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Regulating positioning and orientation of mitotic spindles via cell size and shape
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Proper location of the mitotic spindle is critical for chromosome segregation and the selection of the cell division
plane. However, how mitotic spindles sense cell size and shape to regulate their own position and orientation is still
largely unclear. To investigate this question systematically, we used a general model by considering chromosomes,
microtubule dynamics, and forces of various molecular motors. Our results show that in cells of various sizes
and shapes, spindles can always be centered and oriented along the long axis robustly in the absence of other
specified mechanisms. We found that the characteristic time of positioning and orientation processes increases
with cell size. Spindles sense the cell size mainly by the cortical force in small cells and by the cytoplasmic force
in large cells. In addition to the cell size, the cell shape mainly influences the orientation process. We found that
more slender cells have a faster orientation process, and the final orientation is not necessarily along the longest
axis but is determined by the radial profile and the symmetry of the cell shape. Finally, our model also reproduces
the separation and repositioning of the spindle poles during the anaphase. Therefore, our work provides a general
tool for studying the mitotic spindle across the whole mitotic phase.
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I. INTRODUCTION

Mitotic spindle, the primary operator of mitosis, is a
bipolar assembly of two centrosomes, many microtubules, and
associated proteins [1–3]. In general, the mitotic spindle needs
a correct and accurate position and orientation in the cell to
ensure chromosome segregation and select the cell division
plane [4–6], which are essential for conserving genomic
information [7], implementing symmetry division [8], and
ensuring normal tissue growth and renewal [9]. Therefore, the
positioning and orientation of mitotic spindles play a crucial
role in cell division.

Many experiments and simulations showed that in the
absence of other unspecified mechanisms, the mitotic spindle
can be positioned to the cell center, relying on either the
pulling force generated by dyneins [10–13] or the pushing
force generated by kinesins or microtubule polymerization
[14–17]. The combination of pulling forces and pushing forces
can provide a more robust mechanism for positioning [18–20].
Similarly, the spindle can also be oriented along the long axis
of the cell by the mechanical forces on microtubules [21–23].
However, recent studies suggested that only the pulling force
can orient the spindle [21–23]. Whether the pushing force also
plays an important role in the orientation process and how it
works are still unclear.

In addition to the pushing and pulling forces on micro-
tubules, cell size and shape should also be the key control
parameters for the positioning and orientation of mitotic
spindles. It has been shown that many interesting phenomena
of spindles are regulated by cell size and shape. For instance,
experiments found that the spindle size scales with the cell
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size only in small cells but approaches an upper limit in
large cells [24–26]. When a spherical cell is compressed into
a disk shape, the spindle size increases [27,28]. During the
metaphase of mitosis, chromosomes aligned on the metaphase
plate spontaneously oscillate between the two spindle poles
[29], and the period and amplitude of the oscillation increase
with the cell size [30]. These examples suggest that cell size
and shape may also regulate the positioning and orientation of
spindles. However, while many experiments and theories have
shown that spindles can be positioned and oriented in various
cells effectively [18,19,21–23,31–33], how they are regulated
by cell size and shape remains elusive.

In the prevailing models of mitotic spindles, self-assembly,
positioning, orientation, and other phenomena were usually
studied separately. For example, in most models for positioning
[12–14,18,19], the spindle was usually represented by a point,
while in the models for orientation [21,22,34], the spindle
was assumed to have a fixed shape and size. In these models,
only the astral microtubules were considered, but the polar
microtubules and kinetochore microtubules were neglected.
In contrast, in some computational models for spindle self-
assembly [35–37], the interaction between polar microtubules
and cross-linkers was considered, but the cortical influence and
chromosomes were not taken into account. In the models for
spindle size [25,26,38] and chromosome oscillation [39–41],
although the polar microtubules, kinetochore microtubules,
and chromosomes were considered, the astral microtubules
and cell cortex were still ignored. However, the mitotic spindle
is a complex structure. Many factors, including the astral
microtubules, polar microtubules, various molecular motors,
and their interactions with the chromosomes, cortex, and
cytoplasm, have indispensable effects on the self-assembly of
spindles [3,7,42]. Therefore, a more general model is needed
for the study of the mitotic spindle.
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In this paper, we investigate the positioning and orientation
of mitotic spindles systematically using a general model
that considered the microtubules, various molecular motors,
chromosomes, cell shape, and cell size. We find that the mi-
crotubule distribution and molecular motors play critical roles
in the speed and efficiency of the positioning and orientation
processes. We also find that the characteristic time of the
positioning and orientation processes increased with cell size,
and the characteristic time of orientation process decreased
with the aspect ratio of the elliptical cells. Interestingly, in cells
of various shapes, the stable spindle orientation is determined
by the symmetry and radial profile of the cell shape rather than
the longest axis. Finally, our model can be used to investigate
the separation and repositioning of spindle poles with the
change of cell shape during mitotic anaphase.

II. MODEL AND METHODS

The positioning and orientation of mitotic spindles are
investigated using a two-dimensional computational model
[28]. As shown in Fig. 1, the mitotic spindle has two centro-
somes, several chromosomes, large numbers of microtubules,
and various molecular motors. In the following sections, the
dynamics of microtubules, molecular motors, centrosomes,
and chromosomes will be described systematically.
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FIG. 1. Schematic diagram of the mechanical model. The
schematic diagram of the mitotic spindle is shown at the center, and
five force-generation mechanisms are illustrated, including (1) the
pushing force generated by hindering the microtubule polymerization,
(2) the pulling force generated by cortical dyneins or kinetochores,
(3) the pushing force generated by cortical kinesins or chromosome
kinesins, (4) the pulling force generated by cytoplasmic dyneins, and
(5) the pushing force generated by cross-linkers. Bottom: Chromo-
somes are assumed as an X-shaped rigid body with a tilt angle 75◦

of the chromosome arms. The length of the chromosome is Lc. The
width of the chromosome is defined as Wc = 0.1Lc. The size of the
kinetochore is defined as a circle with a diameter of dk = 0.18Lc (red
dot), where the microtubule tips can be bound by the kinetochore.

A. Microtubule dynamics

In general, the mitotic spindle has two centrosomes, several
chromosomes, large numbers of microtubules, and various
molecular motors (Fig. 1). Most microtubules are nucleated
from centrosomes, the microtubule organizing center in the
mitotic spindle, and grow radially with their minus ends
anchored [3]. We assume that the nucleation rate of micro-
tubules from each centrosome is k0 and the growth direction
of each microtubule was random. Microtubules can also be
nucleated from existing microtubules as branches. Considering
that branching microtubules have the same polarity as mother
microtubules, and the forces on branching microtubules can be
transmitted to the centrosome to drive its motion [43,44], we
ignore the branches here and assume that all microtubules are
nucleated from centrosomes.

Microtubules can randomly switch between growing and
shrinking states, which is called the dynamic instability [45].
We define that microtubules grow at a speed of v1, and shrink
at a speed of v2. And the rescue rate (from shrinking to
growing) and catastrophe rate (from growing to shrinking)
of microtubules are defined as k1 and k2, respectively. These
four parameters completely describe the dynamics of free
microtubules, and all of them are assumed to be constant in
the cytoplasm.

When the growing microtubule contacts a barrier, such
as the cortex or chromosomes, it will generate a pushing
force on the barrier due to its polymerization [14,45] (Fig. 1).
Microtubules can be buckled easily because they are highly
slender [46,47]. The critical force of buckling is given as fc =
π2κ/l2 [14,19], where l denotes the length of the microtubule.
We assume that the pushing force is constant and equals the
critical force when the microtubule is buckled [19,31]. When
the stall forcefstall is less than the buckling forcefc, the pushing
force equals fstall and buckling does not occur. Therefore, the
pushing force on the ith microtubule is

f ∗
i = min

(
fstall, π2κ/l2

i

)
. (1)

It is noted that most microtubules are buckled, and thus the
pushing force here is naturally length dependent.

In addition, experiments showed that due to the pushing
forces, the microtubules can slip along the cortex [31] (Fig. 1).
Here we assume that the microtubules can also slip along the
chromosome arms. The slipping speed of the microtubule tip
is given by [19]

vs = (f ∗
i sin β)/ξ. (2)

Here ξ is the friction coefficient and β is the angle between
the microtubule and the normal to the cortex or chromosome.
The slipping behavior breaks the uniformity of the microtubule
distribution [19].

B. Molecular motor dynamics

Molecular motors are also essential for the spindle assembly
[48,49]. They can consume the energy from the hydrolysis
of adenosine triphosphate (ATP) to actively walk along the
microtubules [40]. If the motors are also bound to other objects,
such as the cortex or chromosome, then they can apply forces
on the microtubules (Fig. 1). Motors have different directions
of spontaneous walking and thus can generate varying forces.
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For example, dynein can walk to the minus end of the micro-
tubules and generate a pulling force, while kinesin can walk to
the plus end of the microtubules and generate a pushing force
[40]. In our model, both dynein and kinesin are considered,
and the superscripts + and − are used to indicate the kinesin
and dynein, respectively. The force generated by the motor is
velocity dependent as [50,51]

f ± = f ±
0

(
1 − v±

v±
0

)
, (3)

where f ± is the force on the motor, v± is the walking velocity
of the motor, f ±

0 is the stall force of the motor, and v±
0 is the

unloaded velocity of the motor.
Molecular motors can randomly bind to and unbind from

microtubules. The unbinding rate (k±
u ) is dependent only on

the load applied on the motor as [39]

k±
u = k±

0 ef ±/f ±
u , (4)

where k±
0 is the unloaded unbinding rate, f ± is the load on the

motor, and f ±
u represents the sensitivity of the unbinding rate

to the load. In contrast, the binding rate is usually expected to
be proportional to the density of the unbound motors. Here we
consider the motors at the cortex [19], chromosomes [39,40],
cytoplasm [11,52], and those serving as the cross-linkers on
the antiparallel microtubules [7,37].

The binding rates of cortical dyneins and kinesins (k±
b )

are both assumed constant if we assume the density of the
motors on the cortex is uniform. To simplify the computation
and make each microtubule contribute equally, we assume
each microtubule can be bound by only one cortical motor
[19,28,31].

Molecular motors also distribute on the chromosome and
can bind to the microtubules [39] (Fig. 1). For example,
chromokinesins can be bound to the microtubules and apply a
pushing force on the microtubules as well as the chromosome
arms. [39,40]. The binding rate of the kinesins on the arms
is represented by k+

b,c. We also assume that each microtubule
can be bound only by one chromokinesin on the arm, and
the force follows the same rule as the cortical kinesin. In
contrast, the central kinetochore region is under tension, which
is generated by the microtubule depolymerization [53]. We
define the binding rate of kinetochores as k−

b,c, and the force
generated here is assumed to be the same as that of dyneins.

The pulling force generated by the dyneins that are carrying
cargoes in the cytoplasm is also important for the positioning
of the spindles [11,52,54] (Fig. 1). This force is dependent
on the microtubule length because a longer microtubule can
be bound by more motors. Therefore, we simply assume this
cytoplasmic pulling force on the ith microtubule is fc,i = ηli ,
where η is the force per unit microtubule length and li is the
length of the microtubule.

Cytoplasmic motors can also bind to a pair of antiparallel
microtubules to serve as cross-linkers [7] (Fig. 1). These
motors can also walk actively and generate pushing forces
on the antiparallel microtubules, which plays an important
role in maintaining the spindle length [37,55,56]. However, in
the two-dimensional (2D) model, the microtubules can hardly
bypass the chromosomes to form the antiparallel structure. In
our recent work, we developed a model without chromosomes

to calculate the force generated only by the cross-linkers on the
spindle poles [28]. The results can be fitted by fr = Ae−BLs ,
where A = 360 pN and B = 0.08 μm−1 are constants and Ls is
the pole-to-pole distance, that is, the spindle length. Therefore,
we superpose this force in the model and no longer explicitly
consider the cross-linkers.

C. Centrosome and chromosome dynamics

The forces applied on the microtubules can all be transferred
to the centrosome. We assume the two centrosomes as two
particles due to their small size. If the inertial forces are
neglected because of the low Reynolds number, then the kinetic
equation of a centrosome can be given by

∑
i∈O

fc,i �mi+
∑
i∈P

f ∗
i �mi+

∑
i∈Q

fi �mi+ �fr+
∑
β∈R

�f αβ

d + ξp �vp = 0,

(5)
where O is the set of microtubules nucleated from this
centrosome, P is the subset of O slipping on the cell cortex or
chromosomes, Q is the subset of O bound by the motors on the
cortex or chromosomes, �mi is the unit vector along the direction
of the ith microtubule, ξp is the viscous drag coefficient
of the centrosome in the cytoplasm, and �vp is the velocity
of the centrosome. In Eq. (5), the first four items represent
the forces from the above-mentioned mechanisms, and the
last item is the viscous drag force. The fifth item represents
the limitation that the chromosomes and centrosomes cannot
overlap with each other or penetrate the cortex. This limitation
is defined as a short-range repulsive force, f

αβ

d = C/dαβ for
dαβ < 1 μm, where C = 200 N μm is a constant and dαβ is the
minimum distance between two objects, including the cortex,
centrosomes, and chromosomes. In the fifth item of Eq. (5), the
index α represents the considered centrosome and R includes
the other centrosome, all chromosomes, and the cell cortex.

The chromosomes are assumed as X-shaped rigid bodies
(Fig. 1) based on some experimental observations [63–65].
The kinetic equations of a chromosome are given by

∑
i∈M

f ∗
i �mi +

∑
i∈N

fi �mi +
∑
β∈H

�f αβ

d + ξc�vc = 0 (6)

and
∑
i∈M

(�ri × f ∗
i �mi) +

∑
i∈N

(�ri × fi �mi) + ζcα̇c = 0, (7)

where M is the subset of the microtubules slipping on the chro-
mosome; N is the subset of the microtubules bound by motors
or kinetochores on the chromosome; �ri is the vector pointing
from the chromosome center to the point of force application;
ξc and ζc are the translational and rotational viscous drag
coefficients of the chromosome, respectively; �vc is the centroid
velocity of the chromosome; and αc is the orientation angle
of the chromosome. The index α represents the chromosome
considered in Eq. (6), and H includes the other chromosomes,
two centrosomes, and the cortex. In addition, for simplicity,
the efficient frontier of the chromosome is defined as its
circumcircle, and thus the antioverlapping force f

αβ

d applies
no torque on the chromosome.
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D. Stochastic simulation method

Stochastic simulations are performed in MATLAB to re-
produce the movement of the mitotic spindles in various cells
[28]. To investigate the orientation of the mitotic spindles, we
assume the cell has a long axis. In experiments, most cells
round up on mitosis. However, because of the stress applied
by other cells in the tissue, round cells in the tissue might be
stretched to an elliptical shape [33,66]. Therefore, the 2D cell
in the simulation is initially assumed to be an ellipse with a
long axis of 30 μm and a short axis of 15 μm. The parameters
used in the simulations are summarized in Table S1 in the
Supplemental Material [57] unless otherwise specified.

In the simulation, we record the length, direction, and
state of every microtubule. Each microtubule has four states,
including growing, shrinking, slipping, and binding, and they
can switch from one to another. In detail, if the microtubule
has not touched the cortex or chromosomes, then it can switch
between the growing and shrinking states through catastrophe
or rescue. If the growing microtubule touches the cortex
or chromosomes, then it will switch to the slipping state.
The slipping microtubule can switch to the shrinking state
through catastrophe, or switch to the binding state after the
binding of a motor. If the motor unbinds, then the binding
microtubule will switch to the shrinking state. If the shrinking

microtubule completely depolymerizes, then the microtubule
will be deleted. The length and direction of the microtubules
change according to their states. Specifically, the growing and
shrinking microtubules only change their length according
to the velocity v1 and v2. The slipping microtubules change
their direction according to the slipping speed [Eq. (2)]. The
binding microtubules keep their tips fixed on the cortex or
chromosomes.

Initially, we randomly give the positions of the centrosomes
and chromosomes in the cell. In each time step, new micro-
tubules are nucleated in random directions. For each micro-
tubule, first we determine whether the microtubule switches
its state randomly or determinately. The random switchings in-
clude catastrophe, rescue, binding, and unbinding. Each event
has a corresponding rate. We can calculate the probability of the
random events in a time step. A uniformly random number in
(0,1) is generated, and if it is less than the probability, random
switching will occur. Second, the length and direction change
deterministically according to the microtubule state. Third, the
force generated by every microtubule can be calculated based
on its length, direction, and state [Eqs. (1) and (3)]. Therefore,
the resultant force on each centrosome and chromosome can
be calculated to obtain their instantaneous velocity and new
position [Eqs. (5)–(7)]. The system is iteratively solved.

x

y αdc
ds

α
Ls

Chromosome
Centrosome
Kinetochore
Dynein
Kinesin
Astral MTs
Polar MTs
Kinetochore MTs*

(b) (c)

(d) (e)

(f) (g)

(a)

s

c

FIG. 2. Self-assembly, positioning, and orientation of the mitotic spindle with three chromosomes and two centrosomes. (a) Screenshots of
the simulation (see also Movie 1 in the Supplemental Material [57]). Initially, the centrosomes are located at (−5, − 3.5) and (−2, − 5); the
chromosomes are located at (1.7,0), (−1.7,0), and (0,−3); and their orientations are 2.26 rad, 3.05 rad, and 0.44 rad. *The line width represents
the number of microtubules overlapping at the kinetochore. (b) The schematic diagram illustrates the indicators of the spindle position ds ,
spindle orientation αs , spindle length Ls , chromosome position dc, and chromosome orientation αc. Two examples (solid lines and dashes,
respectively) show the time evolution of the (c) spindle position, (d) spindle orientation, (e) spindle length, (f) chromosome orientation, and (g)
chromosome position with the same initial conditions.
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III. RESULTS

A. Self-assembly, positioning, and orientation of mitotic spindle

We first simulate the self-assembly, positioning, and ori-
entation of the mitotic spindle with three chromosomes and
two centrosomes in an elliptical cell (Fig. 2 and Movie 1 in
the Supplemental Material [57]). During the self-assembly
process, first the centrosomes are separated and positioned
at two sides of the chromosomes. Then the microtubules
search and attach the kinetochores and gradually align the
chromosomes onto the equatorial plate [Fig. 2(a)]. Further, the
position ds and orientation αs of the spindle defined in Fig. 2(b)
both approach and fluctuate around zero [Figs. 2(c) and 2(d)],
which indicates that the spindle is positioned at the cell center
and oriented along the long axis of the cell. The spindle length,
that is, the pole-to-pole distance, also approaches a stable value
as the spindle is positioned and oriented [Fig. 2(e)].

In order to investigate the positioning and orientation
of the spindles, we need to quantify the process properly
and reduce unnecessary computational costs. First, we note
that the positioning and orientation can be accomplished in
advance of aligning chromosomes onto the equatorial plane
[Figs. 2(c)–2(g)]. Considering that the aligning process is
slow and complex, we simplify it by using one chromosome
magnified by 3 times to replace the three chromosomes. In this
way, the positioning and orientation of the spindle are almost
unchanged [Figs. 3(a)–3(c)], but the computational efficiency
is significantly improved since the degrees of freedom are
reduced. Second, we note that the chromosomes can be aligned
through different stochastic paths, for example, the two cases
in Fig. 2. Even if the number of chromosomes is reduced to 1,
the centrosomes can still be positioned through different paths
(Fig. S1 and Movie 2 in the Supplemental Material [57]). If
the two centrosomes are initially positioned on the two sides
of the chromosome, then the multipath phenomenon can be
avoided (Figs. 3(b) and 3(c) and Movie 3 in the Supplemental
Material [57]). Interestingly, wherever the initial positions of
centrosomes and chromosomes are, the spindle can always be
self-assembled, positioned, and oriented [Figs. 3(d) and 3(e)],
which indicates the robustness of the model.

We find that the position ds and orientation αs of the spindle
both approach zero exponentially [Figs. 3(b) and 3(c)], which
is in agreement with the experimental observations of the
positioning of one microtubule organizing center [67] and the
orientation of the in vivo spindles [68] qualitatively. Thus we
can fit the curves by using exponential functions to obtain the
characteristic time, τd and τα , which can be used to quantify
the required time of the positioning and orientation processes
[Figs. 3(b) and 3(c)]. Therefore, a general model is obtained to
investigate how the positioning and orientation of the spindles
are regulated by cell size, shape, and other control parameters.

B. Forces on microtubules influence the positioning and
orientation of spindles

The forces generated by the cell cortex play an essential
role in the positioning and orientation of mitotic spindles
[4,5,21]. We then focus on the microtubules associated with the
cortex and explore the influence of the number, distribution,

τd τα
(e)(d)

(c)(b)

(a)

FIG. 3. Self-assembly, positioning, and orientation of the mitotic
spindle with two centrosomes and one chromosome. (a) Screenshots
of the simulation at the beginning and end (see also Movie 3 in
the Supplemental Material [57]). Initially, the two centrosomes are
located at (−10.2, − 1.3) and (2.2,5.3), the chromosome is located
at (−2,2), and its orientation is 0.5 rad. The time evolution of the
(b) spindle position and (c) orientation (20 simulations) is shown,
which can be fitted by ds = ae−t/τd and αs = be−t/τα (blue thick line)
to obtain the characteristic time, τd and τα (red dashed). From 100
groups of random initial conditions, the spindles can always be (d)
positioned at the cell center and (e) oriented along the long axis of
the cell.

and composition of the microtubules on the positioning and
orientation processes.

First, the number of microtubules can be changed by
the nucleation rate and the parameters of the microtubule
dynamics. For example, as the nucleation rate increases, the
amount of microtubules increases. More microtubules can
generate larger forces on the spindle and obviously acceler-
ate the spindle’s movement. Therefore, increasing the total
number of microtubules can decrease the characteristic time
of positioning and orientation processes [Fig. 4(a)].

Second, the spatial distribution of the microtubules is
mainly determined by their slipping [19]. The nonuniformity of
the microtubule distribution increases with the slipping speed,
which in turn is inversely proportional to the drag coefficient
ξ . Therefore, we can control the spatial distribution of the
microtubules by ξ .

Third, we define the composition of the microtubules as the
proportion of pulling microtubules in the cortical microtubules.
There are three kinds of microtubules associated with the
cortex, including those slipping on the cortex, captured by the
cortical kinesins, and captured by the cortical dyneins. Their
numbers follow the continuity equations

dN±

dt
= k±

b N∗ − k±
u N±, (8)
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FIG. 4. Influence of the number, distribution, and composition of cortical microtubules on the positioning and orientation of mitotic spindles.
(a) The characteristic time of the positioning and orientation vs. the nucleation rate (mean ± SE from 20 simulations). (b) The time-averaged
numbers of the total cortical microtubules and the pulling cortical microtubules with the various fraction of the pulling microtubules, p−, which
is changed by the binding rate of dynein, k−

b . The characteristic time of (c) positioning and (d) orientation are the functions of the fraction of
the pulling microtubules, p−, and the slipping drag coefficient, ξ , obtained by averaging 50 simulations for each case. The triangle indicates the
values used in other sections. The white dash marks the cases that are most efficient. The black area in the lower left corner means the process
is failed. The other settings are the same as those used in Fig. 3(a). (e) The schematic of the positioning mechanism. The results in (c) can be
summarized as four regimes, relying on the slipping speed and the major force on the microtubules. The green arrows on the microtubules (four
insets) indicate the major force (pulling or pushing). The big arrows (four insets) indicate the total force on the spindle. (f) Positioning the two
poles, respectively, can provide a torque to orient the spindle.

where N∗ is the number of microtubules slipping on the cortex,
N± is the number of microtubules captured by the cortical
kinesins (+) and dyneins (−), and k±

b and k±
u are the binding

and unbinding rates of the motors, respectively. We define the
fraction of pulling microtubules as p− = N−/(N+ + N− +
N∗) to quantify the composition of the microtubules. Here
(N+ + N− + N∗) is the total number of cortical microtubules.
At the stable state (dN±/dt = 0), the fraction of pulling
microtubules can be derived as

p− = k+
u k−

b

k+
u k−

b + k−
u k+

b + k+
u k−

u

. (9)

Equation (9) shows that the fraction of pulling microtubules
at the stable state is determined by the four parameters, the
binding and unbinding rates of cortical kinesins and dyneins.
We can regulate the fraction of pulling microtubules p− in
the range of ∼0–0.8 through changing the binding rate of
cortical dyneins k−

b in the range of ∼0–0.16, keeping the other
three parameters unchanged. In the simulations with different
values of p−, we can obtain the corresponding fraction of the
pulling cortical microtubules as shown in Fig. 4(b). Therefore,
we can control the composition of the cortical microtubules
effectively.

The characteristic time of the positioning and orientation
processes with different fractions of pulling microtubules (p−)
and drag coefficients (ξ ) is shown in Figs. 4(c) and 4(d).
We find that along the dashed lines (the region where the
slipping drag coefficient positively correlates to the fraction
of the pulling microtubules), the positioning and orientation

can be accomplished quickly and efficiently. In the upper right
corner, the positioning and orientation processes will slow
down with an increase in the pulling microtubules or the drag
coefficient. This is in agreement with the experiment results
that the positioning of the spindles becomes weaker with the
activation of the cortical dyneins [69]. Finally, in the lower left
corner, that is, in cases of low pulling force and high slipping
speed, the spindles fail to position and orient themselves.

This result is summarized in Fig. 4(e). It should be noted
that the microtubules are randomly nucleated from the centro-
somes, so the microtubules approximate a uniform distribution
if the slipping speed is low [insets 3 and 4 of Fig. 4(e)]. In
this case, if p− is low, that is, if the pushing microtubules are
dominant, then the spindle is quickly positioned because the
pushing force generated by the shorter microtubules is larger
and can drive the spindle to the cell center [inset 4 of Fig. 4(e)].
But if the pulling microtubules are dominant (p− is high), then
the positioning process is slow since the pulling force is length
independent [inset 3 of Fig. 4(e)]. However, with an increase
in the slipping speed, more microtubules slip to one side and
have larger lengths [insets 1 and 2 of Fig. 4(e)]. In this case, if
the pulling microtubules are dominant, then the spindle can be
pulled to the cell center [inset 1 of Fig. 4(e)]. However, if the
pushing microtubules are dominant, then the spindle will be
pushed to the cell boundary [inset 2 of Fig. 4(e)]. Therefore,
the proper distribution and composition of the microtubules
can provide a fast and efficient positioning process.

The influence of microtubules on the orientation and po-
sitioning processes is similar [Figs. 4(c) and 4(d)], which
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FIG. 5. The influence of cell size on the positioning and orien-
tation of the spindles. The (a) position and (b) orientation of the
mitotic spindles [indicated by ds and αs defined in Fig. 2(b)] in cells
of various sizes are plotted as functions of time. Both the position and
orientation are normalized by their initial values. (c) Characteristic
time of the positioning and orientation vs. the cell size (mean ± SE
from 50 simulations). (d) The contribution of cortical and cytoplasmic
forces to the total force which drives the spindle motion in cells of
various sizes (averaged over time for each case). The transition point
is around 135 μm (dashed line) with our parameters, corresponding
to that in (c).

indicates that the positioning and orientation of the spindles
have the same mechanism. It has been shown that the spindle is
positioned to the cell center by the forces on the microtubules.
However, the forces on the spindles are actually applied on
the two spindle poles. The forces that position the two poles
can provide a torque on the spindle and drive its orientation
process [Fig. 4(f)]. Therefore, the positioning and orientation
occur simultaneously and rely on both the pushing force and
pulling force.

C. Cell size influences the positioning and orientation of spindles

Next, we investigate how the cell size influences the po-
sitioning and orientation of mitotic spindles. Living cells are
usually several microns to hundreds of microns in size during
the early embryogenesis [24,52]. We change the cell size in this
range and keep the cell shape and the other settings consistent
with the simulations in Fig. 3(a). As expected, the characteristic
time of the positioning and orientation processes increases with
the cell size [Figs. 5(a) and 5(b)], which indicates that the
smaller cell can provide larger driving forces of positioning
and orientation. This is in agreement with the experimental
results [69].

Interestingly, we find that the characteristic time of posi-
tioning and orientation increases fast in small cells but slowly
in large cells [Fig. 5(c)], which indicates that there are probably
two different control mechanisms. It has been shown that
the force generated by the cortical microtubules can position
and orient the spindle inside the cell (Fig. 4). It should be

noted that another length-dependent force, the pulling force
generated by the cytoplasmic motors [52,54], can also act as
the position sensor and drive the positioning and orientation
of the spindle. The cortical force decreases with the cell size
because there are fewer microtubules contacting the cortex in
larger cells. In contrast, the cytoplasmic force increases with
cell size because the microtubules can be longer in larger cells.
Therefore, in large cells, the cytoplasmic pulling force should
be more important for the positioning and orientation. To test
this idea, we calculate the contribution of the two types of
forces to the total force on the spindle. It indeed shows that in
small cells, the cortical force plays a dominant role, while in
large cells, the cytoplasmic force dominates [Fig. 5(d)].

Taken together, we conclude that the spindle is positioned
and oriented mainly by the cortical force in the small cells and
by the cytoplasmic force in the large cells. The mechanism
of the cortical force leads to the fast increase law of the
characteristic time in the small cells, while the mechanism
of the cytoplasmic force results in the slow increase law in the
large cells [Fig. 5(c)].

D. Cell shape influences the positioning and orientation of
spindles

It has been proposed that the spindle orientation is mainly
determined by the aspect ratio of the cells [23,32,33,66]. We
define the aspect ratio of an elliptical cell as λ0 (λ0 � 1)
[Fig. 6(a)]. When λ0 = 1, the cell is round. The cell becomes
more slender with λ0. We keep the cell area (or the cell
volume in 3D) constant but change the aspect ratio λ0 in
the simulations. We find that the characteristic time of the
orientation process decreases exponentially with the aspect
ratio [Fig. 6(a)]. In contrast, the characteristic time of posi-
tioning increases slightly. The positioning process becomes
slower because the cell length increases with the aspect ratio
due to the constant cell area. However, since the cell width
decreases with the aspect ratio, the resultant torque on the
spindle increases, which results in a faster orientation process
[Fig. 6(a)]. Therefore, in the experiments of Ref. [21,23],
although the expectation of the spindle orientation is along the
long axis, the more slender cell generates the smaller torque
on the spindle, which results in the increase of the orientation
deviation.

However, the aspect ratio is only one important aspect of
the cell shape. Some complex shapes cannot be described by
the aspect ratio alone. For example, cells usually are polygonal
in the epithelial tissue [23,32,66]. Polygonal cells can also be
obtained under confinement in the microfabricated chambers
[21,70,71] or the extracellular matrix [9,22,72]. The cell shape
will remain polygonal during the metaphase if mitotic cell
rounding is inhibited by the limited space [21] or some proteins
[73–75]. Therefore, an essential question is how cells select the
spindle orientation in such polygonal cells.

To answer this question, we provide the initial positions of
the chromosomes and centrosomes randomly in various polyg-
onal cells and observe the spindle orientation in the stable state.
As expected, the probability distribution of the stable spindle
orientation has several peaks in the pentagonal and hexagonal
cells, corresponding to their diagonal lines [Figs. 6(c) and
6(d)]. Anomalously, the spindle orientation approximates a
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FIG. 6. The influence the of cell shape on the positioning and orientation of the spindles. (a) Top:) The schematic diagram of the aspect ratio
of elliptical cells, λ0. Bottom: The characteristic time of positioning and orientation vs. the aspect ratio λ0 of elliptical cells (mean ± SE from
50 simulations). The other settings are the same as those used in Fig. 3(a). The curve of τα can be fitted by an exponential decay function (black
dashed curve). (b) The schematic diagrams of the radial profile of elliptical cells, λ(α). [(c)–(j)] The cellular radial profile λ and the probability
density function (PDF) of the stable spindle orientation are the functions of angle α in various elliptical cells. The stable spindle orientations are
obtained from the simulations that 100 initial positions of centrosomes and chromosomes are given randomly. Here, we consider eight shapes,
including [(c)–(e)] three equilateral polygons and [(f)–(j)] elongated along different directions. The red double arrows indicate the elongation
direction. (k) The two selections of the stable spindle orientation in elliptical cells, the local maximum λ, and the symmetric axis.

uniform distribution in the square cells [Fig. 6(c)]. Inspired
by the definition of the aspect ratio of elliptical cells, we
define the radial profile of the polygon, λ(α), as shown in
Fig. 6(b). We find the radial profile of square cells is constant
[Fig. 6(c)], while the radial profile of pentagonal and hexagonal
cells has several peaks corresponding to their diagonal lines
[Figs. 6(d) and 6(e)]. This is in good agreement with the
probability distribution of the stable orientation in these regular
polygons. For more insight, we change λ by elongating the
square and hexagonal cells slightly along their diagonal line
and elongating the pentagonal cells along its symmetric axis
[Figs. 6(f)–6(h)]. We find that the spindles still tend to be
oriented along the direction with a local maximum of λ and
λ > 1 [Figs. 6(f)–6(h)]. We also find that the spindle has a
larger probability to orient along the direction with the higher
peak value of λ [Figs. 6(g) and 6(h)].

In addition, we noted that the radial profile λ of the rectan-
gular cells has a platform with a maximum value [Fig. 6(i)],
but the spindle tends to be oriented along the symmetric axis.
Similarly, in the hexagonal cells elongated along another axis,
the spindle tends to be oriented along either the peaks of λ

or the long symmetry axis of the cell [Fig. 6(j)]. Therefore,

we propose a rule that the final spindle orientation is most
possibly along the local maximum of λ (λ > 1) or the long
symmetric axis [Fig. 6(k)]. If the peak value of λ is bigger,
then the probability that the spindle is along this direction can
be larger.

If the rule is generally applicable, then we can predict
the spindle orientation in other shapes. This method can be
more convenient, quick, and intuitive than the time-consuming
simulations. To test this rule, we compare the rule-based
predictions to the available experiment data in Ref. [21]. The
simulation results of the spindle orientation in square cells and
rectangular cells are in good agreement with the experimental
results. Thus, we only compare the other experiment data.

As shown in Fig. 7, based on the rule of the spindle
orientation [Fig. 6(k)], we first plot the radial profile λ of
each cell shape in the polar coordinate system. It should be
noted that the experimental results showed the division-axis
orientation but not the spindle orientation. In general, these
two orientations in one cell are orthogonal. Therefore, we rotate
the radial profile 90◦ to indicate the division-axis orientation
(blue line). As predicted, the experiments results show a clear
preference of division-axis orientation at each local maximum
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FIG. 7. Comparison of the rule-based predictions with the experiment results in Ref. [21]. Based on the rule of spindle orientation we
proposed above [Fig. 6(k)], we plot the radial profile λ (inner blue solid line) of each shape in the polar coordinate system together with the
cell shape (black solid line). The radial profile λ has been rotated 90◦ to indicate the division-axis orientation as the experiments. Experiments
results show the spindle tends to orient along the local maximum of λ and λ > 1 (red dash). If the peak value of λ is bigger, then the probability
that the spindle is along this direction can be larger. In the meanwhile, division plane also tends to orientate the symmetric axis of the cell (blue
dash). In some shapes (indicated by asterisk), there are some ranges that λ almost keeps constant and equals 1. In this case, the orientation is
randomly distributed in these ranges like round or square cells. The experimental results are in good agreement with the prediction of the rule.

of λ (red dash) and λ > 1. The spindle has a larger probability
to orient along the direction with the higher peak value of λ.
In the meanwhile, the division axis in some cells also tends
to orientate the symmetric axis of the cell (blue dash dot).
Besides, in some shapes (indicated by asterisk), there are some
ranges that λ almost keeps constant and equals 1. In this case,
the orientation can distribute in these ranges randomly like
the circle cell or square cell [as in Fig. 6(c)]. Taken together,

since the rule can qualitatively predict the experimental data,
we conclude that we propose a general rule and provide a new
method to predict the spindle orientation in various cells.

E. Repositioning of the spindle poles during the anaphase

Cells will enter mitotic anaphase after all chromosomes
are connected correctly and aligned on the equatorial plate
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symmetric division (see also Movie 4 in the Supplemental Material [57]); (2) the symmetric division with proximity of the two cell membranes
(see also Movie 5 in the Supplemental Material [57]); and (3) the asymmetric division (see also Movie 6 in the Supplemental Material [57]). To
achieve the asymmetric division, a higher binding rate of dynein k−

b = 0.06 on the right half cortex is given to deflect the spindle (∼ 3μm). (b)
Schematic diagram of the cell shape during the cytoplasmic division. The radius of contractile ring rs decreases linearly over time. If the cell
membranes are not proximate to each other in the division plane, then rs ≡ r . Otherwise, a critical angle γ = 3π/2 is defined as the onset of
the proximity, and then r is constant. The volume of the whole cell is assumed constant. (c) Schematic diagrams of symmetric and asymmetric
elongation of the cell membrane. (d) The distances between the spindle poles are the functions of time for the four cases. [(e)–(g)] The x

coordinates of the spindle poles and the centers of the two spherical caps are the functions of time for the (e) symmetric division, (f) asymmetric
elongation, and (g) asymmetric division.

[45]. At the onset of anaphase, the connection between sister
kinetochores breaks, and sister chromatids are separated by
pulling forces [3]. The contractile ring self-assembles near the
equatorial plane, and the cytoplasm gradually divides into two
daughter cells. During this process, the spindle poles can be
repositioned to the center of the daughter cells [76].

Our model can also be used to study this process through
minor modification. First, the change of the cell shape needs
to be specified. For simplicity, we assume the cell is round at
the beginning of anaphase and then becomes two connected
spherical caps due to the contraction of the ring [Figs. 8(a)
and 8(b)]. A sequence of cell shapes is used in the simulation,
and the cell volume (that is, the cell area in the 2D model) is
assumed to be constant. The change of the cell shape can also
be easily modified based on the mechanical models [77–81].
Second, at the beginning of anaphase, the connection between
each pair of sister kinetochores breaks simultaneously. Then,

the sister chromatids, that is, the two halves of the X-shaped
chromosome, are pulled to the two spindle poles. Since the
chromatid arms are behind the kinetochore when the chromatid
is moving to the spindle pole [63], we assume that the
chromatid has a V shape with an angle of 60◦ [Fig. 8(a)]. The
change of the chromatids from the half X shape to the V shape
is also represented by a sequence of shapes.

Through these modifications, we can simulate the motions
of the spindles during mitotic anaphase (Movies 4–7 in the
Supplemental Material [57]). During the cytoplasmic division
of animal cells, the round mother cell can be divided into
two round daughter cells by the contractile ring [79]. One
exception is that due to the geometrical confinement outside the
Caenorhabditis elegans zygote [77,78,80,82], the membranes
of the two daughter cells on the division plane are very
proximate so that after cell division the two daughter cells are
not round but are two spherical caps [83]. In our simulations,
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we consider both cases, the normal symmetric division and
the symmetric division, with the proximity of membranes
[Figs. 8(a) and 8(b)]. Furthermore, we also consider two
other cases, asymmetric division and asymmetric elongation
[Figs. 8(a) and 8(b)]. Asymmetric division occurs when the
division plane deviates from the cell center, and the daughter
cells have different sizes, which plays an important role in
self-renewal and differentiation [8,84]. Asymmetric elongation
means that the cell membrane of one daughter cell grows faster
than the other, which leads to the shift of the cell center [76]. We
assume that when asymmetric elongation occurs, the division
is symmetric but the left boundary is fixed [Fig. 8(c)].

Similarly to the experimental results [85,86], we show
that the pole-to-pole distance increases with time after the
onset of anaphase and finally approaches a stable state in the
four cases [Fig. 8(d)]. Our simulation also shows that after
the cytoplasmic division the centrosomes can be repositioned
to the centers of the daughter cells in all cases without
other unspecified mechanisms [Figs. 8(e)–8(g)], which is
also consistent with experimental observation [76]. These
results show the high applicability and expansibility of our
model.

IV. DISCUSSION

In this work, we develop a general model for mitotic
spindles (Figs. 1–3) and investigate the positioning and orien-
tation of spindles systematically. How the spindle is positioned
in a cell is a fundamental question. Many theoretical and
experimental studies [10–19,31,52] have shown that spindles
can be centered by the mechanical forces generated by the
dynamics of the microtubules and molecular motors. Most of
these forces are believed to be length dependent or position
dependent, so they can sense the cell boundary and drive
the spindle to move to the cell center. Here the question we
want to ask is how the spindles are positioned faster and
more efficiently in cells with different sizes and shapes. We
use the dynamic simulations by considering more complete
mechanisms to answer this question. We find that in a given
cell, on the premise of successful positioning, the proper
distribution and composition of the microtubules can provide a
fast and efficient positioning process (Fig. 4). We also find the
positioning process slows down with the increase of cell size
(Fig. 5). These results are in agreement with the experimental
observations that the positioning becomes weaker with the
activation of the cortical dynein or in larger cells [69]. Although
the characteristic time of positioning increases with the cell
size, the combination of cortical and cytoplasmic forces can
ensure that the positioning of the spindles is efficient across
multiple length scales. The cytoplasmic force makes up for the
decrease of the cortical force and turns the fast increase of the
characteristic time into a slow linear increase (Fig. 5).

Compared to the positioning, the orientation of the mitotic
spindles was relatively less focused. It has been shown that only
the length-dependent pulling force on the microtubules can
orient the spindles in various cells [21–23]. Here we show that
the orientation of the spindles is driven by the torque generated
by the positioning of the two spindle poles (Fig. 4). Therefore,
both the pulling and pushing forces can drive the orientation
of the spindles (Figs. 4 and 5). Interestingly, the orientation of

the spindles also has some specific properties that are different
from the positioning. For example, if the cell has a higher aspect
ratio, then the orientation process can be faster (Fig. 6), which
explains the experimental observation that in a more slender
cell, the spindle has a higher probability to be oriented along
the major axis [21–23].

Furthermore, we investigate the final orientation of the
spindles in polygonal cells. The simulation results of spindle
orientation in square cells and rectangular cells are in good
agreement with the experimental results by confining the cell
in microfabricated chambers [21]. Our model can also simulate
any other shape. Here we simulate the spindle orientation in
rhombic, pentagonal, and hexagonal cells, but these results
still require further experimental verifications. Based on these
simulations, we propose a general rule that the spindle ori-
entation is either the local maximum radial profile or the
long symmetrical axis (Fig. 6). This rule successfully predicts
the division-axis orientation in other cell shapes observed
experimentally in Ref. [21] (Fig. 7). Therefore, we provided a
new method to qualitatively predict of the spindle orientation
in various cells. This method is based only on the cell shape
and does not need simulations or solving equations, and thus
it is more convenient, quick, and intuitive than our simulations
or the previous analytical model [21]. Therefore, we proposed
a generalization of the classical long-axis rule.

Based on the framework of our computational model, we
can answer many other questions about spindles through minor
modifications. In our recent work, we investigated the size
regulation of spindles and found that the geometric asymmetry
induces the upper limit of the spindle size [28]. Here we also
modify the model and simulate the chromosome separation
and repositioning of the spindle poles during mitotic anaphase
(Fig. 8). We found that the two centrosomes can be separated
and repositioned to the center of the daughter cells in the
absence of other specified mechanisms, which is in agreement
with experimental observations [76,85,86]. In the future, we
will also study other factors, such as the mechanical property of
spindles and the influence of the cell polarity factor or yolk bias
on spindle orientation [34]. Therefore, our model provides an
effective tool for studying the mitotic spindle across the whole
mitotic phase.

We use the 2D simulation to study the positioning and
orientation of spindles, because we have found that the results
of 2D and 3D simulations have only quantitative differences,
but the 3D simulation requires greater computational cost [28].
However, the 2D simulation has a limitation that the micro-
tubules can barely bypass the chromosomes to form antiparallel
structures. Therefore, we only consider the interaction between
the antiparallel microtubules implicitly [28]. Therefore, due to
the masking of the antiparallel microtubules, the simulation
snapshot seems different from the real spindle, especially the
anaphase spindle. Three-dimensional simulation can overcome
this problem and is an alternative for further applications
[28].

We consider more complete mechanisms, and thus our sim-
ulation is more realistic than previous computational models
and has a wider application as discussed above. Furthermore,
we consider only the buckling of microtubules but do not
describe the elastic deformation of microtubules in detail as
in Refs. [35,36]. After this simplification, the computational
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efficiency of our simulations containing thousands of micro-
tubules [87] is increased. Therefore, our model can be more
efficient to simulate many phenomena of mitotic spindles.
However, more precise microtubule deformation [35,36], and
other known phenomena, such as the branching and severing
[37,44,88], are simplified or neglected, as in some previous
models [18,19]. But they can be considered in the model if
necessary in the future.
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