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Rheology of a dilute cohesive granular gas is theoretically and numerically studied. The flow curve between the
shear viscosity and the shear rate is derived from the inelastic Boltzmann equation for particles having square-well
potentials in a simple shear flow. It is found that (i) the stable uniformly sheared state only exists above a critical
shear rate and (ii) the viscosity in the uniformly sheared flow is almost identical to that for uniformly sheared flow
of hard core granular particles. Below the critical shear rate, clusters grow with time, in which the viscosity can
be approximated by that for the hard-core fluids if we replace the diameter of the particle by the mean diameter

of clusters.
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I. INTRODUCTION

Granular materials, having dissipative interactions between
particles, are ubiquitous in daily life as unusual solids, liquids,
and gases [1]. It is important to know rheological properties
of granular flows to control the granular materials [2—10]. The
rheological properties of granular flows strongly depend on
their densities ranging from dilute gases to the jammed solids.
When we focus on the rheology of granular flows for the
density below the volume fraction ¢ < 0.5, the description in
terms of the Boltzmann-Enskog equation gives quantitatively
correct results [11-16], while the appropriate theory for the
description of denser flow is still controversial [17,18].

So far, most of the previous studies on dry granular flows
assume that the interactions between grains can be described
by repulsive and dissipative forces. Attractive interactions,
however, are not negligible for fine powders and wet granular
particles [19-22]. The origins of such cohesive forces are,
respectively, van der Waals force for fine powders and capillary
force for wet granular particles. Such attractive forces cause
the liquid-gas phase transition and the clustering instability
as well as the enhancement of the jamming transition [23-30].
Therefore, to know the rheology of flows consisting of cohesive
granular particles is important not only for engineers but also
for physicists.

In our previous paper [31], we have developed the system-
atic kinetic theory of freely cooling dilute cohesive granular
particles in terms of the inelastic Boltzmann equation for
particles having square-well potentials. Nevertheless, we still
need to analyze the rheology of cohesive granular particles
under a simple shear flow, because (i) we are interested in
a nonequilibrium steady state under the balance between an
external force such as shear and the energy dissipation due
to inelastic collisions, and (ii) the viscosity of granular flows
under a simple shear differs from that for freely cooling
granular gases [32,33]. Moreover, we have to consider the
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contribution of clustering caused by the attractive interaction
between grains to the rheology systematically.

In this paper, we try to clarify the rheological properties of
dilute granular gases having an attractive interaction described
by the square-well potential. The organization of this paper
is as follows. In the next section, we explain the setup and
the results of the event-driven simulation by DYNAMO [34]. In
Sec. I1I, we derive the shear viscosity in terms of the Boltzmann
equation to compare the results with those from the simulation.
We also briefly explain the result of the linear stability analysis.
In Sec. IV, we summarize our results. Technical details are
described in Appendixes A-H.

II. MOLECULAR DYNAMICS SIMULATION
UNDER A SIMPLE SHEAR

In this section, we explain our model and the setup of our
event-driven simulation in terms of DYNAMO [34] for dilute
cohesive granular gases under a uniform shear in Sec. Il A. We
present the results of our simulation in Sec. IIB.

A. Our model

We consider a collection of monodisperse particles in which
the mass and the diameter are, respectively, given by m and d.
We assume that the interaction between particles is described
by the square-well potential,

oo (r<d
Ur)=1—¢ (d<r<Ad)), (D
0 (r>xAd)

where r, €, and A are the distance between particles, the well
depth, and the ratio of the whole potential range to the hard-core
repulsive range, respectively. We assume that each collision is
inelastic when two particles collide at r = d, and collisions
are elastic otherwise. Here, the inelasticity is characterized
by the restitution coefficient e, which is the ratio of the
post-collisional relative normal speed to the pre-collisional
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FIG. 1. We present the relationship between the temperature and
the shear rate for e = 0.99 and A = 1.5 (open circles). The dashed
line expresses Bagnoldian expression Eq. (3). The shaded region
represents the absence of steady state.

one. Note that the detailed expressions of collision processes
by this potential are presented in Ref. [31]. We also note that
we are mainly interested in nearly elastic cases, i.e., e <1
because the applicability of the kinetic theory for cohesive
granular gases is limited in this region [31]. A simple shear
flow characterized by the shear rate y is applied in the x
direction under the Lees-Edwards boundary condition [35].
(We show the results under the flat boundary condition and to
clarify the artifacts caused by the periodic boundary condition
in Appendix A.) The time evolutions of the position r; and the
velocity v; of the ith particle are updated by the event-driven
simulation for hard-core particles. We mainly simulate the
systems of N = 1372 particles in a cubic box, whose size
is L = 41.6d. We also simulate the system of N = 10976
particles in a cubic box corresponding to L = 83.1d to check
finite size effects. Throughout this paper, we fix the packing
fraction as ¢ = N(wd?/6)/L? = 0.01 « 1, the inelasticity
1 —e=0.01,0.1, and 0.3, and the ratio characterizing the
potential well A = 1.5. We measure various quantities by
changing the dimensionless shear rate y* = y/md?/s. We
show the results for 1 — e = 0.01 in the main text and present
the results for 1 —e = 0.1 and 0.3 in Appendix B to clarify
the role of inelasticity.

B. Results

Let us present the results of our MD. Figures 1 and 2
exhibit the results of the dimensionless kinetic or granular
temperature T* = T /¢ and the shear viscosity n* = nd?//me
against the dimensionless shear rate y*, respectively, in steady
states above the critical shear rate for e = 0.99. Here, the shear
viscosity is defined by n = —va /v, where the time-averaged

kinetic part of the stress tensor (F) is expressed as [34,36]
<> 1 g
Pk=FZmV,~Vi. )
i=1

Here, V; = v; — yy;é, is the peculiar velocity of the ith
particle with the unit vector in the x direction é,. Note that
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FIG. 2. We present the shear rate dependence of the shear vis-
cosity for e = 0.99 and A = 1.5 (open circles), where the dashed line
represents Bagnoldian temperature Eq. (4). The shaded area expresses
the region which does not have any steady state.

the stress tensor for dilute gases should be dominated by the
kinetic part even if clustering takes place (see Appendix C).
To obtain stabilized data, the stress is time averaged during the
dimensionless time interval 100.

Figures 1 and 2 indicate the existence of the critical shear
rate (=Y. €/md?* = 0.023) above which there exist steady
states. We also plot steady Bagnoldian expressions for the
kinetic temperature and the viscosity,
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of hard-core dilute granular gases in Figs. 1 and 2 [32]. It
is remarkable that Eqgs. (3) and (4) give precise results for
y* >y except for the region in the vicinity of y. These
results can be understood as follows: When the shear rate
is sufficiently larger than the critical one, the temperature
determined by the energy balance is also larger than the well
depth, where the attractive force is negligible. This is the reason
why the flow curve reduces to Bagnoldian expressions in the
high shear regime.

For small shear rate, there does not exist any steady state.
Figure 3 is the time evolution of the clustering process observed
in our MD for y* = 0.01. The time evolution of the mean
cluster size is plotted in Fig. 4, in which two particles belong
to the same cluster when the distance between them is less
than Ad. The mean cluster size is almost unity for large shear
rate (y* > yJ), while it drastically increases after 1* = 180
for small shear rate (y* < ), where we have introduced the
dimensionless time t* = t/\/md? /e and the second moment
of the cluster size My = Y =, k*c; with the size distribution
¢y of the size k. It should be noted that the growth rate of the
mean cluster size becomes smaller after r* = 250. It should
be noted that M, can be regarded as the mean cluster size
because M; =Y =, kci is always equal to the unity. Note
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FIG. 3. Typical snapshots of the system for y* = 0.01 at (i) t* = 0, (ii) 190, and (iii) 315, where the arrow indicates the direction of the

shear.

that this tendency seems to be insensitive to the system size
from the comparison of the results of N = 1372 with those of
N =10976. The inset of Fig. 4 tries to compare the cluster
growth with

T ar(t* — 1)), 4)
for t* > t¥ = 180. Here, we have introduced the fitting param-
eters «; and o, where the fitting range is 0 < t* — ¢ < 15.
The justification of this fitting curve will be discussed later.

Let us introduce the effective shear viscosity and the effec-
tive shear rate scaled by M,. We adopt two assumptions: First,
each cluster can be replaced by a sphere which has the identical
size. Next, we ignore the size distribution or size fluctuation
of clusters. From these assumptions, the diameter and the
mass of the clusters are, respectively, given by d,| = le/ d
and mg = (da/d)>m = M>m. Therefore, we can introduce the
effective shear viscosity and the effective shear rate,

1/6

respectively, where n} is the critical shear viscosity at y*. We,
respectively, plot the time evolution of the temperature versus
vetr introduced in Eq. (7) and the relationship between Eqs. (6)
and (7) in Figs. 5(a) and 5(b). In our simulation, the initial
temperature T satisfies Eq. (3) at given y*. It is noteworthy
that the effective viscosity is approximately represented by
Bagnoldian expressions in the ranges 1073 < y* < y, though
the flow curves evolve with time to access the origin. Note that
the kinetic temperature T* is not well approximated by such a
crude treatment [see Fig. 5(a)].

We also investigate the cluster size distribution when the
clustering proceeds. For small clusters, c; can be well fitted by
a power law as

cr ockP, ®)

for 1 < k < 10, where the exponent is B =~ 2.67 (see Fig. 6).
This broad size distribution, though the cutoff size is not
large, is incompatible with the assumption (ii) in which the

nie =My e, (6) sized distribution is negligible. It should be noted that g is
¢ ¢ almost independent of time in the range 180 < #* < 250 and
1 the system size as shown in Fig. 6, when the mean cluster
Vi =V s = M, ()
(mei/m)(da/d)
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FIG. 4. The time evolution of the mean cluster size M, for
y*=0.01 and N = 1372 (open circles) as well as the data for
y* =0.01 and N = 10976 (dashed line). The inset shows the time
evolution after ¢ = 180 for y* = 0.01, where the dashed line is a
fitting function (5).

FIG. 5. Plots of (a) the temperature and (b) the effective shear
viscosity Eq. (6) against the effective shear rates Eq. (7) for several
shear rates, respectively. The arrow indicates the time evolution, and
all quantities decrease with time.
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FIG. 6. The cluster size distribution at (i) #* = 150 (open circles),
(i) 180 (open squares), and 210 (open triangles) for y = 0.01
and N = 1372 as well as the data for y* = 0.01 and N = 10976
(corresponding solid marks). The black dashed line represents ¢; o
k=8 with B ~ 2.67.

size drastically increases. We also note that this exponent is
insensitive to the shear rate within the range 0.003 < y* <
0.015 and the system size.

We discuss the evolution of cluster size described by Egs. (5)
and (8) in the unstable region. This process might be explained
by Smoluchowski’s rate equation [37-39],

de(t) 1 e . )
céi;t* =5 Z K jci(t™)c;j(t™) — ci(t )ZKknicj(t )-

i+j=k j=l1

€))

Judging from Egs. (5) and (8), we may use the corresponding
coagulation kernel K; ; = Koij. It is noted that this kernel
can be applied to systems where all the elements are equally
reactive in polymerization processes [37-39]. Because the
time evolution of M,(*) can be explicitly solved as M,(t*) =
M>(0)/(1 —2M;(0)¢*) [37], the mean cluster size is given by
A pp— - — (10)
1 —2M,(0)Kot*
which qualitatively agrees with Eq. (5). We also note that the
size distribution in the vicinity of the gelation satisfies ¢; ~
k=32 which is similar to Eq. (8). At present, the applicability
of Smoluchowski’s Eq. (9) to our clustering process is not clear.
Further investigation along this line will be needed.

Before closing this section, let us briefly summarize the
results for smaller e such as e = 0.7 and 0.9 (see Appendix B).
Even if we are interested in moderately dissipative situations,
the qualitative behavior is common, i.e., (i) Bagnoldian ex-
pressions can be used for highly sheared cases, and (ii) there
is a critical shear rate that the uniform state is unstable. In
particular, we should note that the Bagnoldian expression for
N s still valid in the clustering regime for yj; > 1073,

II1. KINETIC THEORY

In the previous section, we numerically found the existence
of the critical shear rate y., below which there is no steady

state. In this section, let us consider the Boltzmann equation for
granular gases having the square-well potential Eq. (1) under a
simple shear flow. Although we have considered a shear driven
by the Lees-Edwards boundary condition in the simulation, we
consider a bulk shear in the treatment of the kinetic theory for
simplicity. Thus, we evaluate the steady observables in terms
of the Boltzmann equation and compare the theoretical results
with those obtained by the simulation in the previous section.
We also clarify what determines this critical shear rate. Note
that such a theoretical analysis is only possible for nearly elastic
casese < 1.
Let us begin with the Boltzmann equation [40],

9
<§+vl.V)f(r,vl,t)zf(vﬂf)v (11

for a dilute gas consisting of particles interacting through the
square-well potential in Eq. (1), where J(v]| f) is the collision
integral,

Jvi|f) = / dv, / dk®@min(A,9) — b)vy,

x [Zo(x.v) flrv].n)f(rv,
— o(x,v2) f(r,v,t) f(r,v,1)]

+ / dv, / dkO®B — min(A,MN)vi,

x [o(x,v) f(r,v],0) f(rvy,0)
— o(x,vi2) f(r,vy,t) f(r,vy,0)]. (12)

Here, we have introduced the step function ®(x) =1 for
x >0 and O(x) =0 otherwise, the refractive index 91 =
(1 + 4e/mv},)'? [41,42], b = b/d, vi» = |via| = [v) — 2],
the Jacobian _¢ of the transformation between pre-collisional
velocities (v}, v5) and the post-collisional velocities (vy, v2),
and the collision cross section o (x,v;2) between particles 1
and 2 at the scattering angle y. For the square-well potential,
the relationship between (v/,v}) and (v, v,) is written as [31]

v =] — AW, - bk

/ RO (13)
vy = vj + A}, - ok
where
20029C ~ .
A= 15O B
1 (b > min(A,MN))

with the angle 6 between v, and IAc, and 6, satisfies cos 6, =
{1 — b?/(NM?d?)}'/2. This process is equivalent to that used in
Ref. [31]. It should be noted that the expression (14) is only
valid for nearly elastic cases 1 — e < 1.

Let us consider a uniformly sheared flow characterized by
u, = yy,u, = u; = 0toderive observables in the steady state.
Using the peculiar velocity as Vy, = v, —yy, V, =v,, V, =
v, we can rewrite the Boltzmann equation (11) as

ad
(at_)}Vlym)f(vlvt)zJ(Vﬂf)’ 15)
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where we have ignored the spatial fluctuations in Eq. (11).
Multiplying m V), Vig with Eq. (15) and integrating over V,
we obtain the time evolution of the kinetic stress tensor,

Z)IPo]fﬂ + y((SMP p T Opx a}) —Agg, (16)

where Pk f dvmV, Vg f(V 1) is used for the kinetic stress
tensor deﬁned in Eq. (2) and A is defined by

<>
A E—m/dvl‘/]V]J(V]lf). (17)

We assume that the velocity distribution function is given
by Grad’s moment method [6,7,43-52],

Pk
fV)= fM(V)|:1 + ﬁ(— - sa,s> Ve V,g] (18)

where we adopt Einstein’s rule for Greek indices where
duplicated indices take summation over x, y, and z. Here, we
have introduced the pressure p* defined by p* = (P}, + P}, +
szz)/ 3 which satisfies the equation of state for the ideal gas

p* = nT.Wehave also introduced the Maxwellian distribution
function fy(V):

m \3/2 mV?
fM(V)=n(2nT) exp (- = ) (19)

Using the ansatz Eq. (18), A can be divided into two parts:
diagonal and nondiagonal parts as

<> iy > S
A =v(P"—p"1)+¢p° 1 20)

(the derivation is given in Appendix D), where 1,5 =1 for
o = B and O otherwise. Here, v and ¢ are, respectively, the
frequency given by Eq. (ES) and the dissipation rate given by
Eq. (E1) in Appendix E.

From Egs. (16) and (20), we obtain the time evolution
equation of the pressure, the normal stress difference A P¥ =

Pf, — P}, and the shear stress Pf, as
o pt+ 3y P =—tph, @21)
#AP* +2y P = —vAPK, (22)

P, +y(p* — $APY) = —vPf,. (23)
Unfortunately, the observables in Egs. (21)—(23) cannot be
expressed as functions of y explicitly. We note that the second
normal difference Pk} — Pk is not included in the above
treatment, which is known to exist not only in denser systems
[16,55] but also in dilute systems [56]. However, as shown
in Appendix F, Pf‘ - szz is much smaller than A P¥ in this
system. Moreover, if we adopt the linearized approximation
from the Maxwellian in the evaluation of the nonlinear collision
integral, the second normal stress difference disappears in the
dilute gas This is the reason why we only consider the set of
P, ”, and A P*.

Letus focus on the steady state. From Eqs. (21)-(23), we can
express the shear rate, shear stress tensor, and stress difference
as a function of T in the steady state as

. 31)2{_ o e 3

el ¢
x [(1 —e)'2pM* 1 O —e))], (24)

k T 3/2
Pfy = _p_ —{(V - = ”8<;>
x [(1 —o)'? P+ 01 —ep], (29
3/2
APk = 3—§pk = 3n8<z>

v I3

x[(1—e) AP L O((1 —e)?)],  (26)

respectively, where the quantities with an asterisk are dimen-
sionless variables such as

. % 3 * %
J/(1) = / (0) ;1(1) (27)

1 3
k(L% _ (0)* (1)*
) A r— U(O)* I8 (28)
1
o {1(1)*
*
AP0 =S (29)
I
Here, 1\ and ¢("* are given by Eqs. (E8) and (E4), respec-

tively. From Egs. (24) and (25), we obtain the shear viscosity,
v =0p

v2

1 [me (T
Y AR

x I + (1 -y + 01—, (30)

where
1
Oy
= N (31
aw 1 pD% 4 (0 1
Vi
Here, v{"* and v{"* are given by Egs. (E9) and (E10),

respectively. We note that Eq. (24) determines the relationship
between the shear rate and the temperature, where it is easy
to express the shear rate as a function of the temperature,
though the actual control parameter is the shear rate. Then, the
relationships between the shear rate and the other observables
are also parametrically plotted in terms of the temperature
in Figs. 7-9. Figure 10 plots the temperature dependence of
v* = vy/md?/e and ¢* = ¢/md?/e whose expressions are
presented in Appendix E. The steady expressions in the simple
shear flow can only exist above the lower bound temperature
Tig which is determined by v = ¢ [see Egs. (24) and (25)]. For
our choice of parameters e = 0.99,A = 1.5, the lower bound
temperature is given by T (=T1g/¢) = 0.0144.
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FIG. 7. The relationship between the temperature and the shear
rate (open circles) and that from the kinetic theory (solid line) for
e =0.99 and 1 = 1.5. The dashed lines express Bagnoldian scaling
(3). The crosses show the linearly unstable steady solution. The shaded
area exhibits an unreachable region, where there is no steady state.
The inset shows the zoom in the vicinity of the critical shear rate.

There are two branches for the theoretical n above the
critical shear rate, though 1 on the lower branch is linearly
unstable as explained in Appendix G. The shear rate and the
stable viscosity, respectively, tend to 2 /a)%lc — (5/4)1 —e)
and n/nuc > 1 —(5/6)(1 —e)for T > T, and e — 1, where
wyuc = (16/5)nd> /7 T/m and nuc = 5/(16d*)/mT /7 are
the collision frequency and the shear viscosity of dilute hard-
core gases, respectively [32]. It is remarkable that the upper
branches in Figs. 7 and 8 reproduce well the simulation results.
We also note that the temperature difference AT = AP*/n
obtained from both the simulation and the kinetic theory of

102

simulation

kinetic theory ——

-6
10 : :
1072 107" 10°

: %

FIG. 8. The shear rate dependence of the shear viscosity for e =
0.99 and A = 1.5. The dashed lines represent Bagnoldian scaling (4).
The cross points express the linearly unstable region. The dotted line
shows the expansion around the critical shear rate y. given by the
quadratic function (H12). The shaded area exhibits an unreachable
region, where there is no steady state. The inset shows the zoom in
the vicinity of the critical shear rate.
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Y

FIG. 9. The relationship between the temperature difference and
the shear rate obtained from the simulation (red open circles) and that
from the kinetic theory (blue solid line) for e = 0.99 and A = 1.5.
The black dashed lines exhibit Bagnoldian scaling. The shaded area
exhibits an unreachable region, where there is no steady state. The
inset shows the zoom in the vicinity of the critical shear rate.

hard-core dilute granular gases,

_ 25t (2 +e) imdz)'/z, (33)

432(1 + e)*(3 — ¢)? ¢?
agree in the high sheared regime, though the theoretical
prediction does not agree with the simulation in the low shear
regime (this relationship can be derived easily by Ref. [32]),
while the deviations become large near the critical shear
rate y = y.. Then, AT/T = 5(1 — e)/(3 — e) with the aid of
Eq. (3) (Fig. 9).

Let us evaluate the critical shear viscosity y. below which
the steady state does not exist. The critical condition is
given by dn/dy = (dn/dT)/(dy/dT) — oo at y,, which is
reduced to dy /0T = 0. As shown in Appendix H, this critical
temperature T.(=T./¢) = 0.910 corresponds to the critical

0.2

107 1072 10” 10° 10’
T*
FIG. 10. The temperature dependence of v (solid line) and ¢

(dashed line) for e = 0.99 and A = 1.5. The inset shows the tem-
perature dependence of ¢ /+/T for high temperature.
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shear rate y* = 0.0228. The theoretical critical shear viscosity
agrees with the numerical critical shear viscosity.

We perform the linear stability analysis for the sheared
uniform state (the detailed explanation is given in Appendix G).
For simplicity, we ignore the spatial degree of freedom. From
the set of Egs. (21)—(23), the uniform shear state is stable for
T > Tc(=0.04¢) in our choice of parameters. We plot the
linearly unstable region as crosses in Figs. 7-9.

IV. CONCLUSION

In this paper, we have performed the event-driven molecular
dynamics simulation for cohesive granular gases under a
uniform shear and clarified the rheological properties of these
particles. We have found that there exists a steady state when
the shear rate is larger than the critical shear rate, while the
clustering proceeds for the lower shear rate. Even for the lower
shear rate, introducing the effective shear rate and the shear
viscosity, we have found that the flow curve can be approxi-
mately expressed as the Bagnoldian expression if we replace
the diameter of the particle by the mean diameter of clusters.
We have obtained two branches for the steady uniformly
sheared state from the analysis of the inelastic Boltzmann
equation, one of which is consistent with the simulation, and
the other branch is linearly unstable.
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APPENDIX A: SIMULATION UNDER THE
FLAT BOUNDARY CONDITION

In this Appendix, we examine the applicability of the
Lees-Edwards boundary condition from the comparison of
the simulations under the flat boundary condition [27]. We
prepare two flat walls at y = L /2, moving in the x direction
with the velocities =y L /2. When a particle having (v, ,vy,v;)
hits the walls at y = +L/2, the velocity changes to (v, £
yL/2, — vy,v,) after the collision, respectively.

Figure 11(a) plots the shear viscosity against the shear rate
(7)fory > y.andFig. 11(b) the effective flow curvefory < y.
which gives the relationship between ng and yer. The result
under the flat boundary condition for y > y, almost agrees
with that under the Lees-Edwards boundary condition and the
Bagnoldian expression (4), which is contrary to the previous
studies under the bumpy boundary condition [45,53,54]. For
y > Y., the density and velocity gradient are almost constant
except for the boundary layers as shown in Fig. 11(c). We also
note that the effective viscosity obtained from the simulation
under the flat boundary condition becomes much smaller than
that under the Lees-Edwards boundary condition for y < y.

102 | Lees-Edwards boundary O |
physical boundary O o
"o g -8 890
107 1 _ ,-;‘im |
l---"©
2
10 ‘ ‘
102 10:1* 10°
Y
(a)
10° | S
%
Neft 0)
2
107 (- - )
. 1
- O
0_0170000000000005 05
o O = o
o o
oy oo 0 va(y)
0.005 a _—
R ) 05
o v (y) ©
0 : : -1
-0.5 -0.25 0 0.25 0.5
y/L
()

FIG. 11. (a) We present the shear viscosity against the shear
rate obtained from the simulation under the Lees-Edwards boundary
condition (open circles) and those under the flat boundary condition
(open squares) fore = 0.99 and A = 1.5. (b) We also plot the effective
shear viscosity Eq. (6) against the effective shear rate Eq. (7) for y* =
0.015. The dashed line expresses Bagnoldian expressions Eq. (4).
The shaded area expresses the region which does not have any steady
state. The arrow indicates the time evolution. (c) We plot the density
and velocity profiles obtained from the simulation under the physical
boundary condition for y* = 0.05.

In conclusion, to adopt the Lees-Edwards boundary condition
does not cause any artifact for y > y. while it is controversial
fory < y..

APPENDIX B: RESULTS FOR HIGHLY
DISSIPATIVE CASES

In this Appendix, we present the results for larger inelastic-
ity, especially for e = 0.9, and 0.7. Figure 12 shows the results
of the shear viscosity against the shear rate and the effective
shear viscosity (6) against the effective shear rate (7). Even
for the moderately inelastic case, Bagnoldian expressions (3)
and (4) give precise results if the steady state exists above the
critical shear rate.
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FIG. 12. (a) The relationships between the shear viscosity and the
shear rate for various restitution coefficient e = 0.99 (open circles),
0.90 (open squares), and 0.70 (open triangles) and A = 1.5. The
dashed lines express Bagnoldian expressions Eq. (4) for various
e. (b) We present the effective shear viscosity Eq. (6) against the
effective shear rates Eq. (7) for (e,y*) = (0.99,0.01) (filled circles),
(0.90,0.05) (filled squares), and (0.70,0.1) (filled triangles). The
arrow indicates the time evolution. The vertical lines indicated by
A, B, and C show the critical shear rate y;(e) for various e = 0.99,
0.90, and 0.70, respectively. Here, y/(e = 0.99) = 0.0228, y(e =
0.90) = 0.0745, and y(e = 0.70) = 0.152.

However, the time evolutions of the temperature and the
effective shear viscosity (6) against the effective shear rate (7)
in Fig. 12 cannot be used, if the steady state is unstable for
y < ¥, for larger inelasticity.

APPENDIX C: COMPARISON OF THE STRESS TENSOR
WITH THE KINETIC STRESS TENSOR

In this Appendix, we verify whether the stress tensor is
dominated by the kinetic stress. To validate this, we measure
the ratio of the stress tensor (2) to the kinetic part of the stress
tensor by using our full scratched simulation code. Here, the
stress tensor is defined as

<> (—)k (—)C
P =P+ P, (ChH

where P € is the collisional contribution of the stress tensor,
defined by

event
<~ 1

Pe > Apri. (C2)
iJ

T 3At

S
A
TN R ]
g1
- k Pk k Pk
QS 8 b Ty b Ty
A o — n — EIJ |
. 0.5 Pacy p ny
=2
2,
S , AP %APk
AP AP
0 ! !
10 1073 1072 10" 10°
3 . 3k
Veft Y

FIG. 13. The ratios of the pressure, the shear stress, and the
pressure difference to the kinetic part of each of them for e = 0.99.
The arrow indicates the time evolution.

Here, A p; is the change of the momentum of the ith particle

during a collision, and At is set to 100 /md?/e. We have
confirmed that the results are insensitive to the time interval At
in the range 10/md?/e to 100/md?/¢. Figure 13 represents
the ratios for the pressure, the shear stress, and the pressure
difference. All quantities satisfy

Pk PL APk
098 < —, 2 =~ (1, (C3)
P’ P, AP
for y > y., and
Pk Pf, AP
09 < —, =2, —— <11, (C4)
P’ P, AP

for y < y.. in our simulations. Although the data are a little
scattered for the unstable regime (y < y.), we conclude that
the collisional contribution to the stress tensor is negligible
even for y < y..

APPENDIX D: DERIVATION OF EQ. (20)

In this Appendix, let us show the detailed derivation of T
From the collision rule Eq. (13), the following relationship is
satisfied:

cic) +chey, — el + eacn
= —A(crz - k) ek + ke) +2A%er, - k’kk.  (D1)

Here, we introduce the dimensionless velocity ¢; =
v;/(2e/m)"/?. Inserting Eq. (D1) into Eq. (17) and integrating
over C = (¢ + ¢2)/2, A is expressed as

(K) 1 _3 2d2(]‘[8>3/2(8)5/2
=——n"mn — —
2 m T

N 1
X /dcu/dkff(x,clg)clz exp (—56%2)

1
X |:1 + E(P:ﬁ - Saﬂ)CIZ,aCIZ.ﬂ]

x [—A(ers - k) ek + kepn) +24% (e - k)]
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1 3/2 5/2
- b () (3)
2 Tm T
x (AT + A5 + A5 + A}), (D2)

where ¢jp =¢1 — ¢, P}

<>
duced A7 (i =1,2,3,4) as

w5 = Pop/(nT), and we have intro-

<3 _ 2
Al = dC]z de(X C]z)C]zeXp 2T6‘12
x Aler - k)ernk + keyn), (D3)
3
AZ = Z/dCIZ/de(X 6‘12)6‘12 exp( 2T 12)
><A2(c12 )k, (D4)
<% 2
Ay =—= [ decn dka()( c12)C12 exp( 2TC12)
X(Paﬁ — 8up)Ci2.uC12 p A1 - ) (C1ok + ke12),
(Ds)
=
A = /dclz/dko(x c12)C12 exp( 2T012>
X(Py = dup)cinacinpA’(cr - k) kk, (D6)

respectively. Here, x is the scattering angle and we expand x
in terms of the small inelasticity 1 — e as

x=x0+0-exV+ 01 -e). (D7)

The explicit forms of x@ and x‘ are, respectively, given by
[31]

O e (b < min(x,90)

Xinelastic
X =100 minx M <5<y, (DY
0 b >N
[€))] "’ .
; . (b< AN
X(]) — Xinelastic (~ mln( ))’ (DY)
0 (b > min(1,2))

with the dimensionless collision parameter b = b/d and

b b B
Xl(l?e)]dstlc =7 — 2SiH_1 x - 2Sin_l ﬁ + 2sin ! ﬁv
(D10)
., b . b
xé?ﬁzmg = 2sin”" o 2sin”"! . (D11)
o bn? b b
Xinelastic = — = + — — —
\/Kz—bz \/mz—[ﬂ \/m2k2_b2
x cos® 6. (D12)

To evaluate f/rj‘) (i = 1,2,3,4), the following relations are
useful:

o0
/dk&(x,clz)(c,z-l})lé=2n/ dbb sin? %clz, (D13)
0

/d’:fa'()(,clz)(clz k) ke

o0
=7t/ dbbsin> £
0 2
2 2 X > ( .2 X 2X> ]
=1 2 = - = .
x[cucos > + (2sin > CcoS ) C12€C12

(D14)

It should be noted that these relations can be derived if we
choose ¢/, as the z axis and use polar coordinates to k. Inserting

Eq. (D13) into Eq. (D3), we rewrite (Ef) as

o0 ~
—471/(1012] db
0

2 & exp ( C%2>612012
2 2T

——JT f dc‘]z/ db

x Abc3, sin’ % exp (—ﬁcﬁ) T.

<%
A

x Abcy sin

(D15)
L <~
Similarly, from Eqgs. (D4) and (D14), A3 reduces to

<> © .
A5 =27 /dclz / dbA?bc, sin’ X exp (—icfz)
0 2 2T

X [6%2 cos? %1 + (2 sin? % — cos? %)clzclz]

16 ® . € PN
= —n? /dclz/(; dbA*bc3, sngexp (—ﬁcfz) I.

(D16)
Similarly, A5 and A} are, respectively, given by
<>
A = ——n fdclzf db
x Abc], sin’ %exp ( 5T cfz)(?* - ?), (D17)

<> 16 L
A= —rrzfdclz/ dbAbc], sin® X
15 0 2

3
X (1 -3 cos’ %) exp (—icfz)(?* - <T)).

Inserting Eqgs. (D15)—(D18) into Eq. (D2), we can obtain
Eq. (20).

APPENDIX E: DERIVATION OF THE ENERGY
DISSIPATION RATE ¢ AND THE FREQUENCY v

In this Appendix, we derive the expression for the energy
dissipation rate ¢ and the frequency v in terms of the
Boltzmann equation.

First, let us evaluate the energy dissipation rate ¢. The
energy dissipation rate can be expanded in terms of the series
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of the small inelasticity 1 — e as

o(T) = —dz/ 5/2/ de / db
12

x A(1 — A)bcy, sin® = exp ( 3T 12)
=0T+ (1 - e);“kT) +0(1—e)), (El)

where ¢ and ¢ are, respectively, given by [31]

Oy =o0, (E2)
Oy = na? [ ZE(£)" 0
Oy =n [T(E) e, E3)
with
(l)* _ 4 (o] Emax o
e (T)= - dcyp db
3 Jo 0

x b(M? — b*)cy, exp (‘%ﬁz)v (E4)

where b = min(91,4) with the introduction of a function
min(x,y) to select the smaller one between x and y.

Next, let us derive v. From Appendix D, the frequency v is
written as

5 7/2
v(T)_End / d612/ dbAbc12

[(1 —A)+ - A cos’ )2(} sin’ % exp( 28T cf2>

=vO(T) +1 - e)v“><T> +O((1 — e)?), (E5)

where v©® and vV are, respectively, given by

O =na () i @

e (N2, () ()
vO(T) = nd? 2= () 0" + (). ED)
with
o oo -
VO (1) = / deiy [ db
0 0

~ &
xbelysin’ x O exp (—3=ch).  (E8)

4 e} e ~
W) = = /0 dens /0 dBBOT — B,

0)
X (l — 3 cos? %) exp (—%C%z), (E9)

2 > o
— / dclzf db
5Jo 0

)

V(T =

x bel,x M sin2x© exp (— icf2> . (E10)
2T

Unfortunately, ¢(7') and v(T') cannot be expressed explicitly.

Therefore, we adopt the numerical integrals in Egs. (E1)—(E10)

over b and ¢y, for each T /s.

|
N
2>-0.05 1
-0.1 ‘ ‘
1072 107" 10°

sk

gl

FIG. 14. The ratio of the second kinetic normal stress difference
to the first kinetic normal stress difference A P for e = 0.99.

APPENDIX F: THE NORMAL STRESS DIFFERENCES

In this Appendix, let us show that the second normal stress

difference Pk — szz is much smaller than the first normal

stress dlfference A P¥ in our simulations. Figure 14 represents
the shear rate dependence of the ratio of the second normal
difference to the first normal stress difference obtained from
the simulations, which shows that the ratio satisfies

Pk — Pt

2z

This result also validates our treatment that we only consider

the set of p XV, and A P*¥ in our theoretical treatment.

APPENDIX G: LINEAR STABILITY ANALYSIS

In this Appendix, we study the linear stability of the uniform
shear state without any spatial fluctuation [52]. Let us consider
the steady state of the dimensionless temperature 7%, the
dimensionless pressure difference AP* = AP /(ne), and the
dimensionless shear stress P = Py, /(n¢). We add a per-
turbation around the steady state as 6¢p = (67", AP*,SP;),).
Introducing the dimensionless quantities y* = yty, {* = 1o,
and v* = vty with 1y = \/md?/e, the time evolution of the

fluctuation is linearized as

d

—8¢ = Mdo, Gl

500 ¢ (G1)
where the matrix M is defined by
M =

(ZyT +vTAP) -t =2y,
1 1
—(y‘*+y‘¢T*—§y;‘AP*+v;Pg) AN
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FIG. 15. The temperature dependence of the real part of the
eigenvalue whose absolute value is smallest (solid line). The open
circles are the linear solution of Eq. (G8). The inset also shows the
other two eigenvalues s, (dashed line) and s; (cross marks). The
painted area exhibits an unreachable region, where there is no steady
state.

with y* 4+ pr8T*, ¢* + £76T*, and v* 4+ v;8T* with y; =
@y*/oT*)r, ¢ = (0¢*/0T*)r, and vi = (Bv*/BT*)T The
Laplace transform of Eq. (G1) is expressed as

o(s)=(s T = M)y"'6¢(0), (G3)

where ¢(s) = L[5¢(t)] is the Laplace transform of §¢(¢). Let
us assume s; (i = 1,2,3) as the eigenvalues of the matrix M.
This yields that the matrices (s<T) — M) and (s<T> —M)!
have eigenvalues s —s; and 1/(s —s;) (i = 1,2,3), respec-
tively. The inverse Laplace transform of 1/(s — s;) is given by
exp(s;1)O(r), where ©(¢) is the step function, i.e., O(r) = 1 for
t > 0 and ©(¢) = 0 otherwise. The system becomes unstable
if any one of the eigenvalues have positive real part. Let
us glculate the eigenvalues numerically. The determinant of

— M is given by

det(s; T — M) =53+ As> + Assi + A3 =0, (G4)
where A, A,, and Aj; are, respectively, given by
Al = 3VT +§ +¢r T+ 207, (G5)
A2:v*2+2v (3yrPh + 44T
=37 (yrT* — 3V AP* + VP, (G6)
Ay = (377 +v?)GyrPL + 8 4+ 5 TY)
—5)/ 22y Py , + Vi APY)

—2V'H(y* + yp T — 97 AP* + v P}). (GT)

We also focus on the eigenvalue whose absolute value is

smallest. Neglecting the terms proportional to s? and s; in

Eq. (G4), we can obtain the linear approximation solution of
Eq. (G4) as

Az

Slinear = ———-

linear A2

Figure 15 presents the temperature dependence of the real

part of each eigenvalue s; (Res; > Res, > Ress), where Res;

(G8)

0.0002
0.0001
F(T*) o

-0.0001

-0.0002

1072 10° 102
T*
FIG. 16. The temperature dependence of Eq. (H3) for e = 0.99.

The shaded area exhibits an unreachable region, where there is no
steady state.

indicates the real part of s;. We also plot the linear approxi-
mation solution (G8). This linearized eigenvalue in Eq. (G8)
gives a good description of the full linear stability analysis.
Note that the real part of the eigenvalue becomes positive
for T < Tcr, = 0.04¢ in which the steady state is unstable.
Near the critical temperature, the magnitude of the smallest
eigenvalue is approximately 10~>. We note that approximately
10° collisions per particle are needed to reach the steady state
in this regime.

APPENDIX H: CRITICAL BEHAVIOR

In this Appendix, we calculate the critical temperature for
the linear stability analysis, where dy /0T becomes zero. From
Eq. (24), 0y /0T satisfies

2_8)'/ 3 v ( 20) 8v+ , 0C (HI)
—_ == v — — v —=.
Yor T2 —¢p O tVoar
This means that v = 0 or
av ile
_2 _ 2— = H2
(v §)§8T +v °T 0, (H2)

should be satisfied at the temperature satisfying dy /0T = 0.
As shown in Fig. 10, v becomes zero at T =~ 0.00451¢.
Let us calculate other temperatures where dy /0T becomes
zero. Using the dimensionless quantities, the left-hand side of
Eq. (H2) can be rewritten as

* a *
22

F(T*) = (v* s

v

I Sern (H3)

Figure 16 shows that Eq. (H3) has only one solution 7, =

0.910¢. The corresponding shear rate becomes y; = 0.0228
and any steady state does not exist for y < y,.

Let us expand the shear viscosity around the critical tem-

perature T,. First, the quantities v and ¢ are expanded as

v =+ VT — T.) + /(T — T + O(T — T.)°), (H4)

=0+ (T —T)+ 3¢(T — T + O(T — T.)), (HS)
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respectively, where ve = v(Tp), v, = (dv/dT)r,,
v, = (dv/dT)r, {=¢(T), ¢ =(d¢/dT)r, and
¢! = (d*¢/dT?)r,, respectively. Inserting into Eq. (24)
and Eq. (30), the shear rate and the shear viscosity are,
respectively, expressed as

y.l =1+ C(T -T2 +O(T - To)),  (H6)
C
T =14 G(T=T)+0O(T =T,  (H)
C
where y,, 1, C1, and C, are, respectively, given by
. 3 ché‘c
= |= , H8
=3 (HS)
Ve — é‘c 7
N = ——-onTy, (HO)

C

Cc(”c - 2§c)vé/ + ché‘c”
C =
4vele(ve — &)
(ve — 4€c)(§cvé - Vcé—é)z
- 8Vc§c2(‘)c - {c)2 ' (H10)
C2 — i _ (Vc - 2§C)Uc + Vcé‘C. (Hll)

T Ve(Ve — &e)

In the vicinity of the critical temperature 7, the relationship
between the shear viscosity and the shear rate becomes

cin? . .
n—ne =% — '
Ci v

Figure 8 shows this expansion which well agrees with both
the results of our simulation and the relationship obtained by
Egs. (24) and (30).

(H12)

[1] H. M. Jaeger, S. R. Nagel, and R. P. Behringer, Rev. Mod. Phys.
68, 1259 (1996).
[2] P.Jop, Y. Forterre, and O. Pouliquen, Nature (London) 441, 727
(2006).
[3] E. Boyer, E. Guazzelli, and O. Pouliquen, Phys. Rev. Lett. 107,
188301 (2011).
[4] GDR MiDi, Eur. Phys. J. E 14, 341 (2004).
[5] L. E. Silbert, D. Ertas, G. S. Grest, T. C. Halsey, D. Levine, and
S. J. Plimpton, Phys. Rev. E 64, 051302 (2001).
[6] J. T. Jenkins and M. W. Richman, Phys. Fluids 28, 3485 (1985).
[7] J. T. Jenkins and M. W. Richman, Arch. Ration. Mech. Anal. 87,
355 (1985).
[8] J. E. Lutsko, Phys. Rev. E 72, 021306 (2005).
[9] K. Saitoh and H. Hayakawa, Phys. Rev. E 75, 021302 (2007).
[10] A. Gnoli, A. Lasanta, A. Sarracino, and A. Puglisi, Sci. Rep. 6,
38604 (2016).
[11] J. J. Brey, J. W. Dufty, C. S. Kim, and A. Santos, Phys. Rev. E
58, 4638 (1998).
[12] V. Garzé and J. W. Dufty, Phys. Rev. E 59, 5895 (1999).
[13] N. V. Brilliantov and T. Poschel, Kinetic Theory of Granular
Gases (Oxford University Press, New York, 2004).
[14] N. Mitarai and H. Nakanishi, Phys. Rev. E 75, 031305 (2007).
[15] S. Chialvo and S. Sundaresan, Phys. Fluids 25, 070603
(2013).
[16] H. Hayakawa, S. Takada, and V. Garzd, Phys. Rev. E 96, 042903
(2017).
[17] K. Suzuki and H. Hayakawa, Phys. Rev. Lett. 115, 098001
(2015).
[18] E. DeGiuli, G. Diiring, E. Lerner, and M. Wyart, Phys. Rev. E
91, 062206 (2015).
[19] N. Mitarai and F. Nori, Adv. Phys. 55, 1 (2006).
[20] A. Castellanos, Adv. Phys. 54, 263 (2005).
[21] S. Herminghaus, Wet Granular Matter A Truly Complex Fluid
(World Scientific, Singapore, 2013).
[22] S. Herminghaus, Adv. Phys. 54, 221 (2005).
[23] S. H. E. Rahbari, J. Vollmer, S. Herminghaus, and M.
Brinkmann, Phys. Rev. E 82, 061305 (2010).
[24] P. Chaudhuri, L. Berthier, and L. Bocquet, Phys. Rev. E 85,
021503 (2012).

[25] Y. Gu, S. Chialvo, and S. Sundaresan, Phys. Rev. E 90, 032206
(2014).

[26] A. Singh, V. Magnanimo, K. Saitoh, and S. Luding, Phys. Rev.
E 90, 022202 (2014).

[27] S.Takada, K. Saitoh, and H. Hayakawa, Phys. Rev. E 90, 062207
(2014).

[28] K. Saitoh, S. Takada, and H. Hayakawa, Soft Matter 11, 6371
(2015).

[29] E. Irani, P. Chaudhuri, and C. Heussinger, Phys. Rev. Lett. 112,
188303 (2014).

[30] E. Irani, P. Chaudhuri, and C. Heussinger, Phys. Rev. E 94,
052608 (2016).

[31] S. Takada, K. Saitoh, and H. Hayakawa, Phys. Rev. E 94, 012906
(2016).

[32] A. Santos, V. Garzd, and J. W. Dufty, Phys. Rev. E 69, 061303
(2004).

[33] A. Santos and V. Garzd, J. Stat. Mech.: Theor. Exp. (2007)
P08021.

[34] M. N. Bannerman, R. Sargant, and L. Lue, J. Comp. Chem. 32,
3329 (2011); see also [http://dynamomd.org/].

[35] A. W. Lees and S. F. Edwards, J. Phys. C 5, 1921 (1972).

[36] M. Alam and S. Luding, J. Fluid Mech. 476, 69 (2003).

[37] R. M. Ziff, J. Stat. Phys. 23, 241 (1980).

[38] R. M. Zift, E. M. Hendriks, and M. H. Ernst, Phys. Rev. Lett.
49, 593 (1982).

[39] E. M. Hendriks, M. H. Ernst, and R. M. Ziff, J. Stat. Phys. 31,
519 (1983).

[40] S. Chapman and T. G. Cowling, The Mathematical Theory of
Non-uniform Gases, 3rd ed. (Cambridge University Press, New
York, 1970).

[41] L. D. Landau and E. M. Lifshitz, Mechanics, 3rd ed., Course of
Theoretical Physics (Butterworth-Heinemann, Oxford, 1976).

[42] H. Goldstein, C. Poole, and J. Safko, Classical Mechanics,
3rd ed. (Addison Wesley, Boston, 2001).

[43] H. Grad, Commun. Pure Appl. Math. 2, 331 (1949).

[44] N. Herdegen and S. Hess, Physica A 115, 281 (1982).

[45] M. Tij, E. E. Tahiri, J. M. Montanero, V. Garzd, A. Santos, and
J. W. Dufty, J. Stat. Phys. 103, 1035 (2001).

[46] V. Garz6, Phys. Rev. E 66, 021308 (2002).

042902-12


https://doi.org/10.1103/RevModPhys.68.1259
https://doi.org/10.1103/RevModPhys.68.1259
https://doi.org/10.1103/RevModPhys.68.1259
https://doi.org/10.1103/RevModPhys.68.1259
https://doi.org/10.1038/nature04801
https://doi.org/10.1038/nature04801
https://doi.org/10.1038/nature04801
https://doi.org/10.1038/nature04801
https://doi.org/10.1103/PhysRevLett.107.188301
https://doi.org/10.1103/PhysRevLett.107.188301
https://doi.org/10.1103/PhysRevLett.107.188301
https://doi.org/10.1103/PhysRevLett.107.188301
https://doi.org/10.1140/epje/i2003-10153-0
https://doi.org/10.1140/epje/i2003-10153-0
https://doi.org/10.1140/epje/i2003-10153-0
https://doi.org/10.1140/epje/i2003-10153-0
https://doi.org/10.1103/PhysRevE.64.051302
https://doi.org/10.1103/PhysRevE.64.051302
https://doi.org/10.1103/PhysRevE.64.051302
https://doi.org/10.1103/PhysRevE.64.051302
https://doi.org/10.1063/1.865302
https://doi.org/10.1063/1.865302
https://doi.org/10.1063/1.865302
https://doi.org/10.1063/1.865302
https://doi.org/10.1007/BF00250919
https://doi.org/10.1007/BF00250919
https://doi.org/10.1007/BF00250919
https://doi.org/10.1007/BF00250919
https://doi.org/10.1103/PhysRevE.72.021306
https://doi.org/10.1103/PhysRevE.72.021306
https://doi.org/10.1103/PhysRevE.72.021306
https://doi.org/10.1103/PhysRevE.72.021306
https://doi.org/10.1103/PhysRevE.75.021302
https://doi.org/10.1103/PhysRevE.75.021302
https://doi.org/10.1103/PhysRevE.75.021302
https://doi.org/10.1103/PhysRevE.75.021302
https://doi.org/10.1038/srep38604
https://doi.org/10.1038/srep38604
https://doi.org/10.1038/srep38604
https://doi.org/10.1038/srep38604
https://doi.org/10.1103/PhysRevE.58.4638
https://doi.org/10.1103/PhysRevE.58.4638
https://doi.org/10.1103/PhysRevE.58.4638
https://doi.org/10.1103/PhysRevE.58.4638
https://doi.org/10.1103/PhysRevE.59.5895
https://doi.org/10.1103/PhysRevE.59.5895
https://doi.org/10.1103/PhysRevE.59.5895
https://doi.org/10.1103/PhysRevE.59.5895
https://doi.org/10.1103/PhysRevE.75.031305
https://doi.org/10.1103/PhysRevE.75.031305
https://doi.org/10.1103/PhysRevE.75.031305
https://doi.org/10.1103/PhysRevE.75.031305
https://doi.org/10.1063/1.4812804
https://doi.org/10.1063/1.4812804
https://doi.org/10.1063/1.4812804
https://doi.org/10.1063/1.4812804
https://doi.org/10.1103/PhysRevE.96.042903
https://doi.org/10.1103/PhysRevE.96.042903
https://doi.org/10.1103/PhysRevE.96.042903
https://doi.org/10.1103/PhysRevE.96.042903
https://doi.org/10.1103/PhysRevLett.115.098001
https://doi.org/10.1103/PhysRevLett.115.098001
https://doi.org/10.1103/PhysRevLett.115.098001
https://doi.org/10.1103/PhysRevLett.115.098001
https://doi.org/10.1103/PhysRevE.91.062206
https://doi.org/10.1103/PhysRevE.91.062206
https://doi.org/10.1103/PhysRevE.91.062206
https://doi.org/10.1103/PhysRevE.91.062206
https://doi.org/10.1080/00018730600626065
https://doi.org/10.1080/00018730600626065
https://doi.org/10.1080/00018730600626065
https://doi.org/10.1080/00018730600626065
https://doi.org/10.1080/17461390500402657
https://doi.org/10.1080/17461390500402657
https://doi.org/10.1080/17461390500402657
https://doi.org/10.1080/17461390500402657
https://doi.org/10.1080/00018730500167855
https://doi.org/10.1080/00018730500167855
https://doi.org/10.1080/00018730500167855
https://doi.org/10.1080/00018730500167855
https://doi.org/10.1103/PhysRevE.82.061305
https://doi.org/10.1103/PhysRevE.82.061305
https://doi.org/10.1103/PhysRevE.82.061305
https://doi.org/10.1103/PhysRevE.82.061305
https://doi.org/10.1103/PhysRevE.85.021503
https://doi.org/10.1103/PhysRevE.85.021503
https://doi.org/10.1103/PhysRevE.85.021503
https://doi.org/10.1103/PhysRevE.85.021503
https://doi.org/10.1103/PhysRevE.90.032206
https://doi.org/10.1103/PhysRevE.90.032206
https://doi.org/10.1103/PhysRevE.90.032206
https://doi.org/10.1103/PhysRevE.90.032206
https://doi.org/10.1103/PhysRevE.90.022202
https://doi.org/10.1103/PhysRevE.90.022202
https://doi.org/10.1103/PhysRevE.90.022202
https://doi.org/10.1103/PhysRevE.90.022202
https://doi.org/10.1103/PhysRevE.90.062207
https://doi.org/10.1103/PhysRevE.90.062207
https://doi.org/10.1103/PhysRevE.90.062207
https://doi.org/10.1103/PhysRevE.90.062207
https://doi.org/10.1039/C5SM01160D
https://doi.org/10.1039/C5SM01160D
https://doi.org/10.1039/C5SM01160D
https://doi.org/10.1039/C5SM01160D
https://doi.org/10.1103/PhysRevLett.112.188303
https://doi.org/10.1103/PhysRevLett.112.188303
https://doi.org/10.1103/PhysRevLett.112.188303
https://doi.org/10.1103/PhysRevLett.112.188303
https://doi.org/10.1103/PhysRevE.94.052608
https://doi.org/10.1103/PhysRevE.94.052608
https://doi.org/10.1103/PhysRevE.94.052608
https://doi.org/10.1103/PhysRevE.94.052608
https://doi.org/10.1103/PhysRevE.94.012906
https://doi.org/10.1103/PhysRevE.94.012906
https://doi.org/10.1103/PhysRevE.94.012906
https://doi.org/10.1103/PhysRevE.94.012906
https://doi.org/10.1103/PhysRevE.69.061303
https://doi.org/10.1103/PhysRevE.69.061303
https://doi.org/10.1103/PhysRevE.69.061303
https://doi.org/10.1103/PhysRevE.69.061303
https://doi.org/10.1088/1742-5468/2007/08/P08021
https://doi.org/10.1088/1742-5468/2007/08/P08021
https://doi.org/10.1088/1742-5468/2007/08/P08021
https://doi.org/10.1002/jcc.21915
https://doi.org/10.1002/jcc.21915
https://doi.org/10.1002/jcc.21915
https://doi.org/10.1002/jcc.21915
http://dynamomd.org
https://doi.org/10.1088/0022-3719/5/15/006
https://doi.org/10.1088/0022-3719/5/15/006
https://doi.org/10.1088/0022-3719/5/15/006
https://doi.org/10.1088/0022-3719/5/15/006
https://doi.org/10.1017/S002211200200263X
https://doi.org/10.1017/S002211200200263X
https://doi.org/10.1017/S002211200200263X
https://doi.org/10.1017/S002211200200263X
https://doi.org/10.1007/BF01012594
https://doi.org/10.1007/BF01012594
https://doi.org/10.1007/BF01012594
https://doi.org/10.1007/BF01012594
https://doi.org/10.1103/PhysRevLett.49.593
https://doi.org/10.1103/PhysRevLett.49.593
https://doi.org/10.1103/PhysRevLett.49.593
https://doi.org/10.1103/PhysRevLett.49.593
https://doi.org/10.1007/BF01019497
https://doi.org/10.1007/BF01019497
https://doi.org/10.1007/BF01019497
https://doi.org/10.1007/BF01019497
https://doi.org/10.1002/cpa.3160020403
https://doi.org/10.1002/cpa.3160020403
https://doi.org/10.1002/cpa.3160020403
https://doi.org/10.1002/cpa.3160020403
https://doi.org/10.1016/0378-4371(82)90142-X
https://doi.org/10.1016/0378-4371(82)90142-X
https://doi.org/10.1016/0378-4371(82)90142-X
https://doi.org/10.1016/0378-4371(82)90142-X
https://doi.org/10.1023/A:1010317207358
https://doi.org/10.1023/A:1010317207358
https://doi.org/10.1023/A:1010317207358
https://doi.org/10.1023/A:1010317207358
https://doi.org/10.1103/PhysRevE.66.021308
https://doi.org/10.1103/PhysRevE.66.021308
https://doi.org/10.1103/PhysRevE.66.021308
https://doi.org/10.1103/PhysRevE.66.021308

RHEOLOGY OF DILUTE COHESIVE GRANULAR GASES

PHYSICAL REVIEW E 97, 042902 (2018)

[47] V. Garzd, in Proceedings of the 28th International Symposium
on Rarefied Gas Dynamics 2012, edited by M. Mareschal and
A. Santos, AIP Conf. Proc. No. 1501 (AIP, New York, 2005),
p- 1031.

[48] G. M. Kremer and W. Marques Jr., Kinet. Relat. Models 4, 317
(2011).

[49] V. Garz6, Phys. Fluids 25, 043301 (2013).

[50] M. G. Chamorro, F. V. Reyes, and V. Garzd, Phys. Rev. E 92,
052205 (2015).

[51] H. Hayakawa and S. Takada, EPJ Web Conf. 140, 09003
(2017).

[52] H. Hayakawa and S. Takada, arXiv:1611.07295.

[53] S. Y. Liem, D. Brown, and J. H. R. Clarke, Phys. Rev. A 45,
3706 (1992).

[54] A.Santos, V. Garzé, and J. J. Brey, Phys. Rev. A 46, 8018 (1992).

[55] A. S. Sangani, G. Mo, H.-K. Tsao, and D. L. Koch, J. Fluid
Mech. 313, 309 (1996).

[56] H.-K. Tsao and D. L. Koch, J. Fluid Mech. 296, 211 (1995).

042902-13


https://doi.org/10.3934/krm.2011.4.317
https://doi.org/10.3934/krm.2011.4.317
https://doi.org/10.3934/krm.2011.4.317
https://doi.org/10.3934/krm.2011.4.317
https://doi.org/10.1063/1.4798824
https://doi.org/10.1063/1.4798824
https://doi.org/10.1063/1.4798824
https://doi.org/10.1063/1.4798824
https://doi.org/10.1103/PhysRevE.92.052205
https://doi.org/10.1103/PhysRevE.92.052205
https://doi.org/10.1103/PhysRevE.92.052205
https://doi.org/10.1103/PhysRevE.92.052205
https://doi.org/10.1051/epjconf/201714009003
https://doi.org/10.1051/epjconf/201714009003
https://doi.org/10.1051/epjconf/201714009003
https://doi.org/10.1051/epjconf/201714009003
http://arxiv.org/abs/arXiv:1611.07295
https://doi.org/10.1103/PhysRevA.45.3706
https://doi.org/10.1103/PhysRevA.45.3706
https://doi.org/10.1103/PhysRevA.45.3706
https://doi.org/10.1103/PhysRevA.45.3706
https://doi.org/10.1103/PhysRevA.46.8018
https://doi.org/10.1103/PhysRevA.46.8018
https://doi.org/10.1103/PhysRevA.46.8018
https://doi.org/10.1103/PhysRevA.46.8018
https://doi.org/10.1017/S0022112096002224
https://doi.org/10.1017/S0022112096002224
https://doi.org/10.1017/S0022112096002224
https://doi.org/10.1017/S0022112096002224
https://doi.org/10.1017/S0022112095002114
https://doi.org/10.1017/S0022112095002114
https://doi.org/10.1017/S0022112095002114
https://doi.org/10.1017/S0022112095002114



