in general, not synchronous. Furthermore, these
filaments do not link among themselves permanently to form
any rigid ringlike or sleevelike structure.

Nevertheless, based on the observations in their in vitro
experiments and Monte Carlo simulations, Powers et al. [63]
argue that an effectively biased diffusion mechanism, similar

FIG. 6. Three microtubules (green cylinders) are attached to a
single kinetochore (violet wall) in the presence of external tension on
kinetochore [inspired by Fig. 1(b) of Ref. [64]].

to that postulated by Hill [30], can still emerge from the fibrous
kt-MT linkers even if no rigid sleevelike structure exist at
the surface of a kinetochore. Therefore, the effective potential
landscape has also been speculated [67] to be qualitatively
similar to that in the Hill sleeve model. Because of the
possibility that the binders engage the MT surface practically
uniformly and because of the finite maximum stretchable
length of the binders, we assume that an effective sleevelike
region may be created (see Fig. 6).

It is worth pointing out that the effective potential in
the Hill sleeve model is corrugated because movement of
the sleeve along the MT requires breaking and subsequent
reestablishment of the bonds between MT-binding sites on the
inner surface of the sleeve and their specific binding sites on
the outer surface of the MT. In the simplest version of the SSC
model used earlier in this paper, only the tilt of the corrugated
potential was retained by assuming a linear potential energy
landscape; the corrugation, which manifests as “molecular
friction,” was ignored. Even this simplified potential energy
landscape was found to be adequate to get a deep insight into
the physical mechanism of the catch-bond-like behavior of the
kt-MT attachment.

In the same spirit, the effective potential energy landscape
for every individual kt-MT attachment is assumed here also
to be linear. Even during a period when y remains fixed
individual binders can attach to or detach from the MT surface.
Consequently, unlike the original Hill sleeve model, a major
component of the force pulling the MT towards the kt surface
could be of entropic origin [65,68]. A kt-ward pull exerted
by a binder bound to curled protofilament at the tip of a
depolymerizing MT can suppress the curling, and hence the
rate of depolymerization of the MT just as the Dam1 ring does
in case of budding yeast. Thus, both the two postulates (a)
and (b), encapsulated by Eqs. (1) and (2), respectively, are
assumed to remain valid for each individual MT, provided Vb

is interpreted as a potential of mean force.
We study the collective strength and stability of this at-

tachment formed by a bundle of parallel MTs by computer
simulation of molecular force spectroscopy under both force-
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clamp and force-ramp conditions. To our knowledge, no
experimental data are available at present to make direct
comparison with the predictions of the general model (N > 1)
analyzed in this section. However, very recent experimental
breakthroughs [69] suggest that both force-clamp and force-
ramp experiments with reconstituted mammalian kinetochores
in vitro may become possible in the near future.

In this extended SSC model at any arbitrary instant of time
t , a single kt is attached to n(t) [1 � n(t) � N ] parallel MTs,
each through its respective coupler, where N is the maximum
number of MTs that can attach to the kt simultaneously. For
simplicity, all the couplers are assumed to have identical length
L. The MTs are not directly coupled by any lateral bond
(transverse to their axis). Instead, all the collective effects arise
from their indirect coupling via the kinetochore to which n(t)
MTs are attached. The physically motivated assumption of the
model, which couples their kinetics, is that at any instant of
time t , the externally applied load tension F is shared equally
among the n(t) MTs that are attached to the kt at that instant
through their respective couplers, i.e., F/n(t).

We consider two possible scenarios for the rupture of a joint
formed by a kt initially with multiple MTs. In the first, once
a MT detaches, its reattachment to the same kt is not allowed.
The number of MTs attached with kt, starting from the initial
maximum value N , varies irreversibly as

N → N − 1 → N − 2 → N − 3 → . . . 2 → 1 → 0. (23)

In the second scenario, once a MT detaches it can reattach again
to the same kt and can grow inside the coupler because of its
polymerization. So, in this case, the number of MTs attached
to the kt varies reversibly as

N � N − 1 � N − 2 � N − 3 � . . . 2 � 1 → 0, (24)

where the last step is irreversible because of the absorbing
boundary condition imposed at n = 0.

Extending the WPE prescription [45,46] used earlier for the
single MT-kt attachment, space is now discretized into M cells,
each of length h = L/M . Then, the time-dependent discrete
effective potential is given by

Unj

kBT
=

[(
F

n(t) − B
)

kBT
+ �

β0e
− F/n(t)

F� − α

D

]
yj , (25)

where n(t) is the number of MTs attached to the kt at the
instant of time t . Accordingly, the corresponding forward
[wf n(j )] and backward [wbn(j )] transition rates can be written
by substituting Unj in the place of Ũj in Eqs. (14) and (15). In
our simulation of both the scenarios mentioned above, initially,
all the N MTs are fully inserted into the kt coupler.

In the first scenario, using the transition rates given by
wf n(j ) and wbn(j ), the position of a MT tip inside its coupler is
updated. But, once an attachment ruptures, its reattachment to
the kt is not allowed; therefore, detached MT is no longer mon-
itored in our simulation. However, the simulation is continued
until the last surviving MT-kt attachment ruptures. This first
passage time is identified as the lifetime of the molecular joint
consisting of N MTs with a single kt. The process is repeated
106 times, starting from the same initial condition, to obtain
the distribution of the lifetimes. In the same scenario, under the
force-ramp condition (F = at) we collect the data similarly to

FIG. 7. Survival probability is plotted as a function of time t ,
under force-clamp condition (a) in the absence of rebinding, for three
different values of the tension F = 0.01 pN, (red circle), F = 0.5 pN
(blue square), and F = 1 pN (green triangle), and (b) in the presence
of rebinding, for three values of the tension F = 0.01 pN (red circle),
F = 0.6 pN (blue square), and F = 1.5 pN (green triangle). In the
insets of both the figures, the corresponding distributions of the
lifetimes are shown. The numerical values of all the other parameters
used in the simulation are listed in Table I except N = 40, F∗ = 1
pN, and B = 1 pN.

obtain the distribution of rupture forces (i.e., the force at which
the tip of the last surviving MT exits from its coupler).

In the alternative scenario, the transition rates wf n(j )
and wbn(j ) govern the kinetics of the tip of each MT as
long as it moves inside the corresponding coupler. However,
once the attachment between a MT and the kt, through the
coupler, ruptures it must get an opportunity to reattach through
its natural kinetics of polymerization and depolymerization
outside the coupler. Therefore, in this scenario, the continuing
forward and backward movement of the tip of a detached MT
outside its coupler is monitored in our simulation. During this
period, the force-free kinetics of the MT tip outside its coupler
is implemented in our simulation by replacing the potential (25)
by the simpler potential

Vj

kBT
= �

[
β0 − α

D

]
yj (26)

and simultaneously replacing the transition rates wf n(j ) and
wbn(j ) by

wf 1(j ) = D

h2

− δVj

kBT

exp
(− δVj

kBT
− 1

) (27)
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FIG. 8. The mean lifetime 〈t〉 is plotted against (a) tension F for
N = 40 and (b) number N for F = 10 pN, B = 0.5 pN, each for
both the scenarios, namely, with rebinding (blue circle) and without
rebinding (red triangle). (b) We found best fit of our simulation data
with the curve 〈t〉 ∝ N0.53, represented by black continuous line. The
numerical values of all the other parameters used in the simulation
are listed in Table I except N = 40, F∗ = 1 pN, and B = 1 pN. Error
bars represent standard deviation of the simulation data.

and

wb1(j ) = D

h2

δVj

kBT

exp
( δVj

kBT
− 1

) , (28)

respectively, where δVj = Vj+1 − Vj . If, through this kinetics
outside the coupler, a MT succeeds in reentering its coupler,
its kinetics reverts back to that governed by the transition rates
wf n(j ) and wbn(j ). Thus, starting from the initial state the time
evolution of all the MTs are monitored until the instant when,
for the first time, none of the MTs are attached to the kt; this
first-passage time is identified as the lifetime of the attachment.
Repeating this process we have obtained the distributions of
the lifetimes in the second scenario. Similarly for the ramp
force we have obtained the distribution of the rupture force
which is defined as the force at which, for the first time, none
of the MTs are attached to the kt.

A. Results on lifetime distribution under clamp force for N > 1

In Figs. 7(a) and 7(b) survival probabilities of an attachment,
consisting initially of 40 MTs and a single kt, have been plotted
as a function of time for the two cases where rebinding is
(a) forbidden and (b) allowed, respectively. The attachment
survives for longer duration in intermediate range of the

FIG. 9. Survival probabilities, under force-ramp condition, for
three different loading rates a = 18 pN s−1 (red circle), 20 pN s−1

(blue square), and 22 pN s−1 (green triangle) are plotted (a) in the
absence of rebinding and (b) in the presence of rebinding. In the
inset, the corresponding distributions of the rupture forces are shown.
The numerical values of all the other parameters are listed in Table I.

clamp force (F = 0.5 pN, blue square) than at the high and
low strengths of the tension. In the inset, the corresponding
distributions of the lifetimes of the attachments are also shown.

The trends of variation of the survival probability with
the clamp force indicate a catch-bond-like behavior. Indeed,
this catch-bond-like behavior can be seen directly in Fig. 8(a)
where the mean lifetime 〈t〉, plotted against the clamp force F ,
displays a maximum at a nonzero finite value of F irrespective
of whether rebinding of the MTs is allowed or forbidden. The
physical cause of the catch-bond-like behavior is the same
as that pointed out in the special case N = 1. Moreover, as
expected on physical grounds, for any given F , the mean
lifetime 〈t〉 is higher if rebinding is allowed as compared to
the mean lifetime in the absence of rebinding.

In Fig. 8(b) the mean lifetime is found to increase with
the number of microtubules (N ). This is consistent with one’s
intuitive expectation. Besides, for any given value of N ,
allowing rebinding of the MTs results in a higher lifetime.
However, the interesting point is that the mean lifetime does
not exhibit trivial linear increase with N . Instead, it increases
nonlinearly (more precisely, sublinearly) with N in both the
cases. Although the parallel MTs do not interact with one
another laterally but only by equal sharing of the instantaneous
load, the nonlinear behavior is a collective emergent property
of the interacting system. Recent reconstitution of mammalian
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FIG. 10. Survival probability under force-ramp condition and probability density of rupture force (in the inset) of the kt-MT attachment
with N = 40 for both in the presence and absence of rebinding for four different loading rates, namely, (a) a = 1 × 10−2 pN s−1, (b) a =
2 × 10−2 pN s−1, (c) a = 3 × 10−2 pN s−1, and (d) a = 0.1 pN s−1 are plotted. The numerical values of all the other parameters used in the
simulation are listed in Table I except N = 40, F∗ = 0.5 pN, B = 1.5 pN, and α = 50 s−1.

kt in vitro [69] have raised the hope of indicates promising new
routes for testing our results for N > 1.

B. Results on rupture force distribution under
force ramp for N > 1

In the Figs. 9(a) and 9(b) survival probabilities (and the
corresponding rupture force distribution in the insets) are
plotted, respectively, in the absence and presence of rebinding
for three different loading rates a = 18 pN s−1, 20 pN s−1, and
22 pN s−1. Survival probability remains high up to a certain
force beyond which it drops quite sharply. The rupture force
distribution in this figure does not display the bimodal form
seen earlier in Figs. 4 and 5 for N = 1. In contrast, in Fig. 10,
where the survival probabilities and the corresponding rupture
force distribution (in the insets) are plotted for a slightly
different set of values of the key parameters F∗ and B, a
bimodal form is found. Moreover, the trend of variation of
rupture force distribution and survival probability is similar to
those observed in Figs. 4 and 5(a) for N = 1 scenario. There
is a minor difference between the bimodal forms of the rupture
force distributions in Fig. 4 for N = 1 and Fig. 10 for N > 1;
the first peak in the former appears at F = 0 whereas that in
the latter corresponds to a nonzero value of F . However, both
are consistent with earlier reports on different ligand-receptor
bonds [22,23,58,70]. The contrast of the qualitative trends of
variation of the rupture force distributions in Figs. 9 and 10
also emphasizes the role of the importance of the energetics
and kinetics of the MTs in the catch-bond-like behavior.

In Figs. 11(a) and 11(b) the average rupture force is plotted,
respectively, against the loading rate a (for a given N ) and
against N (for a given loading rate a). The log-scale along
the x axis in Fig. 11(a) is used to cover a wide range of
loading rates in the most suitable manner. The higher survival
probability caused by reattachment of MTs is more pronounced
at slower loading than at faster loading. This trend of variation
follows from the fact that at faster loading detached MTs get
smaller chances of reattaching before the complete rupture of
the attachment. What is interesting from the quantitative point
of view is that the average rupture force increases nonlinearly
with increasing loading rate. For high loading rate, average
rupture force 〈F 〉 follows a linear trend [71], but here nonlinear
behavior arises because faster loading rates allow less time for
the dissociation and depolymerization processes, ultimately
leading to rupture of MT-kt bonds. Finally, the increase of
the mean rupture force with increasing N also seems to be
nonlinear.

VI. DISCUSSION, SUMMARY, AND CONCLUSION

In this paper we have developed theoretical models of
molecular joints formed by N (>1) parallel MT filaments with
a single kt by extending the SSC model [28] that was developed
for the special case N = 1. By carrying out extensive kinetic
Monte Carlo simulations of our theoretical models of kt-MT
attachments, we have computed the probability distributions,
and hence the mean values, of the lifetimes and rupture forces
which are the two main characteristic statistical properties of
such transient attachments.
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FIG. 11. Mean rupture force is plotted against (a) the loading rate
a for a fixed N = 40, and (b) N for a fixed loading rate a = 10 pN s−1,
F∗ = 1 pN, and B = 1 pN. Logarithmic scale is used along the x

axis in (a) to cover a very broad range of a. In the inset of (a)
the mean rupture force is plotted for relatively lower loading rates
where the difference in the data for the two cases, namely, with and
without rebinding, is more pronounced and clearly visible. (b) The
best fit to our simulation data is obtained with the curve 〈F 〉 ∝ N0.39,
represented by black continuous line. Error bars (small green dot)
represent standard deviation. The numerical values of all the other
parameters are listed in Table I.

The SSC model with N = 1 [28] not only reproduced the
catch-bond-like behavior of the kt-MT attachments observed
in force-clamp experiments in vitro for budding yeast [21],
but also elucidated a plausible underlying mechanism that
gives rise to this counterintuitive phenomenon. However, in
Ref. [28], the lifetimes of the attachments were calculated
for only a single unique initial condition. In the first half of
this paper we have presented results for some other initial
conditions to convincingly establish that the qualitative con-
clusions drawn in Ref. [28] are valid for all possible initial
conditions. Moreover, we have presented further evidence in
favor of the catch-bond-like behavior, for the same N = 1 case,
by reporting “mechanical signatures” of typical catch bond
observed in in our in silico force-ramp experiments.

In the second half of this paper we have extended the
SSC model to the more general case N > 1. In this case, the
possibility of reattachment of a detached MT to the same kt,
before the last surviving MT gets detached, can prolong the
lifetime. We present simulation data to establish that, in spite of
this additional complexity that did not exist in the special case
N = 1, the kt-MT attachment still exhibits a catch-bond-like
behavior in a part of the parameter space of this model. As

a by-product of this investigation, we also find that both the
mean lifetime and mean rupture force scale nonlinearly with
N . This result is important from the perspective of collective
phenomena. Although in our models there is no direct lateral
interaction among the MTs, the indirect interactions among
the MTs are mediated by the kt to which all the MTs are
attached. These indirect interactions give rise to the nontrivial
nonlinear scaling of the mean lifetime and mean rupture force
with N . Similar trends of variation of noncovalent bond rupture
characteristics with increasing number of ligands have been
observed in the past [72].

The SSC model [28], and its extensions reported in this
paper, are minimal models based on two key assumptions
encapsulated by Eqs. (1) and (2). The first postulate (1)
incorporates the main feature of the energetics of MT-coupler
interactions that implicitly depends also on the structure of
the kt-MT coupler. The second postulate (2) captures the
most essential aspect of the kinetics of depolymerization
of microtubules under load tension. These minimal models
draw heavily on biased diffusion of Hill’s sleeve [30] and
conformational wave based on curling of depolymerizing tip
of MT [73]. Both these models, however, were proposed long
before the composition and structure of kt could be explored
at the molecular level [10]. We have argued that our minimal
models can also be interpreted so as to make these consistent
with the recent structural models of mammalian kinetochores
because our minimal models do not explicitly assume any
specific structure of the kt-MT coupler. A mechanical model,
in terms of beads connected by springs, was developed by
Bertalan et al. [74]; in this model, the attachment is assumed
to be formed by the insertion of the curling protofilament hook
into the loops formed by the kinetochore fibrils. It has not
been possible to identify measures that would differentiate
between our kinetic models and the more explicit structural
model developed by Bertalan et al. [74].

One of the unique features of the polymerization kinetics
of a MT is its dynamic instability [75]. A polymerizing
MT keeps growing in length until it suffers a “catastrophe”
whereby it abruptly begins to depolymerize. A depolymerizing
MT would, eventually, disappear unless its rapid shrinkage
is stopped by a process called “rescue” following which it
resumes polymerization. The theory for this phenomenon
of dynamic instability, that began with Hill’s pioneering
work [76], has been reformulated and improved over the
subsequent years [77–84] (see Refs. [38,85,86] for reviews).

The two-state model that Akiyoshi et al. [21] used to
account for their experimental data explicitly describes switch-
ing of the MT between the growing and shrinking stages
because of catastrophe and rescue. This model was extended
by Zhang [87] assigning additional distinct mechanochemi-
cal states that enable capturing the dependence of the MT
catastrophe rate on the GTP-tubulin concentration. However,
neither of these two versions of the two-state model throw
light on the physical origin of the phenomenon in terms
of the structure and dynamics of the kt-MT attachment.
Any explicit description of the kinetics of the growing and
shrinking MTs separately would require equations that govern
the time evolutions of probability densities P±(x,t) of the
polymerizing (+) and depolymerizing (−) MTs. In contrast,
the SSC model, as well as the extended versions studied in
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this paper, describe MT kinetics in terms of a single probabil-
ity density P (x,t) = P+(x,t) + P−(x,t). The assumption that
P (x,t) alone provides an alternative, but adequate, description
of the generic features of the molecular force spectroscopy of
kt-MT attachment is an assumption that is well justified by the
results.

In recent years, strain-dependent detachment of molecular
motors such as dynein and myosin have revealed catch-bond-
like stabilization of the track-bound state of the motor by exter-
nally applied tension [88–91]. Such catch bonds have impor-
tant biological functions in cell adhesion, mechanosensation,
mechanotransduction, immune response, bacterial mechanics,
etc. [92–95]. Here, we have modeled and analyzed the kt-MT
attachment by drawing analogy with common ligand-receptor
bonds. Elsewhere, we have invoked similar analogies [96,97]
for studying transient attachments formed by MTs in the
mitotic spindle, namely, at the cell cortex [98] and at the spindle
pole [99]. Conceptually, this is a leap forward because the
MTs, the analogs of ligands, are self-organized supramolecular
structures made of building blocks each of which itself is a
macromolecule while the kt, the counterpart of a receptor, is
also a complex structure made of macromolecules.

In case of common ligands, at least three different geome-
tries can be distinguished: (a) N ligands in parallel where each
one is subjected to a load F/N if the load F is shared equally
by all, (b) N ligands in series where all the ligands are subjected
to the same load F , and (c) N ligands in “zipper” configuration
where only the bond at the leading edge bears the entire load

F while no load is experienced by the others. Moreover, in
case of parallel geometry, the flexibility of the long ligands
can have significant effect on the manner in which the load is
shared. In contrast, each MT is quite stiff. Our model with N>1
corresponds to the “parallel” geometry where, at any instant,
the load is shared equally by those MTs that are still attached
to the kt at that instant of time.

We also stress that, in spite of these superficial similarities,
there are several crucial differences in the underlying phys-
ical mechanisms because of which none of the mechanisms
responsible for the catch bonds in common ligand-receptor
systems [26,27,100–102] are directly applicable to the kt-MT
attachment. The main sources of these differences arise from
the fact that (i) each MT tip can grow or shrink because of
ongoing polymerization or depolymerization of the MT and
(ii) the rate of depolymerization is strongly suppressed by
externally applied tension. It is precisely for this reason that
we regard the kt-MT attachments as “unusual” in spite of the
fact they display the usual signatures of catch bonds.
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