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Higher-order fluctuation-dissipation relations in plasma physics: Binary Coulomb systems
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A recent approach that led to compact frequency domain formulations of the cubic and quartic fluctuation-
dissipation theorems (FDTs) for the classical one-component plasma (OCP) [Golden and Heath, J. Stat. Phys.
162, 199 (2016)] is generalized to accommodate binary ionic mixtures. Paralleling the procedure followed for the
OCP, the basic premise underlying the present approach is that a (k,w) 4-vector rotational symmetry, known to be
a pivotal feature in the frequency domain architectures of the linear and quadratic fluctuation-dissipation relations
for a variety of Coulomb plasmas [Golden et al., J. Stat. Phys. 6, 87 (1972); 29, 281 (1982); Golden, Phys. Rev.
E 59, 228 (1999)], is expected to be a pivotal feature of the frequency domain architectures of the higher-order
members of the FDT hierarchy. On this premise, each member, in its most tractable form, connects a single
(p + 1)-point dynamical structure function to a linear combination of (p + 1)-order p density response functions;
by definition, such a combination must also remain invariant under rotation of their (k;,w;),(kz,@,), . . . ,(k,,wp),
ki +ky +---+k,, 0 + w0y + - - - + w,) 4-vector arguments. Assigned to each 4-vector is a species index that
corotates in lock step. Consistency is assured by matching the static limits of the resulting frequency domain cubic
and quartic FDTs to their exact static counterparts independently derived in the present work via a conventional
time-independent perturbation expansion of the Liouville distribution function in its macrocanonical form. The
proposed procedure entirely circumvents the daunting issues of entangled Liouville space paths and nested Poisson
brackets that one would encounter if one attempted to use the conventional time-dependent perturbation-theoretic

Kubo approach to establish the frequency domain FDTs beyond quadratic order.

DOI: 10.1103/PhysRevE.97.052104

I. INTRODUCTION

Recently, a rotation-symmetry-based procedure was pro-
posed as a methodology for generating tractable frequency
domain formulations of nonlinear fluctuation-dissipation rela-
tions for the magnetic field-free one-component plasma (OCP)
[1,2]. In the present work, the formalism underlying this
procedure will be established on a more rigorous footing and
substantially generalized to accommodate multi-ionic plasma
mixtures.

Over the decades, the fluctuation-dissipation theorem
(FDT) has become a powerful tool in statistical physics. The
conventional FDT provides a link between the linear response
of a system to a weak external perturbation and equilibrium
two-point correlations of the system’s fluctuating quantities
[3-5]. However, the system response is by no means restricted
to being linear. In the family of nonlinear response functions,
the properties of quadratic and cubic response functions have
been extensively studied in condensed matter physics [6,7],
plasma physics [8—12], and nonlinear optics [13—15].

The natural extension of the Kubo time-dependent
perturbation-theoretic approach leads to the notion of the hier-
archy of dynamical fluctuation-dissipation theorems (FDTs).
This is a topic that has been studied by scientists representing
a wide range of disciplines, most notably, plasma physics
[16-20], nonlinear optics [14,21], chemistry [22,23], and
statistical physics [24-28].
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The conventional nonlinear dynamical FDTs, in their most
commonly accepted, yet most primitive forms, link a single
pth- order (p = 2,3, ...) response function to a combination
of (p + 1)-point correlation functions interfering with each
other through their entangled Liouville space paths [21]. For
the quadratic FDT [16,17,29] featuring equilibrium three-point
correlation functions, this means that two of the three micro-
scopic number or current densities are nested inside Poisson
brackets, and, as such, are not so easily amenable to practical
computations. Ultimately, a way was found to eliminate the
unwieldy Poisson bracket terms through repeated applications
of Poisson bracket identities, making it possible to further de-
velop the resulting time domain quadratic FDT into a tractable
and concise frequency domain formula. This latter formula
provides the link between a single three-point dynamical
structure function and a manifestly “triangle symmetric” com-
bination of quadratic response function terms. For the magnetic
field-free OCP subjected to an external scalar potential pertur-
bation, this combination remains invariant under rotation of its
(ki,01),(ko,w),(K; + ko,w; + @) 4-vector arguments.

Looking beyond quadratic order, the conventional Kubo
time-dependent perturbative-theoretic approach, its rigor
notwithstanding, becomes all the more unwieldy in terms of
dealing with the daunting issues of Poisson brackets nested
inside Poisson brackets, etc.

To remedy this situation, the procedure, recently proposed
by the author and J. T. Heath for the one-component plasma
[1,2], entirely circumvents the issue of the nested Poisson
brackets and entangled Liouville paths encountered in the
conventional Kubo approach. Their procedure is based on
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the premise that the same kind of rotational symmetry that
prevails for the frequency domain linear and quadratic FDTs
is a sacrosanct feature underlying the frequency domain archi-
tectures of the higher-order members of the FDT hierarchy.
When applied to the magnetic field-free OCP, this procedure
has provided compact and tractable cubic (p = 3) and quartic
(p =4) frequency domain FDTs. Each features a single
(p + 1)-point dynamical structure function, now free of inter-
ference in the Liouville space paths, expressed as a rotation-
invariant symmetric combination of the pth-order density
response function terms which, in turn, can be calculated from
model equations of motion.

In the present study, the formalism underlying the Golden-
Heath procedure is suitably generalized to accommodate the
derivations of the higher-order frequency domain FDTs for
magnetic field-free multi-ionic plasmas, most notably, binary
ionic mixture (BIM) plasmas consisting of two mobile classical
ion species immersed in a uniform, inert, and neutralizing
background. The extreme conditions of density and temper-
ature for such a configuration are typical of stellar matter
where the electrons are highly degenerate and rigid, and
where the positive nuclei are fully pressure ionized. Examples
are the interiors of carbon-oxygen stars in their helium shell-
burning phase [30] and certain type-I presupernova cores [31].

The plan of the paper is as follows: The relevant partial
response and structure functions for the binary ionic mixture
plasmas are introduced in Sec. II. In Sec. III the cubic and
quartic static FDTs are derived via a traditional

J

N,
ny(r,t) Z r—x7 ()],

dno(K,1) = na(k,t) — Nodk (0 = A,B).

nys0 = N,/ V and J is the Kronecker delta.

time-independent perturbation-theoretic approach; each static
FDT provides the connection between equal-time structure
factors and zero-frequency density response functions.
In Sec. IV, the companion frequency domain FDTs are
formulated in accordance with the architecture suggesting that
the (p + 1)-point dynamical structure factor is proportional
to a rotation-symmetric linear combination of pth-order
density response functions. The proportionality constants
are determined by matching the static limits of the resulting
frequency domain FDTs to their Sec. III counterparts. The
derivations culminate in the Sec. IV development of cubic and
quartic combined FDTs, each in a form that links a spectral
correlation of combined microscopic charge densities to a
rotation-symmetric linear combination of nonlinear external
polarizabilities. Conclusions are drawn in Sec. V.

II. PARTIAL STATIC RESPONSE FUNCTIONS
AND STRUCTURE FACTORS

The binary ionic mixture (BIM) or binary Coulomb plasma
under consideration here can be described as a two-component
mixture of N4 and Nz mobile point ions immersed in a
uniform neutralizing background of rigid degenerate electrons;
the ions obey classical statistics. Each ion member of species
o(= A, B) is endowed with mass m, and positive charge Ze.
The entire system occupies the large but bounded volume V.
The relevant microscopic particle densities for each species
and their spatial Fourier transforms are

ne(k,t) = Z exp [—ik - X7 (1)], Sno(r,t) = ng(r,t) — ngo,

i=l1

e))

To prepare the framework for the development of the static FDT hierarchy in Sec. III, we may suppose that the equilibrium
system is pervaded by an external Coulomb potential ®(r) = Q/r originating from the introduction of a weak external charge
QO located at the origin. The resulting potential U (x7) = Z”eé(xf ) of the external force acting on ion i belonging to species
o = A or B produces density excitations (to all orders in U?). The latter are linked to the former by wave-vector-dependent
partial density response functions, defined through the hierarchy of constitutive relations,

(e N = 3" 3" foro (k1)U (1), - k—Zx,m &)U (), 2
o'=A,B Kk
(ne()? = — Z D0 DD Rooor (ki k)07 (k1)U (K2)dk, ks ks 3)

o'=A,Boc"=A,B k; k>

(ne ()Y = Z D D0 DD Feweren (ko ka)U7 (k1)U (k)T (k3)8k, 1k sk “)
0'=A,Bo"=A,Bc"”"=A,B k; k, Kkj
( (k)>(4) = Z Z Z Z ZZZZXUO‘G/U’ 6(4)(k17k2’k37k4)

0'=A,Bo"=A,Bo"=A,Bc@=A,B ki ky ki

x U7 (k)0 &)U (k3)U " (K4)k, 11ep-thes sk )
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etc. The angular brackets denote an ensemble-averaged quantity: (- - - ) = O(U”) denotes ensemble averaging over the perturbed
system for p > 1 and over the unperturbed system for p = 0. Partial static structure factors are customarily defined via

[No NN+« Now 17 S (k1Ko - - K )i 40t 1k,
= (8n4/(k1)8nyr (k) - - - 811500 (k)81 (k) (p = 1,2,3,4,--). (6)

The presence of the Kronecker delta in (6) is a consequence of the translational invariance of the homogeneous system in its
equilibrium state. For p = 1, (6) generates the familiar relation between the two-point static structure factor and pair correlation
function:

1 1
Soro (k) = ana/(kwrza(—k»@ = Wmaf(k)na(—k»“’) — V/No'NoSk = 8616 + Mooloohors(k).  (7)

The invariance of the equilibrium density correlation function (6) under permutation of its microscopic densities,
(815 (k1)Snr (k) - - - 8150 (Kp)3ng (—K))
= (815 (—K)Sno (K1) - - - 816 (k) = (350 (Kp)Sne (=K) - - - Sngir-n(kp—1))”
=+ = (8160 (k)Sngr (ks) - - 8no (—K)ong (k) (k =Ki +ka+ - +kp), (8)

implies the invariance under simultaneous rotation of the wave-vector—species index arguments of the corresponding structure
factors, viz.,

Sorgrom..cwe (K, K2, Kz, ... Ky) = Soorpm.ct-1s0 (=K K1, Ko, .o Ky 1) = Sewigorgt-250-0(Kp, —K Ky, LK), 0)
= = Sorgmgin..anos (K2, K3, K, .. vkp3_k)- 9

Note how the species indices corotate in lock step with their companion wave vectors.

III. STATIC FLUCTUATION-DISSIPATION RELATIONS

The routine derivation of the static FDT hierarchy begins with the development of the macrocanonical Liouville density in
powers of the perturbing Hamiltonian H:

exp(—pH)

_ , 10
[ dxdpexp(—BH) (10a)
QO _ _ xp(=BH?) (10b)
[ dxdpexp(—BH©)’
H=H9+H, (11)
Yo 1 1
A= Z 0 (x¢) = v Z Z 07 K)ny (—K) = v Z Z 0% (K)sn, (—K'). (12)
o'=A,B i=1 o'=A,B K'#0 o’'=A,BK#0

The (0) superscript refers to the unperturbed BIM; dxdp is a differential volume element in the 6(N4 + Np)-dimensional
phase space. Both © and Q® are normalized to unity. The deletion of the k’ = 0 contribution to (12) is due to the presence of
the neutralizing uniform background, which also interacts with the external charge (. The first-stage calculation of the average
density response to arbitrary order in U, which proceeds by expanding (10a) in powers of H, results in the perturbed Liouville
densities,

oM — _ng(O)ﬁ’ (13)
A A0\ (0
Q® = 1p2QO1A% — (A1), (14
N INEPUNC 73,0
Q® = —13QO[A% —3A(A%” — (A%, (15)
QW — iﬁ49(0)[ﬁ4 + 6([312)(0)(1312)(0) _ 6ﬁ2(ﬁ2)(0) . 4[:”]:]3)(0) _ (1:14)(0)]' (16)
Then with the aid of (12), Eqgs. (13)-(16) become
o — _éQ(O) Z Z 0% (k)ny (—ky), 17)
0'=A,B ki £0
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oo = P go DY YD 0T k)U (k) [no (—k)ngr(—ka) — (o (—kngr(—ka)) ], (18)

2
2lv 0'=A,B 6"=A,B k%0 ky#£0
133 o’ ol ol
Q=120 3y Y Y ) 0T kNI k)0 (k)lg (—Kingr(—ka)ngn (—ks)
0'=A,Bc"=A,B 0" =A,B K #0 ky#0 k340
— o (=k) (1o (=K (k3O = (ko) (o (—k3)ng (=) — non(—ks) (no (=K )ngr(—ka))
— (1o (=Ko (ko) (—K3)) ], (19)

Q¥ = 4‘V4§2(°> Yoo Y Y Y YUk k)T (k)T (k)

0'=A,B0"=A,Bc"=A,B c@®=A, B ki#0 ko #0 k370 ks #0
X [0/ (=Ko (—ko)ngn (—Ka)nsw(—ks) — (1o (—K1)nor(—ko)ngn(—ka)ngw(—ks))

+ 2(no(—k)nor (—k2)) @ (o (—k3)now (—ka)) @ + 2(ng (=K )ner (—k3)) O (ngr (—ko)ngo (—kyg))
+ 2(no(—k)now (—ka)) P (ngr (—ko)ngn (—k3)© = no(—K)ng (ko) (ngn(—ks)nge (—ka))

— nor(—Kk)ngr (—k3) (e (=K )ngw(—ka)© — no (—k)ngn(—ks)(nor (—ka)nyo (—ky))

— nor(—ko)ngw (—kg) (ne (—k)ngn(—k3)) ¥ — ng (—kpngw (—ks) (ner(—kp)ngn(—ks))®
= ngr(—K3)ngw(—Ka) (no (—kDne (k) — no (—ki) (o (—Ko)ngr (—k3)n o (—ky))
— nor(—k2) (o (—kDngr (—k3)ngw(—ka)) P — ngn(—k3) (e (—ko)ng (—kpngo (—ks))®

=y (—kg) (o (—Kngr(—Ko)ngn (—k3)) 1. (20)

As a further check, one can readily verify that (17)—(20) satisfy the normalization requirements,
/dx dpQ” =0, (p=1,2,34,---). (21)
The calculation of the average density response then proceeds according to the prescription,
(ny (k)P = / dx dpQ”n, (k) (p=1234,---) (0 = A,B), (22)

keeping in mind that the emergent (p 4 1)-point equilibrium density correlation functions can differ from zero if, and only if,
their wave-vector arguments satisfy the homogeneity requirement k = k; + - - - 4+ k,. One readily obtains

RSt 2 2 U7 (knine(—kong (), (23)
o’ Ki#0
(ne (k)@ = 2'V2 ZZ 00T DT () (o (— kg (—ko)ng (k)| (24)
o' o ki#0 kA0 k#£0

(no (k) = 3,‘,3 ZZZ DD 0T DUT ()0 (ks (g (— kg (—ka g (—Ks)ng (k)

o 0" o k#0ky#0 k3 £0
— (Mo (=kDns (k) P (1o (ko) (—ks)) ' — (o (—ko)ng (K)o (—ks)ng (—k; )@
— (o (—Kk3)n6 (K) O (g (=Ko (—K2)) O — (15 (=K1 15 (— K215 (—K3)) O Ny k1, (25)

(1o (k) = 4,V4 Z Z YIS N S 07 kn)O7 (k)0 (k)0 (ka)

" @ k70 ky7#0 k370 ky7£0
x [ (o (=k)ngr (=Ka)ngr(—ks)now (=Ka)ng 1) |, Lo + 2N 8k (no (—k)nor (—K2)  (nor (—ks)ngw(—ks))”
+ 2Ng 81 (o (—K1)ng (—K3)) ¥ (161 (—K)ng (—Ka)) ¥ + 2Ng 8 (g (—K)ngo (—ka) @ (ngr (—ko)ng (—k3))
— (1o (=Ko (—K2)ng (K) (ngn (—Ka)nge (—Ka))” — (no0(—Ka)ng (—Ks)ng (k)@ (ng (—kpngo (—ka))©
— (ne(—KDngr(—k3)ng (k)@ (o1 (—k)ngw(—ka) @ — (nr(—ko)ngo (—Ka)ng (k) (ng (—kp)ng(—ks))©
— (e (=Ko (—ka)ng (K)  (ngr(—ka)ngn(—k3) @ — (ngn(—ks)ngw (—ka)ng (k) (n (—kp)ng (—ky))
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— (1o (=Ko (K) (10 (=)o (=Ko (—Ka) @ — (10 (—Ka)ny (K)) O (no (=K npm (—ks)ngo (—kq)) @

— (o (—k3)ne (K) @ (o (—k e (—ko)ngw (—ka) @ — (0 (—k)ny (k) (ne (—kpDnor (—ka)ng(—ks)@].
(26)

The equilibrium density correlation functions in (23)—(26) are next traded for static structure functions via Eq. (6). Subsequent
comparisons with constitutive relations (2)—(5) then lead to the first four equations of the static FDT hierarchy:

Roo (K1) = =B/No0ns0800 (K1) (0,0" = A,B) (k=k)), (27)
2
)2(7/0'”0' (klykZ) = %\/3 na/Ona”OnGOSa’a”a(kl’kZ) (0_70/’0_// = AaB) (k = kl + k2), (28)

3
Xa’a”a’”a(klak29k3) = _%\/4 n(r’Ona”Ona”’OnaO[Sa’a”a”’cf(klvk2sk3) - Ra’a”a”’a(kl’k27k3)]
(0,0',0",0" = A,B) (k=k; +k+kj3), (29)

. B
Xa’a”a”’o(“)a(kl 7k25k3 7k4) = Z\5/’7(7’0”0”0”0’”0”0“’0”60[Sa’a”a”’a<4)o (kl 7k27k37k4) - Ra’a”a’”a(“)a (kl 7k27k3 »k4)]

(0,06,0",06",0% =A,B) (k=K +k+k;+Kki), (30)

where the static (zero-frequency) {'s are real, and where

Ro’o”a”’a(klsk2ak3) =y NG’NG”NG’”NU [Sa’a(kl)Sa”a”’(k2)8k7k1 5k2+k3 + Sa’”a(k3)Sa’a”(kl)8k7k35k1+kz
+ Sor6 (K2) S5 (K3)8k—k, Ok +k; 1 (K = Ky + ky + K3), (31)

Rorgromoo (ki Ko, K3.Ke) = /Nt Nor Norw N No [ S (K1 K2) S (K3)8k, iy + Serroror (K1, K3) S0 (Ka)Sky 4k,
+ Soro@o (Ki,K4)So76m(K2) 81y 415 + Sor0 (K2, K3) S50 (K1 )0k, 4k, + So7e@o (K2, K4)Sorgm (K1 )8k, 41
+ Sor00 (K3, Ka)Soro7 (K1), +k, + So0 (K1) Ss0w67(K3,Ka)8k—k, + So70 (K2)Soro0 (K3, Ka)dk—k,
+ Sor10 (K3)Sorgwo (Ko, Ka)Sk—k, + Soto (Ka)Sorgror (ko k3)Sk 1, | (K = Ky + ko + K3 + Ky).
(32)

Note the expected invariance of (31) and (32) with respect to rotation on the (p + 1)-sided polygons (p = 3,4) formed
by corotating the wave vectors k; ks, ...k, k and their conjugal species indices o’,0”, ..., 0 o in lock step. From
FDTs (29) and (30), it then follows that the companion static external response functions exhibit the same rotation
symmetries:

XU/U”(TW(T(klak27k3) = XUU’G”UW(_k’klakZ) = XU’”UU’U”(k?n_kakl) = X(T”U”’d(f’(k27k35_k) (k =k +ky + k3), (33)

X(f’(f”d”/d('“(r(klvk21k3 ,k4) = XUU/U/’U’/’U(4)(_k9k1ak29k3) = 20(4)(7(7/(7//0’/”(1(47_kvklvkz) = XU//’U(4)U(I’(I//(k3 ,k4,—k,k1)
= )2(7”0’”0‘4)00’(1(2’](3’](4’_k) (k =k; +ky + k3 + k). 34

The partial cubic and quartic FDTs (29) and (30) with their respective rotation symmetries (33) and (34) are the expected
multi-ionic generalizations of their OCP counterpart FDTs (18) and (19) with (22) and (23) reported in Ref. [1].

The permutation symmetries that the density response functions inherit from their companion structure factors through the
static FDTs for binary Coulomb systems and for the OCP [1,2] suggest that the ubiquitous permutation symmetry that underlies
the architectures of the static FDT hierarchy should also underlie the architectures of their companion dynamical frequency
domain fluctuation-dissipation relations [1,2]. This is the main topic of the present work to be taken up in the next section.

Then contemplating the upcoming derivations of the corresponding higher-order dynamical FDTs, their counterpart static
FDTs (29) and (30) can be made more tractable at a relatively modest cost by confining the present study to wave vectors whose
partial sums are never allowed to equal zero:

k,' +k, 750, 175 j; l,] = 1,2,3 (CUbiC)v
ki +k; #0; i#j;, i,j=12,3,4 (quartic),
ki+k;+ke#0; i#jlLj#1 i,jl=12734 (quartic). (35)
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The exclusions (35) in no way compromise the rotational invariance symmetries (33) and (34). The resulting partial FDTs,

ﬁ3
Rororors (K1, Ko, K3) = ?\/4 N50N "N e0Ne0Se'0m o (K1, K2, K3) (K =Ki + Ky +K3), (36)
/34
XO'/O'”UWUM)O'(k] 7k27k3 ’k4) = Z\S/na’0”0”0”0”’0”6(4)0”’00SU’U”G"”U(A)O'(kl 7k25k3 7k4) (k = k1 + k2 + k3 + k4)7 (37)

remain exact since the exclusions (35), of course, apply to both sides of each equation.
This concludes the derivations of the static partial FDTs and concomitant rotational symmetry rules for the binary ionic mixture
plasmas.

IV. FREQUENCY DOMAIN FLUCTUATION-DISSIPATION RELATIONS

We turn now to the derivations of the cubic (p = 3) and quartic (p = 4) frequency domain dynamical FDTs, each in an
especially tractable form that features the connection between a single (p + 1)-point dynamical structure function,

p1 .
’\/NU,NJHNUW «» Now Ny Syrgrgm..ame (Ki,Ka, ... ,kp, wi,wo, ... ,a)p)27T5k1+k2+...+kp,k8(a)1 ‘+wr+ -+, — )

= (o (K1, w)er (K2,@2) - - o0 (K, (—k,—)) @ (ki # 0,ky #£0, ...k, # 0), (38)

and a rotation-invariant combination of pth-order density response function terms. The partial density response functions are
defined through the constitutive relation

(I’l(,(k w))([)) (QJTV)p 1 Z Z Z/ da)l / da)z f dwp)%d’d”(l”/”'d(p)(r(klak27 A akp; C()] 7a)27 A 5wp)

x U7 (ki,0) 0% (Ka,02) - 07" (K, )8k, kg4, k(@1 + @02 + -+ + @) — ), (39)

The architectures of the cubic and quartic FDTs will be based on the ubiquitous rotational symmetry requirement that emerges
in the derivations of the linear (p = 1) and quadratic (p = 2) frequency domain FDTs,

2o (K, 2oo(—k,—
Imio[x o) T w)] = BV 0Sye ko) (k=kiio = o) (40)
w1 w
Imi Xo'oro (K1, Ko 01,02)  Rooror (K K13 —0,01)  Ror00(Ky, kS 3, —)
w12 wwi Wy
_ P, o N .
= =55 Va0ma 00 oo (K, Ky wp,0) (k=Kki +ky, 0 = w1 + ), (41)

established quite some time ago [3-5,16,17] using the conventional perturbation-theoretic approach that begins with the
development of the time-dependent Liouville density in powers of the perturbing scalar potential. We observe that the linear
FDT (40) links a single two-point dynamical structure factor to a linear combination of linear external response function
terms; the quadratic FDT (41) links a single three-point dynamical structure factor to a linear combination of quadratic external
response function terms. The linear architecture remains invariant under (¢'; k;,w; <> 0; —k,—®) simultaneous interchange
of its 4-vector—species arguments. Similarly, the quadratic architecture remains invariant with respect to rotation on the triangle
formed by the 4-vectors (ki,w;),(Kz,w,),(K,w); the species indices corotate in lock step. It therefore seems reasonable to expect
that, with the conditions (35) imposed on the wave-vector partial sums, each successive higher-order equation in the family
of FDTs can be cast in a similar form that connects a single (p + 1)-point dynamical structure factor to a rotation-symmetric
combination of pth-order external density response function terms.

The above discussion, especially its emphasis on the centrality of the rotational invariance symmetry and the guidance provided
by the rigorously established linear and quadratic FDTs [3-5,16,17,29], suggests that the frequency domain cubic and quartic
dynamical FDTs are well represented by the architectures,

Imi? Xororome (K1, Ko, K3 01,02,03)  Xoororem(—K K1, K23 —w,0102)
wW1WHrW3 wwiwr

_ X(T”’GO’/O’” (k3,—k, k1 ;3, _a)»wl) _ X{T”U”'O‘G’(k29k3v _k; w),w3, _(U)
w3wWwq worw3w
= —K3S85570mq (K1, K2 K3 01,02,03) (K=K{ + Ky +Kk3; 0 =w + w0y + w3), (42)
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Imi® Xororamowo (K1, Ko, K3, K 01,02,03,04)  Roororome®(—K, K1, Ko, K35 —w,01,02,03)
wi1wrWw3wys wWww1ww3

Rowooaror(Ka, —K, K1, Ko; 04, —w,01,02) RooWooor (K3, Ke,— KKy 03,04, —w,01)

wrW1 W7 w341
X{T’/G/’/(T(4)(7(T/(k2’k3 ,k4,—k; wz,a)3,a)4,—a))
wWrw3w4
= —Ku4Ss1676m00q (K1, Ko, K3, Ky 01,00,03,04) (K=K; + Ky +Kk3 + K430 = 01 + 0 + 03 + w4). (43)

The proportionality constants K4 and K5 are to be determined by evaluating (42) and (43) in their static limits and matching
the results to their respective static FDT counterpart equations (36) and (37). The rather intricate passage to the static limits of
(42) and (43) begins with the conversion of their right-hand-side dynamical structure functions into static (equal-time) structure
functions via

Sorgrom..awme (K1, K, ... ,kp) = Soigrgm..owe (K, Ko, ... ,kp; t1=0,b=0,... Ip = 0)

d d *©d
= / w] / wz c / ﬂsa’a”a’”ma(l’)a(kl 7k29 .. ’kp; w1,W2, ... ’wp)- (44)
_ oo 2m

Cubic fluctuation-dissipation relation. Addressing first the proposed frequency domain cubic FDT equation (42), our task
consists in evaluating the integrals,

I=/ dwl/ dwz/ da)3X[/,//gngwo(kl,kz,k3,;601,602,603)

wi1wrw3
Iy /4 .
da)l da)2 da)3 X e (KKK 5 —0,01,07)
_ wwiwy
" .
da)l da)z da)3 Rormgoer (K3, —KKi 503, —w,01)
_ wW3Ww

/ da)1/ da)2/ da)3 Xa/rgwga (k2’k3a_k;w2’w37_w)

wrw3w
= K3S5/07075 (K1, K2, K3) (45)

(single and double prime notations denote real and imaginary parts, respectively). Before embarking on those calculations,
however, there is the question of the boundedness of the left-hand-side of (42) in the w; = w, = w3 = 0 limit,

lim lim lim
w;—>0 w,—>0 w3 —0

B Rongoor Kz, —K K13 03, —0,w1) _ Roromoor (k27k3,—k§w2,w3,—w)i|
b

N . s .
Roororne (K1, K2, K3 w1,00,03) X onon (KK, Ko; —0,01,02)
wi1rw3 wwiw)

(46)
w3wWwq wrW3wW

to be addressed. We will see that it is most likely the intervention of a low-frequency rotational symmetry requirement that rules out
the occurrence of isolated singular behavior at the null point w; = w, = w3 = 0 which would otherwise compromise the viability
of (42). In that limit, one certainly expects the combination of response function terms in (42) to be bounded, consistent with
the guarantee that its right-hand-side zero-frequency structure factor S, o757 (K1,k2,K3 : @ = 0,0, = 0,3 = 0) is bounded on

physical grounds.
In compliance with the reality condition and invariance under spatial reflection,
Rarorones (K Ka K3 o1,00,03) = — %0 one (K1 Ko K33 —01, —w2, —w3), (47)

only terms having net odd frequency parity are allowed in the multivariable expansion about w; = w, = w3 = 0, viz.,

Al
oo

(ki ko k3; 01 — 0,0, — 0,03 — 0)
= [a1w1 + arwr + azw3] + [bm)? + byws + b3a)§ + bywiws + bswws + bewlwg + brwtw, + byt w; + w§w3] +oee
(48)
Now, the question of boundedness would never arise in a scenario where all three linear Taylor coefficients turn out to be
identically zero, in which case the expansion (48) would begin with third-order terms, resulting in harmless removable singularities
in (46).
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In the far more likely scenario and the one I presume prevails here, the issue of isolated singular behavior at w; = w; = w3 =0
is entirely circumvented by imposing the low-frequency rotation-symmetry requirement:

all . — o .
Xooromo (KK K301 = 0,00 — 0,03 = 0) = 0o (—K.K1 ks —0 = 0,01 = 0,000 — 0)

o1 .
= Xorporor K3, —K K03 = 0,—0 — 0,01 — 0)

- X(/f//’(r’”(r(f’(k25k37_k; wy —> 0,6()3 e O, —w —> 0), (49)
whence (46) contracts to a form that vanishes identically:
1 1 1
lim lim Lm 87 .., (K1, K2, K3; 01,00,03) lim lim lim — — - =0. (50)
01—>0 w—0 w3—>0 01=>0w—>0w3—>0 [ wiwrw3 wwiwy w3wwi wrw3wW

With the boundedness of the cubic FDT (42) assured by the intervention of (49), one may assume that the Eq. (45) combination
of integrals involving causal response functions can be reformulated into a combination of Cauchy principal value integrals,
amenable to Hilbert transform operations:

I:PPP/ dwl/ dwz[ dws R55rqm0 K1 K2 K 01,02,03)

W1WrW3

" (KKK —w,w1,
_PPP/' dw]/ dwz/ dwsxw”( 1Ko s —w,w1,w2)
_ w1 Wy
_PPP/ dC()] / da)z/ da)3 Xo,/la(7 o-//(k37 kykl,;w:%_a)sw])
_ w31
d d d AHH ’ k 7k a_k’ 5 [
—PPP/ dwy / dw, / dws {51550 (K2, K3 wy,w3 a))' 51
_ wrw3zw

With no rotation operations contemplated in the mathematical steps that follow, the response functions will sometimes be
displayed, for the sake of brevity, without showing their species subscripts until the very end of each series of steps where the
subscripts are restored.

By repeated Hilbert transform operations, one obtains for the first two right-hand-side integrals:

00 1> 1 1
1.:/ dor donp 1 [T dosp 1o,

o Do e Pw—sxaqu/aw{,(kl,kz,k3;w1,wz,ws)
o o _

1 1
—gf(é/gngwa(kl,k27k3;w1 =0, =0,03 =0) = —gf(o/a”a/"a(kl,kbks), (52)

?Pa gpw—z g[); A(;/a a”a”’( k kl,kz, CL),CL)],C!)Z)
—00

_ / da)1 1 o0 da)z 1 da)g 1

®d 1 ®d 1 ® d 1
= —/ Pp— 2p— £ —— " (—k.ki.ky; —w; — w; — w3,01,02)
o0 2T w1 J_o 2 wn J o 2T w1+ oy + w3
®dwy 1 [®dwy 1 (®do; 1 _, _
= —P— —P— — P — X" (=K. K1 Ky, @3,01,02)
o 2T W J_ooo 27 wr J_o 27 a)3
1 1
= SX“‘”’ ror(—K K1, K30 = 0,01 = 0,00, =0) = _§XUJ oo (—K,Ki1,Ko), (53)

where the single prime notation [in the last line of Eq. (53)] denotes the real part. Note, however, that the third and fourth integrals
of (51), as they now stand, are not amenable to similar simplification. This can be remedied by first invoking the Poincaré-Bertrand
theorem [16,17,32,33] suitably generalized to handle the multiple integrals of the present work. The calculation then proceeds as

follows:
/ dan / dan / A3 on (ks —k K )PPP
— " 1 , TR, sw3,—w,w
- Xa oo\ K3 1503 1 D300

d d — - PPl 1 +
/‘ dwy / dwy / a3 R (k3,—Kk K5 03, —0) — 03 — 03,01) + .
) w3(w; + wr + w3)w;

I

052104-8



HIGHER-ORDER FLUCTUATION-DISSIPATION ... PHYSICAL REVIEW E 97, 052104 (2018)

Now make the change of variables v = w3,dv = dws, i = —w; — w;,dji = —dw; so that
I / da p 1 f Ao sk kv PP
= —P— 1 " KKy, —v,w —
3 27w Xooo'or K3 LV, 1 V(i —v)

* dw; d,bL N _ 1 1 Al
= —P P— —Xorooor K3, —K K3V, 00 — v,01))P——— + =X s0er (K3, —K K15 0,0,01) |,
oo 2T w1 | )2 v J_o 2m p—v 4

in virtue of the Poincaré-Bertrand theorem. Subsequent Hilbert transform operations then provide

*° da)1 1 1 N 1 ~Jt
13 = —P— ——XUWUU,U,,(k3,—k,k1;O,O,a)l) + _XJ”’aa’a”(k3’_k’k1;0’0’0)1) =0. (54)
oo 2 W 4 4
The evaluation of the remaining integral requires a somewhat different treatment:
d d *d 1
14 = —/ 601 / 602 ﬁ)’&gﬂawaﬂ/(k2,k3,_k; a)z,w3,—w)PP—
00 oo 2T w3
*d *d *d 1
= —/ L O g (2 K3, s 03,03, ) P P——
oo o 271 W
*® dws da)1 da)2 A,, 1
= — —P Xa”o”’aa (kz,k3,—k;a)2,w3,,—a))PP—
oo 2 w3 wrw
d 1 d *d 1
= —/ “2p— / ﬁP— L R g (2 i3 — s 03,03, —0) P~
2 w3 o 2wy J_ 271 w
1
—4 R romeo (K2, K3, — k;O,w3,O):| =0. (55)

The last two lines of (55) again follow from the application of a somewhat more generalized form of the Poincaré-Bertrand
theorem tailored by the author to this particular calculation. They have been brought into a form that allows for the application
of the Kramers-Kronig relation resulting in the cancellation effect similar to the one in (54). Summing (52)—(55) and exploiting
the rotation-symmetry rule (33), one obtains

K3Sororaro (K1 K2.k3;0,0,0) =T = I + b+ I + It = — Ro07070 (K1,K2,k330,0,0), (56)
whence
- ,32 J na’OnU”OnU”’OnJO/24 - /33 J no’Ona”Ona”’OnGO/(3!22) (57)

follows from matching (56) to (36). This completes the formulation of the frequency domain cubic fluctuation-dissipation relation.
Quartic fluctuation-dissipation relation. Addressing next the proposed frequency domain quartic FDT (43), we wish to evaluate
the integrals:

J—/ da)l/ dwz/ dwz/ dws Ryrgrgrow, Ki-Ka ks K 01,0, 03,04)
o W1WorW3W4

A

da)1 da)z da)3 da)4 Roooramew (KK K K3 —w,01,02,03)
_ W Ws3
®© da)1 ®© da)z * da)3 *© da)4 R woorongn(Kas—K.Ki, Ko 04, —0,01,02)
oo 2T J_so 27 J_s oo WaWW1 W2
/°° dw; / dw, / dwy / dwy Ry ipw500 K3 Ka, —k Ky 03,04, —0,01)
-0 oo 4T J_x 00 W3W1WW1

_/ da)lf dwzf dw3/ da)4X’,,o,,g<4>ga,(k2,k3,k4,—k;wz,w3,w4,—w)

wWrw3wsW
= K4So67676w5 (K1, Ko, K3, ka3t =0, =0, =0, =0). (58)

To set the stage for this somewhat more involved calculation, I begin as before by first showing that the occurrence of isolated
singular behavior in (43) at ; = w, = w3 = w4 = 0 is ruled out by the intervention of the static quartic rotational symmetry rule
(34); itis never an issue. Indeed, one expects that the combination of response functions in (43) will be bounded, consistent with the
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bounded behavior, guaranteed on physical grounds, of the right-hand-side five-point structure function in the dc (zero-frequency)
limit. This is borne out by the following analysis.
In compliance with the reality condition and invariance under spatial reflection,

N . N .
Rororomaws (KiK. K3, Kas 01,00,03,04) = X0 gmen, (K1, Ko, K3, Ka; —w1, —w2, — w3, —aa), (59)

only terms having net even frequency parity are allowed in the multivariable expansion about the null point w; = w; = w3 =
w4 = 0. Accordingly, the expansions through quadratic order are

X ooramawe (ki ko ks ke w1 — 0,03 — 0,05 — 0,04 — 0)
= )A(!,/(,//awgmw(kl .k2,Kk3,Kk4:0,0,0,0) + [anw? + azzw% + a33a)§ + (1446()42t
+ apwiwr + aiwiws + A s + a3 + auwIws + azswzws] + - - -, (60a)
Rograrangm(—K.Ki, ko K3; —w — 0,01 — 0,0, — 0,03 — 0)
= R orrongo(—K K1k, K3:0,0,0,0) + [boow® + byjw] + bynws + byzw3
— bpjww) — bpwwr — bpzwws + bpwiws + bizw s + bywras] + -+ -, (60b)
X(:-M)Uo./o.//o,m(kzl.,_k,k],kz;a)4 — 0,—(1) — O,a)1 e 0,0)2 g 0)
= Rrwoororer ki —KK1. k5 0,0,0,0) + [casw] + cooe® + 1107 + cnw;
— C40W4W + C41W4W] + CopW4Wr — Co1WW]| — CorWW2 + Clpw wa] + -+ -, (60c)
etc.
The first right-hand-side (rhs) members of Eqgs. (60a)—(60c) are identified as the members of the zero-frequency rotation-
invariant symmetry rule (34); the second rhs members in square brackets represent all the O (w;w;) quadratic contributions to the

expansions; the fourth-order contributions are not displayed for brevity. In evaluating (43) in the zero-frequency limit, only the
surviving zeroth-order term in each of the above Taylor expansions really matters, that is,

Xororomowe (Ki Ko, K3, Ka; 1,00,03,04)

w1 —0 wr—0 w3—000 wy—0

lim lim lim lim
wW1WorWw3wy4

X(TO’O”(T”'(T(4)(_k’k] 7k27k3; —w,w| 7a)25w3) 20(4)0‘0’6'/0‘”’(k45_k’k1 7k2; W4, —wW,0| 9w2)

ww1wrws3 i1 W

XU”’G(4)J(T’U”(k3ak47 —k.k;; w3,W4 — (,(),(1)1) XJ”J’”U(“)UU’(k27k3’k4’ —k; w3,w3,04, _a))
w3WiWW1 worw3w4

lim lim lim lim
w1—>0 =0 w3—>0 ws—0

Xaa’a”g/”gw) (—k,kl ,k2 ,k3; 0, 0,0,0) )?5(4)05’5”0”’(1(4, —k,kl , kz; 0, 0,0,0)

X(T oo ’”(7(4)(7(k1 1k27k31k4; 0107070)
W1WrW3W4

wwiwrw3 Wi W
Xorowooor (K3, ke, —K K130,0,0,0)  Rorgro@00 (Ko k3, ks, —k;0,0,0,0)
w3W4WW1 wWrw3zwasw
= Xtr’a”a’”a(“)a(klskak3sk4;anvov())
. . . . 1 1 1 1 1
x lim lim lim lim — — — — =0, (61)
010 0 —>0 03—>0ws—0 | W1 WrW3W4 wWwW1WrW3 wWiWW W7 w3W4WW] wrw3wW4awW

in virtue of the rotation-symmetry rule (34) and invariance of the stationary system under temporal translation (v = w; + w, +
w3 + wy). Thus, the intervention of (34) rules out the possibility of occurrence of isolated singular behavior at w; = w; = w3 =
Wy = 0.

This allows one to recast the Eq. (58) combination of integrals involving causal response functions into the following
combination of Cauchy principal part integrals amenable to Hilbert transform operations:

J:PPPP/ dw1/ da)z/ dw3/ da)4 Rororgmowy K1 K2, K3, Ke; 01,02,03,04)

W1WrW3W4

_ PPPP/ da)l / da)2 / da)3 / da)4 X{T(J"(J'”(T”/(T(A)(_k’kl’kz’k3; _a)7a)law27w3)
_ wWw1wWrw3
da)1 / da)z / da)’; f

_pppp Aoy Rowgerrer Ka—K K1 Ko 04, —0,01,07)

warwW1 W
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—PPPP/ de/ dwz/ dwsf dwy Xprowgere Kao ke, —k K 03,04 —0,01)
— w3W4WW

d d d d " ’ k 7k ’k 7_k;w , 3,04, — @
—PPPP/ wl/ wz/ w3/ w4X ooy (K2,K3,Ka 2,W3,04 ). )
_ [OLXORYOXT]

For brevity, species indices are sometimes omitted. By repeated applications of Hilbert transform operations, one obtains the
following for the first two right-hand-side integrals:

*®d 1 [*d 1 [*d 1 [*d 1 .
J =/ donp L [Tdorp 1 [Fdon, 1 [7d00, 1o ko ks ke ormnn.00)
C00 2T w1 J_po 2 wp J_ o 2 w3 J_ oo 2T 4
1
= RX(I’(I”(IWO’M)U(kI7k27k37k4; 0,07070)7 (63)
d 1 [*d 1 [*d 1 [*d
Jz=—f P | TP 2P| doipl (kKo Ko = .01, 02,0)
2T w1 J_oo 2 wr J_ oo 2 w3 J_o 27
1
= R}%UU‘/O‘”J’”U(‘”(_kakI5k27k3;0709050)' (64)

The evaluations of the remaining three integrals call for the intervention of the Poincaré-Bertrand theorem in order to bring
each into a form that will be amenable to Hilbert transform operations:

d 1 [*d > d d
13:_/ a0 p 1 % p a)3/ ﬁPP—)A(/(1<I4, =K, Kk, ko5 04, —w,01,02)

27 wy J_o 2 wz w4w
* d 1 [*°d 1 *® d 1 [*°d
= —f ip— | S2p— / | donpl 7 (s, ke ki Ko 04, —0,01,02)
foo 2T i J_ 2T wn o 2T w4 J_o 27
1
- Zx’(kﬁh_k’k]7k2;0707w15w2)] = 07 (65)
*©d * d d * d 1
J4=—/ Cip “’2f ‘”3P S PP — 3 (ks ks —k K13 03,00, ~0,01)
oo o a)1 _ o 2T waw
* d 1 [*d > d d
= _/ ﬂp_ ﬂ w2 / ﬁ[)}:)_X (k3,k4,_k kl,w3,a)4, C(),C()l)
—00 2w w1 J_s0 2w (,()3
*©d 1 [>*d 1 > d 1 [*d
— _/ orpl | Bp / dosp 1 [T dorp1 — % (ks ks, —k ki 03,04, —0,01)
oo 2T W 2n w3 27 w4 J_o 2
1
- ZX/(k37k4a_ksk1;w37090aw1)] - Ov (66)
*®d *®d > d 1 > d 1
Js = —/ e w2 %5 p— ﬁPP—X (k2. k3, kg —K; wo, 03,04, —w)
—00 —00 0 2T w3 J_o 2m [0

1
—PP—}'(ky k3. Ky, —K; 02, 03,04,—)
—00 2 w4

/oo da)z 1 o0 da)] / dw3 1 e da)4
00 w3

—o0 2 a)2 —00

—P— - —PP—)A(,(kz,kz,k4 —K; wy,w3,04,—w)
Lo 2wy J_ o 2m a)3 o

/oo da)z 1 o da)3 1 o dan /00 da)4

© d 1 © d 1 © d 1 © d 1
—/ 2 p— ﬂP—[/ % p— | 2 p 3 (ky ks Ky~ 02,03, 04,—)
w

L0 2T Wy J_ o 2 w3 | ) o 2 wa ) o 27
1
- ZX/(k2,k3,k4,—k;602,603,070)j| =0. (67)
Summing contributions (63)—(67) and invoking the rotation-symmetry rule (34), one readily obtains
KiSorgromewos (ki Ko K3 k) =T = Ji + Lo+ I3+ T+ Js = § Rororomame (K1 Ko K3 Ky), (68)
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whence

Ky = B* I ngongronemnamongo/(412%) (69)

follows from matching (68) with (37). This completes the formulation of the frequency domain quartic fluctuation-dissipation
theorem.

Combined fluctuation-dissipation relations. It is especially instructive to derive the fluctuation-dissipation relations for the
spectral correlations of combined microscopic charge densities:

Pk ko ks, ... kK, 01,00,03, ...,0,) = ePt! Z Z Z Z z°z°%z7°" ...z®» VT Y P T

o o o

X Sgoiar.or (K, Ko K3, .o Ky 01,000,003, ... 0p), (70)

where p = 1,2,3,4, ---
Here the spectral correlations of combined microscopic charge densities quite naturally partner with external polarizability
response functions, &'s, defined through the constitutive relations

(pk)? = 3" Z%elng (kw)?

o=A,B

(_l-)p+l 1 00 00 0 0
— oS kkikoks -k d d doy--- | d
47.[ (2nv)p—1 kzlgz:%: %: 1R2R3 p ﬁoo w1 /;oo wy /;oo w3 [OO (1)[7

x (k1Ko K3, ... Kps 01,002,053, . .., 0,)Pk1,01)Pka,02)p(K3,03) - - - p(Kp,0))
X Ok, +ky ks +-tk,—kO(@W] + @2 + @3+ -+, —w) (p=12,3,4,...). (71)

On the other hand, constitutive relation (39) provides

(pk)? = 3" Z%elng(kw)?

o=A,B

(27TV)” 1222 Z/ da)lf da)zf dws - - / do,dki,0)PKy,w) - - K, wp)

ky k3 -

x8kl+k2+k3+...+krk6(w1 +wtw3+--+w, — o) Z Z Z Z z°7°7°" ... Za(p)el"i‘l

o)

X)A((T(T/O'”wo'(”)(kl7k21k37'-'9kp;a)lsw21w37"'swp) (p = 1a273147"')s (72)

in a form that reconciles with (71) by also featuring the potential ¢ as the external agency which simultaneously drives both
species. Comparing (72) with (71), one obtains

&(kl’k27k3’"’7kp;wl7w2’w37"‘7wp)
47Z(le)p+ o o’ o o .
ST ZZZ Y 2°2°2° - Z2°7 Roororan(Ki ko ks, L Kpionmy.03, .. wp). (T3)

o

Equation (73) dictates the charge species summation protocol for generating the pth-order external polarizability from the
external density response functions. The protocol, along with Eq. (70), when applied to FDTs (40)—(43), generates the following
first four equations in the hierarchy of FDTs, each linking a rotationally invariant combination of polarizabilities to a single
spectral correlation of combined microscopic charge densities:

a@"kiw) &'k, —w) 4np

Pki;o1) (k=kj,0=w), (74)
w1 w kk]
&'k, ko 0,0 &' (-kK;; —w,w Q" (ky,—K; wy,— 4w B2
ol o) &7l y ol 270 B bk kasoron) (k= ki +kaio = an + o),
wiwr wwi wrw " kkyky 212
(75)
a"(ki ko ks w1,00,03)  @"(—kK ki ks —w,01,00) @7k, -k kw3, —w,01) @7 (ky k3, —Kk; w03, —w)
w1Wrw3 wwi1w) w3wWw1 wrw3w
47 ,33
Pk ko ks w1,00,03) (k=k; +ky +Kk3;0 = w1 + wp + w3), (76)

kk1k2k3 3122
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Al . A . A .
o (k],k2,k3,k4,0)1,a)2,a)3,w4) o (_kvk17k27k3s_a)vwlstaw?J) o (k4,_k,k1,k2,CL)4,_CL),(D],CO2)

W13y O W3 w4001
&" (K3, K4, —K,Ki; 03,04, —w,w1) &"(Ky,Kk3,Ksa, —K; 02, 03,04, —w)
B 30400 Bl A OSIOND)
4 g
— P(Kk1,Ko, K3, Ks; 01, 02,03,04) (K=K; + Kk + K3 + K450 = 01 + w2 + w3 + ). o))

T kkykokaky 4123

Linear FDT (74) is, of course, well known for the OCP, and here is displayed in rotation-symmetric form. The quadratic FDT
(75) for the BIM was established in 1982 [17]; here we report cubic and quartic FDTs (76) and (77).

V. CONCLUDING REMARKS

In this paper tractable frequency domain cubic (p = 3) and quartic (p = 4) fluctuation-dissipation theorems (FDTs) have been
established for magnetic field-free plasmas consisting of two or more ion species immersed in a uniform inert background of
rigid degenerate electrons. Each FDT features a single (p + 1)-point partial dynamical structure factor, entirely free of entangled
Liouville space paths, linked to a rotation-invariant combination of pth-order partial density response functions. This latter
architecture is dictated by the invariance of the dynamical structure factor under permutation of its (p + 1) microscopic particle
densities, or equivalently, under rotation of its wave-vector-frequency—species arguments (referred to in the present work as
“rotation-invariance symmetry”’).

In the course of evaluating the resulting frequency domain FDTs (42) and (43) in their static limits, repeated Hilbert transform
operations and applications of the Poincaré-Bertrand theorem bring (42) and (43) into forms that can be precisely matched to
their independently derived static counterpart equations (36) and (37). Thus, consistency is assured and one ultimately obtains

XJ’J”---G(”)U(k15k27 cee 7kp;a)1]7w27 e 5wp)

-p—1 wiwy W
Tmi XU”G’/’...U(l’)O'U’(k27[') .. »kpa_k; w3, ... aw[h_w)
0)2...0)170)
B’ 1 +1
= - 12p—1 V g NNy -+ Na(P)NoSU’U”...a(P)a(klvk2a cee 7kp;w1’(1)2» cee awp) (P = 1727374)
p:
(k=k1+k2+---+kp;w:a)l—f—a)z—i----—}—a)p). (78)

The formulations of the static and frequency domain cubic and quartic fluctuation-dissipation relations (36), (37), and (76)—(78)
are the main accomplishments of the present work. The alternative rotation-symmetry-based approach is the centerpiece.

With the FDTs presented here, we are now well positioned to generate a wealth of sum rules adding to the pioneering
contributions of Vieillefosse [34] and Alastuey [35] at the static level and to the frequency moment sum rules for the quadratic
response functions [36] at the dynamical level. Details are given in Ref. [1]. Such an enterprise, while outside the scope of the

present work, could merit further exploration in the future.
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