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We derive open quantum maps from periodically kicked scattering systems and discuss the computation of
their resonance spectra in terms of theoretically grounded methods, such as complex scaling and sufficiently weak
absorbing potentials. In contrast, we also show that current implementations of open quantum maps, based on
strong absorptive or even projective openings, fail to produce the resonance spectra of kicked scattering systems.
This comparison pinpoints flaws in current implementations of open quantum maps, namely, the inability to
separate resonance eigenvalues from the continuum as well as the presence of diffraction effects due to strong
absorption. The reported deviations from the true resonance spectra appear, even if the openings do not affect
the classical trapped set, and become appreciable for shorter-lived resonances, e.g., those associated with chaotic
orbits. This makes the open quantum maps, which we derive in this paper, a valuable alternative for future
explorations of quantum-chaotic scattering systems, for example, in the context of the fractal Weyl law. The
results are illustrated for a quantum map model whose classical dynamics exhibits key features of ionization and
a trapped set which is organized by a topological horseshoe.
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I. INTRODUCTION

Recent decades have witnessed significant progress in the
semiclassical understanding of resonance states and resonance
spectra of complex scattering systems. In particular, for scat-
tering systems with fully chaotic dynamics it was explored
(i) how scattering from a chaotic repeller can lead to the
formation of a spectral gap [1–3], (ii) how properties of
the classical dynamics are reflected in the fluctuations of the
scattering matrix [4–8], (iii) how resonance eigenvalues can
be determined from periodic orbits [9,10], (iv) how counting
functions of long-lived resonance states relate to the fractal
dimension of the classical invariant sets (fractal Weyl law)
[11–17], and (v) how resonance states localize on classical
invariant sets [18,19].

In order to corroborate and extend such results, it is crucial
to have good toy models. Ideally, such toy models should
be easy to exploit numerically and yet generic enough to
exhibit a robust effect of quantum-to-classical correspondence.
Toy models which are believed to exhibit these properties
are open quantum maps; see Ref. [20] for their mathematical
definition, Refs. [15,16] for reviews, and Refs. [14–19,21–41]
for examples.

In theory, open quantum maps quantize the classical flow of
an open system along its trapped set and represent a reduction
of the corresponding scattering system to a subunitary operator,
which holds the essential information on long-lived resonances
[15,20,42]. In a similar spirit [43], one may think of open
quantum maps as the time-evolution operator corresponding
to an effective Hamiltonian which arises from a reduction
of a scattering system via the Feshbach approach [44–46].
Altogether, this shows that the concept of open quantum maps
rests upon a firm theoretical foundation. Hence, it is not
surprising that open quantum maps have been used to model
all sorts of scattering systems, such as ionizing atoms [21],
mesoscopic scattering systems with point contacts [24–28] in

a spirit similar to random matrix theory [47,48], or dielectric
cavities [32,38].

In spite of their firm theoretical background and popularity,
there remains room for criticism when it comes to practical
implementations of open quantum maps, which we refer to as
heuristic models throughout this paper. One criticism is that
none of the aforementioned theoretical approaches has ever
been used to derive an open quantum map from a concrete
scattering system. Instead, virtually any known open quantum
map is a heuristic model which is introduced in an ad hoc
manner by combining the unitary time-evolution operator of
a closed system, such as a quantum map on a torus, with an
absorption operator, such as a Fresnel-type reflection operator
or a projector (see Refs. [14–19,21–41] for examples). While
these heuristic models have stimulated many findings in the
past, they do not represent a step by step reduction of a
scattering system in the sense of Ref. [20] and it remains
unclear to what degree they faithfully represent resonances.

Another criticism of heuristic models centers around the
somewhat distracting use of nonanalytic absorption operators
for the following reasons. (i) The reduction of scattering
systems to open quantum maps as described in Ref. [15]
explicitly excludes nonanalytic absorption operators. (ii) In
quantum chemistry computations of resonance spectra based
on absorbing potentials, one carefully has to minimize the
backreflections from absorbing potentials into the scattering
region [49]. In such cases rapidly varying absorbing potentials
with nonanalytic parts obscure the computation. (iii) Scattering
systems with nonanalytic potentials usually exhibit diffraction
effects which make quantitative investigations of quantum-to-
classical correspondence considerably more complicated [50–
52]. All in all this makes quantum map models of scattering
based on analytic potentials desirable.

In this paper we propose a class of open quantum maps
which is not hampered by the foregoing criticism. This class
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FIG. 1. Numerically determined spectra (dots) of a kicked scattering system for kick strength κ = 11 (chaotic dynamics) and effective Planck
constant heff = 1/50. See the text for details. The gray line represents a unit circle. The resonance spectrum separates from the continuous
spectrum for (a) complex scaling and (b) weak absorbing potentials. The continuous spectrum localizes along a spiral [red line in (a)]. Numerical
spectra are obtained with (c) strong absorbing potentials and (d) projective openings. The separation of continuous and resonance spectra is
lost.

of open quantum maps derives from periodically kicked scat-
tering systems with analytic potentials and describes the time
evolution of these systems. In contrast to heuristic models, the
quantum maps of kicked systems will naturally accommodate
resonances and do not require adding any absorption to the
system. In particular, the clear connection with periodically
kicked scattering systems allows for applying the method of
complex scaling [53–57] as previously developed for time-
periodic systems [58–62]. This results in a complex-scaled
quantum map (48), from which the resonance spectra of kicked
scattering systems can readily be computed in a mathemati-
cally rigorous manner [see Fig. 1(a) for an example].

In this paper we further examine to what degree the
framework of heuristic models allows for computing reso-
nance spectra. To this end we adapt the method of absorbing
potentials [49] to kicked scattering systems. This results
in an absorption-augmented quantum map (54), which has
exactly the same structure as heuristic model systems. We
show that this quantum map also allows for computing the
resonance spectrum of kicked scattering systems, albeit only
in the limit of sufficiently weak absorption [see Fig. 1(b)].
On the other hand, we demonstrate that strong absorbing
potentials and projective openings, as commonly used for
heuristic models, do not allow for computing the resonance
spectrum of kicked scattering systems [see Figs. 1(c) and 1(d),
respectively].

In comparing heuristic models with strong absorptive and
projective openings to theoretically grounded methods such as
complex scaling and weak absorption, our results demonstrate
major deficiencies in heuristic models. (i) A real scattering
system will always exhibit a continuous spectrum which must
be carefully separated from the resonance spectrum in numer-
ical computations [49,57]. In kicked scattering systems this
separation can be accomplished by means of complex scaling
and weak absorbing potentials. For an illustration see Figs. 1(a)
and 1(b), where the continuous spectrum is located along a
spiral, while resonance eigenvalues can be found away from
the spiral. On the other hand, upon increasing the absorption
towards either strong absorptive or even projective openings,
we observe a blowup of the continuous spectrum [see Figs. 1(c)
and 1(d)]. As a consequence, the accuracy of the eigenvalues
degrades and it becomes impossible to separate resonance

eigenvalues from remnants of the continuous spectrum. We
emphasize that this problem occurs even if the absorption
does not affect the trapped set, which carries the semiclassical
information on the resonance spectrum. All in all, this obscures
the meaning of resonance eigenvalues in heuristic models.

(ii) Our results hint at the presence of diffraction in heuristic
models. That is, in contrasting resonance spectra as obtained
from complex scaling, on the one hand, with resonance spectra
as obtained from strong absorptive or projective openings, on
the other hand, we present two implementations of kicked
scattering systems whose classical trapped sets are identical.
In such circumstances one would semiclassically expect from
periodic orbit theory that any implementation should have
identical resonance spectra. Thus, the spectral discrepancy
between both implementations hints at the presence of non-
classical diffraction effects, presumably due to nonanalytic
absorbing potentials in heuristic model systems.

In summary, the results of this paper cast doubt on the
utility of heuristic models for explorations of quantum chaotic
scattering systems. In particular, our results question to what
degree heuristic models, such as the open baker’s map and
the open standard map, can be trusted when exploring spectral
properties of chaotic scattering systems, such as the fractal
Weyl law.

In order to illustrate our results and further establish the
utility of our class of open quantum maps for explorations
of chaotic scattering, we introduce a model system whose
kicking potential is composed of entire functions. For this
model system we discuss the organization of its classical
flow in terms of few stable and unstable manifolds, following
standard methods in Hamiltonian transport [63–67]. This dis-
cussion shows that kicked scattering systems exhibit the same
phase-space structures which commonly appear in classical
ionization [68–70] and dissociation [71]. Moreover, it allows
for demonstrating that the trapped set of our model system is
organized in a topological horseshoe.

Ultimately, we hope that the quantum maps of kicked
scattering systems which we present in this paper can become
a viable alternative to heuristic models. To this end it would
be useful if the uniform hyperbolicity of the proposed model
system can be proven. This would result in a uniformly
hyperbolic model system, which, in contrast to the three-disk
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scatterer [1–3,72] and the open baker’s map [15,29–31,33], is
free from distracting diffraction effects. This should be useful
for future investigations of the fractal Weyl conjecture and
further topics in chaotic scattering. Even more so, we expect
that the quantum maps of kicked scattering systems should
be useful for exploiting scattering systems with a mixed phase
space, for which many more questions of quantum-to-classical
correspondence remain unsolved.

The paper is organized as follows. In Sec. II we specify
periodically kicked scattering systems and lay out some basic
notation. In Sec. III we introduce the model system and discuss
its classical dynamics. In Sec. IV we derive quantum maps for
periodically kicked scattering systems and discuss the compu-
tation of their resonance spectra in terms of complex scaling
and absorbing potentials. A summary and discussion are given
in Sec. V. The numerical computations are documented in the
Appendixes.

II. KICKED SCATTERING SYSTEMS

In this paper we are concerned with periodically kicked,
one-degree-of-freedom quantum systems which obey the time-
dependent Schrödinger equation[

ih̄
∂

∂t
+ h̄2

2

∂2

∂q2
− V (q)

∑
n∈Z

δ(t − n)

]
ψ(q,t) = 0. (1)

Here all quantities have been scaled to dimensionless units.
In particular, q ∈ R denotes the position, t ∈ R denotes time,
h̄ ∈ R+ denotes the reduced effective Planck constant, and ψ

represents the wave function. We further refer to heff := 2πh̄

as the effective Planck constant. It is treated as a free parameter
and heff → 0 denotes the semiclassical limit. Furthermore, δ(·)
represents the Dirac δ function. The corresponding classical
dynamics is given by the Hamilton function

H (q,p; t) = p2

2
+ V (q)

∑
n∈Z

δ(t − n), (2)

with p ∈ R being the momentum. The crucial point of this
paper is to consider kicking potentials V (q) which tend to zero
sufficiently fast as |q| tends to infinity

lim
q→±∞ V (q) = 0, (3)

i.e., we consider scattering systems for which the classical
dynamics resemble free motion as |q| tends to infinity.

Classical map. In order to investigate the classical dynamics
of periodically kicked scattering systems we use stroboscopic
phase-space sections. They are obtained by integrating Hamil-
ton’s equations of motion over one period in time. This results
in a symplectic map on R2,

U : (qn,pn) �→ (qn+1,pn+1), (4)

which in its symmetrized version is given by

qn+1 = qn + pn − 1
2V ′(qn), (5a)

pn+1 = pn − 1
2V ′(qn) − 1

2V ′(qn+1). (5b)

Here (qn,pn) denotes phase-space points along a trajectory
in the middle of the nth kick, while V ′ denotes the derivative
of the kicking potential with respect to q.

Quantum map. The quantum mechanical analog of the
classical map U is the time-evolution operator over one period
of the external driving [73,74]. This operator is referred to as
a quantum map [73]. It is given by

Û = exp

(
− i

h̄

V (q̂)

2

)
exp

(
− i

h̄

p̂2

2

)
exp

(
− i

h̄

V (q̂)

2

)
, (6)

where the operators fulfill the usual commutation relation
[q̂,p̂] = ih̄. Due to Eq. (3), the system is unbound and the
quantum map supports a resonance spectrum. Thus, it is
already open. In order to access its resonance spectrum we will
derive its complex-scaled form, Eq. (48), and its absorption-
augmented form, Eq. (54).

III. MODEL SYSTEM: CLASSICAL DYNAMICS

In this section we specify the model system and discuss its
classical dynamics.

A. A family of kicking potentials

In what follows we consider maps induced by the kicking
potential

V (q) = Vκ (q) + Vε(q). (7)

Its main part is an attractive Gaussian

Vκ (q) = − κ

16
exp(−8q2), (8)

with kick strength κ � 0. This system was previously studied
as a model of chaotic scattering [75,76] as well as a model of
a pulsed optical trap for cold-atom systems [77]. For κ < 0
it has further been used as a model of an oscillating barrier
potential [78,79]. The dimensionless units are chosen such
that a version of Chirikov’s standard map [80], induced by
V (q) = −κ/(2π )2 cos(2πq), is mimicked in the region q ∈
(−0.5,0.5). This applies in particular to the stability matrix
which controls the dynamics around the central fixed point
(qc,pc) = (0,0) as well as the extrema of V ′(q), located at
qe = ±1/4.

In order to confine the trapped set of the model system
in a compact region, we further add a perturbation term. This
perturbation term could be any function, which ensures that the
overall potential in Eq. (7) decreases to zero monotonically in
the asymptotic regions (q → ±∞). Since we do not expect the
conclusions of this paper to crucially depend upon the details
of the perturbation term, we make the convenient choice

Vε(q) = −ε{erf(
√

8[q − xb]) − erf(
√

8[q + xb])}, (9)

where erf(·) is the error function, xb is a positive real parameter,
and ε > 0 is a small perturbation strength determined as

ε = κ
√

π

2
√

8
xf

exp(−8xb[2xf − xb])

1 − exp(−32xfxb)
, (10)

with

16xbxf > 1. (11)
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FIG. 2. Phase space of the model system for κ = 2.9. The initial
segments of the stable and unstable manifolds (thick lines) form the
boundary of the (gray shaded) scattering region. Dots represent fixed
points and heteroclinic points. Thin lines show the stable (black) and
unstable (gray) manifolds, which form the boundary of the lobe areas.
Gray arrows indicate transport from incoming to outgoing regions, as
marked by dotted lines.

This choice is motivated as follows. (i) The functional form
of the perturbation term is convenient for comparing the
derivatives of Eqs. (8) and (9), which explains the factor√

8 in Eq (9). This is useful for proving that the overall
potential decreases monotonically in the asymptotic regions
(q → ±∞). (ii) The above perturbation term confines the
trapped set to the strip (q,p) ∈ [−xf,xf] × R and Eq. (10)
allows for directly controlling the perturbation strength ε

through the width xf of that strip. (iii) Finally, Eq. (11) is a
sufficient condition, which allows for proving the confinement
of the trapped set. See Appendix A and the discussion below
for details.

More specifically, for the above perturbation term, it can be
proven that any trajectory entering the outgoing regions

O+ = {(q,p) ∈ R2 : p > 0,q > xf}, (12)

O− = {(q,p) ∈ R2 : p < 0,q < −xf} (13)

escapes to q → ±∞, respectively. Due to time-reversal sym-
metry, this further gives the incoming regions

I+ = {(q,p) ∈ R2 : p < 0,q > xf}, (14)

I− = {(q,p) ∈ R2 : p > 0,q < −xf}, (15)

where trajectories escape to q → ±∞ in backward time (see
Fig. 2 for a sketch and Appendix A for details). Thus, the
perturbation term ensures that the trapped set

K := {
(q,p) ∈ R2 : lim

n→±∞ |Un(q,p)| < ∞}
(16)

is confined to the strip (q,p) ∈ [−xf,xf] × R. Furthermore, one
can show that the trapped set must be contained in a compact
square

K ⊂ [−xf,xf] × [−pmax,pmax]. (17)

Here pmax must be chosen sufficiently large such that any point
with q ∈ [−xf,xf] and |p| > pmax has sufficient momentum to
reach either of the outgoing regions O± in one iteration of the

map U . Since V ′(q) is bounded, a valid choice is given by
pmax = 2xf + maxq∈R{V ′(q)}.

The above choice of parameters [Eqs. (10) and (11)] further
allows for locating two unstable fixed points at

u0 := (xf,0), ū0 := (−xf,0). (18)

As discussed in the next section, their stable and unstable
manifolds control the dynamics in the scattering region and
provide sharper bounds on the trapped set.

Note that the proposed kicking potential fulfills Eq. (3). In
fact, it decreases to zero exponentially fast and drops below
machine precision for |q| � 2. It further is an entire function,
i.e., it has no discontinuities.

B. Phase space

From now on we fix the parameters of the model system as
xf = 1.2 and xb = 1 and discuss its phase space.

1. Scattering region

In this section we discuss how the stable and unstable
manifolds of the fixed points u0 and ū0 organize the classical
dynamics. The discussion follows standard arguments in clas-
sical transport [63–67] and commonly appears in problems
of classical ionization [68–70] and dissociation [71]. The
discussion is visually supported by Fig. 2 for the example
κ = 2.9. Qualitatively similar structures are observed for any
κ > 0.

In what follows we omit manifolds which trivially extend
into the outgoing and incoming regions. We further focus on
one side of the symmetry. Related properties for the symmetry
partners, as marked by an overbar, are implied. We refer to the
stable manifold of u0 as Ws and the unstable manifold of ū0

as Wu. A closed segment of a manifold W with end points x

and x ′ is referred to as W [x,x ′].
a. Initial segments. We start by numerically constructing

the initial segments of the relevant manifolds up to their first
heteroclinic intersection points h0 and h̄0. Here h0 is chosen
such that

Wu[ū0,h0] ∩ Ws[h0,u0] = h0. (19)

Note that h0 gives rise to a heteroclinic orbit and replacing it
by any of its forward or backward iterates is a topologically
equivalent choice. The example system exhibits two distinct
heteroclinic orbits whose points satisfy condition (19). Here
we choose h0 from the heteroclinic orbit which has no point
along the symmetry axis q = 0. This choice is convenient in
the discussion of the topological horseshoe further below.

b. Scattering region. We now define the scattering region
S . It is the compact set whose boundary is given by the closed
curve of initial segments

∂S = Wu[ū0,h0] ∪ Ws[h0,u0] ∪ W̄ u[u0,h̄0] ∪ W̄ s[h̄0,ū0]

(see the thick lines and the gray shaded region in Fig. 2).
c. Lobes. In the next step we consider a backward iteration

of the map U . This maps the heteroclinic point h0 onto h−1.
It further shortens the initial segment of the unstable manifold
to the point h−1. The initial segment of the stable manifold
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reproduces up to the point h0 and produces an additional seg-
ment Ws[h0,h−1]. This segment and the segment Wu[h0,h−1]
together form the boundary of two lobes, labeled E0 and C0 in
Fig. 2. To be precise, E0 includes boundary points which are not
on the stable segment, whileC0 includes boundary points which
are not on the unstable segment. Propagating the lobes and the
corresponding segments of the stable and unstable manifolds
forward and backward to times i ∈ Z gives the lobe iterates,
according to

Ci = {(q,p) ∈ R2 : U−i(q,p) ∈ C0}, (20a)

Ei = {(q,p) ∈ R2 : U−i(q,p) ∈ E0}. (20b)

This is depicted in Fig. 2.
d. Partial barrier, flux, and turnstiles. As discussed in

Refs. [63,64,66], the curve Wu[ū0,h0] ∩ Ws[h0,u0] is a partial
barrier. Orbits which leave the scattering region across the
partial barrier in one iteration of the map are initially in E0

and map to E1. Orbits which enter the scattering region across
the partial barrier in one iteration of the map are initially in C0

and map to C1. The Lebesgue measure μ(·) of all lobes is equal
to

� := μ(Ei) = μ(Ci) ∀i ∈ Z

such that�denotes the flux exchanged across the partial barrier
in one iteration of the map. This mechanism is called turnstile
transport.

e. No return, escape, and capture. The model system
exhibits additional properties, which commonly appear in
classical ionization [68,69] and dissociation [71]. Namely,
after leaving the scattering region the E lobes do not return
and propagate into the outgoing region

S ∩ Ei>0 = ∅, lim
i→∞

Ei ⊂ O+. (21)

Hence, we call them escape lobes. Similarly, after leaving the
scattering region in backward time the C lobes do not return
and propagate into the incoming region

S ∩ Ci�0 = ∅, lim
i→−∞

Ci ⊂ I−. (22)

Since any orbit propagating from an incoming region into the
scattering region must pass through C0, we call them capture
lobes.

f. Trapped set. The above properties imply that the trapped
set K is confined to the scattering region as

K ⊂ S \ ∪i∈Z(Ci ∪ Ei ∪ C̄i ∪ Ēi). (23)

This is because any orbit of the model system which is neither
on a capture lobe nor within the scattering region trivially
propagates towards the outgoing region. Hence, the trapped
set must be on the capture lobes or within the scattering
region. Further, excluding both escape and capture lobes, due
to Eqs. (21) and (22), gives the above property.

g. Dynamics in the scattering region. For intermediate kick
strength (1 � κ � 6) the dynamics in the scattering region
exhibit a mixed phase space. Here the trapped set K accom-
modates regular motion along invariant tori. As the kicking
strength of the model system is increased beyond κ � 8,
we are no longer able to detect regular motion in numerical
simulations. In particular, when searching for periodic orbits
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FIG. 3. (a) Scattering region and (b) its forward iterate (gray
areas), for κ = 11. Lines represent the stable and unstable manifolds
of the fixed points u0 and ū0. Dots denote fixed points and heteroclinic
points. Gray striped regions indicate the nonempty intersections (27).

up to period ten, we find all of the numerically detected orbits
to be unstable. The dynamics in the scattering region becomes
chaotic.

2. Topological horseshoe

In this section we present numerical evidence that the
scattering region turns into a topological horseshoe for kick
strength κ � 10.5. We start by considering the forward and
backward iterates of the scattering region S , as illustrated
in Figs. 3 and 4 for κ = 11. Here the forward iterate of the
scattering region U (S) cuts across the scattering regionS along
three mutually disjoint sets X1, Y1, and Z1,

S ∩ U (S) = X1 ∪ Y1 ∪ Z1. (24)

The rest of the forward iterate U (S) is located along the escape
lobes E1 and Ē1, which do not return to the scattering region
(see Fig. 3). Similarly, the backward iterate of the scattering
region U−1(S) cuts across the scattering region S along three
mutually disjoint sets X0, Y0, and Z0,

S ∩ U−1(S) = X0 ∪ Y0 ∪ Z0. (25)

The rest of the backward iterate is located along the capture
lobes C0 and C̄0, which do not return to the scattering region in
backward time (see Fig. 4). This is a topological horseshoe.

In order to show the structure of the topological horse-
shoe more clearly, we summarize the foregoing discussion
in a homeomorphically equivalent schematic representation
in Fig. 5. Here the scattering region appears as a square in a
plane. Furthermore, any point which leaves the square, in either
forward or backward time, tends to infinity and never returns.
The forward and backward iterates of the scattering region are
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ū0

u0

Wu

W̄ s

W s

W̄u

U−1

−1.4

1.4

−1. 12 .2

(b)

q

p X0 Y0 Z0

E0 C0
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FIG. 4. (a) Scattering region and (b) its backward iterate (gray
areas), for κ = 11. Lines represent the stable and unstable manifolds
of the fixed points u0 and ū0. Dots denote fixed points and heteroclinic
points. Gray striped regions indicate the nonempty intersections (27).

cut in three mutually disjoint vertical and horizontal stripes,
thus forming a topological horseshoe.

We remark that the topological horseshoe for this model
is realized through a phenomenon reminiscent of the first
tangency in the Hénon map. Namely, for the model system, we
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FIG. 5. (a) and (d) The scattering region and (b) its forward and
(c) backward iterates, respectively, are schematically shown by gray
areas. Lines represent the stable and unstable manifolds of the fixed
points u0 and ū0. Dots represent fixed points and heteroclinic points.
Gray striped regions indicate the nonempty intersections (27).
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FIG. 6. Stable and unstable manifolds of the fixed points u0 and
ū0 for κ = 11 are depicted by gray and black lines, respectively. The
initial segments (thick lines) form the boundaries of the (gray shaded)
scattering region.

find that the scattering region turns into a topological horseshoe
if the lobes have nonempty intersections

E0 ∩ C̄0 
= ∅, Ē0 ∩ C0 
= ∅, (26)

more specifically, if the corresponding boundary segments
of the stable and unstable manifolds intersect transversally
in exactly two homoclinic points. Combining Eq. (26) with
Eq. (20) immediately implies that

Ei ∩ C̄i 
= ∅, Ēi ∩ Ci 
= ∅ ∀i ∈ Z. (27)

Thus, the nonempty intersections (26) enforce that the capture
lobes C̄1 and C1 are pulled through the scattering region in a
forward iteration. These capture lobes cut the remaining part of
the scattering region into three disjoint stripes, thus enforcing a
topological horseshoe. For an illustration, see Figs. 3, 5(a), and
5(b), where the nonempty intersections in Eq. (27) are marked
by gray striped areas. Similarly, the nonempty intersections
[Eq. (27) for i = 1], enforce that the escape lobes Ē0 and E0

are pulled through the scattering region in a backward iteration.
These escape lobes cut the remaining part of the scattering
region into three disjoint stripes, thus enforcing a topological
horseshoe. For an illustration, see Figs. 4, 5(c), and 5(d), where
the nonempty intersections in Eq. (27) are marked by gray
striped areas. Condition (26) can be checked numerically, using
finite segments of the stable and unstable manifolds. We find
that it is fulfilled for any numerically tested value κ � 10.5.

Complete horseshoe and uniform hyperbolicity? Note that
a topological horseshoe is not yet a sufficient condition for
a complete horseshoe [81,82]. Proving a complete horseshoe
might be achieved by checking the sector condition, described
in Ref. [82], but was not attempted here. Note that a topological
horseshoe further cannot guarantee the uniform hyperbolicity
of the model system. The only numerical indication in this
direction is obtained by constructing long but finite approxima-
tions to the stable and unstable manifolds. For any numerically
tested value κ � 10.5 we observe that these manifolds always
intersect at finite angles (see Fig. 6 for the case κ = 11).

This finishes the construction of the model system. For the
rest of the paper we will focus on the model system for κ = 11
where the topological horseshoe holds.
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IV. RESONANCE SPECTRA AND QUANTUM MAPS

In this section we derive quantum maps for kicked scatter-
ing systems and discuss the computation of their resonance
spectra in terms of complex scaling and absorbing potentials.
In particular, in Sec. IV D the method of complex scaling
[53–57] as developed for time-periodic systems [58–62] is
adapted to periodically kicked scattering systems. This results
in the complex-scaled time-evolution operator (48), i.e., the
complex-scaled quantum map from which resonance spectra
can readily be computed (see Fig. 9). In Sec. IV E we further
examine resonance spectra of heuristic model systems. To this
end we adapt the method of complex absorbing potentials
[49] to kicked scattering systems. This leads to an absorption-
augmented time-evolution operator (54), which admits the
form of a heuristic model. We show that this operator also
allows for computing the resonance spectra of kicked scattering
systems [see Fig. 10(b)], albeit only in the limit of weak
absorption. On the other hand, we also show that strong
absorption [Fig. 10(a)] and projective openings (Fig. 11), as
commonly applied to heuristic models, fail to produce the
resonance spectrum. An overview of the main ideas is given in
Sec. IV A, while introductory remarks on Floquet theory and
complex scaling are given in Secs. IV B and IV C, respectively.

A. Computation of resonances: Overview

The main goal of Sec. IV is to numerically compute
resonance spectra of periodically kicked scattering systems
(1). Since this task can at times become quite technical, we
give an outline of the key points and recommend Ref. [57] for
a review.

1. Resonances

Since periodically kicked scattering systems are unbound,
they admit resonance solutions with eigenvalues in the
lower half of the complex plane. Their real parts denote
(quasi)energies, while their imaginary part describes the life-
times of a resonance solution and may, for example, be
associated with the width of a spectral line. Mathematically,
a resonance is associated with the poles of the resolvent,
analytically continued into the lower half of the complex plane.
Thus, resonance states are to a scattering system as bound
states are to a closed system, i.e., they allow for efficient basis
expansions of wave packets, scattering cross sections, or the
scattering matrix (see Ref. [57] for an overview).

2. Challenges

In numerical computations of resonance spectra, we face
several challenges which are unfamiliar in closed systems.
(i) Resonance states are not square integrable. Even worse,
they diverge at infinity. Hence, they cannot be computed by
simple basis-state expansions. (ii) In contrast to closed sys-
tems, a scattering system also contains a continuous spectrum,
associated with scattering solutions which neither diverge nor
decrease in the asymptotic regions. In numerical computations,
the remnants of this continuous spectrum must be separated
from resonance eigenvalues. (iii) The time dependence of
periodically kicked scattering systems poses an additional
challenge.

3. Floquet theory

The time-periodic structure of kicked scattering systems
results in resonance solutions which are quasiperiodic in time
[83,84]. The resonance eigenvalues, referred to as quasiener-
gies, may be computed from either the so-called Floquet
Hamiltonian or the stroboscopic time-evolution operator. Since
the stroboscopic time-evolution operator is the quantum map,
we here choose the second approach. Details are described in
Sec. IV B.

4. Complex scaling

In order to deal with the divergence of resonance states
we adapt two standard methods to periodically kicked scat-
tering systems, namely, complex scaling [53–57], as pre-
viously developed for time-periodic systems [58–62] and
complex absorbing potentials, as previously discussed for
time-independent systems [49].

The main idea of complex scaling [53–55] is to consider the
system along a complex contour

C : s ∈ R �→ q ∈ C with q(s) := s exp(iθ ), (28)

determined by the scaling angle θ . While this turns the
Schrödinger equation into a non-Hermitian operator, it also
changes the asymptotic behavior of resonance states. In par-
ticular, long-lived resonance states become square integrable,
which makes their eigenvalues amenable to numerical com-
putations using basis-state expansions. The method further
rotates the continuous spectrum away from the real axis
and thus allows for its effective separation from resonance
eigenvalues. We emphasize that complex scaling is far more
than just a numerical method to compute resonances. In
particular, in the mathematical literature it is the method of
choice for dealing with resonances; see, for example, Ref. [55]
for time-independent systems, Refs. [85–87] for time-periodic
systems, and Ref. [20] for open quantum maps. An intro-
ductory description of complex scaling for time-independent
systems is given in Sec. IV C. The application of complex
scaling to kicked scattering systems is discussed in Sec. IV D.

5. Absorbing potentials

Adding suitable absorbing potentials to a scattering system
represents an alternative method for computing resonance
spectra [49]. The modified Hamiltonian generally supports
neither resonance states nor a continuous spectrum. However,
in the limit of weak absorption the point spectrum of the
modified Hamiltonian mimics the resonance spectrum and the
continuous spectrum of the original scattering system in a
well understood manner [49]. Thus, resonance eigenvalues of
a scattering system may be approximated by numerically com-
puted point spectra of absorption-augmented Hamiltonians.
The details of this method and its adaption to kicked scattering
systems are discussed in Sec. IV E.

B. Floquet theory and quantum maps

The Hamiltonian in Eq. (1) is time periodic and we have
Ĥ (t) = Ĥ (t + T ) with T = 1 and ω = 2π/T . Its solutions
admit a quasiperiodic representation [83]

|ψε(t)〉 = e−iεt/h̄|uε(t)〉 with |uε(t)〉 = |uε(t + 1)〉 (29)
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and ε being a quasienergy. The above decomposition is not
unique. In particular, replacing ε by ε + nωh̄ and simul-
taneously multiplying |uε(t)〉 by exp(inωt) yields identical
solutions |ψε(t)〉 for any n ∈ Z [84]. In order to fix a unique
representation of the solutions one can, for example, shift
the real parts of the quasienergies to the first Floquet zone
Re(ε) ∈ [0,ωh̄).

In what follows we seek to determine the spectrum of
quasienergies via the stroboscopic time-evolution operator
Û (t,t + T ), henceforth referred to as Û . Applying this quan-
tization of the classical map to a Floquet solution (29) and
suppressing the index t gives

Û |ψε〉 = exp
(
−i

ε

h̄

)
|ψε〉. (30)

Hence, the quasienergies are related to the eigenvalues λε of
the quantum map Û as

λε := exp
(
−i

ε

h̄

)
. (31)

C. Complex scaling for time-independent systems

In this section we briefly recall results of complex scaling
of time-independent systems as obtained in Refs. [53–55]
and reviewed in Refs. [56,57]. This section is intended as an
introduction for nonexpert readers.

For the moment, consider a scattering system[
E + h̄2

2

∂2

∂q2
− V (q)

]
φE(q) = 0, (32)

with a time-independent potential satisfying Eq. (3). Since
the system is unbound, its spectrum may contain resonance
states, with eigenvalues in the lower half of the complex plane
Im(E) < 0.

However, resonance states are not square integrable. To
illustrate this, consider the Schrödinger equation in the region
q � 1 where V (q) tends to zero. Here the solution takes the
asymptotic form

φ±
E (q) � exp

(
ip±(E)q

h̄

)
, (33)

with momenta

p±(E) = ±
√

|2E| exp

(
i
arg(E)

2

)
. (34)

Here the complex argument function arg(E) maps to values on
the interval (0,2π ]. This fixes the branch cut of the energy root
along the positive real axis such that the following hold. (i) The
first Riemann sheet p+ gives square-integrable solutions. On
this sheet the Hamiltonian is Hermitian and the corresponding
spectrum must be real. (ii) The second Riemann sheet p− gives
solutions which diverge as q tends to infinity. Here one finds
resonance solutions associated with eigenvalues in the lower
half of the complex plane. (iii) The scattering solutions, which
neither decay nor diverge as q tends to infinity, are along
the branch cuts which separate both sheets. They give the
continuous spectrum along the positive real axis (see Fig. 7
for a sketch).

This illustrates that a resonance wave function cannot be
square integrable. In the theory of complex scaling [53–55]

(a) Im E

Re E

(b) Im E

Re E−2θ

FIG. 7. Schematic spectra (a) before and (b) after complex
scaling. Resonance eigenvalues are shown as circles. Open circles
correspond to states that are not square integrable. Filled circles
correspond to states that are square integrable. Continuous spectra
are shown by lines. Branch cuts of the complex energy root (zigzag
line) separate square-integrable from nonsquare-integrable solutions.

this problem is dealt with by considering wave functions along
a complex contour (28), resulting in the complex-scaled wave
function

φθ
E(s) := φE(q(s)) (35)

and the complex-scaled Schrödinger equation[
E + e−i2θ h̄2

2

∂2

∂s2
− V (seiθ )

]
φθ

E(s) = 0. (36)

Here φθ
E(s) is from a suitable subspace of square-integrable

functions [53–55]. Note that we omit multiplying the wave
function by a phase factor exp(iθ/2), as it has no effect on the
resulting spectra.

The utility of this transformation is that a part of the
resonance states become square integrable. More precisely, if
the potential V (q) is dilation analytic [55], which implies that
V (q) has no singularity in the sector arg(q) ∈ [0,θ ] and further
has the asymptotic behavior

lim
s→±∞ V (s exp iα) = 0 ∀α ∈ [0,θ ], (37)

we have the following. (i) The point spectrum of the scaled
Hamiltonian and the original Hamiltonian are identical [55].
In particular, eigenvalues corresponding to resonance states
are invariant under variations of the scaling angle θ and
those resonance states with eigenvalues in the sector arg(E) ∈
(−2θ,0) become square integrable along the complex contour
(28). (ii) The continuous spectrum of the scaled Hamiltonian
is rotated into the lower half of the complex plane along the
ray R+ exp(−i2θ ).

In order to illustrate these properties, we consider the scaled
equation in the region s � 1 where V (s) tends to zero. Here the
scaled form of the previously discussed asymptotic solutions
reads

φ
θ,±
E (s) � exp

(
ip±(E)s exp(iθ )

h̄

)
. (38)

Note that these are the same solutions as in Eq. (33), now
considered along the contour (28). This shows the following.
(i) Solutions in the sector arg(E) ∈ (−2θ,0) of the second Rie-
mann sheet p−(E), as previously defined in Eq. (34), become
square integrable when considered along the contour (28). It
is these resonances that complex scaling makes accessible to
numerical computations. (ii) The branch cut which separates
the sheet of square-integrable solutions from the sheet of
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solutions which diverge as s tends to infinity is now located
along the ray R+ exp(−i2θ ). This ray supports the scattering
solutions of the scaled Hamiltonian which neither decay nor
diverge as s tends to infinity. It is along this ray that the scaled
Hamiltonian has its continuous spectrum (see Fig. 7 for a
sketch).

D. Complex scaling for kicked scattering systems

In this section we adapt the method of complex scaling,
as previously developed for periodically driven systems in
Refs. [58–62,85–87], to periodically kicked scattering sys-
tems. To this end, we first derive the complex-scaled Floquet
Hamiltonian, which is convenient for discussing the structure
of the resulting spectra. We then derive an explicit expression
for the complex-scaled time-evolution operator (48), i.e., the
complex-scaled quantum map, and compute its spectrum
(Fig. 9).

1. Complex scaling for time-periodic Hamiltonians

In order to apply complex scaling to time-periodic systems,
we consider the Schrödinger equation (1) along the contour
(28). This gives wave functions

ψθ (s,t) := ψ(q(s),t) (39)

and the complex-scaled Schrödinger equation[
ih̄

∂

∂t
+ e−i2θ h̄2

2

∂2

∂s2
− V (seiθ )

∑
n∈Z

δ(t − n)

]
ψθ (s,t).

(40)

From Floquet theory, we infer the general form of a resonance
state to admit the Fourier representation

ψθ
ε (s,t) =

∑
ν∈Z

φθ
ε,ν(s)e−i(ε+h̄ων)t/h̄. (41)

Inserting this representation of eigenstates into the scaled
Schrödinger equation and integrating out the Fourier com-
ponents results in a coupled-channel equation with channels
μ ∈ Z. For kicked scattering systems the equation of the μth
channel reads[

ε + μh̄ω + e−i2θ h̄2

2

∂2

∂s2

]
φθ

ε,μ(s) = V (seiθ )
∑
ν∈Z

φθ
ε,ν(s).

(42)

Note that this equation is usually derived [58–60,85–87] by first
switching to the time-independent Floquet Hamiltonian and
then applying complex scaling [54,55]. While we will not use
it for numerical computations, it is convenient for discussing
the structure of quasienergy spectra in time-periodic systems
as done in the next section. Once again we emphasize the
crucial point of complex scaling: By considering the system
along a complex contour we change the asymptotic properties
of resonance states. In particular, long-lived resonance states
ψθ

ε (s,t) and their Fourier components φθ
ε,ν(s) become square

integrable with respect to s.

(a) Im

Re
h̄ω

0 1 2

λ = e− h̄

(b) Im λ

Re λ

FIG. 8. Schematic spectra of time-periodic scattering systems, for
the complex-scaled (a) Floquet Hamiltonian and (b) time-evolution
operator. Resonance eigenvalues are shown as dots. Continuous
spectra are shown as red lines. The gray line represents the unit circle.

2. Structure of resonance spectra

We now discuss the structure of the spectrum. To this end
we consider the Floquet Hamiltonian (42) in the asymptotic
region s � 1 where the potential tends to zero. This shows
that the continuous spectrum of the μth channel is along the
ray

ε(b) = −μh̄ω + b exp(−i2θ ) with b ∈ R+, (43)

where −μh̄ω is the ionization threshold of the μth channel.
On the other hand, the theory of complex scaling ensures that
resonance eigenvalues in the lower half of the complex plane
are invariant under variations of the scaling angle [53–55] (see
Fig. 8 for a sketch and Ref. [60] for an example).

Note that the multichannel structure of the time-periodic
system implies an additional feature. Namely, increasing the
scaling angle may not only uncover resonances; in fact, a
resonance eigenvalue may also be covered, if the continuous
spectrum of another channel sweeps over them [88,89]. This
phenomenon and the corresponding structure of resonance
states are discussed in Appendix B.

The spectrum of the Floquet Hamiltonian (42) is periodic
under shifts by integer multiples of ωh̄. This is because any so-
lution (ε,φθ

ε,μ(s)) gives rise to further solutions (ε′,ϕθ
ε′,μ′(s)) =

(ε + nωh̄,φθ
ε,μ′+n(s)) with shifted eigenvalue. Note that any

of these shifted solutions gives rise to the identical Floquet
solution (41) such that the full spectral information is already
stored in the first Floquet zone. Here we extend this zone into
the complex domain along the rays of the continuous spectrum

F := {ε ∈ C : ε = a + be−i2θ ,a ∈ [0,h̄ω),b ∈ R+}. (44)

As discussed in Appendix B a resonance state is square
integrable and thus amenable to numerical computations if the
scaling angle θ is chosen such that the quasienergy ε associated
with the resonances lowest outgoing channel is located in the
Floquet zone ε ∈ F .

Rather than using the Floquet Hamiltonian (42) we will
follow the ideas of Refs. [61,62] and compute the reso-
nance spectrum via the eigenvalues of the stroboscopic time-
evolution operator. As discussed in Sec. IV B, both eigenvalues
are related by Eq. (31). This shows that both resonance eigen-
values and the continuous spectrum should localize within the
unit circle. Furthermore, combining Eqs. (31) and (43) the
continuous spectrum should localize along a spiral, given by

λ(b) = exp[−ib exp(−i2θ )] with b ∈ R+ (45)

(see Fig. 8 for a sketch).
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−1.1

1.1

−1.1 1.1

(a)

Re λε

Im λε

−1.1 1.1

(b)

Re λε

FIG. 9. Numerically determined eigenvalues (black dots) of the
complex-scaled time-evolution operator (48) for scaling angles
(a) θ = 0.05 and (b) θ = 0.08. The parameters of the model system
are κ = 11 and heff = 1/50. The θ -dependent continuous spectrum is
along a spiral (red line). The gray line represents the unit circle.

3. Complex-scaled time-evolution operator

We now derive the complex-scaled time-evolution operator,
i.e., the quantum map from Eq. (40). Clearly, in between two
kicks the potential term is irrelevant and the particle is subject
to free motion in the complex-scaled Hamiltonian. This gives
the propagator of a free particle in its complex-scaled form

〈s ′|Û θ
V G|s〉 = exp(i[θ − π/4])

(2πh̄)1/2
exp

(
iei2θ

h̄

(s − s ′)2

2

)
. (46)

On the other hand, during the extremely short and intense pulse,
the kinetic energy term of Eq. (40) is irrelevant and the wave
function acquires a phase which is determined by the kicking
potential

〈s ′|Û θ
HK |s〉 = δ(s − s ′) exp

(
− i

h̄
V (seiθ )

)
. (47)

Combining these operators, we obtain the complex-scaled
version of the time-evolution operator (6) as

〈s ′|Û θ |s〉 = exp(i[θ − π/4])

(2πh̄)1/2
exp

(
− i

2h̄
V (s ′eiθ )

+ iei2θ

h̄

(s − s ′)2

2
− i

2h̄
V (seiθ )

)
. (48)

This is the complex-scaled quantum map. We emphasize that
knowing the explicit form of the complex scaled time-evolution
operator is an advantage of kicked scattering systems over
general time-periodic systems [61,62].

4. Numerical spectra

We now discuss the computation of the resonance spectrum
from the complex-scaled time-evolution operator. The numer-
ical computations are carried out by expanding the operator
in Eq. (48) on a basis set of square-integrable functions and
computing its eigenvalues. In particular, our implementation
follows Refs. [90,91]. That is, we choose a finite-element
representation which allows for representing square-integrable
resonance wave functions with very high accuracy and thus
allows for computing highly accurate resonance eigenvalues.
Details are described in Appendix C. The results for the model
system at kick strength κ = 11 and heff = 1/50 are illustrated
in Fig. 9, for two values of the scaling angle θ .

As expected from Eq. (45), the numerical remnants of the
continuous states are localized along a spiral, marked by a red

line in Fig. 9. Clearly, those states depend on the scaling angle
θ , giving two distinct spiral configurations in Figs. 9(a) and
9(b). On the other hand, we find stable θ -independent eigen-
values away from the spiral which correspond to resonance
states.

We now make a couple of remarks. (i) The resonance states,
associated with eigenvalues which are sufficiently away from
the continuous spectrum, are exponentially localized along the
contour (28) (not shown). For this reason, their eigenvalues are
extremely stable not only under variations of the scaling angle,
but also under variations of other numerical parameters, such as
the length of the grid. (ii) In contrast, the numerical eigenstates
associated with the remnants of the continuous spectrum do
not decay towards the edges of the numerical grid. For this
reason their eigenvalues are affected by finite-size effects of
the numerical computation. In particular, at large kick strength
the numerical remnants of the continuous spectrum are not
localized exactly along the spiral predicted by Eq. (45). For
this reason the red lines in Fig. 9 originate from Eq. (45),
where scaling angles have been enlarged over the theoretically
expected value by factors of 1.5 [Fig. 9(a)] and 1.3 [Fig. 9(b)].
(iii) Note that numerically computed resonance states are along
the contour C. Backscaling such states to the real axis q ∈ R is
numerically unstable. Therefore, the presented results cannot
provide insight into the localization of resonance states in
real phase space. This could be achieved using the method
of exterior complex scaling [57] and remains a future task.

E. Resonance spectra from absorbing potentials

The main purpose of this paper, namely, the computation of
resonance spectra for periodically kicked scattering systems,
was achieved in the preceding section. The main motivation for
the rest of this paper is to make a connection to the approach
termed heuristic models in the Introduction. Namely, we would
like to discuss to what extent it is possible to obtain the
resonance spectra of periodically kicked scattering systems,
by adding absorption to its time-evolution operator.

This section will start with a short review of Ref. [49], in
which it was proven that adding a complex absorbing potential

Vη(q) = −iηv(q) (49)

to a time-independent Hamiltonian and letting the absorption
strength η ∈ R+ tend to zero (η → 0) allows for computing
the resonance spectrum. We will then adapt the method of
absorbing potentials to periodically kicked scattering systems
in a rather heuristic manner, namely, by adding an absorb-
ing potential to the kick. This will result in an absorption-
augmented time-evolution operator (54), which takes exactly
the form of heuristic model systems. We then demonstrate
that the spectra of the absorption-augmented time-evolution
operator indeed recover the resonance spectra of the model
system in the limit of weak absorption (η � 1) (see Fig. 10). In
contrast, we also show that the resonance spectra of the model
system cannot be recovered if applying projective openings
in the outgoing regions. Finally, we remark that the notion of
absorbing potential, as used in this paper, is distinct from any
sort of exterior complex scaling, which from time to time is
also referred to as an absorbing potential in the literature.
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1. Time-independent systems

The computation of resonance spectra of time-independent
Hamiltonian systems based on complex absorbing potentials
(49) was established in Ref. [49]. The main idea of the
method is quite different from complex scaling in the following
sense: While complex scaling considers the same system
along a different contour in coordinate space, the method of
absorbing potentials adds a complex absorbing potential to the
scattering system. As previously emphasized in Sec. IV A, this
changes the properties of the system entirely. In particular, the
absorption-augmented scattering system is usually closed and
exhibits neither a continuous spectrum nor resonance states.
However, in the limit of weak absorption η → 0 the point
spectrum of the modified system approximates the resonance
eigenvalues of the original system in a well-controlled manner.

More specifically, the method of absorbing potentials [49]
adds an absorbing potential (49) to the Schrödinger equation.
As specified in Ref. [49], one may use a wide class of
potentials v(q) which fulfill certain properties. In particular, in
the asymptotic regions we require the real part of v(q) to tend
to infinity. Here we assume v(q), which fulfill the conditions
spelled out in Ref. [49], with asymptotic forms of a monomial

v(q) � |q|n for |q| � 1, n > 0. (50)

In that case, the results of Ref. [49] state that, adding an
absorbing potential (49) to a time-independent Hamiltonian
(32) and considering the limit of weak absorption η → 0,
the spectra of the absorption-augmented Hamiltonians will
converge onto the following shapes. (i) The remnants of the
continuous spectrum (referred to as the spectral string in
Ref. [49]) will arrange along the ray R+ exp(−i2θ̄ ), with

θ̄ = π

2n + 4
. (51)

(ii) For each resonance solution of Eq. (32) with energy E in the
sector arg(E) ∈ (−2θ̄ ,0), the family of absorption-augmented
Hamiltonians gives a family of eigenvalues E(η) which tends
to the resonance eigenvalue E of the scattering system as η

tends to zero, according to

lim
η→0

E(η) = E. (52)

We now make a couple of remarks. (i) The structure of the
spectrum and in particular the role of the angle θ̄ is reminiscent
of complex scaling. (ii) In numerical computations the strength
of the absorbing potential must be reduced successively while
simultaneously monitoring the convergence of the correspond-
ing spectra. (iii) The intuitive interpretation of the complex
absorbing potential method is as follows. In order to compute
the resonance spectrum, we add an absorbing potential which
turns the asymptotic, exponentially diverging and outgoing
parts of a resonance state into a square-integrable solution.
However, by adding an absorbing potential, we introduce
unphysical backreflections from the absorbing potential itself,
which deteriorate the quality of the solution. In order to
minimize this unphysical backreflection, we have to consider
the limit of weak absorption η � 1 in which the quality of the
solution improves.

2. Absorption-augmented time-evolution operator

We now adapt the results of Ref. [49] to periodically kicked
scattering systems in an ad hoc manner. That is, rather than
adding the complex absorbing potential to the Schrödinger
equation, we add it directly to the kicking potential[

ih̄
∂

∂t
+ h̄2

2

∂2

∂q2
− [V (q) + Vη(q)]

∑
n∈Z

δ(t − n)

]
ψ(q,t) = 0.

(53)

The motivation for doing so is twofold. (i) Grouping the
complex absorbing potential with the kick potential allows
for a straightforward computation of the corresponding time-
evolution operator. (ii) Our physical intuition is that grouping
the complex absorbing potential with the kick will do an
equally good job in transforming the asymptotic parts of a
resonance solution into square-integrable functions and thus
allows for computing the resonance spectrum.

As in the preceding section, we will access the quasienergy
spectrum of Eq. (53) via the corresponding time-evolution
operator. This time-evolution operator is easily obtained by
taking the time-evolution operator of the preceding section,
Eq. (48), considering it for scaling angle θ = 0, relabeling s by
the standard variable q, and replacing V (q) by V (q) − iηv(q).
This gives the absorption-augmented time-evolution operator
according to

〈q ′|Û η|q〉 = P η(q ′)
exp(−iπ/4)

(2πh̄)1/2
exp

(
− i

2h̄
V (q ′)

+ i

h̄

(q − q ′)2

2
− i

2h̄
V (q)

)
P η(q). (54)

Here the complex absorbing potential has been split from
the standard kicking potential. This gives the absorption-
augmented time-evolution operator as a composition of the
standard unitary time-evolution operator of the kicked scatter-
ing system, multiplied with an absorption operator

P η(q) = exp
(
− η

2h̄
v(q)

)
(55)

from its left and its right. Note that Eq. (54) takes the
typical form of a system, termed the heuristic model in the
Introduction.

We will now explore under what condition absorbing
potentials allow for computing the resonance spectrum of
a kicked scattering system. To this end, we consider the
model system of this paper and compute the corresponding
spectrum of Eq. (54) for weak and strong absorbing potentials
as well as projective openings. This will show that only for
weak absorbing potentials the resonance spectrum of Eq. (54)
coincides with the result obtained from complex scaling.

3. Weak absorbing potentials

In order to adapt the method of Ref. [49] and check it for
the model system of this paper, we set v(q) such that

v(q) = [
Mξ

n (q − qabs) + Mξ
n (−q − qabs)

]
. (56)
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FIG. 10. Numerically determined eigenvalues (black dots) of the
time-evolution operator (54) with (a) strong and (b) weak absorption,
for κ = 11 and heff = 1/50. The parameters of the absorbing potential
are qabs = 2.5, monomial order n = 3, and width parameter ξ = 0.1.
The absorption strength η is determined by the length of the numerical
grid qmax according to Eq. (58) as (a) qmax = 2.51 (strong absorption)
and (b) qmax = 5.0 (weak absorption). The unit circle is marked by a
gray line.

Here M
ξ
n (x) is a smooth function which approaches a mono-

mial when taking its smoothness parameter ξ to zero as

lim
ξ→0

Mξ
n (x) =

{
0 if x < 0
xn if x � 0.

(57)

For details see Appendix C 7. This gives an absorbing potential
which is close to zero for q ∈ (−qabs,qabs) such that the
scattering region is unaffected by absorption.

In order to numerically determine the spectrum of Û η

[Eq. (54)], we expand the corresponding modes. To this end
we choose a finite-element representation on a grid with q ∈
[−qmax,qmax] (see Appendix C for details).

In numerical computations we implement the limit of weak
absorption (η � 1) by choosing the absorption strength as a
function of the grid parameter qmax,

η(qmax) = − 2h̄

v(qmax)
ln(10−15). (58)

This choice ensures that the absorption operator, defined in
Eq. (55), fulfills

P η(q) < 10−15 ∀|q| > qmax (59)

such that any probability which is propagated beyond the grid
edges by the unitary part in Eq. (54) will be reduced below
machine precision. The expert reader might notice that this
eliminates the error of backreflections from the grid edges
within the numerical desired accuracy. We then minimize the
backreflections from the absorbing potential itself. To this end
we reduce the absorption strength η successively by increasing
the grid size qmax via Eq. (58). Simultaneously we monitor the
convergence of the spectra.

The results are depicted in Fig. 10 where Fig. 10(a) shows
a spectrum for which the absorption strength was large while
Fig. 10(b) shows a spectrum for which the absorption strength
was small. These results show the following. (i) The agreement
between the spectrum in Fig. 10(b) with the spectra obtained
from complex scaling (Fig. 9) is striking. (ii) We expect that
the spiral structure in Fig. 10(b) corresponds to the remnants
of the continuous spectrum. This expectation is supported by
the structural analogy between spectra of time-independent
systems obtained from complex scaling, on the one hand,

−1.1

1.1

−1.1 1.1

(a)

Re λε

Im λε

−1.1 1.1

(b)

Re λε

FIG. 11. Numerically determined eigenvalues (black dots) of the
time-evolution operator with projective openings for κ = 11 and
heff = 1/50. The projector removes probability for positions |q| >

qabs, where (a) qabs = 2.0 and (b) qabs = 2.5. The unit circle is marked
by a gray line.

and absorbing potentials, on the other hand. (iii) We further
observe that the eigenvalues away from the spiral in Fig. 10(b)
are localized in exactly the same positions as the resonance
spectrum obtained from complex scaling in Fig. 9. These
eigenvalues should represent the resonance spectrum. (iv) On
the other hand, the spectrum in Fig. 10(a), as obtained for
strong absorption, has little resemblance to the results obtained
from complex scaling (Fig. 9). In particular, the continuous
spectrum blows up and the separation between resonance
spectra and continuous spectra is lost. We expect that this is due
to unphysical reflections from the absorption operator which
deteriorate the quality of the solution. In conclusion, we believe
that the resonance spectrum of periodically kicked scattering
systems can only be obtained from the absorption-augmented
time-evolution operators in the limit of weak absorption.

Finally, we speculate on the generality of the method.
While the results of this section have been obtained for
one specific model system, we are positive that the method
of weak absorbing potentials should allow for computing
resonance spectra of any periodically kicked scattering system.
We believe so, since the absorbing potential chosen here is
nonzero only in the outgoing regions. Here its only task is
to tweak the exponentially diverging tales of the resonance
wave functions into square-integrable functions. However, this
structure is universally the same for any kicked scattering
system. Nonetheless, putting the method on an equally solid
mathematical footing as in the case of time-independent
systems [49] or in the case of complex scaling, as discussed in
the preceding section, remains a future task.

4. Projective opening

Finally, we consider the case of projective openings, as
commonly used for heuristic model systems, and show that
they do not reproduce the resonance spectrum of a kicked
scattering system. To this end we consider an absorbing
potential which is zero for q ∈ (−qabs,qabs) and infinitely large
outside of this interval. This turns the absorption operator (55)
into a projector

P η(q) :=
{

1 if q ∈ (−qabs,qabs)
0 if q /∈ (−qabs,qabs).

(60)

Here we choose sufficiently large qabs such that the scattering
region and the trapped set in particular are unaffected. Based
on this setting, we consider the absorption-augmented time-
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evolution operator (54) and compute its spectrum numerically
(see Appendix C for details of the numerical computation).
The result is depicted in Fig. 11 for qabs = 2.0,2.5.

These results show the following. (i) Spectra obtained with
projective openings have little resemblance to the resonance
spectrum obtained from complex scaling (see Fig. 9) or weak
absorbing potentials [see Fig. 10(b)]. (ii) Similar to the case of
strong absorption [Fig. 10(a)], we observe that the continuous
spectrum blows up. In particular, the clear separation of the
continuous spectrum and the resonance spectrum is lost. We
speculate that the origin of this problem is again due to unphys-
ical backreflections into the scattering region which originate
from the nonanalytic corners of the absorbing potential. We
conclude that resonance spectra of kicked scattering systems
are not computable by virtue of projective openings. (iii) Our
results also have important implications for numerical tests
of the fractal Weyl law, based on heuristic model systems.
Namely, if we were to follow the standard recipe of heuristic
models and construct an open quantum map for the model
system of this paper we would apply projective openings in the
outgoing region far away from the trapped set. However, our
results show that the eigenvalues of this system have no relation
to the true resonance eigenvalues of the kicked scattering
system, as obtained from complex scaling or sufficiently weak
absorbing potentials. Hence, counting long-lived eigenvalues
of heuristic model systems may not be a reasonable test for the
fractal Weyl conjecture.

V. SUMMARY AND DISCUSSION

In this paper we had two main objectives.
(i) We introduced a class of open quantum maps, induced

by periodically kicked scattering systems. For this class of
open quantum maps we showed how to compute the resonance
spectra in terms of theoretically grounded methods by making
use of either complex scaling or weak absorbing potentials.

(ii) On the other hand, we demonstrated that prevalent
implementations of open quantum maps, called heuristic mod-
els throughout this paper, based on strong absorptive or even
projective openings suffer from a number of deficiencies, i.e.,
they cannot reproduce the resonance spectra of periodically
kicked scattering systems, they cannot provide a clear separa-
tion of resonance eigenvalues from the continuous spectrum,
and they suffer from diffraction effects due to strong absorptive
potentials.

In order to obtain our results, we employed the following
methodology. Our starting point was the class of periodically
kicked scattering systems, as defined in Sec. II. For this class
of systems, we introduced a representative example in Sec. III.
By discussing its phase-space structures, we argued that kicked
scattering systems are excellent toy models of ionization
and dissociation. Furthermore, we established the utility of
kicked scattering systems for explorations of quantum-chaotic
scattering systems, by showing that our model system exhibits
a topological horseshoe at large kick strength.

We then turned our attention to quantum aspects of kicked
scattering systems in Sec. IV. In particular, we applied the
method of complex scaling [53–57] as previously devel-
oped for time-periodic systems [58–62] to kicked scattering
systems. This resulted in a complex-scaled time-evolution

operator (48), i.e., the complex-scaled quantum map, from
which resonance spectra of kicked scattering systems could
readily be computed [see Figs. 9 and 1(a)].

Furthermore, we examined the relation between the
complex-scaled quantum map and heuristic models. To this
end, we adapted the method of absorbing potentials [49]
to periodically kicked scattering systems in Sec. IV E. This
resulted in an absorption-augmented time-evolution operator
(54), which takes the form of heuristic models. We showed that
this operator also allows for computing resonance spectra of
kicked scattering systems, albeit only in the limit of sufficiently
weak absorption [see Fig. 10(b) or 1(b)]. On the other hand,
we also showed that neither strong absorption [Fig. 10(a) or
1(c)] nor projective openings [Fig. 11 or 1(d)], as commonly
used for heuristic models, allow for computing the resonance
spectra of kicked scattering systems.

A. Conclusion

Our results show that the strategy of heuristic model
systems, i.e., combining an arbitrary unitary time-evolution
operator with an arbitrary absorption operator, such as a
projector, does not produce the correct resonance spectrum of
kicked scattering systems and cannot in general be expected to
faithfully model the resonance spectrum of a scattering system.
Moreover, our results hint at two conceptual deficiencies in
heuristic models:

(i) the inability to separate true resonance eigenvalues from
the continuous spectrum and

(ii) the presence of diffraction effects due to strong absorp-
tive or projective openings.

The inability to separate true resonance eigenvalues from
the continuous spectrum is best illustrated in Fig. 1, which de-
picts the spectrum of the model system for various implemen-
tations. In particular, Fig. 1(a) shows the spectrum obtained
from complex scaling. Here a clear separation of resonance
eigenvalues, on the one hand, and the continuous spectrum
(located along a spiral), on the other hand, is found. This
separation of eigenvalues can also be observed for sufficiently
weak absorbing potentials [Fig. 1(b)]. On the other hand, upon
increasing the absorption strength [to smoothly interpolate
between Figs. 1(b) and 1(c)] we observe a blowup of the
continuous spectrum. As a result, resonance eigenvalues and
the continuous spectrum are indistinguishably intermingled
in Fig. 1(c). A similar situation is observed for projective
openings in Fig. 1(d). We emphasize that the blowup of the
continuous spectrum appears, even though the openings of
the heuristic model do not affect the classical trapped set.
It is further worth noting that the blowup of the continuous
spectrum affects shorter-lived resonances in particular, e.g.,
those associated with chaotic dynamics.

We further claim that our results hint at the presence
of nonclassical diffraction effects in heuristic implementa-
tions of open quantum maps. In order to understand our
claim, we remind the reader that resonance eigenvalues are
semiclassically determined by the periodic orbits within the
classical trapped set (see, e.g., Ref. [9]). However, while the
classical trapped set is identical for all implementations of
our model system, the resonance spectra, as obtained from
complex scaling and weak absorbing potentials [see Figs. 1(a)
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and 1(b)], differ greatly from the spectra, as obtained with
strong absorptive and projective openings [see Figs. 1(c) and
1(d)]. We conjecture that this discrepancy originates from the
nonclassical diffraction effect in heuristic models, presumably
due to rapidly varying or nonanalytic parts in the strong
absorptive or projective openings, respectively.

B. Discussion

We now discuss several aspects of our result.

1. The effect of absorption

Proponents of heuristic model systems often argue that
absorbing potentials should not affect the resonance spectrum
as long as the absorption does not affect the classical trapped
set. Our results clearly indicate that this argument is wrong
in two ways. First, in a true scattering system absorption
does affect the tails of the resonance states in the asymptotic
regions. In that, it directly affects resonance eigenvalues. Sec-
ond, absorption exhibits a profound impact on the scattering
states which support the continuous spectrum. Both effects
heavily degrade the quality of numerically computed spectra
if absorption is too strong. This fact is well established in the
quantum chemistry community, where either complex scaling
[57] or weak absorbing potentials [49] are the established ways
to compute resonance spectra. In this paper we merely repeat
this result by adapting it to quantum maps originating from
kicked scattering systems.

2. Advantages of kicked scattering systems

Quantum maps derived from kicked scattering systems
hold several advantages over heuristic model systems. In
fact, kicked scattering systems originate from a well-defined
scattering system. This allows for discussing their resonance
spectra in a mathematically rigorous manner. In particular, the
overall non-Hermiticity and the corresponding subunitarity of
the resulting quantum map clearly originate, as they should,
from the outgoing boundary condition of the scattering system
at infinity. Furthermore, as long as the kicking potential is ana-
lytic, kicked scattering systems should be free from distracting
diffraction effects. This is a considerable simplification for
investigations of quantum-to-classical correspondence.

3. Heuristic models

Our results clearly demonstrate that heuristic models suffer
from serious conceptual deficiencies which question the cred-
ibility of their resonance spectra. In spite of this result, we do
not wish to imply that heuristic models should altogether be
abandoned. In fact, heuristic models are by far the simplest toy
models. Thus, they represent a numerically inexpensive way
for testing and shaping semiclassical hypothesis in scattering
systems. Furthermore, they might well capture certain aspects
of particular scattering systems, such as dielectric cavities
[32,38], in a reasonable manner. Nonetheless, in view of our
results we do believe that any result derived from heuristic
models must certainly be corroborated by cross validation in
more complete systems, where resonances are mathematically
well defined.

4. More complete model systems

As compared to heuristic models, the benefits of a kicked
scattering system come at the price of a slightly increased effort
in their numerical treatment. For this reason, one might wonder
if it is worth bothering with kicked scattering systems at all.
In particular, a wealth of more realistic model systems such as
periodically driven systems [57,60–62,92], two-dimensional
potential systems [93,94], three-disk scatterers [3], or atomic
systems [10,95–99] are available and have widely been used for
exploring ionizing scattering systems in the past. As always,
whether to pick a toy model or a more realistic system is a
matter of taste and should of course depend on the particular
question at hand. Nonetheless, we do believe that there are
several advantages in using kicked scattering systems. For
example, the fact that both the classical and the quantum time
evolution are known in an analytically closed form facilitates
numerical computations, both classically and quantum me-
chanically. In particular, discussing small wavelength limits
with effective Planck constants as small as heff = 1/100 is
still possible on a desktop PC. Moreover, the analytically
closed form of the classical dynamics may ultimately allow
for proving the uniform hyperbolicity of our model system in
the limit of large kick strength.

5. Fractal Weyl law

Recent years have witnessed a wealth of publications which
make use of heuristic model systems, such as the open baker’s
map or the open standard map, in order to investigate the fractal
Weyl conjecture [14–19,29–35,37–39]. In quantum maps, this
conjecture states that the number of long-lived resonance states
should grow as a power law whose exponent is related to the
fractal dimension of the classical repeller [15]. In view of our
results, we would like to express serious doubt as to whether
this conjecture can be examined in heuristic model systems.
As we show, applying the methodology of heuristic models
to kicked scattering systems leads to numerically computed
spectra in which true resonance eigenvalues and remnants of
the continuous spectrum are intermingled in an indistinguish-
able manner. We see no reason why heuristic models, such
as the open baker’s map and the open standard map, would
not suffer from similar deficiencies. We further believe that
using heuristic models for investigations of spectral gaps [16],
supersharp resonances [36], or the localization of resonances
on the classical repeller [18,19] should similarly suffer from
the inability to distinguish true resonance eigenvalues from
remnants of the continuous spectrum.

At this point we wish to emphasize that our criticism
is exclusively focused on the use of heuristic models for
explorations of the fractal Weyl conjecture. On the other
hand, there should be nothing wrong with the fractal Weyl
conjecture itself. In fact, the fractal Weyl conjecture has been
investigated in more complete physical settings [12,13,94]. On
the other hand, the more mathematical literature on fractal
Weyl conjectures does not require the use of concrete model
systems at all. Instead, it proceeds in the abstract setting of
the quantization of an open flow [15], which should not be
hampered by any details of a practical implementation.

Finally, it is worth mentioning that the mathematical liter-
ature on fractal Weyl conjectures requires scattering systems
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whose dynamics along the trapped set is uniformly hyperbolic.
If our claim on diffraction is true, then two of the most
prominent models of chaotic scattering, namely, the open
baker’s map and the three-disk scatterer, do exhibit diffraction
effects. In our opinion this makes it worth investigating what
role diffraction plays for the formation of the fractal Weyl law.
On the other hand, it is worth searching for cleaner model
systems which are uniformly hyperbolic but do not exhibit any
diffraction. In our opinion, the model system of this paper is a
good candidate for becoming a representative for this class of
systems.

6. Quantum map literature

Finally, we specify the relation of our results to existing
notions of quantum maps in the literature. Presumably dating
back to Ref. [21], open quantum maps have been introduced
in an ad hoc manner by combining a unitary operator of the
kicked rotator with a projection operator at its boundaries. Until
today, this remains the archetype of heuristic models. This
approach became very popular and found many imitators over
the years [14–19,22–41]. It is this type of model system which
our paper criticizes and for which our paper wishes to present
an alternative.

On the other hand, in more recent years the mathematical
literature developed a much wider definition of open quantum
maps [15,20,42]. According to this definition, open quantum
maps quantize the flow of the scattering system along its
trapped set. Such quantum maps represent a reduction of
the scattering system to a subunitary operator which holds
the essential information on its resonance states. While this
definition is extremely powerful, it has so far only been used
as an abstract framework, which allows for deriving fractal
Weyl lower and upper bounds [15]. In our opinion, the open
quantum maps of kicked scattering systems we present in this
paper are examples of this mathematical class of open quantum
maps, albeit not yet reduced to a finite-dimensional matrix.

Finally, we find it worth mentioning that the quantum map
discussed in this paper is not only an open quantum map in the
sense of Ref. [20]. It also is a pure quantum map in the sense of
Refs. [73,74], which contains resonances due to its outgoing
boundary conditions at infinity.

C. Future directions

The model system proposed in this paper is an excellent
model of ionization and should be immediately useful for
future investigations of dynamical tunneling in systems with
a mixed phase space as well as further investigations of the
fractal Weyl law. For the latter, it would be useful if the
uniform hyperbolicity of the proposed model system could
be proven. In contrast to the three-disk scatterer and the open
baker’s map, this would result in a uniformly hyperbolic model
system which is not affected by diffraction. Furthermore, a
proof of uniform hyperbolicity would also be a firm basis for
more detailed investigations of the model systems classical
dynamics, e.g., in terms of Lyapunov exponents, escape rates,
entropies, and fractal dimensions [1,100].

We further believe that the model system is a suitable
candidate for investigating the localization of resonance states
on classical invariant sets and their implications for the

fractal Weyl law in more detail. In particular, the results of
Refs. [14,33] are entirely based on the existence of a leak. The
complement of its preimages down to the Ehrenfest time is
used to specify the support of long-lived resonances. While
such a leak might exist in dielectric cavities or quantum dots
with leads, it certainly does not exist in ionizing scattering
systems, such as helium. In such an ionizing scattering system
the localization of resonance states on a fractal repeller must be
understood with a different methodology. Our model system
should be ideal for addressing this question. To this end, it is
crucial to make exterior complex scaling available for kicked
scattering systems, which remains a future task.

Ultimately, it would be desirable to reduce the open quan-
tum maps of kicked scattering systems to a finite-dimensional
subunitary operator from which the continuous spectrum has
been removed. This would drastically facilitate numerical
computations. To this end, it seems appealing to implement
the reduction procedures of Ref. [20], which are based on
the use of exterior complex scaling combined with the use
of a conjugating function. Alternatively, one might also try
to pursue that goal by putting the ideas of Ref. [34] to a
test in a kicked scattering system. To that end one needs to
project the time-evolution operator of a kicked system onto
a finite-dimensional basis which is supported by the periodic
orbits within the classical trapped set.

Finally, an interesting direction of future research concerns
the scattering matrix of kicked scattering systems. In particular,
we wonder to what degree the structure of a periodically kicked
scattering system may allow for explicitly evaluating several
formulas, described in Refs. [57,92]. This would be useful for
providing an outside view on open quantum maps and could
lead to further interesting results.
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APPENDIX A: OUTGOING AND INCOMING REGION

In this section we show that a system with kicking potential
as defined in Eqs. (7)–(11) gives rise to incoming and outgoing
regions, as defined in Eqs. (12)–(15). We start by showing that
an outgoing region O+ is ensured, in general, if

V ′(q) < 0 ∀q > xf. (A1)

To demonstrate this claim we exploit the condition (A1) in
Eq. (5a) to show that for all (qn,pn) ∈ O+, i.e., ∀(qn,pn) such
that qn > xf and pn > 0, we have

qn+1 > qn + pn > qn > xf, (A2)
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i.e., for points in O+ the position grows in one step of the
iteration. Further, exploiting Eqs. (A1) and (A2) in Eq. (5b)
shows that for all (qn,pn) ∈ O+ we have

pn+1 > pn > 0, (A3)

i.e., for points in O+ the momentum also grows in one step
of the iteration. This means that for trajectories which enter
O+ the position and momentum are monotonically increasing
such that trajectories which enter O+ remain in O+. Further-
more, the above equations imply that if (qn,pn) ∈ O+, we have
that future positions qm with m > n grow at least as

qm+n > qn + (m − n)pn, (A4)

which shows that any trajectory entering the region O+ will
escape to infinity as

lim
m→∞ qm → ∞. (A5)

Note that for the model system in this paper the related
properties for the regions O−, I+, and I− follow due to parity
and time-reversal symmetry.

We now show that condition (A1) holds for the model
system of this paper. To this end we compute the derivative
of the kicking potential (7) whose parts are defined in Eqs. (8)
and (9) using the perturbation strength as defined in Eq. (10).
The resulting derivative is

V ′(q) = κ exp(−8q2)f (q), (A6)

with

f (q) = q − xf
exp(16xb[q − xf]) − exp(−16xb[q + xf])

1 − exp(−32xfxb)
.

(A7)

Throughout this paper we choose κ > 0, which implies that
κ exp(−8q2) > 0. Under this condition, showing that condi-
tion (A1) holds is equivalent to showing that

f (q) < 0 ∀q > xf. (A8)

We show that condition (A8) holds from the fact that f (xf) = 0
while f (x) is strictly monotonically decreasing for q � xf. The
latter can be shown from the derivative

f ′(q) = 1 − 16xbxf
exp(16xb[q − xf]) + exp(−16xb[q + xf])

1 − exp(−32xfxb)
(A9)

being strictly negative

f ′(q) < 0 ∀q � xf. (A10)

The last condition is ensured by Eq. (11) and the fact thatq � xf

implies that exp(16xb[q − xf]) � 1, exp(−16xb[q + xf]) > 0,
and [1 − exp(−32xfxb)]−1 > 1.

APPENDIX B: STRUCTURE OF RESONANCE STATES

In this Appendix we discuss the asymptotic structure of res-
onance states in Floquet scattering systems. We further discuss
its relation to the phenomenon of covering and uncovering of
resonances by crossings of the continuous spectrum.

We start by discussing the asymptotic structure of Floquet
solutions for θ = 0. To this end we take Eq. (41), insert it

into the Schrödinger equation (1), and consider the asymptotic
regions q � 1, where the potential vanishes. This gives

(ε + μh̄ω)φε,μ(q) = − h̄2

2

∂2

∂q2
φε,μ(q). (B1)

This shows that each component φε,μ(q) is associated with an
asymptotic energy ε + μh̄ω. Its asymptotic form is a linear
combination of solutions

φ±
ε,μ(q) � exp[ip±(ε + μh̄ω)q/h̄], (B2)

with momenta

p±(ε + μh̄ω) = ±
√

|2(ε + μh̄ω)| exp

(
i
arg(ε + μh̄ω)

2

)
.

Here we fix the branch cut of the energy root along the positive
real axis, i.e., the complex argument function arg(·) maps to
values on the interval (0,2π ].

Associated with scattering solutions which have quasiener-
gies within the first Floquet zone along the real axis ε ∈ [0,h̄ω),
we introduce the following classification. (i) Energies with
μ � 0 correspond to open propagating channels, with p− an
outgoing and p+ an incoming solution. (ii) Solutions with
μ < 0 correspond to closed channels, withp+ an exponentially
decreasing evanescent and p− an exponentially increasing
solution. In what follows we keep the terminology, even if
ε is in the lower half of the complex plane.

A general scattering solution of a Floquet system consists
of both incoming and outgoing solutions in the open channels
and possibly evanescent components in the closed channels.
If a solution is found which is purely outgoing in the open
channels, we speak of a resonance solution, which admits the
asymptotic form

φε,μ(q) �
{

exp[ip−(ε + μh̄ω)q/h̄], μ � 0
exp[ip+(ε + μh̄ω)q/h̄], μ < 0.

(B3)

A resonance state generally does not exist for real quasiener-
gies but exhibits ε in the lower half of the complex plane.
For this reason the outgoing solutions in the open channels
diverge at infinity such that a resonance state is not square
integrable and thus cannot be computed with a simple basis-
state expansion of the Floquet solution (41).

Upon complex scaling, the asymptotic form of the compo-
nents of the Floquet resonance solution becomes

φθ
ε,μ(s) �

{
exp[ip−(ε + μh̄ω)s exp(iθ )/h̄], μ � 0
exp[ip+(ε + μh̄ω)s exp(iθ )/h̄], μ < 0.

(B4)

In order to have a square-integrable solution (41), one requires
every component to be square integrable. For this to be fulfilled,
we require two conditions. (i) The scaling angle θ should be
large enough such that all open channels become localized.
This is fulfilled if arg(ε) ∈ (−2θ,0). (ii) The scaling angle θ

should be small enough such that all closed channels remain
localized. This is fulfilled if arg(ε − h̄ω) ∈ (−π,−2θ ).

Conversely, if condition (i) is violated, then there are still
open channels which are not yet square integrable. If condition
(ii) is violated, then there are closed channels which are no
longer square integrable. Thus, we effectively have a branch
cut along the line exp(−i2θ )R+, which separates square-
integrable solutions from diverging solutions, on both the first
and the second Riemann sheet (see Fig. 12 for a sketch).
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FIG. 12. Square integrability of a resonance state in a Floquet
system for increasing scaling angle θ . The asymptotic energies of
its components are shown by squares and circles. Circles denote
open channels with outgoing solutions on the second Riemann sheet.
Squares denote closed channels with localized solutions on the first
Riemann sheet. Filled symbols denote square-integrable components.
Open symbols denote components that are not square integrable. The
branch cut (zigzag line) separates square-integrable components from
components that are not square integrable, on both the first and the
second Riemann sheet. Gray lines mark the Floquet zone and the first
zone is mark by a gray shaded region.

Note that conditions (i) and (ii) are equivalent to saying
that a resonance state has square-integrable components if the
quasienergy ε associated with the lowest open channel is in
the first Floquet zone (44). This explains why upon increasing
the scaling angle a resonance in a Floquet system can be both
uncovered and later covered again.

APPENDIX C: NUMERICAL METHODS

In this Appendix we describe the numerical computation of
eigenvalues for operators in Eqs. (48) and (54). The scheme is
based on a finite-element representation of the wave function
and follows the ideas of Refs. [90,91]. The benefit of using
a finite-element scheme is to achieve numerically determined
eigenvalues with high accuracy. We describe the representation
of the wave function in Appendix C 1 and the representation
of operators in Appendix C 2. Details specific to complex
scaling, projective openings, and weak absorbing potentials
are discussed in Appendixes C 5–C 7, respectively.

1. Representation of wave functions

We now introduce the finite-element representation of wave
functions ψ(x). Here x may refer to either the coordinate s of
Sec. IV D or q of Sec. IV E.

We start by introducing a grid in coordinate space using grid
points

x0 < x1 < · · · < xN−1 with xl ∈ R. (C1)

We set the grid size as

xmax := xN−1 = −x0. (C2)

We define the lth cell of the discretization as

x ∈ [xl,xl+1]. (C3)

a. Basis functions in the lth cell

We now introduce basis functions, which are nonzero only
in the lth cell. We start from Legendre polynomials on the
interval [−1,1], as defined by the recursion

(n + 1)P̄n+1(y) = (2n + 1)yP̄n(y) − nP̄n−1(y), (C4)

with P̄0 = 1 and P̄1 = y. The polynomials fulfill Pn(1) = 1,
a symmetry property Pn(y) = (−1)nPn(−x), and an orthogo-
nality relation

∫ 1

−1
Pn(y)Pm(y)dy = 2

2n + 1
δm,n, (C5)

where δm,n is the Kronecker delta function. From these poly-
nomials we introduce a set of polynomials

χ̄n(y) :=

⎧⎪⎨
⎪⎩

1
2 P̄0(y) − 1

2 P̄1(y) if n = 0

P̄n+1(y) − P̄mod2(n+1)(y) if n = 1, . . . ,mmax − 1
1
2 P̄0(y) + 1

2 P̄1(y) if n = mmax,

(C6)

which vanish at the edges of the interval [−1,1]. The only
exceptions are χ̄0(−1) = χ̄mmax (1) = 1.

We scale these polynomials to the lth cell using the linear
transformation

y(l)(x) := 2x − (xl + xl+1)

xl+1 − xl

, (C7)

resulting in the scaled basis functions on the lth cell

χ (l)
n (x) := χ̄n(y(l)(x)). (C8)

We emphasize that χ (l)
n is defined to be zero outside the lth

cell. Note that for all cells l = 0, . . . ,N − 1 we have

χ (l)
n (xl) =

{
1 if n = 0
0 otherwise, (C9a)

χ (l)
n (xl+1) =

{
1 if n = mmax

0 otherwise. (C9b)

b. Wave function

We can now write the wave function along the grid as

ψ(x) =
N−1∑
l=0

mmax∑
n=0

c(l)
n χ (l)

n (x). (C10)

In order to ensure the continuity of this wave function, we
exploit the property (C9) and impose an additional constraint

c(l)
mmax

= c
(l+1)
0 ∀l = 0, . . . ,N − 2. (C11)
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In order to handle dependent and independent coefficients,
we arrange the dependent coefficients into a vector⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c0

c1
...
...
...

cα

...

...

...
cαmax

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c
(0)
0
...

c(0)
mmax

c
(1)
0
...

c(1)
mmax

...
c

(N−1)
0

...
c(N−1)
mmax

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (C12)

Here the indices referring to the lth cell and the nth basis
function have been mapped to a single index

α(l,n) := (mmax + 1)l + n (C13)

with

αmax = N (mmax + 1) − 1. (C14)

The original indices may be recovered as

n(α) = α mod (mmax + 1), (C15)

l(α) = (α − n(α))/(mmax + 1). (C16)

Similarly, we eliminate the dependent coefficients c(l)
mmax

for
l = 0, . . . ,N − 2 via Eq. (C11) and arrange the remaining
independent coefficients into a vector⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c0

c1
...
...
...

cβu

...

...

...
cβmax

u

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c
(0)
0
...

c
(0)
mmax−1

c
(1)
0
...

c
(1)
mmax−1

...
c

(N−1)
0

...
c(N−1)
mmax

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (C17)

Here the indices referring to the lth cell and the nth basis
function have been mapped to a single index

βu(l,n) := mmaxl + n, (C18)

with

βmax
u = Nmmax + 1. (C19)

Based on these indices, we can define the matrix which maps
the vector of independent coefficients to a vector of dependent
coefficients

cα =
βmax

u∑
βu=0

Rα,βu
cβu

. (C20)

These matrices have a very simple structure⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0
. . . 0

0 0 1
1 0 0

0
. . . 0

0 0 1
...

...
...

...
...

...
...

1
. . .

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (C21)

In terms of such matrices, we can define the independent basis
functions

χβu
(x) :=

αmax∑
α=0

χα(x)Rα,βu
(C22)

and the wave function in terms of the independent basis
functions is given by

ψ(x) =
βmax

u∑
βu=0

cβu
χβu

(x). (C23)

2. Representation of operators

We deal with time-evolution equations of the form

ψ ′(x ′) =
∫

U (x ′,x)ψ(x)dx, (C24)

where U (x ′,x) denotes an operator 〈x ′|Û |x〉. We discretize
such operators by expressing the wave functions as

ψ(x) =
βmax

u∑
βu=0

cβu
χβu

(x), (C25)

ψ ′(x ′) =
βmax

u∑
βu=0

dβu
χβu

(x ′) (C26)

and testing against independent basis functions χβ̄u
. This

reduces Eq. (C24) to

βmax
u∑

βu=0

Oβ̄u,βu
dβu

=
βmax

u∑
βu=0

Uβ̄u,βu
cβu

. (C27)

Here Uβ̄u,βu
is the matrix representation of the operator U (x ′,x)

and Oβ̄u,βu
is the overlap matrix.

The matrix representation of U (x ′,x) is given by

Uβ̄u,βu
:=

∫
dx ′

∫
dx χβ̄u

(x ′)U (x ′,x)χβu
(x). (C28)

This expression can be recast into the form

Uβ̄u,βu
:=

αmax∑
ᾱ=0

αmax∑
α=0

Rᾱ,β̄u
Uᾱ,αRα,βu

, (C29)
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based on Eq. (C22). Here Uᾱ,α represents the operator U (x ′,x)
projected on the basis set of dependent wave functions

Uᾱ,α :=
∫

dx ′
∫

dx χᾱ(x ′)U (x ′,x)χα(x). (C30)

The numerical scheme makes use of three types of matrices:
(i) the overlap matrix, (ii) kick-type time-evolution matrices,
and (iii) a matrix representation of the free propagator.

(i) The matrix representation of the overlap matrix is

Oα,ᾱ =
∫

dx χᾱ(x)χα(x) (C31)

= δl(ᾱ),l(α)

∫
dx χ

l(α)
n(α)(x)χl(ᾱ)

n(ᾱ)(x) (C32)

= δl(ᾱ),l(α)
xl+1 − xl

2

∫ 1

−1
dy χ̄n(α)(y)χ̄n(ᾱ)(y). (C33)

The remaining integral can be computed from Eqs. (C6) and
(C5). The expression shows that the basis states α and ᾱ overlap
only if they belong to the same cell. Reducing the overlap
matrix to independent coefficients according to Eq. (C29)
results in a globally connected overlap matrix O. The overlap
matrix O is real symmetric. Its inverse O−1 can be computed
by diagonalizing O and inverting its eigenvalues.

(ii) The kick-type time-evolution operators arise as a mul-
tiplicative part in Eqs. (48) and (54). We summarize them in a
unified form

UV (x,x ′) = δ(x − x ′) exp

(
− i

2h̄
V (x)

)
, (C34)

where V (x) denotes either the scaled potential or the kick
potential including absorption. Its matrix representation is
given by

UV
ᾱ,α = δl(ᾱ),l(α)

∫
dx χ

l(α)
n(α)(x) exp

(
− i

2h̄
V (x)

)
χ

l(ᾱ)
n(ᾱ)(x).

(C35)

The remaining integral has to be evaluated numerically, as
discussed below. Similar to the overlap matrix, the matrix ele-
ments are nonzero only for matrix elements of basis functions
in the same cell. The above matrix is reduced to a matrix
UV on independent basis functions according to Eq. (C29).
The corresponding coefficients can be propagated via O−1UV ,
according to Eq. (C27).

(iii) Finally, the matrix representation of propagators cor-
responding to the free time evolution in between two kicks is
given by

UT
ᾱ,α = exp(i[θ − π/4])

(2πh̄)1/2

∫
dx ′

∫
dx χ

l(α)
n(α)(x

′)

× exp

(
i

h̄
ei2θ (x − x ′)2

2

)
χ

l(ᾱ)
n(ᾱ)(x). (C36)

The remaining integrals have to be evaluated numerically, as
discussed below. The above matrix is reduced to a matrix
UT on independent basis functions according to Eq. (C29).

The corresponding coefficients can be propagated via O−1UT ,
according to Eq. (C27).

Finally, the matrix representation of the full propagator U ,
corresponding to Eqs. (48) or (54), respectively, is given by

U = O−1UV O−1UT O−1UV . (C37)

Its eigenvalues are obtained from numerical diagonalization.

3. Integration

To ensure accurate matrix elements in Eqs. (C35) and (C36),
we set the length of the cells such that the integrand does not
exhibit more than one oscillation within each cell. We then
perform the remaining numerical integration using Gaussian
integration with 30–50 integration points (see Ref. [101] for
details).

In practice, we estimate the interval [x,x + �x] on which
the integrands in Eqs. (C35) and (C36) oscillate once by
considering their phase function in the limit of small h̄. This
gives

�x � heff

V ′(x)
, (C38)

�x � heff

|x − x ′| . (C39)

Both estimates show that the cell size scales with heff. Esti-
mating the maximum of V ′(x) along the real axis (which is
not entirely correct for the scaled potential) from its main part
Vκ (q), we obtain

max{V ′(x)} � κ

4
exp

(
−1

2

)
. (C40)

On the other hand, we estimate the maximal relevant length
|x − x ′| in the integration of Eq. (C36) as

max{|x − x ′|} �
⎧⎨
⎩

√
30h̄ log(10)

sin(2θ) (complex scaling)

2qabs (absorbing potentials).

(C41)

The first estimate is obtained by computing the separation
|x − x ′| for which the nonoscillatory part of the kernel in
Eq. (C36) drops below machine precision. The second esti-
mate is obtained by assuming that significant contributions in
Eq. (C36) arise mainly between points in the absorption-free
region q ∈ [−qabs,qabs]. Usually we have max{|x − x ′|} >

max{V ′(x)} and thus set the number of cells in an equidistant
grid to

N ≈ 1

h
×

⎧⎨
⎩

√
30h̄ log(10)

sin(2θ) (complex scaling)

2qabs (absorbing potentials).
(C42)

4. Testing

In order to confirm the correctness of the finite-element
representation of wave functions, we first applied it to several
time-independent problems. These include the box potential,
the harmonic oscillator, and the Bain potential, discussed in
Ref. [90]. In all cases we could confirm the relevant eigenvalues
up to machine precision. This test gives confidence to the
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correctness of the overlap matrix as well as the numerical
integration routines.

Subsequently, we focus on the matrices UV , deduced
from Eq. (C35). Here we test the numerical integrations in
Eq. (C35) by comparing to analytical results obtained for
simple basis functions. We further tested the matrix UV by
(i) reducing a known wave functions ψ(x) to coefficients,
(ii) propagating the coefficients by O−1UV , and (iii) recon-
structing the propagated wave function ψ ′(x ′) from the prop-
agated coefficients and noting that the results agree well with
the expression ψ(x) exp[−iV (x)/2h̄] within the maximum
norm.

In a similar way we test the matrix UT , deduced from
Eq. (C36). We test the numerical integrations in Eq. (C36) by
comparing them to analytical results obtained for simple basis
functions. We further tested the matrix UT by (i) reducing a
Gaussian wave function ψg(x) to coefficients, (ii) propagating
the coefficients by O−1UT , and (iii) reconstructing the propa-
gated wave function ψ ′

g(x ′,t = 1) from propagated coefficients
and noting that the results agree well within the maximum norm
with the closed-form analytical expressions

ψg(x,t) = 1

(2π )1/4

σ
1/2
0

σt

exp

(
− (x − xt )2

4σ 2
t

+ i
p0

h̄
(x − xt ) + i

p0xt

2h̄

)
, (C43)

with

xt = x0 + p0t exp(−i2θ ), (C44)

σt =
√

σ 2
0 + ih̄

2
t exp(−i2θ ) (C45)

obtained when propagating a Gaussian with the complex-
scaled propagator (46).

5. Complex scaling

The numerical computations for complex scaling in this
paper use a grid with xmax = 4.0. The order of the ba-
sis functions in each cell was mmax = 10. The cell width
is equidistant. The number of cells was determined as
N = 840 for the computation with θ = 0.05 and N = 665
for θ = 0.08.

All parameters used in this computation were aimed at high
accuracy. In particular, further increasing xmax, mmax, or N does
not change the spectra. On the contrary, if resonance spectra are
required up to a few significant digits only, the same resonance
eigenvalues can be computed for much smaller sets of basis
functions mmax and slightly smaller grids xmax.

We cross examined the numerical result by computing the
spectrum of the complex-scaled quantum map via a quantum
maps code, i.e., putting the system on a torus, setting up
the operator via a split-operator fast Fourier transform, and
computing the spectrum numerically. This gives the same
resonance spectrum within several significant digits.

Note that for complex scaling the operator in Eq. (C34) can
be amplifying for some positions and damping for others. In the
semiclassical limit h̄ → 0 this effects become exponentially

amplified, leading to matrix elements in Eq. (C35) which
span many orders of magnitude. Eventually, this can make the
numerical scheme unstable. If this happens the scaling angle
θ must be lowered.

6. Projective opening

The numerical computations with projective openings use
basis functions in each cell up to order mmax = 5. The cell
width is equidistant. The number of cells was determined as
N = 1200 for the computation with xmax = 2.0 and N = 1500
for xmax = 2.5. In both cases we cannot identify resonance
eigenvalues which agree with the results of complex scaling
within several significant digits.

The convergence of the spectra was checked, i.e., doubling
the number of cells N or the order mmax or both gives
the same spectra. Note that treating the projective opening
with a quantum map code, i.e., imposing periodic boundary
conditions in both position and momentum, gives additional
spurious modes.

7. Absorbing potential

The numerical computations for absorbing potentials in this
paper use basis functions in each cell up to order mmax = 3. The
cell width is equidistant. The number of cells was determined
as N = 1500 for the computation with xmax = 2.5 and N =
3000 for xmax = 5. Spectra obtained in the case of weak
absorption xmax = 5.0 give the same resonance eigenvalues
as complex scaling within several significant digits. On the
contrary, the case of strong absorbing potentials xmax = 2.5
does not agree with resonance eigenvalues obtained from
complex scaling. We further checked the convergence of the
spectra, i.e., doubling the number of cells N or the order mmax

or both gives the same spectra. Note that treating the absorbing
potential case with a quantum map code, i.e., imposing periodic
boundary conditions in both position and momentum, gives
additional spurious modes.

Smooth monomials

We define the smooth monomials of Sec. IV E as

Mξ
n (x) := ξnFn(x/ξ ), (C46)

where ξ is a width parameter and the functions Fn(·) up to
order n = 3 are given by

F−1(x) = exp(−x2)

π1/2
, (C47)

F0(x) = 1

2
[1 + erf(x)], (C48)

F1(x) = xF0(x) + 1

2
F−1(x), (C49)

F2(x) =
(

x2 + 1

2

)
F0(x) + x

2
F−1(x), (C50)

F3(x) =
(

x3 + 3x

2

)
F0(x) +

(
x2

2
+ 1

2

)
F−1(x). (C51)
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