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We present an approach to achieve adaptable band structures and nonreciprocal wave propagation by exploring
and exploiting the concept of metastable modular metastructures. Through studying the dynamics of wave
propagation in a chain composed of finite metastable modules, we provide experimental and analytical results
on nonreciprocal wave propagation and unveil the underlying mechanisms that facilitate such unidirectional
energy transmission. In addition, we demonstrate that via transitioning among the numerous metastable states,
the proposed metastructure is endowed with a large number of bandgap reconfiguration possibilities. As a result,
we illustrate that unprecedented adaptable nonreciprocal wave propagation can be realized using the metastable
modular metastructure. Overall, this research elucidates the rich dynamics attainable through the combinations
of periodicity, nonlinearity, spatial asymmetry, and metastability and creates a class of adaptive structural and
material systems capable of realizing tunable bandgaps and nonreciprocal wave transmissions.
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I. INTRODUCTION

Reciprocity of wave propagation is a fundamental princi-
ple [1,2] that describes the symmetry of wave transmission
between two points in space. If a wave can propagate from
a source to a receiver, it is equally possible for the wave to
travel in the opposite path, from the receiver to the source.
Motivated by the concept of electrical diodes, directional
flow of electrons in the presence of electric field, much
research attention has been devoted to exploring the possibility
of breaking the time-reversal symmetry and realizing one-
way propagation in various energy forms [3-9]. Since linear
structures alone cannot break the reciprocity in reflection-
transmission if time reversal symmetry is preserved [10,11],
considerable efforts have been devoted to realize nonreciprocal
behavior in linear systems with additional symmetry breaking
mechanisms that are able to actively modulate system char-
acteristics. For instance, Fleury et al. presented an acoustic
circulator based on angular-momentum biasing through a
circulating fluid [12]; Swinteck et al. demonstrated bulk waves
with unidirectional backscattering-immune topological states
using superlattice with spatial and temporal modulation of
the stiffness [13]; and Wang et al. proposed an all-optical
optical diode via a “moving” photonic crystal to control the
flow of light [14]. In parallel to advances in spatiotemporal
modulated linear systems, another major path to achieve
nonreciprocal wave propagation is through using nonlinear
systems. Liang et al. coupled a nonlinear medium with a
supperlattice and accomplished unidirectional acoustic wave
propagation by exploiting second-harmonic generation (SHG)
of the nonlinear medium together with frequency selectivity
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of the linear lattices [7]. Popa and Cummer characterized an
active acoustic metamaterial coupled to a nonlinear electronic
circuit and demonstrated an isolation factor of >10dB [15].
Recently, studies on nonreciprocal waves in systems with
bistable elements have also received attention [16,17] for their
intriguing nonlinear behavior [18].

While many of these and other pioneering studies pivoted
on the realization of unidirectional energy transmission are in-
triguing, investigations on systems capable of on-demand tun-
ing of such nonreciprocal wave propagations that are beneficial
in many applications [19,20] are still limited. Boechler et al.
illustrated that taking advantage of the localized defect mode,
tunable rectification could be achieved by adjusting the static
load of a defected granular chain [21]. They demonstrated the
one-way wave propagation phenomenon experimentally for
selected frequencies below and close to the defect frequency.
Chen and Wu presented a tunable topological insulator through
both analysis and numerical experiments using a 2D phononic
crystal [22]. They showed the existence of the topologically
nontrivial bandgaps by actively inducing airflow and frequency
ranges that exhibit one-way wave propagation can be tuned by
varying airflow velocity as well as lattice geometry. However,
once the static load [21] or air flow rate [22] is fixed, both
studies showcased the nonreciprocal harmonic wave propaga-
tions only for a limited frequency range. For transition waves,
Raney et al. realized a tunable soft mechanical diode capable
of one-way solitary wave propagation in elastomeric bistable
lattices [23]. They observed unidirectional pulse propagation
using a heterogeneous chain composed of a region with soft
connectors combined in series with a region with stiff connec-
tors and discovered that the propagation speed can be tuned by
varying the beam end-to-end distance. While all these studies
[21-23] demonstrate tunable nonreciprocal wave propagation,
such adaptation can only be induced by the change of global
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topology or constraint. The reconfiguring of the numerous
internal modules/components individually and synergistically
for a given global confinement, which can significantly expand
the adaptation space and greatly benefit wave control, are not
allowed with the current approaches.

To advance the state of the art, in contrast to the previous
methods, in this research we present an approach to accom-
plish nonreciprocal wave propagation for a broad frequency
range with large adaptation space by exploiting the concept
of metastable modular metastructures. These systems are
composed of modules that individually exhibit metastability,
i.e., coexisting of multiple internal stable states for the same
topology, which cannot be achieved via pure bistable modules
or modular systems explored in the past [16,17,21-23]. The
assembled metasturctures are shown to exhibit direct pathways
to facilitate synergistic property adaptation and bandgap tuning
by harnessing the metastability and modularity, which are es-
sential to creating the large adaptation space for nonreciprocal
wave propagation. Hence, it is with such unique metastable
composition and the integrated metastructure concept, we
demonstrate that broadband nonreciprocal wave propagation
and adaptation can be achieved.

To examine how the combination of nonlinearity, spatial
asymmetry, periodicity, and metastability gives rise to unprece-
dented adaptive unidirectional wave propagation characteris-
tics, the paper is organized as follows. In Sec. II, the overall
concept of the proposed unit module and metastructure is intro-
duced. In Sec. II1, equations describing the nonlinear dynamics
of the corresponding lattice chain are presented, followed by
dispersion analysis of the corresponding linearized system. In
Sec. IV, we present experimental evidence and analysis results
of nonreciprocal wave propagation for the proposed architec-
ture, discuss in detail the underlying mechanisms to realize
nonreciprocal wave propagation, and demonstrate adaptivity
of such anomalous transmission afforded via metastability.

II. OVERALL CONCEPT AND EXAMPLE
METASTRUCTURE

The building block of the metastructure considered in
this study is a metastable module consisting of a bistable
spring and linear spring integrated in series [24,25]. With such
arrangement, the proposed module will exhibit metastability
that is essential to realize the broadband non-reciprocal wave
propagation and adaptation. A lab test stand is set up to
explore the concept. The bistable constituent is generated
by press fitting three magnets with repulsive polarization
inside a 3D printed enclosure connected in parallel with
a stabilizing spring realized via spring steel. Characteristic
force-displacement profile of a bistable element is measured
with an Instron machine, shown in Fig. 1(a). The bistable
element is then connected in series with a linear spring steel to
form a metastable module. A characteristic force-displacement
profile of the module is depicted in Fig. 1(b). As shown in
Fig. 1(b), the building block exhibits a metastable range, where
two metastable states (internal configurations) coexist with
the same overall topology (global displacement). The experi-
mental setup of the metastructure consists of a chain of such
metastable modules connected in series horizontally, aligned
with guiding rail and linear sliding bearings. Figure 1(c)

depicts the top view of the experimental test bed and Fig. 1(d)
shows the corresponding schematic of the metastructure
in which the bistable constituents are represented with buckled
beams, the linear constituents are represented with coil springs
and the inertial elements are symbolized with orange and
yellow circles. As denoted in Fig. 1(d), free length of the
structure L is defined to be the zero force position when
all the bistable elements are buckled to the left and the global
displacement z is defined as the additional deformation applied
to the structure starting from the free length L., position.
In this research, we focus on steady-state wave propagation
through the metastructure as the chain is harmonically driven
from one end. To investigate the nonreciprocal effect, two
actuation scenarios are considered: one is forward actuation
with actuator on the left side of the lattice chain and the other
is backward actuation with actuator on the right-hand side
of the chain. The conceptual representation of the excitation
scenarios is depicted in Fig. 1(e). For illustration purposes,
only inertial elements denoted by orange and yellow circles
are presented in Fig. 1(e), while the stiffness constituents
connecting the masses are not shown. For both scenarios,
harmonic displacement input xj, is directly applied to the
mass next to the boundary of the chain indicated by square,
and output signal x,, is measured one module away from
the boundary marked with circle, Figs. 1(c) and 1(e). During
the experiments, both input and output displacements are
measured with laser vibrometers.

III. MATHEMATICAL MODEL AND BAND
STRUCTURE ANALYSIS

A. Metastable states

Figure 2 depicts a 1D discrete lattice representation of
N identical metastable modules connected in series. Each
metastable module, highlighted with red dashed box, consists
of two masses m; and m; coupled via a linear constituent; the
modules are interconnected by bistable springs. Without loss of
generality, the bistable and linear restoring forces are assumed
of the form, Fy; = —k;x + k3x® and F; = k;y, where x
and y are the deformations of bistable and linear springs,
respectively. The total potential energy of the metastable chain
for a fixed global displacement z measured from its free length
Liree can be expressed as

Nolpp k
U=y |:7L(X[i]2 —xin)’ — El(x[i-&-]]l — xjip)’

i=1
ks k
+ Z(X[H—l]l - x[i]2)4:| + TL(Z — X))’

ki ks
_E}C[z]]l +ZXE‘]]1, (1)

which is a function of internal mass displacements x[;ji,
X(ij2, where subscript i refers to the ith module. All internal
displacements x{;j; and xj;; are measured from the individual
positions of the free length configuration. For a fixed global
displacement z, equilibrium positions of metastructure satisfy
dU/dx;;;1 =0 and U /dx;;p = 0 under the constraint that
Zf\:ll (xpim + xpi2) + xinpp = 2. According to the minimum
potential energy principle [26,27], metastable states of the
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FIG. 1. (a) Characteristic force displacement profile of a bistable element. (b) Characteristic force displacement profile of a metastable
module. (c, d) Top view and corresponding schematic of the experiment setup. (e) Conceptual diagrams of metastable module assembled in
series under forward (excitation from left) and backward (excitation from right) actuations.
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FIG. 2. Schematic and discrete mass spring representation of an N metastable module assembled in series. A periodic unit cell, in this case

same as the metastable module, is highlighted with red dashed box.

022209-3



Z. WU, Y. ZHENG, AND K. W. WANG

PHYSICAL REVIEW E 97, 022209 (2018)

chain satisfy 9>U/dxydxp; > 0, i.e., the Hessian matrix of
the potential is positive definite.

B. Governing equations and linear dispersion analysis

In general, for a fixed global displacement z, a chain
of N metastable modules can have up to 2V metastable
states (internal configurations) with varying system properties
[24,25]. Starting from one of the metastable states, equations
of motion for the ith module, can be expressed as

miXpy + Fnp (X — X—112) + k(X — xpe) = 0, (2a)

maX(ip + Fyvp (e — X)) + k(e — xp) = 0. (2b)

Equation (2a) is applicable to Vi =2 to N and Eq. (2b)
is applicable to Vi =1 to N-1. Due to the fixed boundary
conditions, equations of motion for first and last mass in the
chain can be modified as

miXpy + Fvo(epp) + koG — xpp) =0 (3a)
myXny + FyoGqvn — xv—12) + ke Gepvp —2) =0 (3b)

Depending on the excitation scenarios, Fig. 1(c), external
excitation will be directly applied to the first or last mass in the
chain.

To establish a linear dispersion relation, we first linearize
the equations of motion about its metastable state and the
band structure is determined by modeling a repeating periodic
unit cell of an unforced, infinite chain. For the diatomic
chain depicted in Fig. 2, the periodic unit cell is the same
as a metastable module, and the linearized equation can be
written as

mi& 4+ kne (&G —nimt) + ke —n) =0 (4a)

maii; + knr (i — Gig) k(i — &) =0 (4b)

where ¢; and 5; are small perturbation of mass m; and m;
around its initial positions and ky; is the corresponding
linearized stiffness of the bistable spring. Assuming solutions
in the form of a traveling wave, i.e., {; = Aexp[j(wt — kiL)]
and n; = Bexp[j(wt — k(i + 1)L)], where k is the wave num-
ber and L is unit length, the model is reduced to a standard
eigenvalue problem:

kr+kye _ knptkpe *
m nmi A _ (1)2 A (5)
_ ]ENL+kLejkL kL+];NL B B
myp

my

The band structure can then be determined by sweeping the
wave number k from 0/L to 7. In general, due to the existence
of multiple metastable states for a chain of N metastable mod-
ules, depending on the initial configuration, periodic repeating
cell should be identified, and similar dispersion analysis can
be carried out accordingly.

C. Analysis results of band structures

For exploration purposes and without loss of generality,
parameters used in the analysis are chosen to be of arbi-
trary unit. With stiffness k; = 1, k3 = 1, k;, = 0.2 and masses
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FIG. 3. (a) Reaction force profile as a function global displace-
ment for a 10 module metastable chain. Points A, B are two different
configurations for the same global topology realized by internal
configuration switching. (b, ¢) Corresponding band structures for
configurations A and B. Passband are within [0, wa;], [wa2, wa3] and
[0, wp1], [wg2, wps], respectively, demonstrating the massive band
structures tunability via internal configuration switching.

my = m, = 1, Fig. 3(a) depicts the resultant force profile of the
metastructure as global displacement changes. Due to a syn-
ergistic product of assembling together metastable modules,
multiplying number of different internal configurations can be
afforded via transitioning among these metastable states for
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FIG. 4. (a) Top view of experiment setup with two different configurations. Two configurations can be reconfigured by switching between

metastable states. Periodic cell of each configuration is highlighted with

dashed box. (b) FRF of output displacement over input displacement as

input excitation frequency changes for configuration I (red) and configuration II (blue) with small excitation level. Frequency 15 Hz (triangle)
is in the passband for configuration II and stopband for configuration I and 20 Hz (star) is in the stopband for both configurations. (c) Time
history of output displacement with input RMS displacement 0.2 mm and input frequency at 15 Hz. Signal changes in situ from propagating

to nonpropagating as configuration changes from configuration II to 1.
line) and backward (triangles connected with dashed line) actuation for

(d) Transmittance ratio (TR) for forward (circles connected with solid
configuration I with input frequency at 15 Hz. Shaded area denotes the

region of nonreciprocal wave propagation. (e) Transmittance ratio (TR) for configurations I and II under forward actuation at 20 Hz (circles
connected with solid lines), demonstrating the adaptiveness of supratransmission.

the same global displacement z [24,25]. Since each metastable
state exhibits unique system property [24,25], the ability to
reconfigure among these states exemplifies the broad adapta-
tion space of the proposed metastructure for wave propagation.
For instance, configurations A and B in Fig. 3(a) represent
two possible periodic chains of the same global length with
different internal configurations or metastable states. Periodic
unit cells for the two configurations are highlighted with red
dashed box in Fig. 3(a) and the corresponding band structures
for configurations A and B are depicted in Figs. 3(b) and 3(c),
respectively. For both configurations A and B, the periodic
cells consist of a single metastable module with different
internal configurations, Fig. 3(a). As illustrated in Fig. 3,
property programmability can be realized via metastable state
switching, demonstrated by the adaptation of band structures
of the metastable chain. For configuration A, the two passbands
are [0, 0.633] and [2, 2.098], whereas for configuration B, the
first passband remains to be the same [0, 0.633], while the
second passband shifts to [1.069, 1.242].

IV. NONRECIPROCAL WAVE PROPAGATION
AND ADAPTATION

A. Experimental investigation

With the same global confinement of 45.1 cm
(17.75 inches), two configurations I and II of the experiment
setup are depicted in Fig. 4(a). The two configurations are
obtained by switching between metastable states and the
periodic repeating cells are highlighted with dashed boxes.
To first identify the band structures, frequency sweep tests are
performed for both configurations with input RMS acceleration
0.3m/s? via an electromagnetic shaker. Due to limitation of
the shaker, the frequency range is selected to be from 5 to
50 Hz and the sweep rate is chosen to be 0.05 Hz/s. Figure 4(b)
depicts the displacement frequency response function (FRF)
in forward actuation direction, with blue and red representing
configurations I and II, respectively. As depicted in Fig. 4(b),
the first passband for configuration I extends to approximately
10 Hz and for configuration II, the first passband ends
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at around 18.5 Hz. Therefore, for excitation frequency in
between 10 and 18.5 Hz, wave propagation characteristics can
be adaptively tuned between propagating and nonpropagating,
as the proposed structure reconfigures between metastable
states I and II. Furthermore, such adaptation can be exploited
in situ, depicted by the displacement time history in Fig. 4(c).
With input RMS displacement 0.2 mm and input frequency 15
Hz (gray), the system starts in configuration II and at steady
state the vibration energy is able to propagate through the
chain since the excitation frequency is inside the passband
(blue). We then switch to configuration I manually by
sequentially reconfiguring two bistable constituents, while the
metastructure is still harmonically excited, depicted by the
consecutive spikes in time history (black) in Fig. 4(c). After
switching in situ to configuration I, the excitation frequency
changes from inside the passband to stopband, and as a result,
the output displacement is reduced significantly to nearly zero
(red). Therefore, due to band structure adaptation, we are
able to in situ create immediate change of wave propagation
characteristics as system reconfigures.

To illustrate the nonreciprocal wave propagation phe-
nomenon, metastructure is prescribed in configuration I and
is excited at 15 Hz. The excitation frequency is chosen such
that it is inside the stopband of the linearized structure.
With the same starting configuration, system is excited in
forward and backward actuation scenarios individually with
a fixed input amplitude and the corresponding output and
input displacements are measured using laser vibrometers.
The same experimental procedures are then repeated for
different input excitation amplitudes. Figure 4(d) summarizes
the results of transmittance ratio for different input amplitudes
and the discrete points circle (triangle) for forward (backward)
excitation scenarios are connected with solid (dashed) lines to
illustrate the trend. The transmittance ratio (TR) is defined as
the ratio of steady-state output RMS displacement over input
RMS displacement TR = % As indicated in Fig. 4(d), with
small excitation level, due to the bandgap effect, the output
displacement is negligible compared to the input amplitude
for both excitation directions. As input amplitude increases
to 0.3 mm, transmittance ratio of the backward actuation
increases significantly, while it remains to be low for forward
actuation, depicted in Fig. 4(d), providing experimental ev-
idence on the start of nonreciprocal wave propagation. This
unidirectional energy transmission phenomenon ends at input
amplitude 0.58 mm, at which sudden increase in the output
amplitude for the forward actuation is also made possible.
Such amplitude-dependent wave transmission feature corrob-
orates with studies on supratransmission, in which energy of a
signal with input frequency in the stopband is able to transmit
through a nonlinear chain when input amplitude exceeds
certain threshold [28-33]. For the proposed architecture, inte-
grating the supratransmission property of a nonlinear periodic
chain with spatial asymmetry, the metastable structure is
capable of attaining the onset of supratransmission at different
input amplitude levels depending on actuation direction, and
this threshold discrepancy creates a region that facilitates the
nonreciprocal wave propagation.

In addition to nonreciprocal wave propagation, endowed
with metastability, the proposed structure is also capable of
exhibiting onset of supratransmission at different excitation

level by internal reconfiguration. As illustrated in Fig. 4(e),
the metastructure is excited under forward actuation at 20 Hz
for both configurations I and II. Similar to previous studies,
structures are excited with fixed input amplitude for each
configuration and these individual tests are connected with
lines to illustrate the trend on wave propagation characteristics
as input amplitude increases. Since under small excitation
level, the metastructure resembles that of a linear system and
energy does not transmit through the chain given that the input
frequency is within the stopband for both configurations. As
input amplitude increases to 0.06 mm, energy starts to transmit
through the chain for configuration II, whereas wave propaga-
tion is still prohibited for configuration I until excitation level
reaches 0.45 mm, after which wave propagates through the
chain for both configurations. Such adaptivity on the onset
of supratransmission for different configurations is crucial to
create systems with on-demand tuning of nonreciprocal wave
propagation characteristics.

B. Analysis results—Generation of nonreciprocal
wave propagation

To understand the mechanisms of nonreciprocal wave
propagation of the proposed system, a detailed numerical
analysis is performed using the same system parameters for
dispersion analysis discussed in Sec. 3.3. Wave propagation
characteristics are first explored for configuration A, defined
in Fig. 3, under both forward and backward actuations. Small
damping coefficients { = ——=— = 0.001 is applied between

. . . N k]m] . .
lattices and simulations are performed for sufficiently long time

(30 000w; where w; is defined as ,/ rI:TI,) to reach steady state.

Small damping coefficients are chosen to limit the influence of
energy dissipation on the transmission reduction phenomenon.
Figure 5 depicts the displacement time history and FFT of
corresponding velocities for input xj, (magenta), output Xy
(cyan) and response of internal mass adjacent to input x;
(gray), Fig. 1(c). Driving frequency w = 1.15 is chosen to be
within the attenuation band [0.633, 2] of the metastructure
for configuration A from dispersion analysis and two input
amplitudes 6 = 0.1 and 0.5 are considered.

For small input amplitude 6 = 0.1, despite the large dis-
crepancy on steady-state amplitude of internal mass (gray)
between backward and forward actuations, the output response
amplitudes (cyan) are both negligible compared to that of the
input (magenta), Figs. 5(a) and 5(c). Difference in response
amplitudes of the internal masses is due to the inherent spatial
asymmetry of the metastable chain introduced by modules
with different elastic constituents. With finite lattice length,
one end of the chain is grounded via a linear constituent,
whereas the other end is fixed through a nonlinear constituent,
Fig. 1. To understand the wave propagation characteristics,
FFT of the corresponding velocities are depicted in Figs. 5(b)
and 5(d). Red dashed lines are band structure boundaries w41,
w42, and w43 determined from the linear analysis, Fig. 3(b).
For both actuation scenarios, a majority of the energy is
localized around the fundamental driving frequency w,; as
well as its higher harmonics 2w, and 3w,, Figs. 5(b) and
5(d). In complement to the time domain analysis, the FFT
results also reveal that response amplitude of the internal mass
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forward [(a) and (e)] and backward [(c) and (g)] actuation with excitation frequency w,; = 1.15 and excitation amplitude § = 0.1 [(a) and (c)]
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my "

for backward actuation is orders of magnitude greater than
that for the case of forward actuation, due to the inherent
spatial asymmetry. In fact, amplitude of the second harmonic
2w, under backward actuation is still two times larger than
the amplitude of fundamental harmonics w,; under forward
actuation. However, since these dominant frequencies reside
within the stopband of the metastable lattices, majority of wave
energy does not propagate through the metastable chain. As
exemplified by the frequency response of output signal for both
scenarios, dominant frequencies of the remaining wave energy
are prominently localized inside the first passband. Yet, since
the vibration amplitudes of the output signals are considerably
reduced compared to that of the input, transmittance ratios are
negligible.

Asinput amplitude increases to x;, = 0.5, wave propagation
for forward excitation scenario is still largely prohibited,
similar to the low amplitude actuation case, Figs. 5(e) and 5(f).
However, comparing Figs. 5(e) and 5(g), the response of output

signal increases substantially for backward actuation. More
specifically, with large enough input amplitude, the subsequent
internal masses (gray) instantly undergoes large amplitude
vibration, in this case chaotic response, Fig. 5(g). Therefore,
even though the driving frequency is within the nonpropagating
zone, input frequency is immediately redistributed amongst
a broad frequency range and wave energy is transmitted
through the chain with frequencies spectrum primarily inside
the propagating passband, Fig. 5(h). This frequency conversion
property is a classical nonlinear phenomenon and substantiates
previous researches in which supratransmission is enabled
via nonlinear instability and the transmitted signal becomes
quasiperiodic or chaotic [30-34]. Hence, we can conclude that
non-reciprocal wave transmission with the proposed metas-
tructure is facilitated through the interplay of spatial asymme-
try, nonlinearity and periodicity. Use the same definition of
transmittance ratio (TR), it is determined that with the given
parameters, TR for forward and backward actuations are 0.01
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and 3.73, respectively, demonstrating more than two orders
of magnitude increase in transmittance as excitation direction
changes and providing clear evidence of nonreciprocal wave
transmission.

C. Analysis results—Adaptive wave propagation

Experimental and numerical studies discussed in previous
sections demonstrate the nonreciprocal wave transmission
characteristics as input excitation amplitude varies. Experi-
mental observations also indicate that such anomalous energy
flow is not only a result of the nonlinearity and spatial
asymmetry of metastructure, but also tightly related to the
bandgaps of the periodic chain. To further investigate the
influence of internal reconfiguration (change of metastable
states) on the TR and nonreciprocity of the metastable lattice,
numerical analysis is performed on the same metastructure by
varying both internal configuration and actuation scenarios.
Figure 6(a) depicts the transmittance ratio as input amplitude
changes under constant input frequency = 0.95. This
frequency is within the stopband for both configurations A
and B. Similar to experiment investigations, starting in each
configuration, harmonic excitation with fixed input amplitude
is applied to one end of the chain depending on the excitation
scenarios.

For small input amplitude, configuration A (red lines), both
forward and backward actuations have small transmittance
ratio, similar to previous observations. Yet, due to spatial asym-
metry, as input amplitude increases to 0.3 m, transmittance
ratio for backward actuation increases significantly by two
orders of magnitude, red dashed line, whereas TR for forward
actuation remains to be low, indicating the start of nonrecipro-
cal wave transmission. Same as the experimental observation
in Fig. 4(d), backward actuation is able to trigger the onset
of supratransmission with smaller excitation amplitude than
forward actuation.

As input amplitude increases to 1.7, input energy is suffi-
cient to trigger large amplitude vibration for forward actuation
and is reflected by the large increase in transmission ratio,
red solid line. Further increasing input amplitude beyond
1.7, wave energy will transmit in both directions. Hence, for
configuration A, nonreciprocal wave transmission occurs for
input amplitudes between 0.3 to 1.7. As the metastructure
is changed to configuration B [bottom row in Fig. 6(a)] by
switching between the metastable states [Fig. 3(a)], with the
same excitation frequency w = 0.95, amplitude range for such
unidirectional energy transmission now shifts to between 0.1 to
0.2. This is due to the fact that comparing with configuration A,
configuration B corresponds to a softer state, i.e., equilibrium
position is at a shallower potential well, evidenced by a
lower passband, Fig. 3(b). Therefore, nonlinear instability is
more readily attainable compared to configuration A. This
demonstrates the adaptivity of nonreciprocal wave trans-
mission characteristics as switching amongst the metastable
states.

Additionally, as shown in Fig. 3, alternating internal con-
figurations can greatly affect the bandgaps of the metastable
lattice, which is shown to be pivotal in manipulating frequency
spectrum of the output signal, Fig. 5. Hence, the effect of input
frequency on the nonreciprocal wave transmission character-

istics as switching amongst metastable states is investigated.
Figure 6(b) illustrates the transmittance ratio as input fre-
quency changes with constant input amplitude § = 0.5. It can
be seen that for configuration A, nonreciprocal transmission
exists for frequencies between [0.7, 1.7] and [2.3, 3] and is
changed to [1.7, 2] and [2.5, 3] as switched to configuration B.
To further explore the adaptivity of wave propagation
characteristics over a wide spectrum of input parameters,
Fig. 6(c) depicts the transmittance ratio for forward and
backward actuations with both configurations A and B as input
frequency and amplitude varies. The transmittance ratio heat
map shown in Fig. 6(c) is in log scale with the lighter color
region corresponding to larger TR values. As demonstrated in
Fig. 6(c), for both configurations A and B, wave propagation
characteristics for forward and backward actuations are consid-
erably different for various combinations of input parameters.
In fact, with the given system parameters, most of the signal
transmits through the chain for backward actuation, whereas
for forward actuation, wave energy does not propagate for
some combinations of input frequency and amplitude in the
parameter space, indicated by a greater area of dark space in
Fig. 6(c). Such discrepancy in TR for two excitation directions
creates a region in parameter space in which nonreciprocal
energy transmission exits. Additionally, this phenomenon is
observed for most of the frequencies inside the stopbands.
More intriguingly, as configurations switch from A to B,
significant adaptation of wave propagation characteristics can
be observed for forward actuations, Fig. 6(c). For instance,
withinputlevel § = 1 and frequency w = 1.5, initially blocked
wave energy for configuration A can propagate through the
chain as switched to configuration B. It is also worth noting
that the nonpropagating zone for configuration B, indicated
by the dark blue area, is much smaller compared to that
for configuration A, corroborating with the previously dis-
cussed fact that configuration B corresponds to a softer state.
From these observations, we can conclude that the proposed
metastable metastructure is invested with massive adaptivity
of nonreciprocal wave propagation characteristics for a wide
frequency range by switching among the metastable states.

V. CONCLUSION

In this paper, we present an approach to achieve the
on-demand adaptation of band structures and nonreciprocal
wave propagation. We found that due to the inherent spatial
asymmetry of the metastructure, the proposed nonlinear chain
is able to trigger the onset of supratransmission at different ex-
citation levels for forward and backward excitation scenarios,
creating a region in parameter space in which unidirectional
wave propagation can be realized. Additionally, exploiting the
programmable properties facilitated via reconfiguring among
the numerous modules and corresponding metastable states,
the proposed metastructure exhibits unprecedented broadband
nonreciprocal wave propagation and adaptation. By intelli-
gently leveraging nonlinearity, spatial asymmetry, periodicity,
and metastability, we demonstrated through both experiment
and analysis that one can tune and control nonreciprocal wave
propagation via the proposed metastable modular metastruc-
ture. Results of the present work will pave the way for further
analytical, numerical, and experimental studies of adaptive
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nonreciprocal wave propagation in higher-dimensional sys-
tems. Last, since the approach depends primarily on scale-
independent principles, it could foster a new generation of
reconfigurable structural and material systems with unconven-
tional wave characteristics that are applicable to vastly different
length scales for a wide spectrum of applications.
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