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Experimental demonstration that a free-falling aerosol particle obeys a fluctuation theorem
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We investigate the fluctuating motion of an aerosol particle falling in air. Using a Millikan-like setup, we
tracked a 1-μm sphere falling at its terminal velocity. We observe occurrences of particles undergoing upward
displacements against the force of gravity, so that negative work is done briefly. These negative-work events have
a probability that is shown to obey the work fluctuation theorem. This experimental confirmation of the theorem’s
applicability to aerosols leads us to develop and demonstrate an application: an in situ measurement of an aerosol
particle’s mass.
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Introduction. The second law of thermodynamics forbids a
reversal of heating done by friction [1]. Likewise, it forbids
the extraction of work from a single-temperature bath under
steady conditions [2]. While the second law holds in the
thermodynamic limit for large systems, small systems allow
for what other authors once called “second-law violations”
[3,4]. In such events, the forbidden extraction of work from
a single-temperature bath occurs temporarily. In other words,
the work done fluctuates from the more common positive value
to a less common negative value. The probabilities of negative
and positive work are related by a fluctuation theorem.

Fluctuation theorems are typically used to describe small
nonequilibrium systems [3–8] in the presence of a heat bath.
These theorems have been experimentally shown to be appli-
cable to a variety of physical systems. Physical systems that
have been studied in fluctuation-theorem experiments include
single colloidal particles manipulated by a laser beam in a
liquid bath [9–13], single molecules [14–19], and a metallic
single-electron box [20] among others [21–28]. For aerosols,
there have been experiments with nanoparticles trapped by a
laser beam in rarified air [29,30]. However, for the typical case
of free aerosol particles in air, fluctuation-theorem experiments
are lacking, to the best of our knowledge [31].

In fluctuation-theorem experiments of all kinds, a fluctu-
ating thermodynamic quantity is observed, such as entropy
production rate [32,33] or free energy [34]. Another fluctuating
quantity can be work [35,36], as in the experiment we report
here.

Our experimental system is simply a single micron-sized
aerosol particle immersed in still air. The air is the heat bath,
while gravity drives the nonequilibrium process of the particle
falling. We observe the particle after it attains its terminal
settling velocity, so that the system is in a nonequilibrium
steady state.

This Rapid Communication has two main outcomes for
the motion of a falling aerosol particle. First, we confirm
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that the work fluctuation theorem of van Zon and Cohen [35]
accurately describes the stochastic motion of a particle in free
fall. Second, our confirmation enables an application of the
fluctuation theorem: a measurement of the mass of an aerosol
particle can be obtained from what was previously discarded
as noise.

In our experiment, the work done by gravity on a free-falling
aerosol particle is given by

W = −mg�y. (1)

The work done by gravity [37] depends of course on the
particle’s vertical displacement �y and mass m, along with
the gravitational acceleration g. It will be important later that
this work does not depend on other properties of the aerosol
particle, such as its size or shape.

The particle’s motion is a combination of free fall and Brow-
nian motion due to stochastic collisions with air molecules
[38]. On average, the particle is displaced downward and the
force of gravity does positive work. Occasionally, however, the
Brownian motion overcomes the free fall; when this happens,
the particle is briefly displaced upward and the work done
is negative [39]. In these brief negative-work events, work is
temporarily extracted from a single-temperature bath of air.
The experiment that we report here demonstrates not only
that these short-lived negative-work events are observable, but
also that they occur with a probability that obeys the work
fluctuation theorem.

The formula for the work fluctuation theorem [35] describes
the probability p(wτ ). Here, wτ is a dimensionless work done
over a specified time interval τ , and it is commonly [35]
normalized by kBT . The formula compares two probabilities;
one is for a specified negative value wτ = −C and the other is
for the corresponding positive value wτ = C,

ln

[
p(−C)

p(C)

]
= −C, as τ → ∞. (2)

As shorthand, Eq. (2) can be written as LHS = RHS as τ → ∞.
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FIG. 1. Sketch of the experimental apparatus as viewed from the (a) top and (b) side. Microspheres fell from a disperser in the upper
chamber. An opening limited the number of microspheres that entered the lower chamber, where they were imaged by a side-view camera.
Illumination of the microspheres was provided by a 15-mW HeNe laser beam that was shaped into a vertical cross section of the lower chamber.
The beam-shaping optics, not drawn to scale, include mirrors M1 and M2, spherical lenses L1 and L2, and cylindrical lens L3. The air was
still. (c) Superposition of three images of the same microsphere at different times from a video. The overall downward motion is obvious at this
long time interval of 1 s, and a weak horizontal diffusion can also be detected. The values of the intensity I , for each pixel within the outlined
border, provide the data for particle position measurements [45]. A sample video, and all our microsphere position data, are provided in the
Supplemental Material [40].

The probability p(wτ ) used in Eq. (2) for our experiment
is a data point in a histogram. The histogram is prepared by
counting observations of the work done on individual particles.
For a single free-falling particle i, the normalized workwτ done
over a time interval τ is

wτ,i = −mig�yτ,i

kBT
, (3)

where �yτ,i = yi(t + τ ) − yi(t) is the vertical displacement
of particle i observed during the time interval τ . For a sphere
falling in air, Eq. (3) can be written as

wτ,i = −v
3/2
s,i

D

〈
1√
vs,i

〉
�yτ,i, (4)

where D is a Brownian diffusion coefficient, vs,i is the settling
velocity (also called the terminal velocity) of an individual
sphere i, and the brackets 〈· · · 〉 indicate an average over
particles. Equation (4), which is derived in the Supplemental
Material [40], allows us to obtain the required histograms from
particle position measurements only, without any knowledge
of mi , g, or T .

Experiment. We designed an experiment drawing upon
on the heritage of Millikan’s apparatus [44]. We observed
individual micron-size particles in still air, using a two-
chamber apparatus. This familiar design is intended to make
our experiment understandable to a broad readership.

Our particle size was small enough to have frequent upward
displacements, yet large enough to scatter sufficient light
for imaging. For these purposes, a one-micron diameter was
suitable. Our microspheres were a nearly monodisperse dry
powder of a polymer, melamine-formaldehyde, that resists
coagulation [40]. The air was at atmospheric pressure.

We began our experiment by loading a few milligrams of
microspheres into a disperser within the upper chamber. The

disperser was a centimeter-size metal can; its lower surface
was aluminum foil with a 50-μm orifice. Manually agitating
the disperser released microspheres into the upper chamber,
where they attained their settling velocities. To avoid collisions
or coagulation of microspheres, we reduced the number of
microspheres that entered the lower chamber using a 6-mm
opening between chambers. We illuminated a cross section
within the lower chamber using a 632.8-nm steady-state laser
beam. Microspheres within this illuminated cross section were
imaged by a side-view camera operated at 200 frames/s. The
camera’s magnification was such that each pixel on its sensor
imaged a 5.1-μm square in the lower chamber. The apparatus
is sketched in Fig. 1.

To minimize disturbing effects, we designed our apparatus
to avoid electric forces and Rayleigh-Bénard convection.
Radiation-pressure forces from the illumination laser were
also minimized. Further details of the design are in the
Supplemental Material [40].

We performed our experiment so that it yielded the data
required for both of our main outcomes. To demonstrate the
work fluctuation theorem, we used vertical and horizontal
particle positions, with no other inputs. To demonstrate the
mass-measurement method, we used just the vertical posi-
tions, along with inputs of our air temperature measurement
T = 295 K and the known local gravitational acceleration [46]
g = 9.804 m/s2. Other experimental conditions, which were
not used in any of our calculations, are given in the Supple-
mental Material [40].

Particle tracking. A time series of a microsphere’s
coordinates was obtained by image analysis. Positions
were measured [45] with a random error [40] of about
±0.1 μm. We tracked 69 individual microspheres by fol-
lowing them in consecutive frames, for at least 10 s. Verti-
cal and horizontal displacements were analyzed for separate
purposes.
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FIG. 2. Time series of microsphere positions in the lower cham-
ber. (a) Vertical positions for four representative microspheres; curves
are displaced for clarity. The downtrend trend corresponds to free
fall at a settling velocity. Due to Brownian motion, the free-fall
motion occasionally reversed so that negative work is done. Such
occasional events, as in the insets, have varying durations. Data
points were recorded at 5-ms intervals. (b) Horizontal position of one
representative microsphere. Horizontal motion consists of Brownian
diffusion and a weak drift due to the illumination laser.

The vertical motion, Fig. 2(a), has thermal fluctuations
that are the focus of this Rapid Communication. The vertical
motion also has a downward trend, corresponding to a terminal
settling velocity that averaged 51.5 μm/s. Most importantly,
this downward trend is occasionally overcome by upward
fluctuations, as seen in the insets of Fig. 2(a). For such an
upward displacement, the work done on the microspheres is
negative.

The horizontal motion, Fig. 2(b), was analyzed to pro-
vide a normalization parameter for the fluctuation-theorem
demonstration. Horizontal displacements are dominated by
fluctuations due to air-molecule impacts. An analysis of mean-
square displacements yielded a Brownian diffusion coefficient
D = 26.4 μm2/s. This value, along with our settling-velocity
measurements, is used in the denominator of Eq. (4). In this
way, our demonstration of the work fluctuation theorem is
accomplished using only data for the microsphere positions,
without any measurement of m, g, or T .

Histograms. For the fluctuation-theorem demonstration, we
prepared histograms of wτ . We began by dividing the time
series for a single microsphere’s vertical position into nonover-
lapping segments of a specified time interval τ . Each segment
yielded one observation of wτ,i computed using Eq. (4). Using
ten different values of τ in the range 5−200 ms, we prepared
ten histograms. Two of these histograms are presented in Fig. 3;
the others are in Supplemental Material [40].

FIG. 3. Histograms of the normalized work done on microspheres
during an interval τ . The occurrence of negative-work events is
quantified by data points in the shaded portions of these histograms.
These negative-work events are more probable for (a) τ = 25 ms than
for (b) a longer τ = 50 ms. We prepared histograms by analyzing
experimental time-series data for 69 microspheres, and counting
observations of wτ .

Negative-work events, which are the focus of the fluctuation
theorem, are clearly seen in the shaded portions of Fig. 3.
These negative-work events are more common for a short time
interval τ = 25 ms in Fig. 3(a) than for a longer interval τ =
50 ms in Fig. 3(b). No matter the time interval, these negative
fluctuations of the work are always less frequent than positive
fluctuations, so that the mean values of histograms are positive.

To demonstrate the work fluctuation theorem, we obtain the
left-hand side (LHS) and the right-hand side (RHS) of Eq. (2).
To start, we choose values of C and τ . The RHS is simply −C.
The LHS is computed from data in the wτ histogram at both
wτ = −C and wτ = C. We plotted the RHS as a line with slope
−1, and we plotted the LHS as data points, in Fig. 4. Error bars
in Fig. 4 reflect counting statistics in the histograms, and do
not include other measurement errors [40].

Fluctuation-theorem results. We find an agreement between
the LHS and RHS in Fig. 4. In this comparison, individual
data points for the LHS mostly coincide, within error bars,
with the line representing the RHS. This agreement serves as
our demonstration of the work fluctuation theorem. We find
consistent agreement across many dozens of such comparisons
in Fig. 4 and Fig. SM3 of the Supplemental Material [40]. The
only overall discrepancies we find between the LHS and RHS
are for short times, τ < 25 ms, when displacements are so
small that our finite random errors in positions can have an
effect, as explained in the Supplemental Material [40].

New method of measuring aerosol particle mass. In aerosol
science, fluctuations in experiments are commonly discarded
as useless noise, so that only time-average quantities are
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FIG. 4. Demonstration of the work fluctuation theorem, as shown
by the agreement of the data points with the lines for (a) τ = 25 ms
and for (b) τ = 50 ms. The data points and the lines correspond to
the LHS and RHS of Eq. (2), respectively. We obtained LHS values
with an input of experimental data from the histograms in Fig. 3.

retained when measuring aerosol particle properties. We
demonstrate here that a useful measurement can actually be
obtained from what has been previously disregarded as noise.
In particular, we demonstrate a method of mass measurement
for an aerosol particle using fluctuations in its vertical motion.
This method is made possible by our demonstration, above,
that the fluctuation theorem is applicable to a free-falling
aerosol particle.

The data for our method consist only of images of particles
as they fall in still air, along with values of g and T . The images
are used only to obtain the vertical displacements; horizontal
displacements and horizontal diffusion are not measured. The
vertical displacements are analyzed using Eqs. (2) and (3), with
mass as a free parameter that is adjusted to achieve agreement
between the LHS and RHS of Eq. (2). This method can be
done either for an individual particle or an average of multiple
noninteracting particles.

For the microspheres used in the present experimental
demonstration, our method of mass measurement yielded m =
(8.07 ± 0.10)×10−16 kg. This value agreed within 0.8% of the
reference mass measurement of Ref. [47]. Further details on
the implementation of our mass measurement method are also
provided in Ref. [47].

Advantages of our method include requiring very little
information about the particle. Prior knowledge of the size and
density of the particle are not needed because, as mentioned
earlier, they do not enter the two formulas used here, Eqs. (2)
and (3). Moreover, it is not necessary for the particle to be
spherical [48] nor does it matter if it is rotating, so long as
its center of mass can be tracked. Another advantage is that
the instrumentation is uncomplicated; it is the same as for our
fluctuation-theorem experiment in Fig. 1. No electric charging
of particles is required. There is no power supply for particle
manipulation or any detector to analyze particles after they
land.

Conclusion. In an experiment using a simplified version of
Millikan’s apparatus, it was demonstrated that the fluctuation
theorem is applicable to an aerosol particle as it falls. Individual
microspheres under the influence of gravity were tracked by
video microscopy, capturing not only their steady downward
settling velocity, but also their fluctuations arising from im-
pacts with air molecules. The occasional upward fluctuations
of a microsphere’s motion correspond to negative work done
on a microsphere. The probability of the negative-work events
was confirmed to obey the work fluctuation theorem.

For aerosol science, our confirmation of the work fluctuation
theorem’s applicability makes another mass measurement
method possible. This measurement requires no electrical
charging; it uses imaging of the vertical motion of a free-falling
particle, without any need for knowledge of the particle’s
shape, size, or density. This measurement exploits stochastic
fluctuations that until now have generally been dismissed as
noise in the motion of a drifting particle.
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