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In a series of papers, we intend to take the perspective of open quantum systems and examine from
their nonequilibrium dynamics the conditions when the physical quantities, their relations, and the laws of
thermodynamics become well defined and viable for quantum many-body systems. We first describe how
an open-system nonequilibrium dynamics (ONEq) approach is different from the closed combined system +
environment in a global thermal state (CGTs) setup. Only after the open system equilibrates will it be amenable to
conventional thermodynamics descriptions, thus quantum thermodynamics (QTD) comes at the end rather than
assumed in the beginning. The linkage between the two comes from the reduced density matrix of ONEq in that
stage having the same form as that of the system in the CGTs. We see the open-system approach having the
advantage of dealing with nonequilibrium processes as many experiments in the near future will call for. Because
it spells out the conditions of QTD’s existence, it can also aid us in addressing the basic issues in quantum
thermodynamics from first principles in a systematic way. We then study one broad class of open quantum
systems where the full nonequilibrium dynamics can be solved exactly, that of the quantum Brownian motion
of N strongly coupled harmonic oscillators, interacting strongly with a scalar-field environment. In this paper,
we focus on the internal energy, heat capacity, and the third law. We show for this class of physical models,
amongst other findings, the extensive property of the internal energy, the positivity of the heat capacity, and the
validity of the third law from the perspective of the behavior of the heat capacity toward zero temperature. These
conclusions obtained from exact solutions and quantitative analysis clearly disprove claims of negative specific
heat in such systems and dispel allegations that in such systems the validity of the third law of thermodynamics
relies on quantum entanglement. They are conceptually and factually unrelated issues. Entropy and entanglement

will be the main theme of our second paper on this subject matter.
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I. INTRODUCTION

In a series of papers, we intend to take the perspective
of open quantum systems (OQS) and examine from their
nonequilibrium (NEq) dynamics the conditions when the
physical quantities, concepts, constructs, and the time-honored
laws of thermodynamics (TD) become well defined and vi-
able for quantum many-body systems. We utilize one broad
class of models where the nonequilibrium dynamics can be
solved exactly, the Brownian motion of strongly coupled (SC)
harmonic oscillators, interacting strongly with a scalar-field
environment, to explore a range of basic issues in quantum
thermodynamics (QTD). The exact solutions possible in these
OQSs enable us to examine and define these conditions more
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precisely in a quantitative, systematic, and transparent way.
This approach hopefully compensates for the rather loose,
qualitative, and at times contrived way thermodynamic de-
scriptions for quantum systems are proposed because of the
need to adhere to the dictum of classical thermodynamics,
which is valid only under very special conditions.

A clarification in the meaning and contents of quantum
thermodynamics (QTD) [1] might be useful before we proceed:
to us, it is the study of the thermodynamic properties of
quantum many-body systems (MBS). Quantum now refers not
just to the particle spin-statistics (boson vs fermion) aspects;
the rather limited meaning of “‘quantum” in traditional quantum
statistical mechanics (QSM), but also includes in the present
era the quantum phase aspects, such as quantum coherence,
quantum correlations, and quantum entanglement. This is
where quantum information has a hand in QTD [2]. The ther-
modynamics connotation can be extended to include systems
not necessarily in equilibrium at all times, thus encompassing
dissipative and relaxation processes for systems deviating from
equilibrium, including linear or nonlinear response theories
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applied to quantum MBS,! familiar in condensed matter or
chemical physics and for classical MBS, topics incorporated
in the traditional field of NEq TD [3]. These considerations can
be extended to weakly nonequilibrium conditions but not for
far-from-equilibrium, fully arbitrary time evolutions. That is
when an open quantum system treatment becomes necessary.

The issues addressed in this first paper encompass the
nature of internal energy, heat capacity, and the third law for
a fully nonequilibrium (NEq) system. We demonstrate what
it takes for it to evolve to an equilibrium (Eq) condition, and
from that point establish the connection with traditional TD
theory. The conditions for traditional TD theory to be well
defined and operative for a classical or quantum system are
very specific despite its wide ranging applicability: A system
of relatively fewer degrees of freedom in the presence of a
thermal bath of a huge number or infinite degrees of freedom
(we shall consider only heat but no particle transfer here and
thus the TD refers only to canonical ensembles), the coupling
between the system and the bath is vanishingly small, and the
system is eternally in a thermal equilibrium state by proxy with
the bath which is impervious to any change in the system.’
Already for classical systems, there is a difference between
equilibration and thermalization. Equilibration refers to the
system evolving to a steady state after relaxation. It is broader
than thermalization, which refers to the system approaching
a state described by the Boltzmann distribution. When the
system-bath coupling is nonvanishing, such a difference is
clearly discernible. For example, the potential of mean force
[4] is introduced to deal with such a situation. Details can be
found in Appendix D.

For quantum systems, this difference between equilibra-
tion and thermalization certainly remains (see, e.g., [S]).
New challenges at zero or very low temperatures posed by
non-Markovian environments and in the treatment of non-
Markovian dynamics can become prominent. By virtue of
its ability to provide a first principles derivation of noise
from quantum fluctuations (e.g., for Gaussian noise via the
Feynman-Vernon identity, instead of being put in by hand), and
linking fluctuations and noise with dissipation and relaxation
by dynamical relations (such as the fluctuation-dissipation
relation which can be traced to the unitarity in the original
closed system before one coarse grains the environment to a
description of mean field dynamics and its fluctuations), the
open quantum system approach is also a natural setting for

'Linear response theory considers small variations in the system
while staying in thermal contact with the bath. This is the underlying
assumption in the use of thermal Green’s functions, which is within
the test-field approximation in quantum field theory terms. In a fully
NEq treatment of the open system’s quantum dynamics, both the
system and environment variables are dynamically determined. Thus,
it can cope with situations where the quantum system is small and the
environment is finite.

2This means that action of the system on the bath is excluded from
TD considerations. In fact, in TD the bath variables are not dynamical
variables determined consistently by the interplay between the system
and the bath through their coupled equations of motion, they only
provide TD parameters such as temperature or chemical potential.

incorporating stochastic thermodynamics [6], which has seen
a wide range of chemical and biological science applications.’

The setup: In our opinion, the NEq dynamics of open
quantum systems, e.g., in the tradition of Feynman-Vernon,
Caldeira-Leggett er al. [7-9] even though requiring more
work, is the preferred setting for addressing new issues in
quantum thermodynamics for future challenges.* This is in
comparison with a popular setup which has been studied more
in the literature, namely, that of a global thermal state (CGTs)
assumed for the combined or closed system (C) = system
(S) + bath (B).? In the CGTs setup the initial and final states
of C are the same, namely, the combined system remains in
an equilibrium global thermal state, because the dynamics
of the combined closed system is unitary. This is visibly
closest to the setting of thermodynamics and thus naturally
convenient for exploring small extensions of thermodynamics.
By contrast, the open-system NEq (ONEq) approach deals
with time evolution of the open system. It requires the spec-
ification of the initial conditions and the derivation of the
late time behavior of the open system. For those systems
that upon interaction with a bath equilibrate at late times,
one may then connect its behavior with the descriptions of
thermodynamics. For sure, this is a many-to-one relation: many
different initial conditions can produce the same final steady
or equilibrium state, or that there is no common final steady
or equilibrium state. A lot depends on the structures of the
system, the properties of the bath, and the way they interact.
All the above mentioned factors need to be considered for
interacting quantum many-body systems before we construct
thermodynamical quantities, address thermodynamical issues,
and invoke (or hasten to claim success in revoking [29]) the
well-established thermodynamical laws. We will elaborate on
their differences in the following.

3Many physical systems show two intermediate stages between
quantum and classical, namely, stochastic and semiclassical. Conven-
tional stochastic thermodynamics starts from classical or macroscopic
physics. Noise is added in phenomenologically for the consideration
of fluctuations phenomena under different circumstances for specific
purposes. Being rooted in classical physics, conventional stochastic
thermodynamics cannot capture the quantum features so easily. Open
quantum systems approach, on the other hand, starts from micro-
physics at the quantum level. One can derive the stochastic equations
including quantum and thermal noises: Langevin, Fokker-Planck,
or master equations for the description of fluctuations phenomena.
Thus, in the quantum open-system approach the pathway from the
quantum regime to the stochastic regime is well laid out. Taking
the distributional average of noise yields the mean field theories at
the semiclassical level. To go from quantum to classical physics,
one needs to add decoherence considerations, but the pathway is
completely accessible. The challenge is, can we come up with
an appropriate quantum microphysics model for the macroscopic
phenomena of interest?

“Similar viewpoint has been expressed by a few others, notably,
Kosloff [10].

3The CGTs setup is used by many authors, notably [5,11-28].
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A. Main contents

There are three main components in this paper:

(1) Setup and conditions. The physical differences of the
setups, comparing our open-system nonequilibrium (ONEq)
approach (level 2) with traditional TD (level 0) on the one hand,
and with the global thermal (CGTs) state setup (level 1) on the
other. In TD, as mentioned above, the system-bath coupling
has to be vanishingly small whereas in both the level 1 and
2 treatments the system-bath coupling can be strong. We will
mention the CGTs approach as many existing works are based
on this setup, but focus more on how to use an open-system
approach to define and quantify quantum thermodynamics. In
a companion paper [30], we will attempt to build some bridges
between these two approaches, via generating functional and
reduced density matrix formulations. The hope is that from
the open-system perspective, one may be able to identify
which entities and concepts are more suitable for treating new
problems in QTD and which are residues of the old which may
hinder new developments. Other authors using an open-system
approach to quantum thermodynamics include Duarte and
Caldeira [31] who treated a coupled-oscillator system by the
influence functional method, Carrega et al. [32] who treated
a two-level system via moment-generating functionals, and
Esposito et al. [33] using nonequilibrium Green’s functions.

(2) Model with exact solutions. We use a quantum Brownian
motion (QBM) model of harmonic oscillators with strong
coupling both within the system (o) and interacting with a
scalar-field bath (). The merit of this model, which represents
a rather broad class of physical problems, is that being a
Gaussian system it can yield exact solutions which enable
us to cross examine the relevant issues, leaving little room
for speculation. Even when familiar quantities like energy
and entropy can be defined in different ways under different
conditions, since we are treating NEq dynamics, if we make
precise specific conditions, these quantities are defined. There
is no worry about ambiguity. The results from this model study
are used for addressing the following issues:

(3) Issues and consequences:

a. Energy extensivity. Thermodynamic functions are well
defined under the conditions when thermodynamics theory
is viable, namely, that the system is very weakly coupled to
the bath, the bath being a passive source which provides a
temperature parameter, not a dynamical variable which can
back-react on the system. It is a meaningful question to ask
if the nice properties we are accustomed to in conventional
thermodynamics, e.g., the extensive property of internal en-
ergy, will still hold for strongly interacting quantum systems.
In the model we studied here, we answer this question in the
affirmative, that the internal energy remains extensive under
strong coupling.

b. Heat capacity. From the internal energy, we calculate the
heat capacity and examine its behavior toward T = 0. We find
a power law, not an exponential decay. This has significant
implications. This aids us to address a version of the third law
and to resolve some puzzles raised in the literature such as
the claimed negative specific heat near absolute zero even in
well-behaved systems [34].

c. Third law. There are several formulations and statements
of the third law. We approach it from the behavior of the heat

capacity near absolute zero, which aids us to resolve some
puzzles raised in the literature such as the claimed negative
specific heat near absolute zero even in well-behaved systems
[34], and address some concerns expressed by Hanggi, Ingold,
Talkner, Weiss et al. [17,18,35-38].

d. Vedral et al. [39,40] invoked heat capacity as an indicator
of entanglement, and raised the issue of how the entanglement
at a system’s ground state bears on the third law. For the
(spin) system they studied they made the claim that “the
validity of the third law of thermodynamics relies on quantum
entanglement.” Using the behavior of the heat capacity at
T = 0we derived here, combined with our earlier results on the
entanglement between two coupled oscillators interacting with
a zero temperature bath [41], we show that this is not the case at
least for the coupled-oscillator system. There is no connection
between entanglement in the system and the third law.

e. The ONEq approach we adopt for the dynamics of the
system provides means to calculate entropy production, but not
before the meaning and definition of entropy for interacting
quantum systems can be understood and clarified. We say
this because even the most commonly invoked von Neumann
entropy has problems if not used and understood properly. We
shall mention this issue at the end of this paper but leave a
proper treatment of heat, entropy, entanglement, and from it
the first and second laws, to the second paper [42] in this series.

B. Closed-system global thermal state versus open-system
evolved equilibrium state

We begin by stating a few basic facts connecting the three
levels of treatments: level 0 thermodynamics (TD), level 1
closed system (system and environment combined) in a global
thermal state (CGTs), and level 2 open system evolving to an
equilibrium state (ONEq).

(1) Traditional statistical mechanics treats many-body sys-
tems in thermal (canonical distribution) and chemical (grand
canonical) equilibrium. The starting point of quantum statisti-
cal mechanics (QSM) is probability density, no quantum phase
information is invoked. This is encoded in the two funda-
mental postulates of quantum statistical mechanics: equal a
priori probability to all accessible states and random phase
approximation. Thus, from a quantum information viewpoint,
the system of interest to QSM is already fully decohered in the
energy basis and behaves classically in an effective way: what
is quantum in QSM only pertains to quantized energy levels
and particle spin statistics.

(2) Partition function is well defined only for systems in
thermal equilibrium. It is ill defined for systems under nonequi-
librium conditions when the notion of temperature is lacking.
Pathologies may ensue if it is forced upon even perfectly
normal systems (in contradistinction to systems for which the
canonical ensemble does not exist and the heat capacity is
negative in the microcanonical ensemble, such as gravitating
systems). As noted in [43]. if one proceeds from assuming that
the combined system + environment is in a thermal state, the
behavior of the heat capacity of the system is different when it is
derived from the energy of the central system at equilibrium or
from a partition function approach [17,35]. By examining the
open-system nonequilibrium dynamics with no reference to the
partition function, one could avoid these pathologies. Likewise,
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old notions such as the Hamiltonian of mean force [4] are
only meaningful in the conceptual framework of equilibrium
systems [14] as in CGTs.

(3) The oft-heard statement, that the generating functional
(in quantum field theory) is equal to the partition function
(in equilibrium statistical mechanics), is true only for thermal
fields, i.e., there exists a canonical distribution where a thermal
state is well defined for all times. This statement arises from
treating thermal (finite temperature) fields with imaginary
(Matsubara) time quantum field theory. If one uses real time
representation to describe the NEq dynamics of open systems,
the generating functional remains well defined but it is not the
(canonical) partition function defined in imaginary time.

(4) If an open system upon interaction with its environment
can equilibrate at late times, and if it is further thermalized, it
enters a thermal state. But, this equilibrium state is different
from that of a system in contact with a heat bath which behaves
in a totally passive and nondynamical way, in particular, with
no back-action on the system. The latter is where a theory of
quantum thermodynamics is often constructed, namely, from
a simple extension of conventional classical thermodynamics.
The difference lies in the dynamical correlations between
the system and the bath, which conventional thermodynamics
ignores completely by assuming a vanishingly small coupling.

(5) There are important differences between the ONEq and
the CGTs setups in their goals, approaches, and consequences.
There are also key differences between CGTs and thermal-
ization in a closed quantum system in the vein of eigenstate
thermalization hypothesis. Since the latter is an active topic in
the last decade with many important contributions, we can only
focus on the differences from the open-system approach on the
specific issues of interest to us here and cite some representative
references and reviews for interested readers to appreciate the
scope [1,19-28]. We highlight some key features below. In
Appendix C, we will illustrate some aspects of the ONEq and
the CGTs setups with a simple model calculation from the
ubiquitous QBM model.

a. Setup and goals. In this work, we assumed the field
to be in a thermal state prior to its coupling to the system
oscillators, which initially can be in an arbitrary state. Thus,
the system oscillators and the field are generically out of
equilibrium before and after the interaction is turned on. Our
focus is on the subsequent dynamics and relaxation of the
system oscillators, without assuming the coupling to be weak.
The “pure state quantum statistical mechanics” assumes the
whole system is in a pure state throughout. The main goal
in [5] is to derive statistical mechanics and thermodynamics
from quantum mechanics without resorting to the notion of
ensembles. It aims to show that even pure quantum states
of interacting many-body systems can display relaxation to
equilibrium and, in special cases, thermalize.

b. The methods developed in the “pure state quantum
statistical mechanics” literature are usually applied to closed
systems without an intrinsic system-bath distinction. For in-
stance, in Cramer et al. [44], a one-dimensional harmonic
lattice is shown to locally relax to Gaussian states for arbitrary
choice of subsystem and a wide class of initial states. The
authors note the following: “Every part of the system forms
the environment of the other ....” Here, we are only concerned
with the relaxation of the system oscillators and do not require

that any part the environment relaxes. (In fact, in Appendix C
we show that the bath modes never reach a steady state.)

c. There is an important distinction in the meaning of
equilibration. In the pure state quantum statistical mechanics
paradigm equilibration is used more broadly to indicate relax-
ation to a steady state. For instance, depending on the context,
the relaxation of the expectation values of certain operators
to fixed values or of the reduced density matrix is considered
equilibration. In our open-system approach, equilibration has
a very specific meaning [see Eq. (C3)]. In other words, there
exists an environment and an interaction Hamiltonian such that
the equilibrium state is obtained by tracing out the environment
in the global thermal state.

d. Integrability. It has been discussed in [5] that integrable
quantum models indeed equilibrate to a suitable generalized
Gibbs ensemble. Furthermore [45], examine the behavior of
the one- and two-point correlation functions after a quench in
various models, and it is found that the relaxation dynamics
and equilibrium values can be well understood by means of a
generalized Gibbs ensemble.

C. Key results
1. Energy extensivity

In conventional thermodynamics, when the intrasystem
coupling is negligible, the internal energy is extensive in terms
of the number of the oscillators, like the case of the dilute
gas. When this coupling is finite, we may instead understand
the extensive property of the internal energy in terms of the
normal modes of the coupled oscillators. We have shown that
with this definition of extensivity the internal energy becomes
extensive after the system reaches equilibrium, as implied by
(3.8). It is interesting to note that the degrees of freedom of
the oscillators used to describe the extensive property of the
internal energy are neither the original degrees of freedom
associated with each oscillator, nor the modes that decouple
their equations of motion. Rather, they are the degrees of
freedom that diagonalize the oscillation frequency matrix Qf,
In this regard, the extensive property of the internal energy
in the final equilibrium state is the same as that of coupled
oscillators in conventional thermodynamics, that is, in the
vanishing system-bath coupling limit. This offers an explicit
theoretical justification, from the open-system viewpoint, of
conventional thermodynamics when applied to such a many-
body system.

2. Heat capacity

When the system of N coupled oscillators in a shared
scalar-field bath reaches equilibrium, its heat capacity is shown
to be always non-negative for all nonzero bath temperatures,
and it moves towards zero only if the bath temperature ap-
proaches zero. These properties are independent of the spatial
arrangement of the oscillators, the interoscillator coupling, and
the system-bath interaction strength, as long as the collective
non-Markovian motion of the system is stable.

3. The third law

Therefore, from the viewpoint of behavior of the heat capac-
ity at T = O for this class of systems in an equilibrium state, the
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third law is not violated. In this connection we also addressed
the issue of entanglement and the third law pertaining to
heat capacity. It was stated in [39] the following: “One may
therefore say that in these systems the validity of the third law
of thermodynamics relies on quantum entanglement....” Our
view is that the third law depends on the nondegeneracy of the
ground state manifold and has nothing to do with entanglement
directly. Indeed, it has been shown [41] in the case of two spa-
tially separated but coupled oscillators in a zero-temperature
shared bath that the equilibrated state of this two oscillator
system is not always entangled. For example, with sufficiently
strong oscillator-bath interaction, the reduced state of the two
oscillators is separable. (See Fig. 3 in [41].) Here, we have
shown that the heat capacity of the coupled harmonic oscillator
system goes to zero independent of the system-bath interaction
strength. Thus, it offers a counterexample to the above claim
that the validity of the third law of thermodynamics relies on
quantum entanglement.

II. BROWNIAN MOTION OF SYSTEMS OF OSCILLATORS
STRONGLY COUPLED TO AN ENVIRONMENT

We now begin our detailed model study for considering the
viability in the establishment of a thermodynamics theory of
open quantum systems.

Consider a collection of coupled quantum harmonic os-
cillators in a shared finite-temperature 8~ bath modeled by
a massless scalar field in 1 4+ 3 Minkowski space-time. The
action of such a system is given by

2
S = /dt Z[% X7 () — % xf(t)]

- f dt Y mo xi()x;(t) + / d'x j(X)p(x)
j>i
4 1 n

+ /d x5 0, P(x)0" p(x), 2.1)
with x = (¢,x). Each oscillator is located at a fixed spatial
coordinate z;, and has the same mass m and bare natural fre-
quency wy,. The “current” j(x) in the oscillator-bath interaction
term takes the form j(x) = e Y, x;(t) 89 (x — 2;), with e the
coupling strength between the oscillator and the bath. The
parameter o is the strength of direct coupling between two
oscillators and assumed to be positive for concreteness.®

Here, we suppose that the initial state of the combined
system is a factorized state, given by

_ _ (@) _ @)
pi=p" @pd, oy =2, e P, Zy=Tryle MY,
2.2)

where H'? is the free Hamiltonian of the scalar field. While
the field is initially prepared in a thermal state, the initial state
,ol-(X) of the system can be quite arbitrary. Thus, in the beginning

®It can take either sign, which only affects the interpretation of
the normal modes. In addition, the numerical values of e and o are
confined to ranges where instability in the dynamics is avoided. We
will comment on this point later.

the system and the bath are not in equilibrium, nor correlated.
We will let them interact and evolve in time. We will explore
and make explicit the conditions when the system can and will
reach equilibration.” This equilibrium state in general will have
no resemblance to the thermal state of the combined system,
nor of the reduced system. Thus, the setup here is in strong
contrast to the closed-system globally thermal state (CGTs)
often adopted in the discussions of quantum thermodynamics.
There, for the total Hamiltonian of the combined system H =
HY + Hy + H®, it is assumed that

pi=pp pp=2"ePM Z=Tr, 4{e P} (23)

In the global thermal state, the system has already established
correlation with the bath, and the interaction between the
system and the bath is such that it maintains this correlation
throughout. Since they are in thermal equilibrium, the com-
bined system will remain in the global thermal state unless an
external disturbance is introduced to bring the system out of
equilibrium.

The evolution of the combined system is governed by the
unitary evolution operator U:

i
Uty,t;)) =T exp[—i / ds H(s):|, 2.4
14

where T denotes chronological time ordering and H is the
Hamiltonian operator of the combined system that corresponds
to the action (2.1). Given the initial state (2.2) of the total
system, the density matrix of the reduced system of interest is
then given by

pX(tp) = Trg{U(t7,1;) p(t) U'(t5,1)),

after we trace out the degrees of freedom of the bath. The
reduced density matrix of the system enables us to calculate
the quantum expectation values of the operators, say O,
associated with the system by

(2.5)

(O(X)) — TrX{,o(X)(tf)O(X)}, (2.6)

from which we may construct the quantum thermodynamics
of the system in a nonequilibrium setting.

When the initial state (2.2) is Gaussian, Eq. (2.5) can be
evaluated analytically and exactly for the combined system
described by (2.1). Using a path-integral representation of U
and U, the reduced density matrix elements in (2.5) become

PP A ftr) =/

00 , , Xf
dyi dx] :O(X)(Xi»Xi,ti)f Dy
Xf
X Dy_ expli SPx,]—i SP[x1}
X

X -F[X+’X—]7 (27)

where S is the action of the system alone and y+ denotes
the system variable in the respective forward and backward
time branches. This is where the “closed-time-path” integral

"The equilibration issue for classical coupled-oscillator systems was
studied before by, e.g., Agarwal [46].
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(CTP) and “in-in’ formalism [47] or its close kin, the Feynman-
Vernon [7] influence functional (IF) F[x.,x—], become par-
ticularly useful.

For a Gaussian bath, its influence on the system can be
understood as caused by a classical noise by way of the
Feynman-Vernon Gaussian identity: the imaginary part of
the IF can be represented by a stochastic source term which
inherits the quantum statistics of the bath. Using techniques
from the CTP formalism, a revised imaginary part combined
with the original real part of the influence functional, together
with the action of the system, form a new effective action which
isreal, known as the stochastic effective action. Variation of this
stochastic effective action produces a Langevin equation which
describes the evolution of the reduced system. For details and
working examples in this functional approach to open quantum
system dynamics, please refer to Appendix A. In what follows,
we will adopt the Langevin equation approach in the discussion
of quantum thermodynamics at strong coupling.

A. Langevin equation for the reduced system

Following this well-established procedure, the Langevin
equation for the stochastic dynamics of the ith oscillator
(strongly) interacting with other oscillators and their shared
bath with action (2.1) is given by

m %i(t) + may xi(t) + Y _mo x;(1)
i

—e2/ ds Yy Gt —s5.2; — ;) x,(s) = e &(1). (2.8)
0 -
J

In addition to the drag force and the quantum fluctuations
of the bath found in a single oscillator system, a new factor
entering in the present coupled-oscillator shared-bath system
is the induced interaction between the oscillators through
their respective interaction with the scalar-field bath. The
field-environment mediated effect is non-Markovian in nature
(see, e.g., [48-50]), often absent® in a shared bath modeled by
a collections of oscillators’ (see, e.g., [51,52]). This feature
introduces additional complications and brings forth new
physics in analyzing the stochastic dynamics of the quantum
many-body system, as well as its quantum thermodynamics.

The statistics of the Gaussian noise field &;(r) = &(t,z;) is
determined completely by the first two moments

E0) =0, (EOEW) =GP0 —1 2 —1z)).

All the higher even moments can be expressed by the second
moment with the Wick expansion while all the odd moments
vanish. The (...) notation denotes either an ensemble aver-
age or expectation value, depending on whether the variable
under consideration is stochastic or quantum. The two kernel
functions G(If)(x —x') and G(Ile’)(x — x’) are most relevant for

2.9

8Unless the spatial information is retained in the system-bath
interaction.

The differences between a oscillator bath and a field bath will be
discussed in Appendix E.

our present study: They are the retarded and the Hadamard
functions of the scalar field ¢ in its thermal state, defined by

GPx —x)=i6(t — 1) [p(x),p(x)]

L () [6(t —r) — (T +1r)],

= (2.10)
@, on_ 1 /
Gyp(x—x)= > ({op(x),0(x)H}H)
= — ! |:coth T —r) — coth M],
8 pr B B
2.11)

with t =t —1¢ and r = |x—Xx/|. Since they are time-
translation invariant, their Fourier transforms with respect to
the t variable satisfy the well-known relation

Bw
2
where the Fourier transformation of the function f(t) is
defined by

G\ (w:r) = coth — Im G (w; 1), (2.12)

_ o0 . % d . -
Flw) = / dr et f(o), f(z) = / 2 e fw)
(2.13)

Introducing the matrix representation of the equation of
motion (2.8),

X1 a)g o ... © &

X2 o wi ... © &
=" «=|. . . | oe=1 .|
Xn c o ... a)% &,
(2.14)

where [G(7)];; = G(t,z; — z;), we obtain a matrix equation

2 t
&)+ 92 B() - e—/ ds GOt —5)- B(s) = ~&(1).
m Jo m

(2.15)
The solution generically takes the form

E(t) = di(t) - B(0) + da(r) - E(0) + "%fo ds do(t—s) - £(s),
(2.16)

where {E(O),E(O)} are the initial conditions and d;(¢) are a
special set of homogeneous solutions to (2.15). The actual
form of d; is not important but the Fourier transform of d,(¢) is

2 -1
dy(w) = [Qg e G(,g”)(w)} . 2.17)
m
Later, it will be shown that for certain choices of parameters,
the solution to (2.15) can exhibit instability and grows
indefinitely when ¢ approaches infinity. In these cases, the
homogeneous solutions d;(¢) are not integrable,

/oodt ()] # o0, (2.18)

o0
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so their Fourier transforms do not exist in the usual sense.
Thus, when results are expressed in terms of d;(w), it pays to
be careful about their interpretations.

Finally, we note from (2.16) that the oscillator is driven not
only by the local noise at its very location, but is also affected
by the quantum fluctuations of the bath at the locations of the
other oscillators. This intriguing feature is essential in keeping
the energy balance of the reduced system after it equilibrates.
This will become clearer when we calculate the energy balance
in Sec. IIIC.

B. Covariance matrix

From (2.16), if there exists an equilibrium state'® for the
reduced system, then the moment

o) =1 {E®.ET (1))

at late time, after the reduced system completely relaxes, is
well defined and given by

(2.19)

li _2 T G ) 6P dl 2.20
ll)n;.loo'xx(t)—ﬁ _OOZ Z(CU) H(w) 2(0))7 ( . )

where the superscripts 7 and T denote the transposition and
Hermitian conjugate of the matrix, respectively.
Since d; is a symmetric matrix, we observe that

dy () — dl(w) = 2i Im dy(w)
2
—2i % & (@) - Im GP(w) - dl(w), (2.21)

with the help of the matrix identity

A7'—B'=A"T-B-A)-B}, (2.22)

for two nonsingular matrices A, B. Thus, we can write o , , (00)
in (2.20) as

1 [®dw Bw ~
= — — coth — Imd
0 ,, () mﬁmzn co 5 md;(w)

®dw Bo ~
=1 — coth =— G (w), 2.23
mf_ooznco 7 £ (@) (2.23)
where the retarded Green’s function Gg) (w) of the reduced
system is in fact

- 1 .
GP(w) = — (). (2.24)
Similarly, we introduce
o1 = § ({B0).E (1)), (2.25)
and at late times it becomes
o0
d -
0y (00) = Im / 40 2 eoth P2 60w, (226)
00 2T 2

19The existence of the equilibrium state is related to the fact that the
complex poles of d,(w) lie on the upper half of the complex w plane
(see Sec. IITE). This is also the very basis on which we can discuss the
fluctuation-dissipation relation of the reduced system and the energy
balance among the dissipative, retarded, and noise force terms.

This integral in general is not well defined due to the presence
of ultraviolet (UV) divergence, so regularization is needed.

C. Internal energy

We define the internal energy of the system as its total
mechanical energy. The total mechanical energy E of the
coupled oscillators is

E() = Z[%(xf(r)) -

+ ) mo (xi(O)x; (1)

j>i

maw

2
2

£ (x?m)}

- %Tr e +92 0,0} @27

Here, Tr is the matrix trace, and the matrix Qf, is defined

in a way similar to Q7 except that the elements ; in Q7
are replaced w?, where w, is the renormalized or physical
frequency, which will be determined by the system preparation
at the experimental energy scale. The difference between them
is not necessarily large and depends on the choice of the cutoff
frequency A, such that

> o YrA

W, —w, = — ,

2 - (2.28)

where the damping constant y is equal to y = e*/(8wm). In
the equilibrium state (note it is not necessarily the Gibbs state
[53]), the total mechanical energy becomes

E(c0) = % Tr {6 4u(00) + Q2% - 6, (00)

0
= %Im/_mj—; coth'B?K Tr { [T+ Q3] - da(x)}.
(2.29)
The heat capacity C is then given by
C = 9E _ -p? 8—E. (2.30)
oT P

The evaluation of E(oco) can be trickier than expected if
regularization is not properly introduced.

At this point, it may be desirable to get some physical
feel of the dynamics and thermodynamics of the system.
In Appendix B, we treat a simpler system of one and two
oscillators so that we can see the subtleties involved in the
non-Markovian dynamics and thermodynamics of a strongly
interacting open quantum system. Otherwise, we may proceed
to the formal development for the N oscillator system.

III. THERMODYNAMICS OF OPEN QUANTUM SYSTEMS

As mentioned in the beginning, in this paper we use the
model of an N coupled-oscillator system interacting with a
scalar-field bath to address the energy and heat capacity issues
and discuss the third law of thermodynamics.

Before we launch our studies of the N coupled-oscillator
model in full rigor, it would be useful to gain some feeling
of the anticipated physical results for simpler cases. Hence,
we summarize what we have learned from the one and two
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) SRR Breq with —- =06, “Z=0.001,
wp A
N . Y W, -
————— Epeq  with o =0.6, XP =0.01, .-

FIG. 1. We compare the difference in predictions from the equi-
librium and nonequilibrium approaches. The blue (solid) curve de-
scribes the temperature dependence of the mechanical energy of the
oscillator in the equilibrium thermal state. The other two curves give
the temperature variations of the mechanical energy of the oscillator
which interacts with a bath that is initially in the thermal state. As an
illustration of the nontrivial effect in the choice of the cutoff scale,
these two curves have different cutoff scales.

coupled harmonic oscillators examples below. Details for these
two cases are placed in Appendix B.

For a system containing just one harmonic oscillator cou-
pled to a thermal bath with finite coupling strength, the
heat capacity behaves qualitatively different at low temper-
atures from traditional thermodynamics, which assumes that
the system-bath coupling is vanishingly small. A new scale
associated with the coupling strength y appears. As shown
in (B11), the heat capacity approaches zero following a
power law when the bath temperature is lowered to zero. In
contrast, quantum statistical mechanics calculations assuming
vanishing system-bath coupling predict in (B16) that the heat
capacity approaches zero exponentially as the bath temperature
is lowered to zero. This is mostly transparently seen in
Figs. 1 and 2.

C

1.0F

Ceq

0.8[
[ Cneq
061

04l i

02l

FIG. 2. We show the difference of the heat capacity of the
single oscillator obtained from equilibrium C,, and nonequilibrium
approaches C,.,. The difference is more significant for stronger
coupling between the oscillator and the bath. At low temperature, C,,
approaches zero exponentially, while C,., has an algebraic fall-off.

With a mere increase of the number of system oscillators
from one to two, the physics of the reduced system becomes
more intricate because the two oscillators will have, on top
of their direct coupling, also an indirect coupling mediated by
the ambient scalar-field bath, which introduces non-Markovian
effects in the reduced system dynamics. As for quantum en-
tanglement, in addition to the system-bath entanglement in the
one-oscillator case, one needs to consider also entanglement
between the constituent oscillators. Noteworthy on this issue
is, as shown in Eq. (B33) and Fig. 3(c) of Appendix B, the
behavior of the heat capacity for the two-oscillator system near
absolute zero temperature does not depend on the presence
or the absence of quantum entanglement between the two
system oscillators. The heat capacity still approaches zero no
matter what, and has a qualitatively similar behavior as the
one-system-oscillator case.

A. System of N coupled oscillators in a common bath

Now, we consider a system that contains N coupled
harmonic oscillators in a shared thermal bath. Their spatial
locations, specified by z;, with i =1, ..., N, is arbitrary,
and their initial states can be far from equilibrium. From the
previous discussions, we have learned that their motion is
highly non-Markovian and intertwined, so it is not obvious
whether systems that contain a large number of constituents
always equilibrate. This would be the most important issue to
address, namely, identify the conditions, or lack thereof, for an
N coupled harmonic oscillator in a shared thermal bath to reach
in time an equilibrium (note different from thermal) state. We
will show that indeed it exists. Then, in this equilibrium state,
we can discuss for this non-Markovian system the fluctuation-
dissipation relation and the energy balance. We then advance
towards the thermodynamics issues, beginning with a proof of
the extensivity of the internal energy, the positivity of the heat
capacity, and, finally, the behavior of the heat capacity as the
temperature approaches to zero, pertaining to the issues of the
third law.

The number N of the system constituents can be arbitrary
but cannot be infinite because when it is comparable with the
number of degrees of freedom of the bath, (1) it may lose the
character of a system in contradistinction to its environment,
as the basic definition of open systems calls for. (2) The
system and environment should in this situation be considered
as two equal subsystems interacting with each other which
have a very different dynamics from open systems, e.g., re-
currence. More seriously, (3) the system may never equilibrate
because any oscillator will be continually perturbed by the
non-Markovian influences from its faraway counterparts all the
time. This will make the motion of the system difficult to settle
down.

For a finite N, following our earlier analysis outlined in the
two-oscillator case, we note there are exceptional cases that
equilibration may not be always possible. For example, we
exclude those arrangements where some of the oscillators are
placed remotely from all others because such a setup can render
the relaxation time unusually long. From these considerations,
we assume the number N is much smaller than the number of
degrees of freedom of the bath, and that the oscillators are all
localized within a finite region. As a reminder, this still does not
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exclude the possibility that when the non-Markovian effects are
sufficiently strong, albeit not enough to induce instability, the
system might still have an extraordinarily long relaxation time
so as to behave almost like an undamped one.

Since analytical results for the N oscillator system are
unavailable, we will provide a qualitative but general analysis
based on the mathematical properties of positive matrices.
We start with two simpler topics by first examining the
fluctuation-dissipation relation of the reduced system in the
final equilibrium state, and then the energy balance between
the reduced system and the bath. They provide the basis for
extensivity of internal energy and positivity of heat capacity.
We will save the discussion on the existence of this equilibrium
state for the end.

B. Fluctuation-dissipation relation, stationarity

We direct our attention now to the correlation function
of x;(¢) and derive the corresponding fluctuation-dissipation
relation when the reduced system reaches equilibrium. From
(2.16), we find the correlation function, namely, the Hadamard
function of &(r) given by

GP(t,1") = di(r) - AT (1) (x2(0)) + da(r) - A} (¢')(x7(0))
+d, (1) - A5 (1) (x:(0) 5 (0))

+da(r) - d] (') (%:(0)x:(0))
2

+€
m20

di @ 5.

t t'
ds/ ds' dy(t — ) - G%’)(s -5
0

3.1

Again, [Gg)(s — s = Gg)(s —s',z; — z;). Itis not invari-
ant in time translation so the intermediate state is not an equi-
librium state. If we choose the parameters of the configuration
in such a way that no runaway solution is allowed, then d;(z)
exponentially decays with time. Thus, in (3.1), those terms that
are not inside integrals will be exponentially small at late times.
The double integrals in (3.1) can be written as

t t
/ds/ ds' dy(t —5) - GV (s — sy - Al (¢ — 5)
0 0

di ~ ~ ~ ikt
~ /E i) - G o) - dS ey e 0, (3.2)
among which we have ignored terms that are exponentially
small at late times and have used the approximation that when
t is sufficiently large,

t
f dsdy(t —s)e ™ = e ¥ d5(k) + O(e™™),  (3.3)
0

with « being some positive number to describe the generic
decaying behavior of d, with time. Thus, we see the nonsta-
tionary components in Gg)(t,t/) become negligibly small as
t,t’ — o0o. We can then focus on the stationary component

lim Gty =GW (1 —1)

dk Bk
- th -
2w N

Im {Gg)(lc)} e iku=1),

34)

where we have invoked the fluctuation-dissipation relation of
the free (standalone) scalar field

Bk

G (k) = coth = Im G ). (3.5)

In (3.4), we notice that the integrand in fact is @%)(K) by the
definition of the Fourier integral, and thus we arrive at

G%(k) = coth %K Im G (),

(3.6)
when the reduced system reaches equilibrium. Thus, from the
derivation we see that the correlation function of the reduced
system is not stationary in time during the nonequilibrium
evolution, but dissipation causes the nonstationary component
of the correlation to decay with time such that when the dynam-
ics of the reduced system is relaxed, the correlation becomes
stationary. This reflects the presence of a final equilibrium state.

Stationarity enables us to express the fluctuation-dissipation
relation of the reduced system in the frequency domain,
similar to that of the bath. However, even though they appear
deceptively similar in structure, they are utterly different in
physical contents. Essentially, (3.5) is based on the initial
thermal state of the bath, while (3.6) is established only because
there exists a final equilibrium state, which by no means is
necessarily a Gibbs thermal state; however, it still inherits the
information of the initial thermal state of the bath. This is
related to the fact the late-time statistics of the reduced system
is governed by the bath. A similar behavior is also observed for
the case when a charged oscillator interacts with a quantized
electromagnetic field, initially prepared in a squeezed vacuum
[54]. The only difference is that the proportionality constant in
the fluctuation-dissipation relation like (3.6) takes a different
form and depends on the squeeze parameters of the bath’s
initial squeezed vacuum state.

C. Energy balance in the equilibrium state

Now, we turn to the energy balance of the reduced system
described by (2.8) in the equilibrium state

t
m (1) + m(Qi)U x,(1) — e2/ ds GVt — 5,0) xi(s)
0

—¢ [ds Y600~ s - 1) x50 = et G)
O

where complexity arises from the frequency renormalization
and the nonlocal causal influence among oscillators. In the
single oscillator case, when equilibrium is reached, the net en-
ergy flow between the oscillator and the bath stops. The energy
flowing in from the noise force of the bath is counterbalanced
by the energy flowing out of the oscillator due to the frictional
force, as captured by the fluctuation-dissipation relation. In
the multioscillator case, it is then interesting to ask whether
only the same two factors are needed to balance the energy
flow in the course of equilibration, or other mechanisms are
also involved? If so, what are their roles in the fluctuation-
dissipation relation?
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We will show that

11m Z

(x’@)+ Z(Q;)ij<xi(r>xj<z>> = const,
ij

(3.8)

that is, the energy transfer mediated by the shared bath ceases
after the motion of the reduced system reaches equilibrium.
We first rewrite the third term in (3.7) as

t
62/ ds Gt — 5,0) xi(s)
0

= —¢’T'®(0) X,»(t)—}-ez/ dsTO®( —s) x:(s),  (3.9)
0

where I'®)(¢) vanishes for a scalar-field bath at late times, and
we have introduced a kernel function I'"®)(7):

d
G(I?)(T,O) = [G(I?)(T)]ii — _E]"(@(t) N

GO(.0) =i 0P (w). (3.10)

In what follows, we will calculate the power delivered to the
ith oscillator in the equilibrium state.

Each of the terms in (3.9) gives a contribution with a distinct
physical interpretation. The first term on the right-hand side of
(3.9) will be absorbed into the bare frequency wj to form the
physical frequency w),:

2
wy = wj — — T'P(0). (3.11)
m
The second term on the right-hand side of (3.9) thus represents
the dissipative force whose mean power delivered to the ith
oscillator is
1
PO == [ 5TV -9 L0k G2
0
The mean power exerted by the noise force on the ith oscillator
is

P;i)(t) = e (&i)xi@).

Finally, the net power delivered by the other oscillators to the
ith oscillator via the nonlocal causal influence transmitted by
the field is given by

(3.13)

PO0 = [ ds 36— = 2) G000,
j#i
(3.14)

These three contributions look very distinct in nature, but we
will show that at late times after the system of oscillators
relaxes, their sum vanishes. Let us rewrite (3.12)—(3.14) in
the limit t — oo:

(i) P;“(oo): It is given by

. *® dk
@) — 7,2
Py (c0)=1ie /_ E

oo

m[GP )], [CX W], (.15

where we have used several facts:
(a) In general, Gg)(t,s) = ({{xi(®), xi(s)})/2 is not in-
variant with time translation unless ¢, s are sufficiently large.

That is, the nonstationary components will decay with time,
sowhent, s — 00, we can write Gg)(t,s) into G%)(I — ).
(b) The real part of the Fourier transform of a retarded
Green’s function GS,?)(K) is an even function in ¥ € R, but
the imaginary part is an odd function.
© Im[G'V*«k,0)],, = —Im[G'(x,0)]...
(i) P”(c0): Itis given by

P(’)(oo) —ié? Z/

G(X)(K)] [G(¢)(K)]

(3.16)
where we have made use of the fluctuation-dissipation relation
(3.6) for the reduced system.

(iii) PY(00): Itis given by

(')(oo) =ieé Z/

G(d))(K)] [G(X)(IC)]

J#
(3.17)
We observe that unlike the one-oscillator case,
P{(00) + P{(00) # 0, (3.18)

so in the multioscillator case, the energy balance is more
delicate. On the other hand, the contribution P{"(c0) can be

combined with P"(0c0) to form

P{"(00) + P{(c0)

— ie22/w;l—; K Im[G(I?)(K)]U[Gg)(K)]ij, (3.19)
iU

which turns out to be the negative of Pg(i)(oo). We thus see in
fact we should have

P{(00) + P(00) + P{(00) = 0 (3.20)
if both of the fluctuation-dissipation relations
G (k) = coth — ﬁ Im G\ (),

G(k) = coth ﬁz Im G (k) (3.21)

hold.

Equation (3.20) immediately implies (3.8). Here, we see
additional mechanisms are at play in the energy transfer
between coupled oscillators. The motion of any oscillator is,
apart from direct coupling, causally affected by all the other
oscillators via the shared bath. These coherent and correlated
contributions from the other oscillators, depending on their
individual evolution history, do not necessarily induce a drag
nor a push force on that very oscillator. The net effects of the
retarded influence are thus highly complicated, hinging on the
distance between any two oscillators and their states of motion.
It is not obvious how they participate in balancing the energy
flow between each system oscillator and the bath. However,
we have mentioned earlier that each oscillator, in addition to
experiencing the disturbance from the noise of the bath locally,
is also affected by the bath fluctuations at the locations of the
other oscillators. We can see that the correlations of the bath
fluctuations will be passed on to the oscillators such that their
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motions are also correlated. These correlated noises can be the
counterparts of the causal influences, both of which are the
off-diagonal elements in the fluctuation-dissipation relation of
the bath (3.21), in the roles of either the fluctuation-dissipation
relation or the energy balance of the system. Moreover, once
we observe that the retarded influence is in fact related to
the Liénard-Wiechert—type radiation of the scalar field as a
consequence of the oscillators’ motion, it is clear that the
damping force is of the same physical origin as the non-
Markovian causal influences. Thus, grouping P{"(c0) and
P(c0) together in (3.19) becomes natural, and from that
(3.20) follows.

Equation (3.8) says that even with the presence of non-
Markovian influences in the motion of the reduced system, the
interaction of the system with the bath is such that when the
system settles down in its equilibrium state, its total mechanical
energy becomes constant in time. Hereafter, the reduced
system acts as a collection of coupled undamped oscillators,
oscillating at the physical frequency w,, and can be completely
described by the final equilibrium density matrix. That is, the
reduced system becomes self-contained and free from any
further intervention from the bath. This motivates us to assign
the total mechanical energy as the internal energy of the system.

Next, we will discuss the extensive property of the internal
energy of a system of N coupled oscillators in a shared bath.

D. Extensivity of internal energy

Before proceeding to the coupled system in a nonequilib-
rium configuration, we first delineate the extensivity of the
internal energy in the simpler equilibrium case.

Formally, equilibrium thermodynamics is realized in the
limit y — 0, whereby the matrix Gg)(w) reduces to
~1

o 1
lim GP(w) = E[szf, — 1]

1 2 . \2 411
— Z[Qp—(a)—i—te) I] , (322
where in order to preserve the retarded property of G(,?)(t),
we have let o — w + i € with € > 0. Since the matrix Q?) is
real and symmetrical, we may find a real orthogonal constant
matrix U, independent of w, and o, to diagonalize it, that is,

Q=U-W .U, U-U =1 (3.23)

The matrix W, is real and diagonal and we have assumed
that its diagonal elements remain positive definite, with the
appropriate choice of w, and o to avoid instability in motion.
Thus, we write (3.22) as

-1

~ 1
; 09} 2 . 3\2
;%GRX (@ =—U- (W) — (w+ie)' 1] -U"
x) T
=U- QSRO( w)-U", (3.24)
with the diagonalized QS(R){ o(w) matrix given by
1 _

& () = —[W} — @+ 1] (3.25)

Now, since the symmetric matrices a ,, (c0) and & ,,,,(00) are
related to Gg@‘)(a)), according to (2.23) and (2.26), we can write

them into the diagonal forms as well with the help of U:
U-m(c0) - U7,

(3.26)

0 ,,(00) =U-n(c0) - U” and o ,,(c0) =

in which the diagonal matrices n, m are

n(co) = Im / ;l‘” thﬁ—wej(,f)o() (3.27)

0o &TT

m(co) = Im f coth P es(,g”o( ). (328)
So far what we have done is equivalent to expressing the results
in terms of the normal modes of the coupled oscillators when
their interaction with the shared bath is almost nonexistent. The
matrices n, m are nothing but the position and velocity uncer-
tainties of the normal-mode coordinates. This decomposition
implies that the mean mechanical energy in the equilibrium
thermal state, due to the presence of the trace, is invariant under
the orthogonal transformation acted by U:

E(c0) = %Tr {ovu(00) + Qf, 0, (00)}

m 2
=3 Tr {m(c0) + W5, - n(c0)}. (3.29)
The advantage of the form (3.29) is that since every matrix in
it is diagonal, (3.29) can be literally and formally written as
Y Ei(o0),

E(c0) = (3.30)

where

E (OO) {mll(oo) + (W )zi nii(oo)} (33])
is essentially the mechanical energy associated with each
normal mode. That is, the total mechanical energy is the sum of
the mechanical energy of each normal mode. Thus, when the
interaction between the coupled oscillators and the shared bath
is negligible, the mechanical or internal energy is extensive, at
least with respect to the normal modes. This is the limiting
condition underlying conventional thermodynamics.

When the oscillator-bath interaction is not negligible, the
Green’s function matrix Gg) (w) of the oscillators contains the

contribution from the retarded Green’s function matrix Ggf) (w)
of the free scalar field
~ 1 e’ . !
G (w) = - [sz; — 0 — —~ Gﬁgf’)(a))} . (3.32)
Since the values of the elements of the matrix G%b)(w) depend
on the locations of the coupled oscillators,
[GY], (@) =

G,z — 1)), (3.33)

the orthogonal matrix U that can diagonalize Qi in general
cannot diagonalize (N}(,?)(a)) because the latter two matrices do

not commute in general unless the locations of the oscillators
are especially arranged. That is, in general the matrices

(®) (09]

&y (@) =U"-GCP U= 6 w=U"6Pw-U

(3.34)
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are not diagonal, neither are n and m in this case. Even though
(3.29) always holds, and it will give an impression that the
total mechanical energy can still be expressed as a sum like
(3.30), here E; does not enjoy the special significance of the
mechanical energy of each normal mode for the full equation
of motion (2.15):

2 t
&)+ Q2 B(r) — e—/ ds Gt —5)- B(s) = < £(1).
m Jo m
(3.35)

This may be most easily understood if we apply the transfor-
mation U to the coupled equations of motion (3.35), and it
becomes

2 t
X(1)+W?2 - X(r) — %/ ds 8P (1 —s) - X(s) = %UT-S(t),
0

(3.36)

where X = U7 - E represents the coordinates of the normal
modes of the coupled oscillators in the absence of the bath as
is discussed earlier, but is not the normal modes of the coupled
oscillators in the presence of the shared bath. The off-diagonal
elements G(Ig’)(t — s) will link up any given element in X with
all other elements.

Therefore, from (3.8) we arrive at some interesting con-
clusions. When the coupled oscillators interact with a shared
bath, after the coupled system reaches equilibrium, the internal
energy of the system oscillators becomes extensive; however,
this extensivity is expressed by neither its original degrees
of freedom nor the decoupled degrees of freedom. Instead,
the extensive property of the system’s internal energy is only
manifested by a specified set of modes obtained from the
orthogonal transformation that diagonalizes Qi, as can be seen
from Eq. (3.8). Moreover, before the motion of the reduced
system equilibrates, this special extensiveness property does
not hold, as is implied by (3.8). Thus, we are not able to
discuss the extensive property of the system’s internal energy
during the nonequilibrium evolution of the reduced system,
until the final equilibrium state of the reduced system is
attained.

In particular, this seemingly mundane conclusion, together
with (3.8), justifies or explicitly demonstrates, in the weak
oscillator-bath coupling, why conventional thermodynamics
(at least for the system that constitutes coupled oscillators)
works, why we need only the density matrix of the system to
describe the behaviors of the system, and why we need not
be concerned with renormalization, relaxation, damping, bath
noise.

E. Positivity of heat capacity and existence
of the equilibrium state

Now, we would like to discuss the positivity of the heat
capacity for a system of N coupled oscillators in a shared bath
in the context of nonequilibrium thermodynamics. The posi-
tivity of heat capacity, the decaying behavior, and the retarded
nature of d,(¢) all hinge on the existence of the equilibrium
state. Thus, in this section, we will also address the conditions

that a nonequilibrium system settles into an equilibrium state
at late times.

Given the internal energy (2.29) when the system reaches
equilibrium, we proceed to examine the positivity property of
the heat capacity C(00), given by

Cioor— L1 /wdx 5 Vi
0) = —1m - — Ir
2 —00 2T sinh%” K

X {[KZI + Qi] . &Z(K)} e_‘%,

(3.37)
from (2.29) and (2.30). The damping factor e’lfKT‘, with A —
+00, is necessary to regularize the integral.

If we consider only the case that there is no runaway solution
in the motion of the system, such as with the inverted oscillator,
then this requires that the matrix Qi should be at least positive
definite.!! This allows us later to define a matrix that would be
the square root of x*I + Q2. The imaginary part of d,(«) can
be written as

2

Im da (k) = d, (k) - [2;/;« 1+ % Im (Z*,if)(;c)] -l

3 (3.38)
Using (2.17) we know that d(k) takes the form

~ e’ . !
da(x) = [Qf, — 21— — cgf><,<>]

A e 17
— [Qi—le—iZyKI—ZG:(K)} ,

with the help of (2.22). The matrix (?}(If)(/c) is Gg?)(/c) with its
diagonal elements removed:

i 0, i=j
[65 @], = { (3:39)

[Ggg))(")]u’ i 7]

The diagonal elements of Ggg’) (x) account for the usual damp-
ing term and the frequency renormalization. Now, we introduce
the matrix D, (x) by

[€21+ Q2] - &) = Do), (3.40)
such that
Im Tr {[K21 + Qi] . &z(x)}
([ore+ 5 méo] - bleo - Do)
=Tr {|2yk I+ — ImGy (k)| -Di(x) - D,(k){,
m
(3.41)

where we have used the cyclic property of the matrix trace.
The product of the last pair of matrices is positive, so we would

like to examine whether the matrix sandwiched by az(/c) and

HPositive semidefiniteness can be too weak because the non-
Markovian contributions can easily induce instability in the strong
system-bath coupling regime or in the limit of extremely short
separations among the oscillators.
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fl; («) in (3.38) is positive as well. In general, it takes the form

2yk i sink{p, i sink {3 ot sinkliy
12 13 12
2 2 2
Y Sinkty, 2y Y Ginkly ... L sinkloy
21 23 2N
2
e (@) .
2l =2yk I+ m ImGp (k) = 2—)/ sink €3 Z_)/ sink {3, : ’ (3.42)
31 k
it sin k€ it sin k€ o 2y K
N1 1
[
where ¢;; = £;; = |z; — z;|. Here, we assume that the choices denominator of d, (k) is transformed to
of the parameters w,, o, and ¢;; are such that the matrix I' is ) ) , )
strictly diagonally dominant, that is, its elements satisfying KI+i2el" =W,
2
K 0 0 yi 0 0
il > Y ITy1. (3.43) .
i —|° = +i26 72
At the first sight, this assumption looks pretentious; however, 02 : 0
we observe that the strictly diagonally dominant matrix has 0 0 « 0 0w~
a nice property of being positive definite [55]. That is, its w2 op oIN
eigenvalues are all positive. Thus, this assumption, together r
with positive definiteness of Qf,, implies that the integrand in | o a)i 3.45)
(3.37) is always positive. Since the integral is well defined, we ’ 3.
conclude the value of the heat capacity C(co) remains positive oN o
for all temperatures 8~! with one exception that 8 — oo. In ON1 .- ONN-1 @p
that limit, the factor and the zeros of its determinant
det(kK®I+i 2T = W3) =0 (3.46)

pic 2
( 2 )
. Bic
sinh 5

goes to zero, - so it indicates that the heat capacity for the
system of coupled oscillators will be zero at zero temperature;
otherwise, it is always positive.

Physically, the assumption (3.43) amounts to the existence
of the effective damping constants for all modes of motion, and
thus the motion of the system, described by d,, reduces to that
of a collection of coupled damped oscillators. This can be read
off from the denominator of d,(«). Suppose the real matrix I’
can be diagonalized by the orthogonal matrix V:

12

V-T- VI =T = diag(yi,y5, . ... ¥n)- (3.44)

The matrix V in general cannot diagonalize Qi unless Q%
commutes with I, but it will transform Qf, to another symmet-
ric, positive matrix, which we denote by Wi The diagonal
elements of Wi describe the same physical frequencies w),
of the transformed modes and the off-diagonal ones account
for the coupling among them. The mode-mode couplings
are usually different among pairs of modes. Explicitly, the

12We can generalize the more sophisticated arguments in the context
of the two-oscillator system to the current case.

identify the eigenmodes of the motion of the system. The
signs of the imaginary part of the solutions to (3.46) provide
information about the stability of the motion. If there exists
a solution whose imaginary part is positive, then instability
of the collective motion'? will occur. Equation (3.45) in fact
corresponds to a simultaneous set of equations of motion that
describes a system of coupled damped oscillators

E(n)+2I"-B@)+ W, - B(t) =0. (3.47)

Thus, the stability condition associated with (3.47) is equiva-
lent to whether the characteristic polynomial (3.46), when x =
—i s, 1s a (strict) Hurwitz polynomial [56], whose zeros are all
located on the left half of the complex s plane. In other words,
the motion described by (3.47) is stable if the characteristic
polynomial associated with the Laplace transformation of the
left-hand side of (3.47),

p(s) = det(s2I +2sT + Wf,)

is Hurwitz. In general, a sufficient and necessary condition is
provided by the Routh-Hurwitz stability criterion [57], which
states that all principal minors of the Hurwitz matrix associated
with p(s) are positive.

(3.48)

13Unless the unstable mode is not excited, and that is highly unlikely
for a generic initial state.
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This criterion becomes computationally cumbersome as n
grows, and it is very hard to establish an apparent connection
between this criterion and the physically meaningful matrices
I'" and W% For this reason, we turn to finding arguments
to directly relate the properties of the matrices I'" and W?D
with the stability condition of motion described by (3.47).
These arguments, although mathematically less rigorous, are
physically more transparent. The idea is that solving the
polynomial p(s) = 0 is equivalent to finding the eigenvalue
s of the system [58]

(sI+2sT" +W?) . x =0, (3.49)

with the normalized column eigenvector x, withx” - x = 1. We
multiply (3.49) from the left with x”, transforming the matrix
expression (3.49) to an ordinary quadratic equation of s,

s?+2bs+c=0, b=x"-T"-x, c=x"W}.x
(3.50)
so that
s=—bkiyc—b (3.51)

Since we have required that I' and Wf, are (strictly) positive
definite, the variables b and ¢ are also positive by construction.
This implies that

b* —c <b*=Res < 0. (3.52)

Thus, the positive definiteness of I'" and W? is sufficient
to ensure the stability of the motion (3.47) which in turn
signals the existence of an equilibrium state. In addition, the
expressions in (3.50) resemble those we have seen for the case
of one oscillator interacting with a bath, where +/c — b?
V) — y? is related to the resonance frequency.

In summary, the requirement that I'" and W?, are positive
matrices implies that d,(r) is indeed a retarded Green’s
function and (]2(K) does not have any pole along the real
axis of « and on the upper half of the complex « plane.
Therefore, the integrand in (3.37) is positive and bounded,
so the heat capacity (3.37) is positive and approaches zero as
B — oo.Inaddition, it ensures the existence of the equilibrium
state, which is needed (a) for the reduced system to have a
meaningful fluctuation-dissipation relation, (b) to show the
energy balance between the system and the bath, (c) to ensure
the extensive nature of the internal energy of the system, and
finally (d) for the associated heat capacity to be positive definite
in our framework of open-system nonequilibrium dynamics
approach to quantum thermodynamics.

IV. SUMMARY AND DISCUSSIONS

A. Summary of major results

As a preamble we bring up the rather special conditions
whereupon the foundation of thermodynamics is laid, from an
open-system perspective: A small open system interacting with
a vast environment (whose thermal properties can be captured
by a few physical parameters, its temperature, chemical poten-
tial), it is in the limit of vanishing coupling between them, only
when the system can equilibrate and thermalize at late times,
that thermodynamics makes sense. These considerations can

be extended to nonequilibrium conditions but not for far from
equilibrium, fully arbitrary time evolutions. We mentioned
the important differences in the setups for treating quantum
thermodynamics (QTD), namely, between level 1 assuming
the closed system (comprising the system and its environment)
remains in a global thermal state (which we call CGTs) and
level 2, an open system approaching equilibrium at late times
(we call it ONEq), which is the preferred approach we adopt for
the discussion of level 0. The centroid of this paper is a detailed
model study, that of a system of N coupled, spatially separated
quantum oscillators interacting with a common scalar quantum
field bath at finite temperature, where the existence of exact
solutions can provide unambiguous quantification of physical
variables, thermodynamic relations, and help to clarify many
basic issues in QTD. The set of issues we addressed include
the following.

1. Gateway to thermodynamics: The existence
of an equilibrium state

(i) Equilibrium state at late times. Let the system initially
be prepared in a state that is not in thermal equilibrium with
the shared bath; it has been known that if the coupling between
the system and the bath is vanishingly weak, the reduced
system will equilibrate at late times. This is the precondition for
talking about its thermodynamic behavior. The new challenge
is whether the system will equilibrate for strong coupling.
This point has been emphasized in, e.g., [53] who used the
quantum Brownian motion model where the system consists
of N quantum harmonic oscillators and the environment is an
infinite-oscillator bath.

(i) Egquilibration, not thermalization. The strong coupling
regime poses new challenges: Allowing the coupling between
the system oscillators and the interaction between the system
and the bath to be strong, and assuming that the dynamics of the
system remains stable, the first and foremost statement is that
due to nonweak system-bath interaction, this final state (of the
system) is not described by a density matrix of the Gibbs form
with respect to the system Hamiltonian. Therefore, one should
refrain from using the word thermalization to describe the end
result, and note that conventional thermodynamics need not
apply. The tough question is, when will TD remain a viable
theory for this equilibrated strongly coupled system.

(iii) Environment-induced non-Markovian interoscillator
interaction. The newer challenge which we need to take on
here is to show equilibration for a system of strongly coupled
N quantum oscillators at finite spatial separation and strongly
interacting with an environment composed of a quantum scalar
field. The case of N oscillators in the same spatial location
is easier to prove because one need not worry about the
field-induced non-Markovian effects. However, beware of the
pathology of even two oscillators stacked up at the same spatial
location, as described in Appendix E. The added complication
is due to the non-Markovian nature of the induced interaction
discovered in [41,49,50] amongst the system oscillators (or
qubits) mediated by the field environment. This issue has not
been dealt with in this context before, as far as we know.

(iv) The existence of an equilibrated state for the case of
two coupled oscillators has been demonstrated. The conditions
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for N oscillators are discussed in Sec. IIIE. We argue that
certain positive-definiteness requirements must be satisfied
to the effect that the effective damping constants of the
oscillators stay positive and the effective oscillator frequencies
remain real.

(v) With the assurance of an equilibrated state, many nice
properties follow. Specifically, the extensivity of the internal
energy and the positivity of the heat capacity. The absence of
such a state for open quantum systems severs the linkage to
thermodynamics. QTD in the form described here does not
exist for these systems.

2. Internal energy, heat capacity and the third law

(i) The internal energy for certain strongly bounded sys-
tems may not be straightforward to define (e.g., the presence
of self-energy as when gravity is involved) but fortunately
not so in the model we studied: it is the sum of the kinetic
energy of each oscillator, the harmonic potential energy, and
their coupling energy. Heat capacity is the derivative of the
internal energy with respect to the bath temperature.

(i1) We examine the third law from the behavior of the heat
capacity at low and zero temperatures. We are concerned with
(a) low-temperature behavior, (b) the positivity, and (c) the
extensivity of heat capacity.

(iii) The internal energy and the heat capacity for a system
consisting of only one harmonic oscillator have been derived
before in the CGTs setup [35]. They are derived here in an
open quantum system ONEq setup, which in the epoch after
equilibration, can be compared, in the weak oscillator-bath
coupling limit, with the quantities derived in the CGTs and in
the conventional thermodynamics. They all agree with each
other.

(iv) Complexity arises when the system has more than one
constituent. The bath-induced non-Markovian effects cannot
be properly described in conventional thermodynamics. This
also brings in question the validity of energy extensivity
because the system constituents are not only directly coupled
(which is easy to deal with by normal mode separation) but are
indirectly coupled or intertwined in a non-Markovian way by
the induced interaction through their common environment.

(v) With the proven existence of an equilibrated state for
N spatially separated but mutually coupled system oscillators,
we have shown that even a strongly coupled system can still
have asymptotic extensivity of the internal energy, and the heat
capacity remains positive as long as the motion is stable.

(vi) To compare results calculated in the three different
levels, CGTs, ONEq, and conventional thermodynamics, we
need to beware of their respective regimes of validity and iden-
tify their common denominators, e.g., the common physical
quantities and the states they are in. We work here with an
open-system ONEq set up, namely, we allow the system to
evolve from a nonequilibrium initial state to a final equilibrium
state. If the system thermalizes, then the results obtained in
the ONEq setup can be compared to results in conventional
thermodynamics, as we did. Since the reduced density matrix
of the ONEq after equilibration and that of the system in the
CGTs setups are the same [53], the results from these two
setups can be compared using this quantity.

B. Heat capacity and third law

For the same system we have studied here, there are claims
of negative heat capacity in variance to our findings. For
example, the author of [34] working with a global thermal
state CGTs setup claims that the heat capacity of the system
of multiple quantum harmonic oscillators can be negative at
low temperatures for (1) stronger system-bath interaction, or
(2) smaller number of system constituents. However, we have
demonstrated under rather general conditions that after the
system reaches equilibration, the heat capacity of the system
is always positive and approaches zero, for the full range of
system-bath interaction strength. Thus, the third law, from the
aspect of low-temperature behavior of the heat capacity of
the system, is not violated. Our findings of the extensivity of
the energy and the positivity of heat capacity for N coupled-
oscillator system should hold in all three levels of inquiry.

C. On entanglement witnesses and heat capacity

In Ref. [39] WiesSniak et al. have “shown that the low-
temperature behavior of the specific heat can reveal the pres-
ence of entanglement in bulk bodies in the thermodynamical
equilibrium.” They drew this conclusion by showing that the
heat capacity is an entanglement witness for some spin models.
This involves finding a lower bound on heat capacity that can
be achieved by separable states of the system. The third law
requires the heat capacity to approach zero asymptotically with
the temperature. This means that at low enough temperatures,
the behavior of heat capacity is not compatible with separable
states, and is thus an indicator of entanglement.

Here, we find that specific heat is not a reliable indicator of
entanglement for our model.'* We see no requirement [41] that
the zero-temperature state is always entangled. For example,
when the coupling between the constituents in the system is
sufficiently strong, the system tends to relax to an entangled
state at zero temperature. However, for sufficiently strong
system-bath coupling, the system can relax to a separable state
even at zero temperature. In this equilibrium state, the system
oscillators are disentangled among themselves, but can get
entangled with the bath oscillators. This can be understood
as a consequence of the monogamy of entanglement.

At the same time, we have shown that the third law is valid
for our model in all parameter regimes. There is no connection
between the third law and entanglement. Moreover, even in the
models or parameter regimes in which this connection exists,
we do not interpret this observation as the third law relying on
quantum entanglement. The third law stands. The claim that
the third law implies the existence of entanglement could well
be affected by the use of entanglement witness as a criterion.

141t is worth mentioning that the models studied in Ref. [39] differ
from the ones studied in this paper in two important aspects. First, we
are studying harmonic oscillators with infinite-dimensional Hilbert
spaces as opposed to the finite-dimensional spin systems. Second,
we are taking an open-system approach, allowing the system-bath
coupling to be finite, and we are dealing with equilibrium states as
opposed to thermal states.
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D. Relation with global thermal state formulation,
sequel on heat, energy, and entropy

1. Relation to global thermal state formulation: Seifert’s
systematics of energy heat and entropy for quantum systems

Much work on QTD has been done under the closed system
in a global thermal state (CGTs) setup. It would be useful to
find a link between it and our open-system nonequilibrium
(ONEq) approach. We have carried out a first step towards
this goal. We focused on Seifert’s rendition of energy and
entropy for classical thermodynamics [15] in a closed system
global thermal state (CGTs) setup. In a companion paper [30],
we have generalized his results for the thermodynamics of
classical systems to quantum systems. This may enable us to
use his systematics for discussing the first and second laws for
quantum systems.

The diversity of how thermodynamic functions are defined
is both a resource of adaptivity and at times a source of
confusion. To show how the thermodynamic functions are
used and how they enter into the TD relations, in this same
companion paper we studied the approach of Gelin and Thoss
[12] who also work in the CGTs setup but adopt a different
set of thermodynamics functions from Seifert’s. Consulting
Seifert’s systematics and allowing for varying thermodynamic
functions, we hope to construct more links between our
open-systems ONEq formulation and the prevailing CGTs
formulations of quantum thermodynamics.

2. Sequel: On heat, entropy, entanglement, and the second law

The issues of heat, entropy, and entanglement in strongly
coupled open quantum systems will be the center of attention
in our second paper. Notice the subtle yet important difference
between energy and heat. In this paper, we have focused on
the internal energy and heat capacity of the system, but not
heat, which is the energy transfer between the system and the
environment. This is because heat transfer as energy change
contains ambiguities in an open-system context. For example,
Esposito et al. [68] found that any heat definition expressed
as an energy change in the reservoir energy plus any fraction
of the system-reservoir interaction is not an exact differential
when evaluated along reversible isothermal transformations,
except when that fraction is zero. Even in that latter case the
reversible heat divided by temperature, namely entropy, does
not satisfy the third law of thermodynamics and diverges in the
low-temperature limit.

We also have reservations in some claims of violation of the
second law for quantum systems [29]. For example, if one uses
the Clausius inequality representation for the second law, we
know it is only valid for classical systems at high temperatures.
One needs to scrutinize the different definitions of entropy
for strongly coupled quantum systems to make sure they are
physically sound in the quantum regimes (such as at low
temperatures), including possible non-Markovian behaviors,
before adopting them to address foundational issues.

The relevant issues ranging from quantum correlations,
entanglement, information to entropy production, and heat can
be sampled in these references of the last 15 years [43,59-69],
which span the scope of our sequel studies using the paradigm
established in this paper.
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APPENDIX A: INFLUENCE FUNCTIONAL FORMALISM
FOR QUANTUM THERMODYNAMICS

For the study of the thermodynamical properties of a system,
one mainly focuses on the dynamics and thermal properties of
the system under the influence of a thermal bath it interacts
with, not particularly about the bath itself. This is the arena
where the open-system conceptual framework is most suited.
When the system of interest interacts with the bath strongly,
one needs to take into account not only the influence of
the bath on the system, but also the back-reaction of the
system on the bath. The influence functional formalism is
particularly adept for this description because it respects the
self-consistency of the system-bath evolutionary dynamics (an
example being the fluctuation-dissipation relation) which has
increased significance for treating systems with nonvanishing
coupling with its environment.

In this Appendix, we give a self-contained description of the
influence functional formalism used in this series of papers for
obtaining the thermodynamic properties of physical quantities
of a system interacting strongly with a thermal bath. Over and
beyond the standard classic sources of Feynman-Vernon [7]
and Caldeira-Leggett [8], we also provide additional materials
in the use of the coarse-grained effective action [70] and
stochastic effective action [71] developed in the 1990’s and
2000’s. And, from the stochastic effective action, as a further
development, we follow a recent work [48] to expound the
different advantages of using the Langevin equation route
which is more intuitive versus the more formal route via
the reduced density operator, which can account for the full
quantum dynamics of the reduced system and enforce the
operator ordering. This system of tools was used to describe
the thermodynamics of quantum many-body systems in a
nonequilibrium steady state. The reader can find more details
of this formalism and examine its application to a more
complex problem in [48]. In this paper, we shall use it for the
development of quantum thermodynamics at strong coupling,
starting with the third law.

1. Influence functional for open quantum systems

Consider for our system a quantum harmonic oscillator
(called an Unruh-DeWitt detector in relativistic quantum infor-
mation) moving along a prescribed spatial trajectory zin 3 + 1
Minkowski space-time. We can call z its external degree of
freedom, while its internal degree of freedom is the oscillator’s
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displacement y. The bath is represented by a massless scalar
field ¢. The action of the combined system is

Shx.¢1 = Sy[x1+ Silx. 1+ Spl], (AL)

where S,, Sy, S; are the actions which describe the free
quantum oscillators, the bath field, and their interaction, given
respectively by

S,[x] = f as 2[00 - 0}C6)]
0
t 4 1

Syl] = / d'x 3 9,600 99(x)
0

Silx. 0] = / d*x e 1(5) 8% — 2s)1(x),
0

where x = (¢,X), wp is the bare natural frequency of the
oscillator, and an overdot denotes taking the time derivative
of a variable. The internal degree of freedom of the quantum
oscillator is assumed to be linearly coupled to its bath with
coupling strength e, which can take on a finite (nonvanishing)
value.

Assume that the combined system at time r =0 is in a
product state'”

p(0) = p @ pif”. (A2)

where p) is the initial density operator for the internal degree
of freedom, and has a Gaussian form

1 \12 1 ,

P (i x5 0) = (n—§2> exp [—2—§2(x§ + xf)] (A3)
The parameter ¢ is the width of the wave packet, and x;, x s are
shorthands for yx at the initial time + = 0 and the final time ¢,
respectively, that is, x; = x(0) and x s = x(¢). This subscript
convention will be adopted for the other variables. The bath is
initially in its own thermal state at temperature f —! with the
density matrix

—BH®

Zy

pPO) =S Zy=Trge 1. (A%
Here, H?[¢] is the free scalar-field Hamiltonian associated
with the action Sy[@].

The time evolution of the density matrix operator of the
combined system is then described by the unitary evolution
operator U (¢,0) associated with the action (A1l):

p(1) = {U(2,0) p(0) U~ (1,0)}. (AS5)

In the path-integral representation, the total density matrix at
time ¢ is related to its values at an earlier moment ¢t = 0 by

00 0o Xf X é5 &
PO X5 p @3 1) =/ dxidx{/ d¢id¢{/ DX+/ Dxff D¢>+/ D¢
> > Xi { i [

x expli STxe @11 — i S[x—.¢-1} 0P (i {2 0 (1.0} 0). (A6)

The variables evaluated along the forward and backward time paths, respectively corresponding to U and U ~! in (A5), will be

distinguished by the subscripts +, —.

2. Reduced density operator and coarse-grained effective action

When we are interested only in the dynamics of the system as influenced by the bath, we can work with the reduced density
matrix of the system, obtained by tracing out the microscopic degrees of freedom of the bath in the total density matrix, namely,

PP X3 1) = Trg pOts Xy . 1)

* ’ / X X7
2/ dyidx, P(X)(XhX[’O)/ DX+/ Dyx-
- Xi X

[ee]

x exp{i Sy[x+]—i Sy [X—]}exp{%ez / ds ds'([x+(s) — x— ()G (5,5 x1(s")
0

+ X6+ ilx4(8) = X-(IGH (5.5 x+(s) — X(S/)])}, (AT)

where the retarded Green’s function G(,?) of the scalar field ¢ is defined by

GW(s,5") =i 6(s — ) Tr(pple(z(5),5),0(z(s"),5)), (A8)

15For a discussion of the physical consequences of factorizable initial conditions and generalizations, see, e.g., [9,71-73].
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and the Hadamard function G(g) by

GW(s,s") = 1 Tr(opld(2(5),5),0(z(5"),5))).

The Hadamard function is the expectation value of the anti-
commutator of the quantum field ¢, and is hence temperature
dependent. The retarded Green’s function, on the other hand,
does not have any temperature dependence. The exponential
containing G(I?) and G(If) in (A7) is called the Feynman-Vernon
influence functional F, and we may write it as

(A9)

Flxex-1= o' StElx+ x-1 , (A10)

where Sy is called the influence action. It consistently incorpo-
rates all the influences of the bath on the system of our interest.

From (A7), we may view the time evolution of the reduced
density matrix as a map from its initial value p, (0) to its final
value p, () by a superoperator J:

PP xpit) = /

[e¢]

dqidriJ(qr,rs.t;qi,ri,0) p¥(gi,ri50).
o0
(AL1)

The matrix elements of the superoperator J are expressed by

ar ry
J(qpg.ry.t;qi,1:,0) =/ Df]f Dr exp{i Scglg,rl},
qi i
(A12)

where g, r are, respectively, the relative coordinate and the
center-of-mass coordinate:

q=x+—x- r=30s+x) (Al3)

Here, Scq, called the “coarse-grained” effective action, gov-
erns the dynamics of the reduced system under the influence of
the bath. It contains the actions of the system plus the influence
of the bath on the system described by the influence action Sig:

Scalg.r] = Sy[x+1— Sy[x=1+ Swlx+, x-]

= [ ds i) - margoyr o)
0
+é? f ds ds’[q(s)cg”(s,s/)r(s’)
0

+ % q(s)G(ﬁ,”(s,sbq(s/)]. (A14)

The path integral in the evolutionary operator J can be
evaluated exactly because the coarse-grained effective action
(A14) is quadratic in g and r.

3. Stochastic effective action and Langevin equations

With the help of the Feynman-Vernon identity, we can
express the imaginary part of the coarse-grained effective
action Scg in (A14) in terms of a Gaussian noise &,

T @ (!
exp [—?A dS'/O‘ ds q(S)GH (S,S )CI(S ):|

= /DE PlE] exp [ié’/ ds LI(S)&(S)], (Al5)
0

with
(E() =0, (EEEG)) =G0 (s,s).

Here, the angular brackets represent the ensemble average
over the probability distribution functional P[£]. Thus, the
exponential of the coarse-grained effective action Scg can be
expressed as a distributional integral

(A16)

et feolt ] = f Dg Plg] e elarl, (A17)

where Ssg is the stochastic effective action

Sselg,r; €] =/0ds {mé(S)r'(S)—mwiq(S)r(S)+q(S)€(S)

S
+62/ ds’q(s)G(Ig’)(s,s/)r(s/)}. (A18)
0
At this point, we may use the stochastic effective action
to either derive the Langevin equation, or to construct the
stochastic reduced density matrix. We first take the former
route.

a. Langevin equations

Taking the variation of Sgg with respect to g and then letting
g = 0, we arrive at the Langevin equation

m x(s)+ ma)g x(s) — e /sds/G(If)(s,s/)X(s/) =e&(s).
0
(A19)

It describes the time evolution of the reduced system under the
non-Markovian influence of the bath. In this case, the influence
is manifested in the form of the local stochastic driving noise
& and the nonlocal dissipative force

e’ / ds/G(,?)(s,s/)x(s/).
0

In general, this nonlocal expression implies the evolution of
the reduced system is history dependent. However, in this one-
oscillator example, the retarded Green’s functions matrix has
a simple form

1
G(g)(s,s’) = o O(s —s")8'(s — ), (A20)

so the Langevin equation reduces to a purely local expression
m 3(s) +2my X(s) +mw® x(s) = e&(s).  (A2])

where the renormalized frequency w is obtained by lumping the
divergence term of GS,?)(s,s’) with the original bare frequency
wp, and y = e*/87m > 0 is the damping constant, which
serves as a convenient measure for the system-bath coupling
strength. Equation (A21) is seen to be the Langevin equation
for a driven, damped oscillator, as anticipated.

The reduced system is superficially nonconservative with
the presence of friction and noise forces, which originate from
the interaction between the system and its environment. These
two processes are, however, connected by the fluctuation-
dissipation relation. This relation plays a fundamental role
in the energy flow balance between the system and the bath:
fluctuations in the bath show up as noise and its back-action
on the system gives rise to dissipative dynamics.
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The general solution to (A19) or (A21),

x(8) = di1(s)x(0) + da(s)x (0) + % /0 ds'dy(s — s")&(s"),
(A22)

is expanded in terms of fundamental solution matrices d,
and d,. They are simply the homogeneous solutions of the
corresponding equation of motion but satisfy a particular set
of initial conditions

d,(0)=1, di(0)=0, (A23)

d>(0) =0, d»(0)=1. (A24)

This can be the starting point for computing the physical
observables of the reduced system. For example, the power
delivered by the noise £ at any given time ¢ > 0 is given by

2

Pe(t) = e (E()x (1)) = 2 /O ds dy(t — ) (E(DE(s)) (A25)

m

2
e .

. / ds'dy(t —s) GVt — s') (A26)
m Jo

since initially the oscillator’s displacement yx is not correlated

with the noise force £. Likewise, the power output at time ¢

due to the dissipative self-force is given by

P,(t) = —2my (x*(1)), (A27)

where the velocity uncertainty (x2(¢)) takes the form
(@) = di @) () + d5 (1) (*(0))

2 t t
455 [ s [ asdae - nise =5 €010,
m= Jo 0
(A28)

if initially x(0) and yx (0) are not correlated. The first two terms
in (A28) exponentially decay with time, so at late times the
third term dominates. This reflects the fact that at late times
the dynamics of the reduced system is governed by the bath.

b. Stochastic reduced density matrix

The Langevin equation approach illustrated above to obtain
the desired physical quantities associated with the dynamics
of the reduced system is less formal, but more flexible and
physically intuitive. It is particularly convenient if the quanti-
ties at hand involve noise either from the bath or externally
introduced. Alternatively, a more systematic and complete
approach is by means of the reduced density operator, which
accounts for the full quantum dynamics of the reduced system
and enforces the operator ordering. The drawback is that since
the influence functional does not have explicit dependence on
the noise, it is not straightforward to implement it for the cases
that explicitly depend on the bath noise. An example is the
average power input by the noise shown in (A26). Only after
invoking the Feynman-Vernon identity could the bath noise
be made explicit. Next, we will show a way to combine the
advantages of these two approaches, by incorporating the noise
from the bath in the reduced density matrix.

Let us rewrite the reduced density matrix (A11) in terms of
the stochastic effective action Ssg in (A18):

oo qr ry
p<X>(qf,rf;z)=/ dqidrip(X)(qi,ri;O)/ Dq/ Dr
o0 qi ri

x exp{i Scglg,rl}

_ / DEPIE] o (g rpotiE]l. (A29)

The pX(gs,rys,t;€] is called the stochastic reduced density
matrix, which has explicit dependence on the noise & of the
bath

oo
P gy .ry.t:€] =/ dqidrip(gi.ri;0)

—0Q

qar ry X
X / Dq / Dr e Sselersl - (A30)
qi ri

with the stochastic effective action given by (A18). In this
representation, we see that the reduced system, now driven
by a classical stochastic force of the bath, is described by the
stochastic density matrix. For each realization of the bath noise,
the reduced system evolves to a state described by the density
matrix (A30). Different realizations make the system end up
at different final states with probability given by P[£].

To compute the quantum and stochastic average of a
dynamical variable, say, f(x;&] at time ¢, which depends on
both the stochastic variable £ and the quantum operator y of
the reduced system, we simply evaluate the trace associated
with the system variables and the ensemble average associated
with the bath noise:

(fOx: €] = / DE PIE] Tr, (p (1] f(x: €1} (A31)

The procedure in (A31) is understood as follows: for each
specific realization of the stochastic noise &, we first calculate
the expectation value of the quantum operator f(x;&] for the
state described by the reduced density operator pX)(z; &]. The
obtained result, still dependent on the stochastic variable, will
then be averaged over according to the probability distribution
P[&] of the noise.

As an example, we will compute the same average power
P: delivered by the stochastic force & from bath as in (A26).
Once we note that p = m, the power P is then given by

Pe(r) = — (§@) p(0))

e
m
-t / Dt Ple] / dqdr;5(q)E

d
x —— pW(qp,rp.t;8), (A32)

axs

where the momentum p canonical to the coordinate x is given
by

(A33)
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and the trace over the dynamical variables of the reduced
system is defined as

o0
Tr, = f dqrdrsd(qy). (A34)
—0Q
Since the initial state of the reduced system is a Gaussian
state and the stochastic effective action is quadratic in the
system’s variables, the final state will remain Gaussian and the
corresponding reduced density operator thus can be evaluated
exactly. To derive the explicit form of the reduced density
matrix, we first evaluate the path integrals in (A30),

/q/qurfDr exp {1/ ds |:m q(s)r(s)
qi ri 0

— mawp(s) q(s)r(s) + q(s)E(s)
e’ /éds/q(s)G(I?)(s,s/)r(s’)}}
0

= N explimq7y —imaqril, (A35)
where N is the normalization constant, and can be determined

by the unitarity requirement. It is given by

2
N = <ﬁ> det (0). (A36)
2w
Note that the mean trajectories g,7 are solutions to the
Langevin equation (A21) with the boundary conditions g(¢) =
qi, q(0) = g; and 7(t) = rp, 7(0) = r;. Thus, they and their
time derivatives are functionals of the stochastic noise £.
Explicitly, in terms of the boundary values, we can write 7(s) as

r(s) = v(s)ri + u(s)ry + Jr(s) (A37)
for 0 < s < r. The functions wu(s), v(s) are
da(s) di(1)
= , =d(s)—d A38
u(s) 0 v(s) = di(s) z()d() (A38)
and the current J,(s) is given by
7)== [ st - e
m Jo
e (1, ds) ,
-2 [ay Z -6 4
Moreover, we can write the partial derivative d/d x as
d d 19
=—+=-—. (A40)

ﬁ_aq 2 or

Now, we are ready to evaluate the power delivered by the
stochastic force &, Eq. (A32) becomes

N ( )/Dsp[s [m)—“()m )]

P p—
{0 = G0 ©)

(A41)
The expressions in the square brackets can be reduced to

G -0 70y =

0 f ds'dr(t — s)E(s)).  (A42)

Thus, the power delivered to the system from the bath is equal to

2 r
P = / Dt PIET£(1) /0 ds'dy(t — $)E(s)

2 t
=< / ds'dy(t — ') GD(t — s). (A43)
m Jo

This is exactly the same as (A26).

APPENDIX B: THERMODYNAMICS OF SIMPLE
SYSTEMS IN A COMMON BATH

1. System of one harmonic oscillator

We first examine the one-oscillator system. The absence
of mutual interaction between the constituents of the system
renders it exactly and fully solvable without approximation.
It can readily be compared with the corresponding case in
conventional thermodynamics, where the system is extremely
weakly coupled to and assumed to be always in thermal
equilibrium with a heat bath, whose dynamics is of no concern
to the system beyond its being in a thermal state with a
temperature parameter. In this case, the mechanical energy is

given by
1 *d
—Im / N il pr
2 02T 2

where d; (k) is given by

E(00) = (c* + w?) da(k),  (BI)

~ 1 1

d = = . (B2
2() v, € wi —k? —i2yk ®2)
Wy — K _ZGR ()

The integral in (B1) is logarithmically divergent, so we will
introduce a regularization scheme in due course. In addition
since it is much more difficult to evaluate the integral of the
hypertrigonometric function, we write the factor coth %'( as
the summation of the algebraic function of the Matsubara
frequency v,

I 2
cotn 55 =2 5~ Cw=T @Y

in hope that the resulting integral contains only the algebraic
function.

On account of regularization, we may assume it valid to
exchange the order of integration and summation, so that (B1)
becomes

. 2

iyk — o,
E(o0 —Im—
(c0) Z/ 27 K2+v2/c2—a)2+12yfc

n=—0oo (B4)

The evaluation of the integral in (B4) is straightforward except
for the contribution of the zero mode n = 0, which needs a
separate treatment from the n # 0 case. The contribution from
the (n = 0) zero mode has an infrared (IR) divergence. We
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introduce an IR cutoff § and obtain
2

/"Odkl iylc—a)p
0027 K K — @ 4+ 2yk
©d iyKk — > j
— lim . RO 1 (Bs)

50+ ) 27 K2+ 82K —wl +i2yk 2

For n # 0, the integral in the summation is well defined and it

gives

/oodK P iyk — o) _z< yvn + @ )

—02m kP VI =0 +i2yic 2\ @l 4 2yv, + 02 )
(B6)

Now, Eq. (B4) becomes
1 & Va| + @
E(00) = — § 4 L. (B7)
B @ +2yInl 41}

The summation including infinitely high Matsubara frequen-
cies will give an inevitable UV logarithmic divergence, as
expected from (B1). We insert a damping factor e /%, with
A > 0, to regularize the summation and arrive at

n=—00

B w? +2yv, + v}

n=1

=V /A

_ 2 w4 .
=2¢ # Im ,—ﬂzFl(l,l—lﬂw+,

—lpwy
X 2—i,6w+;e_§7fr\)}, (BY)

where wy = (W £iy)/2n and W is the resonance fre-
quency, given by W = «/ a)f, — y2. The hypergeometric func-
tion , Fi(a, b, c; z) is defined by

e (anb)
2 Fi(a,b,c; 2) = kX:(; Wﬁ’
o k—1)!
@=[larn="CT50 @

n=0
and has a branch cut on the complex z plane along the real axis
from 1 to oo.
In the limit A — +o00o, the mechanical energy of the
oscillator becomes
Y . 2T ,
E(o0) = In ,B_A — 2 Im{wy H(—i Bw4)},

B w
where H(n) is the nth harmonic number. The cutoff parameter
A defines the highest energy scale in the problem. Its presence
can be understood as the consequence that the oscillator
couples with a bath that contains a huge number of degrees
of freedom. It results from the bath contribution on very short
length scales. Since In A is accompanied by the damping
constant y, the cutoff-dependent term in (B10) is negligible for
weak oscillator-bath interaction while it can have a significant
contribution in the strong interaction limit. Thus, the internal
energy E(oo) in principle can depend on the cutoff scale.
Note that since the cutoff-dependent term does not depend
on temperature, it will not appear in the heat capacity.

(B10)

This yields for the heat capacity

vB

C=1- - 2 Re{pwi v V(1 —i pw,)}

_{1—g—ﬁ+0(ﬂ2), po < 1

n _ (B11)
e OB, pr>1

when y < w,. We thus see the heat capacity grows alge-
braically from zero at low temperature and then saturates to
unity at high temperature. The function ¥ (z) is the nth
derivative of the digamma function.

Next, we examine the weak oscillator-bath coupling limit
y — 0. In this limit, the mean mechanical energy (B10)
becomes

Por _ Y 102" L o). (BI12)

lim E(oco0) = “p coth ——
y—0 2 2 T BA

where O(y) contains the finite contribution of the order y.!°
We can compare results for different values of the system-bath
interaction strength y .

Following this protocol, the corresponding heat capacity is
then given by

By \2
lim C = (%)

+ O .
y—0 sinh? ﬁ% )

(B13)

It is divergence free due to the fact that the logarithmic
divergence does not depend on temperature.

Let us now compare this expression with the corresponding
heat capacity in conventional thermodynamics. Consider a
harmonic oscillator in its thermal state

0 1 ﬁH(X) : h (x) -2 (1)?) 2 B14
=Z e with Y = — x* + — x~.
Pg X € 5 X 7 X~ (BlY)
Its mean mechanical energy is given by

E=Tr{p" H®X} = % coth (B15)

B wp

—
It does not depend on the coupling between the oscillator and
the bath (because of this, one may not realize that conventional
thermodynamics is an open-system theory) and in fact this

161t also contains the cutoff-dependent contributions but they are
of the order A~! and higher. In principle as y — 0, the physical
frequency @, will approach to the bare value w,. This seems
innocuous at first sight for the weak oscillator-bath interaction regime,
but their values can be drastically different in the strong interaction and
the large cutoff scale limit. In particular, since w, and w, are related
by (2.28), the choice of y and A must be restricted so that wf, remains
positive definite to prevent unstable dynamics. In fact, the physical
frequency w,, is determined by experimental preparation; thus from
the operational viewpoint we can let the physical frequency be fixed
at the energy scale of measurement. Alternatively, in the action (2.1),
we can assume the system parameters take the physical values, and
we introduce counterterms to cancel contributions due to interactions
with the bath [74]. Both approaches eventually produce equivalent
results.
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expression is the same as the dominant term of (B12) in the
weak coupling limit. For this system, the heat capacity in
conventional thermodynamics is exactly given by

C = —,32 E — ﬂ
B sinh2%
ﬁzwz
-5t Bop Kl (B16)
Igza)é e*ﬂ‘”p + ... s ﬁa)p >>1

and is equal to the leading term of (B13) in the weak coupling
limit. Note that it has a different low-temperature asymptote
from that in (B11). This is central to the consideration of
the third law. Similar results have been obtained for the
same configuration, which is nonetheless initially prepared
in the equilibrium global thermal state [35], but the physical
contents are different. The similarity in outcomes based on
the nonequilibrium initial state and equilibrium global thermal
state is not a coincidence, as has been discussed in [53].
Essentially, it is the consequence of the damped, stable motion
of the reduced system due to the interaction with the bath.

For nonvanishing oscillator-bath coupling, there is a stark
difference between the conventional thermodynamical equi-
librium and our open-system nonequilibrium approaches.
In general, the results in the open-system framework may
have cutoff-dependent contributions, as a result of the huge
number of degrees of freedom in the bath. Since this
cutoff-dependent term is proportional to the oscillator-bath
interaction strength, it tends to be ignored in the weak
coupling approximation. The second distinction is related
to the observation that there is one more scale y in the
open-systems nonequilibrium framework, in addition to @
and B! already existent in the conventional equilibrium
thermodynamics framework. This introduces an additional
subtlety in defining the low-temperature limit Bw > 1.
In the open-systems nonequilibrium framework, there may be
a more stringent criterion such as fy > 1 when y /o < 1, or
Bf(y,B) > 1,where f(y,B)is adimensional function of y, ®
and [f] = L', that is, inversely proportional to the length
scale L. The presence of this additional scale contributes to
different predictions of the heat capacity between the two
frameworks in the low-temperature regime, as can be seen from
(B11) and (B16).

The low-temperature behavior of the heat capacity in (B11)
has been argued [75], for the global thermal state case, to be
related to the density of the state of the harmonic oscillator in
the thermal bath. There it has been shown that if the combined
system is initially in the equilibrium global thermal state, then
the original discrete energy spectrum of the undamped oscilla-
tor will become a continuous one with a unique ground level.
That is, the oscillator-bath interaction renders the oscillator
a gapless system. This interesting observation has not been
proven for a nonequilibrium initial state. It may still apply
because the spectrum depends on the effective Hamiltonian
(Lagrangian) instead of the prepared initial state.

2. System of two coupled oscillators in a common bath

When the system has two or more oscillators, the dynamics
of the reduced system becomes much more intricate. Other

than their direct coupling, the oscillators also interact with each
other indirectly through their shared bath. This indirect influ-
ence by one oscillator will propagate in the form of the bath or
field disturbance exerted onto all the other oscillators. In turn,
more and more subsequent repercussions will be proliferated
among the perturbed oscillators. Thus, the total effect on the
system as a whole depends on the history of each oscillator,
leading to very complex evolution. In addition to this, further
complication in the interpretation of the results arises from the
reduced (environment-influenced) system’s parameter space
containing regions where its motion is unstable. We need to
identify and exclude this case, then expound the results of the
reduced system in an equilibrium state after its motion is fully
relaxed.

a. Dynamics

From (2.8), the equations of motion for two coupled
oscillators are

1) + @) 1 (1) + 0 xa2(t) + 2y j1(0)

2y 1
- 790 — ) x2(t = 0) = — &(1), (B17)
m
$2(0) + @) x2(t) + 0 x1(1) + 27 Xa2(1)
2y 1
- 790 =0 x1(t = ) = — &(1), (B13)
m

where the oscillators 1, 2 are, respectively, located at z;, Z, so
that £ = |z; — 7|. It is convenient to reorganize the coupled
motion of these two oscillators to an uncoupled motion of a
fast mode ¥ = (x1 + x2)/2 and a slow mode A = x; — x»:

.. ) . 2y
X))+l T+ 2y @) — i O — ) X(t —¢)

1
= 2—[$1(Z)+$2(1)], (B19)
m

At) + 0* A(t) 4+ 2y A(r) + 27’/ 0t — ) At — £)

= 0 ~ &) (B20)
with @3 = a)i 4 0. Although in appearance the variables X
and A satisfy separate equations (B19) and (B20), it does not
mean that their motions are decoupled. This is because the
right-hand sides of (B19) and (B20) indicate that the noises
from two locations get mingled together. This clearly shows
that the two oscillators are correlated due to arbitration of the
ambient quantum field bath.

Their solutions are most easily found if we perform the
Laplace transformation over this set of equations of mo-
tion and turn them into a simultaneous set of algebraic
equations

2 -
[12 +2yz+ a)f_ — ?y e“] 2(2)

. 1.
=@ +29)X0) + X(0) + . £§+(2), (B21)
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2 -
|:z2 +2yz+0? + 7)/ €ZZ:|A(Z)

. 1.
= (z +2y)A0) + A0) + - § (2), (B22)
where &, = (&, +&,)/2 and £_ = & — &,. Unstable motion
occurs when the solutions to

2
242yz+atF Let=0 (B23)

14

have the positive real parts. The solution that corresponds to
unstable (runaway) motion can be shown to be always located
on the positive real axis of the complex z plane. Since (B23) is
not a simple algebraic equation, it will have an infinite number
of solutions, symmetrically distributed on both sides of the real
axis, except for the previously mentioned runaway solution.
It reflects the mutual undulant disturbance mediated by the
field from each oscillator. Thus, we expect the spatial non-
Markovianity renders the motion of two oscillators much more
intricate than that of one oscillator. Finding the solutions to
(B23) is then nontrivial, but since the details about locating the
perturbative or the asymptotic solutions have been discussed
in [41,50,76,77], they will not be repeated here.

However, a word of caution about the choice of £: When
¢ is extremely small such that 2y /€ > 1, the contribution
from the retardation term is comparable with the frequency
renormalization due to the interaction of the oscillator with the
bath. Therefore, the expression for the equation of motion like
(B23) becomes dubious in the sense that (1) a point particle
model is not always feasible in the context of the self-force,
as was long pointed out by Rohrlich and others [78], (2) the
equation of motion has a different damping term, proportional
to the third-order time derivative, instead of the first-order one
[41]. Thus, the effect of finite size of the oscillator must be
taken into consideration.

In summary, instability of motion occurs when the formal
effective oscillating frequencies of atleast one of the two modes

2
a)ﬁ; =w :I:cr:FTV cos z¢

(B24)
become negative. It is likely to happen when (1) the oscillat-
ing frequencies of the normal mode w. become imaginary,
and/or (2) the non-Markovian field-induced effect becomes
too extreme. Finally, we remark that the ratio ¢ = o€/(2y)
measuring the relative strength between the direct interoscil-
lator coupling and the indirect environment-induced non-
Markovian effect is a useful quantity for this consideration, as
was introduced in [41] for expounding the competing physical
mechanisms determining the quantum entanglement between
two coupled oscillators in a shared bath.

b. Internal energy, heat capacity

In the matrix notations (2.15) for this two-oscillator system,
we have

wp o ) S +i o
92 — < b ) G (K) — 47T 4l
b 2] R eiKt 8 . ’
o © &
b 2w Tliax

4l
(B25)

where £ = |z, — 7|, and from (2.10), we can find G'(I?)(a); r)
given by

oo
G(,j”(x;r):/ dr Gz, r)e'*
—00

BED r#0
r=0.

B2
o (B26)

4

In the diagonal elements of ‘;n—z Gg?)(/c), the divergent or cutoff-

dependent term will be absorbed with the diagonal elements
in Q% to form the physical frequency a)i. The remaining term

in the diagonal elements of é G(,?)(/c) will then give i 2y«k.
Thus, d,(x) in (2.17) becomes

a)z—/cz—iZyK o — 2 gint -

5 _ %P ¢

dy(k) = ( o 2 girt W iy . (B27)
¢

P
This is essentially what we need to compute the total mechani-
cal energy (2.29) of two oscillators when their motion reaches
equilibrium after relaxation.

We have assumed somewhat artificially that o is a constant
independent of the separation between the two oscillators. We
may relax this restriction to allow it to be a function of £;; =
|z; — z;|, namely,

o = f(l;). (B28)
Here, f(z)is a monotonically decreasing function of z, except
for the case z = 0, where we require f(0) =0, i.e, no self-
interaction.

The total mechanical energy for the two coupled-oscillator
system is then given by

1 *d > + k2
E(oo):—Imf al thﬂ—K{ ——— T
2 _0027t 2 w2 —Kk2—i2yk — Teix
w? + K2 _l
+ v A,
w? —Kk?—i2yk + L et
and the corresponding heat capacity is
2
C(c0) = Im/
smhﬂk
> +«?
e
K lwp —Kk?—i2yi — T elxt
w”- + K I«
+ - - e ~. (B29)
a)z—/cz—iZyK—f—zTye”‘@}

Let us examine the sign of the generic expression

1 1
—Im
K a>2—fcz—i2)u<:|:271’6"’(’Z

(B30)
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FIG. 3. The case of two coupled quantum oscillators in a common thermal bath. (a) The general behaviors of the motions of the fast mode
3(t) and the slow mode A(¢). (b) The behaviors of |c7§2)(z)| and |J§A)(z)|: the divergence signifies the presence of the pole, and the positive
pole implies instability in motion. (c¢) The temperature dependence of the heat capacity in the equilibrium vs nonequilibrium approaches. The

parameters are chosen such that the resonance frequency w,

for all k because it will determine the sign of the heat capacity.
Explicitly, it takes the form

2yl ]
[(k2 — @)l T2y coskl]? + 4y2[kl F sinkl]?’

(B31)

which is obviously positive for all . Note that the integrand
in (B29) is nowhere negative and the integral is well defined.
Thus, the heat capacity C(oo) in (B29) is always positive for all
nonzero temperatures even with the presence of bath-induced
non-Markovian effects between the oscillators. We observe
that in the low-temperature limit 8 — oo, the factor

()

goes to zero. Thus, it implies that the heat capacity must vanish
at zero temperature since the integral in (B29) is regular. This
argument may be too simplistic. In fact, when g — oo, the
major contributions to the integral in (B29) come from the
interval |«| < O(B~"), within which the rest of the integrand
is slowly varying. Thus, we may pull the slowly changing

Br
2

(B32)
sinh %"

0.03F

0.02f

0.01F

0.2 0.4 0.6

=

0.8

x/a}i —y2=1,y =02, 0 =0.5, £ = 1, and the cutoff scale A~! = 0.01.

component out of the integral and write (B29) as
2 -1 B\ 2
dy wi / P die 5 _Kp
(w2 _ 2_7)2 B! 27 \ sinh ﬁTK o ’

+ 7

(B33)
where K is a finite positive constant independent of §. Thus,
indeed the heat capacity vanishes algebraically fast as the
temperature approaches zero. Most important of all, the heat
capacity vanishes for all permissible choices of oscillator sepa-
ration, interoscillator coupling, and oscillator-bath interaction
strength.

The analytical expression of the heat capacity for the two-
oscillator system cannot be given without resort to approxi-
mation due to the retarded non-Markovian effect. However, its
low-temperature behavior is expected to be more complicated
than its one-oscillator counterpart because of additional scale
£ dependence. A numerical example is given in Fig. 3. In
particular, in Fig. 3(c), we compare the temperature depen-
dence of heat capacity of this system between the conventional
thermodynamics and the present nonequilibrium approaches.

lim C(oc0) >~
p—o0

C(o0)
20f
1.9} B=0.2
18L
g 02 ' 04 06 s |

FIG. 4. Non-Markovian effect of heat capacity of system at short interoscillator separations. The nonmonotonic behavior of the heat
capacity with respect to the damping constant is most pronounced in the high-temperature limit 8 — 0. The plots are drawn with the choices
of w, =5, 0 =10, £ =0.08, and A~' = 0.01. Note that the heat capacity in the right plot may take values greater than 2. This is related to
strong fluctuations of the bath at short distance and will be discussed later.
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FIG. 5. Here, we show that at high temperature T — oo, how the heat capacity at the final equilibrium state C(co) varies with the oscillator
separation £. In (a) we fix the interoscillator coupling ¢ and in (b) the oscillator-bath interaction strength y is fixed. Generically, we see the
heat capacity is not monotonically decreasing when we shorten the separation. It is related to the large bath fluctuations at short distance.

An interesting feature appears when the interaction strength
between the oscillators and the bath is sufficiently strong.
The heat capacity in the two-oscillator system does not in-
crease monotonically as a function of y as is the case in
the one-oscillator system. In fact, as shown in Fig. 4, when
the damping constant is greater than a critical value y,., the
heat capacity will increase monotonically afterwards with
increasing y. This nonmonotonic behavior is most easily seen
at high temperatures. In this limit, the critical value of y, is
approximately given by o £/4 but slightly falls off with lower
temperature. This explains why the nonmonotonic behavior of
the heat capacity is not seen at low temperatures.

The nonmonotonicity in the heat capacity results from
the presence of the term ZTVei “t in (B29), which in turn
corresponds to the retarded terms in the equations of motion
(B17) and (B18). That is, the nonmonotonicity in the heat
capacity is due to the strong nonlocal effects mediated by the
bath. The critical value y, = 0£/4 = y ¢ /2 has a special phys-
ical significance, namely, it indicates the relative significance
between the direct coupling and the indirect bath-induced
causal influence among the oscillators.

When y > y., ie., ¢ < O(l), the bath-induced effect
dominates, whereas when y < vy, i.e., ¢ > O(l), the direct
interoscillator coupling wins over. This can be further seen
from Fig. 5. In Fig. 5(a), the curves of heat capacity at
high temperature 8 — 0 are plotted for different choices of
damping constants y with respect to the oscillator separation ¢,
while in Fig. 5(b) they are drawn for various selections of direct
coupling strengths o . They all show a monotonic behavior once
£ is smaller than the critical separation ¢, = 4y /o. Similar
behaviors also appear in thermal entanglement [79].

Mathematically, it is not difficult to understand why this
nonmonotonicity in heat capacity is readily seen at high
temperatures. From (B29), we immediately see that

/3_,( 2
lim 2 =1,
B—0 \ sinh ’%'(

(B34)

and since the remaining terms in the integrand do not depend
on temperature 8!, it implies that the temperature will not
have any effect on the contributions from the causal influence
27" e'*t. Physically, the rise of heat capacity with increas-
ing y at short interoscillator separation can be understood
as a consequence of increasing thermal fluctuations of the
scalar-field bath since heat capacity is a measure of the
variance of internal energy, at least in conventional equilibrium
thermodynamics.'’

After the system equilibrates, its dynamics is governed by
the noise force, thus large quantum or thermal fluctuations
from the bath can in principle induce large fluctuations in the
energy of the system, which shows up as large heat capacity.
To be specific, the Hadamard function of the scalar field (2.11)
depicts the correlation of the noise forces in (B17) and (B18),
and Fig. 6 shows the corresponding power spectrum, which
is the temporal Fourier transform of the Hadamard function.
In general, the spectrum of the scalar-field bath shows larger
values for shorter interoscillator separation £ and higher bath
temperature 8~!. They reflect the mere facts that when we
probe into a smaller spatial region, we see larger quantum
field fluctuations (simply seen on account of the uncertainty
principle), and at higher temperatures thermal fluctuations
become more pronounced. These large fluctuations will then
produce large variances in the variables of the system via, for
example, (2.20).

This nonmonotonic behavior of heat capacity at short
distance may not be easy to observe because the transition
occurs on a scale smaller than £, at moderate temperatures. This
scale may be shorter than the minimal separation at which the
motion of the system remains stable or falls below the physical
size of realistic systems modeled by oscillators.

In fact, it is used as a criterion for the validity of canonical
ensemble and the thermodynamic stability of the system.
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FIG. 6. To illustrate the effects of the large bath fluctuations, we draw the power spectrum of the scalar-field bath with respect to oscillator
separation ¢ in (a) and temperature 7" in (b). Following the gridlines, we observe the intensity of the power spectrum is greater for shorter

separation and hotter temperature.

APPENDIX C: DIFFERENCE BETWEEN ONEq
AND THE CGTs SETUPS

Here, we use a simple calculation based on the ubiquitous
quantum Brownian motion to illustrate the difference between
ONE(q and the CGTs setups. Consider a system of a harmonic
oscillator bilinearly coupled to an environment consisting of
harmonic oscillators, also referred to as the quantum Brownian
motion (QBM) model. The Hamiltonian of the combined
system is

Hc = Hs + Hg + H;p

= —P2 —I—lM Q0% ) + Z i +lm wq?
My 20 — 2m, 2

+ ) 8ndn 0. 1)

where the variables in capital are associated with the system,
and My, Q2 are the mass and the oscillating frequency of the
system oscillator. The parameter g, is the coupling strength
between each bath mode ¢,, and the system oscillator Q, while
pn and P are their respective conjugate momenta. Such a
combined system is sufficiently simple to serve our current
purpose. At some initial time #;, the system and environment
are assumed to be uncorrelated. Moreover, the environment is
in the thermal state with respect to its isolated Hamiltonian Hg:

—BHE

Zr

p(t:) = ps(ti) ® (C2)

In the above equation, Zy = Trg{e #/=}. If the environment
is very large and the system-environment coupling is such
that the system relaxes to a unique steady (or equilibrium)
state irrespective of the initial state, we call the environment a
thermal reservoir or a heat bath. Under these assumptions of
equilibration, it has been shown that [53] the unique steady (or

equilibrium) state pg’ has the form
e~ P(Hs+He+H))

ps! = lim ps(r) = Trg |:
—>00
where Zc is defined analogous to Zg above, and pg() is
the reduced state of the system, evolved out of the initially
uncorrelated global state (C2). This state is referred to as the
equilibrium state to distinguish it from the thermal state given
by the Boltzmann-Gibbs distribution with respect to the system
Hamiltonian alone.
Itis important to note that although the system relaxes to the
equilibrium state, the global state of the system+-environment
is not in equilibrium. In particular,

—B(Hs+Hgp+Hj)

lim pc(t) & ——«—. (C4)

t—00 Zc
The density matrix p¢ here is the state of the combined system
and environment, evolved from the initial state (C2); thus,
ps(t) = Trg pc(t). Equation (C4) is true because the thermal
state of the combined system+-environment is a stationary state
of the full Hamiltonian and thus cannot be reached from a
nonstationary state under Hamiltonian dynamics. What (C3)
says is that the reduced system state is consistent with a
global thermal state and that no further information about the
nonequilibrium state of the combined system+-bath can be
obtained if one has access to the system only. In other words,
the information on the nonequilibrium state of the combined
system+-environment is not stored in the system but rather in
the environment and in the correlations between the system
and the environment.

To demonstrate this point, we focus our attention to a single

bath mode. The solutions to the equation of motion are

qi(t) = qi(t;) cos[awp(t — 1;)] + Pr(ti) sin[wi(t — 1;)]
mywg
+ / gs S =IO o, (C5)
t mr i
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(1) = Q) MoG(t — 1;) + P(t;) G(t — 1;)

+/ ds G(t —s)£&(s), (Co6)

§(s) = Zgn{qn(ti)COS[wn(t—t,-)] T o) M}

my wy

(C7)

Here, G(¢) is the Green’s function of the system oscillator, the
exact form of which is not important for this discussion (see
Ref. [53] for details). Under the assumptions of equilibration,
G(t) — Oast — oo. This is the reason why the system cannot
keep any of the memory of its initial state. However, since the
closed-system dynamics is unitary, that information is not lost.
Rather, it is distributed over the bath modes. The first two terms
in the expression for gx(#) do keep the memory of the initial
thermal state of the bath. The last term is the only place where
the memory of the initial state of the system survives in the
bath:

/’ sin[wg(t — )]
ds ————
t mp g

i

Sl Q(tIMoG (s —1;) + P(t;)G(s —1;)]
x MOQ(ti)/ ds sin[w(t — $)]G(s — 1;)

+ P(ti)/ ds sin[wi(t — s)]G(s — 1;). (C8)

The important observation is that although G(¢) and G(t) are
decaying functions, the above integrals are oscillatory. [This
can be seen explicitly by choosing G(¢) o e~?" (Ohmic case)
and doing the integrals explicitly.] As a result, the information
on the initial state of the system survives forever in the bath
degrees of freedom. Similarly, information on initial state also
survives in the correlations between the system and bath modes
as can be seen by studying the late-time limit of (Q(#)gx(?)).
However, the coupling to each mode is extremely small under
the assumption of equilibration, and this makes it practically
impossible to extract this information in reality.

Under the assumption of equilibration, the reduced system
relaxes to the equilibrium state at late times, irrespective of
the initial state of the system. As a result, any thermodynamic
formulation that only relies on the reduced state of the system
for its definitions will be independent of the initial state of the
system. Moreover, all the information about the reduced state
of the system can be obtained by assuming a global thermal
state without introducing any errors.

In the weak coupling limit | H;| — 0, the equilibrium state
approaches the thermal state. But, in general, the equilibrium
state differs from the thermal state. It is common to define
the so-called “Hamiltonian of mean force” to quantify this
difference. In essence, Hamiltonian of mean force is the
operator with respect to which the equilibrium state has the
Boltzmann-Gibbs form, where the temperature is that of the
bath.

In conclusion, (a) for strong coupling between the system
and bath, if the system can approach the equilibrium state,
then the reduced density matrix of the open system is the same
as the reduced density matrix in the CGTs framework upon
integrating out the bath. (b) However, the final global states

are different, despite the fact in both cases the dynamics is
generated by the same Hamiltonian (He = Hg + H; + Hp).
This is because two global systems start out with different
initial states, and the unitary evolution does not change the
distinguishability between the states. (c) Note that in the CGTs
setup, even though the closed system is assumed to be in a
global thermal state, the system is not necessarily in a thermal
state. One needs extra assumptions, such as the system is very
weakly coupled to the bath. It is under the same condition
that the open system can reach thermalization. One should be
mindful of these presumptions when comparing the thermal
states in both setups. We mention these facts as a cautionary
note to remind ourselves and for those who want to compare
quantities calculated in these three different setups.

APPENDIX D: DIFFERENCE BETWEEN EQUILIBRIUM
STATES AND THERMAL STATES IN CLASSICAL
THERMODYNAMICS

To help understand the important differences between equi-
librium states and thermal states, we give a short yet general
derivation below where one can see how their differences can
be quantified.

Consider a classical system () described with position and
momentum variables x = (7, p) in the phase space. The system
might consist of many particles in arbitrarily many dimensions.
Inthat case, x, r, p are vectors. The thermal state of this system
is described by the following probability distribution on the
phase space:

e PHs(x)

Tz (D1

py(x) =
where Hg(x) is the system Hamiltonian. Now, assume the sys-
tem is coupled to an environment whose position and momenta
we denote by y = (+/, p’). The Hamiltonian of the environment
is Hg(y) and the interaction Hamiltonian is H;(x,y). Consider
the thermal state of the combined system plus environment.
The probability distribution on the combined phase space is
given by

e~ BlHs(O)+H; (x,y)+HE ()]

P p(ey) = (D2)

Zsik

If we are only interested in the state of the system (S), we
integrate this distribution over the environment variables y.
The result is the equilibrium distribution for the system alone:

BHS(x) fdy e~ PLHI(x,)+HE(y)]
_BHs(x

ZsiE

ps(x)=e (D3)

It is conventional to lump the second term on the right-hand
side into the exponent by defining the potential of mean force as

[ dy exp{—B[H(x,y)+He(»]}

H*(x) = Hs(x)— "1
(x) = Hs(x)—p " In [dy exp{—BHE(y)}

(D4)

whereupon the probability density of the system becomes

eq e W * —BH*(x)
PS(X)I—Z* , Z=/dxe ),
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Itisclearthat H(x) # H*(x)in general. As aresult, the thermal
state differs from the equilibrium state classically as well as
quantum mechanically.

A more rigorous way to quantify the difference between
equilibrium and thermal distributions for classical systems is
to use the Kullback-Leibler divergence which is a measure
of distinguishability for probability distributions. Its quantum
analog is the quantum relative entropy.

APPENDIX E: CAUSALITY ISSUES
WITH THE M-OSCILLATOR BATH

Here, we add some cautionary comments on the differences
between an oscillator bath which has been used extensively
in Brownian motion studies, e.g., [7-9,11] and the scalar-field
bath, which also has been used by many, e.g, [41,50,80,81]. We
show, with the assumption of two or more system oscillators
placed in the same spatial location, e.g., in [51,52] which is
often assumed in the M-oscillator bath situation, there is a
causality issue. No such issues exist with system oscillators in
spatially separate locations in a scalar-field bath.

Recall how one proceeds from a harmonic oscillator rep-
resentation to field theory [82]. Consider the plane-wave
expansion of a massless scalar quantum field

1

b = =3 —fm e+ Hel (B
N

The creation and annihilation operators al(z), a, (¢) satisfy an
equation of motion similar to that of the ladder operators for
the quantum harmonic oscillators

k(1) + o’ ax(t) = 0, (E2)

with w = |K|. In particular, when x = 0, Egs. (E1) and (E2) to-
gether represent a collection of quantum harmonic oscillators.
The Hamiltonian of the massless scalar field in the plane-wave
expansion (E1),

1 1 t 1
H= / d’x {§<a,¢)2 + §(V¢)2} = §k [akak+ E]w,
(E3)

is to be compared to the Hamiltonian of a collection of quantum
harmonic oscillators

M
m mauj; 1
Hio=3" - X2+ - X2 = Z[aja[ + 5] wi,  (E4)

i=1 i
where m is the mass and ; is the displacement of i th oscillator,
whose natural frequency is given by w; = i A. The parameter
A is some fundamental mode frequency. The ladder operators
a;, aj in the latter case are defined by

maw; 1
ai =,/ — (Xi +— Pi>, (ES)
2 maw;

where p; is the canonical momentum conjugate to ;. For this
and other reasons, most people would not make a distinction
between two bath models. For example, this is so if one does
not ask where each of the system oscillators is located. If
they are stacked up at one particular spatial location or when
the dipole approximation e'¥* ~ [ is applicable, then there

is no difference whether the bath is described by a bunch of
oscillators or a massless quantum scalar field since one can
arbitrarily shift the location of the system such thatx = z; = 0.
However, there are still fundamental differences between these
two models.

In quantum field theory, the creation and annihilation

operators ay, ali depend on the mode functions we use to
expand the quantum field. In the plane-wave expansion case,
the mode function takes a simple form e ¥* so the vacuum
annihilated by the corresponding a, and the associated number
states have a definite three-momentum k. Thus, even merely
using the uncertainty principle argument, one can see that these
quanta are highly nonlocalized, distributed over the whole
configuration space. By contrast for harmonic oscillators, the
ground state and the excited states of each bath oscillator are
essentially confined by the corresponding harmonic potential
ma' x?/2. Thus, the higher the value of the natural frequency
w; 1s, the more localized the corresponding mode.

The difference between a field and a collection of harmonic
oscillators shows up, for example, when there is a spatial
boundary present. The boundary will modify the mode func-
tions of the field and alter the two-point functions of the bath
to recognize the effects of the boundary. It is not obvious how
this boundary-induced spatial dependence can be naturally
implemented in the bath-oscillator model.

Additional complexity emerges when the system contains
more than one oscillator which is spatially separated from
one another since the M-oscillator bath model does not have
the dynamical degrees of freedom to register the locations of
the spatially separated constituent oscillators in the system
unless extra input of the spatial information of the system
constituents and how it enters in their interaction with the
bath is provided. More often than not, one simply ignores the
spatial distances between the system constituents by assuming
that this separation is so small that we can essentially view
them as being situated at the same spatial location or by taking
the dipole approximation. This creates a causality problem.
For relativistic quantum fields, the influence of an object at
one space-time point on another object at another space-time
point is affected by the former’s imprint on the field, which
propagates causally to the latter when it begins to exert its
influence. The dynamics of the latter will in turn trigger a
new disturbance, on top of the previous one it received, in the
field, which propagates at finite time and exerts its influence
on the motion of all the other components. This field-induced
interaction among the spatially separated components of the
system depends on the history of its constituents and is thus
fundamentally non-Markovian in nature (see the plots in,
e.g., [50]). Notably, this causal propagation feature is mostly
lacking in the oscillator-bath mode if the spatial information
of the system constituents is not properly accounted for.'® The
field-bath model being relativistic naturally incorporates the
spatial correlation and respects the causality.

'8There may exist a nonlocal dynamics due to the appropriate
choices of the system-bath coupling constants, but the motion is at
best temporally nonlocal, unlike the field bath where the dynamics is
in general spatiotemporally nonlocal.
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