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Temperature- and field-induced structural transitions in magnetic colloidal clusters
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Magnetic colloidal clusters can form chain, ring, and more compact structures depending on their size. In the
present investigation we examine the combined effects of temperature and external magnetic field on these
configurations by means of extensive Monte Carlo simulations and a dedicated analysis based on inherent
structures. Various thermodynamical, geometric, and magnetic properties are calculated and altogether provide
evidence for possibly multiple structural transitions at low external magnetic field. Temperature effects are found
to overcome the ordering effect of the external field, the melted stated being associated with low magnetization
and a greater compactness. Tentative phase diagrams are proposed for selected sizes.
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I. INTRODUCTION

Assemblies of finite dipolar particles ranging from nano- to
meso- and even macroscopic scales exhibit collective proper-
ties and a propensity for self-assembly that has motivated an
increasing number of investigations in recent years [1–29].

On the experimental side, Zerrouki and coworkers designed
magnetic colloids that self-assemble with a well-defined he-
licity [30], a feature also reported for magnetite nanocubes
[23]. The structure and dynamics of self-assembled colloidal
clusters have been observed by isolating the particles in
microwells with the purpose of obtaining ensemble-averaged
probabilities of cluster structures as a function of the number
of colloidal particles [31]. Macroscopic mechanical properties
of self-assembled ferromagnetic spheres have been studied by
Vella and coworkers [32], who obtained chains, rings, and
cylinders as the main structural motifs. Branched structures
have also been observed [2]. Other experimental investigations
on the structure, thermodynamics and kinetics of colloidal
magnetic clusters have been carried over the past few years
[33–36], revealing nontrivial shapes and collective phenomena
engineered by specific design protocols of the particles them-
selves and by appropriate tuning of the external experimental
conditions.

From the theoretical point of view, Vandewalle and Dor-
bolo [37] obtained from numerical simulations mechanically
stable defects that appeared to behave as macroscopic mag-
netic monopoles. In a recent work, Messina and cowork-
ers [22,24,28] located low-energy structures for finite sets
of spherical magnetic particles in two and three dimen-
sions. These structures were experimentally reproduced with
millimeter-scale magnets. A popular theoretical framework for
magnetic nanoparticles is the dipolar hard sphere (DHS) model
in which the permanent dipole moment is fixed at the center of
a hard sphere. The DHS model has been extensively employed
due to its simplicity by various groups [38,39]. It notably

supports ring and chain structures, as observed experimentally
for spherical magnetic particles [1,6,7,9]. Alternative continu-
ous models involving a soft repulsive core that is more appro-
priate for dynamical studies have also been considered recently
by Novak and coworkers [29], who specifically investigated
the effects of magnetic dipole strength on the preferential
formation of chains or ring structures.

An external magnetic field can strongly alter the shape of
magnetic colloidal clusters, as demonstrated experimentally
under a variety of conditions [2,11,18,23]. In particular, Kun
and coworkers [2] have investigated for clusters of 10–20
colloidal particles the breakup of ring structures into chains
as the external field is increased above about 50 Gauss.
Similar studies by Morimoto and coworkers have focused on
two-dimensional assemblies [8,15] for particles with centered
dipoles. In contrast, when the dipole moments are off-centered,
a recent investigation has revealed hierarchical self-assembly
into reconfigurable shells [25]. Nontrivial structures have also
been predicted to occur in the presence of a time-dependent
external field [12,16,21]. Static external fields were found to
alter the energy landscapes and entire rearrangement pathways
for a simple model of colloidal magnetic particles that includes
a short-ranged depletion interaction [40].

Besides the model details, the preferred structures of
magnetic colloidal clusters appear to depend on temperature,
external field, and size itself. In the present contribution, we
attempt to rationalize this complex dependence by carrying out
extensive exchange Monte Carlo simulations. In addition to
generic indicators related to the thermodynamical or structural
state of the clusters, we have also considered transitions affect-
ing fluxionality in the energy landscapes and based on inherent
structures. Combining these indicators, phase diagrams are
proposed for various cluster sizes, often revealing multiple
structural transitions that could be exploited to design desired
shapes by tuning temperature or field strength.

2470-0045/2018/97(2)/022601(8) 022601-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.97.022601&domain=pdf&date_stamp=2018-02-05
https://doi.org/10.1103/PhysRevE.97.022601


J. HERNÁNDEZ-ROJAS AND F. CALVO PHYSICAL REVIEW E 97, 022601 (2018)

This paper is organized as follows. The basic methods,
including the model details and the computational protocol, are
described in Sec. II. The results are presented and discussed in
Sec. III, before some concluding remarks are finally given in
Sec. IV.

II. METHODS

A. Magnetic colloidal clusters

We consider a set of N identical colloidal magnetic particles
interacting with each other and with a possible external
magnetic field �B at prescribed temperature T . The potential
energy of this system reads [40]

V (R) = V0(R) − �μ(R) · �B, (1)

where V0(R) is the binding energy and �μ(R) the total magnetic
dipole moment,

�μ(R) = m
∑

i

ûi , (2)

m being the strength of the magnetic dipole moment carried by
each particle and ûi the unit vector carrying this dipole moment
for particle i.

In Eq. (1), V0 comprises two terms, namely a dipole-
dipole interaction contribution and a (mostly repulsive) Morse
pairwise potential preventing the collapse at short distances,
given by

V0(R) =
N∑

i<j

V0(rij ) =
N∑

i<j

[VM (rij ) + Vdip(rij )], (3)

where the Morse pair potential VM is expressed as

VM (rij ) = εeρ(1−rij /σ )[eρ(1−rij /σ ) − 2], (4)

and the dipole-dipole interaction can be written as

Vdip(rij ) = μ0

4π

m2

r3
ij

[(ûi · ûj ) − 3(ûi · r̂ij )(ûj · r̂ ij )], (5)

rij ≡ |rij | = |ri − rj | being the distance between particles i

and j , ε the well depth, re the equilibrium distance for the
pure Morse contribution, and μ0 the permeability of vacuum.
ε and σ are the units of energy and distance, respectively, and
r̂ ij = rij /rij .

The Morse contribution contains one adjustable parameter,
ρ, which determines the range of the potential. Following our
recent study [40] we used ρ = 30 and m = 4.4, in reduced
units. For possible experimental comparison, it is important to
convert such abstract units into physically meaningful quanti-
ties. We can safely assume colloidal particles to have a typical
radius of r0 ∼ 1 μm. We then distinguish two situations, in
which the magnetic energy for two particles in contact is
either of the order of thermal energy at room temperature
(kBT ∼ 4 × 10−21 J) or, as in the experimental setup of Wen
et al. [1], much larger (Kdd × kBT with Kdd = 1.7 × 106

yields an energy of 7 × 10−15 J). In our model, the energy
scale at the minimum is about −40ε, which gives values of
ε of the order of 10−22 J or 2 × 10−16 J, respectively or, in
temperature scales, 10 K or 2 × 107 K.

The magnetic dipole moment corresponding to such par-
ticles and the associated energy scales is then evaluated

as 2 × 10−16 Am2 and 3 × 10−13 Am2, respectively, which
yields the scales of magnetic fields to be of the order of 0.2
and 230 Gauss, respectively, both within the experimental
reach [2,11,18,23].

Cluster sizes of 8, 14, 21, and 27 particles were chosen as
representative samples covering different situations in which
the most stable structures evolve from circular rings to linear
chains or stacked rings [10,19,40]. In particular, the sizes of 14
and 27 are the lowest at which double and triple ring structures
become more stable, respectively, the other two sizes being
representative of more generic systems.

B. Finite-temperature sampling under external field

The structural, thermodynamical, and magnetic properties
of colloidal clusters were computationally investigated using
the exchange (or parallel tempering) Monte Carlo method
[41], in which several canonical trajectories are run in parallel
and two configurations from adjacent trajectories occasionally
swapped with each other. Random moves thus include normal
perturbations in the coordinates of a random particle (both
in translation and orientation of the dipole moment vector),
as well as exchanges between two such configurations. This
parallel tempering strategy is mainly employed to reduce bro-
ken ergodicity in the simulation and probe possible structural
transitions that would hardly be accessible in conventional
molecular dynamics or Monte Carlo simulations. For these
simulations, the orientational degrees of freedom were treated
using simple unit vectors ûi .

Because the potential is very short ranged (high value of
ρ), particles might easily dissociate from the cluster at high or
even moderate temperatures, and to keep the clusters connected
we have used a simple distance criterion, rejecting Monte
Carlo moves in which a particle could become distant from
the remaining particles by a unit distance of more than 1.6.

In the presence of an external field, the system loses
rotational invariance and it would be possible to introduce
global rotational moves in the set of Monte Carlo trial moves
or, equivalently, to treat the field orientation as an additional
variable. Alternatively, we can integrate what would be the en-
ergy at temperature T if an infinite number of such moves were
attempted, and the result is a temperature-dependent effective
potential in which the magnetic contribution is canonically
averaged over all field directions [42]:

Veff (R; T ) = V0(R) − μ(R)BL[μ(R)B/kBT ], (6)

where μ(R) denotes the magnitude of the magnetic dipole
vector �μ, and L(x) is the Langevin function,

L(x) = exp(x) + exp(−x)

exp(x) − exp(−x)
− 1

x
. (7)

Under a temperature-dependent potential V (T ), the thermody-
namical properties such as the internal energy U (T ) and heat
capacity Cv(T ) must explicitly include additional corrections,
and we provide below the general expressions for arbitrary V ,

U (T ) =
〈
V + β

∂V

∂β

〉
, (8)
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and

Cv(T ) = 1

kBT

[
〈V 2〉 − 〈V 〉2 + 2β

〈
V

∂V

∂β

〉

+β2

〈(
∂V

∂β

)2
〉

− β2

〈
∂V

∂β

〉2

− 2β〈V 〉
〈
∂V

∂β

〉
− 2

〈
∂V

∂β

〉
− β

〈
∂2V

∂β2

〉]
, (9)

where β = 1/kBT , kB being the Boltzmann constant. For the
present potential, the derivatives ∂V/∂β and ∂2V/∂2β can
be straightforwardly obtained from the explicit form of the
Langevin function.

C. Inherent structures analysis

The exchange Monte Carlo simulations provide equili-
brated samples from which structural and thermodynamical but
also magnetic properties can be determined. We have further
supported these analyses by considering the inherent structures
(IS’s) obtained by locally minimizing the configurations visited
by the various trajectories. Doing so periodically provides a
way of removing the thermal noise and achieving a closer
connection between properties and the underlying structures
in the energy landscape [43].

At each temperature, instantaneous configurations are lo-
cally optimized using the limited-memory Broyden-Fletcher-
Goldfarb-Shanno method [44,45] and treating now the orien-
tational degrees of freedom using an angle-axis coordinate
system [46]. Since the Monte Carlo simulations described
in the previous section ignore the direction of the finite
external field, it was assumed during each minimization that
the magnetization vector μ was aligned with the field �B,
hence facilitating local optimization in particular toward global
rotational degrees of freedom. The set of inherent structures
with energies {Eα} were recorded and counted, each inherent
structure α being found with probability pα . The amount of
fluxionality in the energy landscape can be measured from
these statistics, and in the present work we have used the
inherent structure entropy SIS, which is just the information
entropy associated with the probabilities {pα} as

SIS(T ) = −kB

∑
α

pα ln pα. (10)

With this definition, a system completely localized into a single
structure has a zero entropy, whereas highly fluxional states
visiting many inherent structures would have a high value
of SIS. The inherent structure entropy is thus likely to be
very sensitive to the presence of structural transitions where
a limited number of conformers compete with each other.

III. RESULTS AND DISCUSSION

To characterize the equilibrium properties of magnetic
colloidal clusters, three main quantities were determined from
our exchange Monte Carlo simulations. The canonical heat
capacity provides the most fundamental thermodynamical
observable that is expected to carry signatures of phase
changes rounded by finite-size effects. Structural and magnetic
properties more closely connected to the underlying geometric
arrangement of the cluster and the collective orientation of the
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FIG. 1. Equilibrium properties of the M8 (left panels) and M27

(right panels) colloidal clusters as a function of canonical temperature
for three values of the external magnetic field B. [(a) and (b)] Average
magnetization per particle; [(c) and (d)] average square gyration
radius; [(e) and (f)] heat capacity.

dipole moments were also considered, with the square gyration
radius R2

g and the total magnetization per particle, respectively.
These properties are represented in Fig. 1 for the 8- and

27-particle colloidal clusters, as a function of temperature in
the range T < 8 reduced units where structural transitions take
place. For each system, the results are shown without any
external field and for two finite values of the field strength.
Besides some size-specific features, several generic remarks
can be made. At low temperature and low field the two clusters
form one (M8) or three stacked rings (M27) with zero net
dipole and are rather compact. All three indicators considered
in Fig. 1 display low values under such conditions. At high
field, the clusters preferentially adopt chain conformations
in order to maximize their interaction with the field at the
expense of intracluster binding, with both gyration radius and
magnetization showing now high values at low temperature.

At very high temperatures, the disordering effect of entropy
prevails over the ordering role of the external field, and
both the magnetization and gyration radius converge to a
common value independent of the field, the heat capacity
decreasing smoothly back to values comparable to the number
of degrees of freedom. This notably indicates that the variety
of conformations at very high temperatures encompass chains,
rings, and many intermediate structures but no major role
played by the lowest-energy conformer.

As temperature increases at low field, the clusters exhibit
a single broad melting peak (M8) or multiple features (M27)
in the heat capacity, with possibly sharp additional peaks
or low-temperature shoulders. For both systems the average
magnetization is only sensitive to the main peak, which
is located near the reduced temperature of 3.5–4 reduced
units, thus indicating that features below this melting range
involve compact structures with low net dipole. For M27, the
gyration radius exhibits a correspondingly sharp increase at
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FIG. 2. Probability of visiting inherent structures as a function
of their energy and temperature, as explored during the exchange
Monte Carlo trajectories for the M14 colloidal cluster at two values
of the external field. (a) B = 0; (b) B = 1.1. A logarithmic scale is
used for the probability, and all energies are reported relative to the
corresponding global minimum energy at each value of the field.

the same temperature as the heat capacity peak near T = 1.5
reduced units, showing that this transition is associated with
stabilization of more extended but still ringlike conformers.

Under high external fields, the low temperature conformers
have all individual dipoles aligned with the field and a net
magnetization equal to m = 4.4 units. However, structural
transitions still occur involving the nonmagnetic degrees of
freedom, and the melting transition is preserved, its location not
depending significantly on the field magnitude. Even at high
fields, premelting transitions occur and can be quite sharp, as in
the case of M27 near T = 1 reduced units and B = 0.9. Under
such conditions the cluster undergoes a transition to a much
less compact state but again without any marked signature on
the magnetization. At moderate fields, variations in the relative
stability of various conformers affect the caloric curve and the
statistical properties, possibly producing additional features
that are absent both at low and high fields. For instance, the M8

cluster at B = 0.5 distinctly shows a premelting feature near
T = 2 reduced units associated with an occasional opening of
the ring that is conveyed by the dual increase in the gyration
radius and magnetization.

In order to shed more light onto the conformers associated
with the various phases, and to characterize the structural
transitions and the melted state in greater detail, the inherent
structures were determined from instantanous configurations
sampled by the exchange Monte Carlo simulations, and their
probability p(EIS) was accumulated and binned as a function
of energy relative to the global minimum. As an example, we
show in Fig. 2 the variations of this quantity, in logarithmic
scale, as obtained for the M14 colloidal clusters at zero and
high (B = 1.1) field and as a function of temperature. At
zero field, this cluster is most stable as a stacked double
ring, but undergoes a structural transition toward a single 14-
particle ring at low temperature T � 0.6. This entropy-driven
transition is manifested on the IS spectrum as a conformer lying
about 15 energy units above the global minimum. Between this
temperature and T � 3 units, these two conformers constitute
the entire population of minima that are visited in the energy
landscape. Above T = 3, large bunches of isomers become
accessible, and the majority of IS that reach about 110 energy
units are visited once temperature approaches T = 4 reduced
units.
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FIG. 3. Information entropy (in units of kB ) inferred from the
populations of inherent structures visited in the exchange Monte Carlo
simulations, as a function of temperature and for three values of the
external magnetic field. (a) M8; (b) M27.

In contrast, the same system under high external field dis-
plays fewer minima with a single, well-defined structure (the
linear chain global minimum) until the temperature reaches
T = 3 units. The remaining excited minima are still numerous
but appear at slightly higher temperature than for the same
system at zero field, which is consistent with the slight shift
of the melting peak toward high temperatures as the external
field strength is increased in Figs. 1(e) and 1(f).

To quantify the diversity of structures in the IS analysis, the
information entropy SIS extracted from the populations {pα}
of conformers was determined as a function of temperature.
The variations of this quantity with temperature are shown in
Fig. 3 for the same clusters having 8 or 27 particles and the
same external field strengths, thus allowing a direct comparison
with the other equilibrium properties represented in Fig. 1.

For the two systems, the information entropy vanishes in
the low-temperature limit and independently of the external
field strength. As soon as some isomerization takes place, SIS

increases either monotonically (M8 at low and high field) or
exhibits local maxima at the same temperatures at which the
heat capacity shows premelting maxima as well. The melting
peak itself is associated with the greater increase in SIS, which
coincides with the appearance of new bunches of conformers
as seen in the IS spectra of Fig. 2. What the information
entropy demonstrates clearly is, precisely, the entropic nature
of some structural transitions, such as the one occuring below
T = 1 for M27 at high field B = 0.9. Inspection of the heat
capacity or other properties does not discriminate between
specific conformers, while SIS drops to zero between T = 1
and T � 3 for this system, showing unambiguously that a
single structure is visited, with maximum gyration radius and
strong magnetization: the linear chain.

For a given system, decreasing the external field generally
leads to a higher information entropy once the melted state
is reached. This apparently greater diversity of inherent struc-
tures, also noted in the IS spectra of Fig. 2, mostly reflects
the statistical preference for conformers with a higher total
dipole moment and the relative destabilization of remaining
conformers.

Having characterized structural transitions from dedicated
parameters, and using the detailed information provided by
the inherent structures, some tentative phase diagrams can be
constructed as a dual function of temperature and external
magnetic field and for selected sizes. Such diagrams are
represented in Fig. 4 for the three clusters already discussed
for M8, M14, and M27 but also for M21. Due to the limited
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FIG. 4. Structural phase diagrams in the (temperature, field strength) plane highlighting the dominant configurations adopted by selected
colloidal clusters. (a) M8; (b) M14; (c) M21; (d) M27.

number of simulations at finite external field, the boundaries
of each colored region are approximate, but generic behaviors
common to all system sizes can be clearly delineated.

The most compact configurations that consist of single
(M8) or stacked (Mn with n = 14, 21, 27) rings are only
predominant at low temperature and field. Increasing temper-
ature at low field invariably leads to entropy-driven structural
transitions toward the single-ring conformer and subsequently
to chains that have even higher entropy due to their much softer
vibrational modes. Chains are also stabilized by increasing
the external field, the energy (and global dipole moment)
being maximized by aligning the dipole moments with the
field.

In larger clusters (M21 and M27 here) intermediate two-
chain conformations are found to be the most stable at high
field, but single-chain structures should become favored at
even higher fields not explored here. In the largest clus-
ter considered, several two-chain conformations also coexist
with some minor dependence on temperature. The stability
region of the single chain conformer is bounded both at
low and high temperatures and broadens with increasing
external field. However, at any field a melting phase change
takes place at sufficiently high temperature, above which
entropic disorder prevails over the ordering ability of the field.
The melted phase itself can be better visualized from the

inherent structures superimposed on the diagrams, selected
for each cluster to illustrate the variety of shapes that are
visited.

These structures obviously differ markedly from the highly
symmetric, low-energy ring conformers and contain typical
defect motifs that are common to all system sizes: rings with
one or several necks, multiple chains joined at the center,
nonplanar rings, or even rather compact, two-dimensional (2D)
sheet fragments. Due to the high temperature and frequent
rearrangements, none of these conformers is expected to be
long lived, and this diversity of structures only has a statistical
meaning. Moreover, because we have restricted configuration
space to be connected structures only, any experimental real-
ization would have to prevent thermal dissociation as well in
order to monitor specific structures.

IV. DISCUSSION AND CONCLUSIONS

Clusters of magnetic colloidal particles have already been
experimentally produced by several groups and shown to
exhibit propensity for self-assembly. Controlling the shape of
these clusters appears primarily feasible by appropriate tuning
of their interactions, either through the shape of individual
particles (which influences the range of the interaction) or
through the magnitude of the dipole moment (which influences
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the anisotropy more directly). Altering cluster shapes by
external parameters such as magnetic field or temperature
would pave the way toward additional or improved control
for possible applications.

In the limits of low field and low temperature, compact
shapes are generally favored with no net dipole moment. In
the size range considered here with at most 27 particles, these
compact shapes generally consist of superimposed rings, but
with the present parameters the lowest-energy structure was
predicted to be even more compact and based on the face-
centered-cubic crystal [40].

The single chain is expected to become the only stable
conformer at sufficiently high field. Conversely, increasing
the temperature should favor structural diversity and a melted
(fluxional) phase. It would be interesting to determine which
of the two parameters of field and temperature dominates over
the other in the limit where they both take large values or, in
other terms, whether it is possible to stabilize the single chain
structure by increasing the field even if the temperature is high.

Another general finding is the stabilization of single ring
conformers by entropy at intermediate temperatures and low
field, and the systematic structural transition to the single chain
structure (opening of the ring) on increasing the field. The very
large entropy of the single ring conformer, which conveys very
floppy out-of-plane modes, is reflected on the inherent structure
entropy that exhibits nonmonotonic variations with increasing
temperature when such transitions take place, possibly even
dropping to zero before increasing again.

Obviously, clusters with arbitrary sizes other than those
scrutinized here should display quantitatively different caloric
curves but a similar phenomenology is expected. In particular,
the ring and chain conformers will remain as highly stable
structures at intermediate temperatures and low and high
fields, respectively, while structures based on multiple rings
will depend on the precise number of particles forming the
individual rings. Preliminary calculations on the larger cluster
M36 with a fcc global minimum suggest an additional structural
transition toward multiple ring conformers before fewer but
larger rings, chains, and eventually the fluxional phase take
place.

The multiple structural transitions found for the present
systems bear strong similarities with the multistep melting
process reported earlier in atomic and molecular clusters both
theoretically [47–50] and experimentally [51], and especially
the hierarchical melting found for ionic aggregates [52,53], in

which the presence of several features in the caloric curves
is related to the successive opening of broader regions of the
energy landscape.

Among the questions raised by the present results, the
robustness of the structural transitions and phase boundaries
against the details of the model would be worth pursuing in the
future, not only in terms of parameter values but also and more
generally of the potential itself. One approximation made in
the model was notably that the dipole strength is independent
of temperature, which for many magnetic materials could
be disputable. Extending the model to include temperature-
dependent dipole moments would still be straightforward in
the present framework. This work and the underlying model
could also be employed in two dimensions, either without envi-
ronment or in the presence of an explicit substrate that mimics
the actual confinement. Altough the presence and mechanisms
of structural and phase changes could be preserved in 2D, the
further constraints on the vibrational modes could significantly
reduce the entropic stabilization of single-ring and -chain
conformers, while favoring more compact hexagonal packings.
Future work could also address the even more complex case of
bi- or polydisperse clusters having particles of different size or
carrying dipoles with different magnitude or with off-centered
dipole moments. In addition to structural complexity, the phase
diagram could then exhibit competing isomers that differ not
in shape but in the arrangement of unlike particles, producing
new structures or reducing their numbers.

All transitions explored in the present investigation being
at thermal equilibrium, another relevant issue would be to
consider their kinetics and in particular the time scales associ-
ated with the ring � chain interconversion but also the more
complex rearrangements between the different branched struc-
tures and the more compact multiple ring conformers. Recent
work using Langevin molecular dynamics [29] could shed light
onto some aspects of these transitions, but a more systematic
approach based on path sampling techniques [54,55] would
probably be more appropriate to reach macroscopically long
time scales.
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