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Turbulent transport and mixing in transitional Rayleigh-Taylor unstable flow:
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Data from a 1152x760x 1280 direct numerical simulation [N. J. Mueschke and O. Schilling, Phys. Fluids
21, 014106 (2009)] of a Rayleigh-Taylor mixing layer modeled after a small-Atwood-number water-channel
experiment is used to investigate the validity of gradient diffusion and similarity closures a priori. The budgets
of the mean flow, turbulent kinetic energy, turbulent kinetic energy dissipation rate, heavy-fluid mass fraction
variance, and heavy-fluid mass fraction variance dissipation rate transport equations across the mixing layer were
previously analyzed [O. Schilling and N. J. Mueschke, Phys. Fluids 22, 105102 (2010)] at different evolution
times to identify the most important transport and mixing mechanisms. Here a methodology is introduced to
systematically estimate model coefficients as a function of time in the closures of the dynamically significant
terms in the transport equations by minimizing the L, norm of the difference between the model and correlations
constructed using the simulation data. It is shown that gradient-diffusion and similarity closures used for the
turbulent kinetic energy K, turbulent kinetic energy dissipation rate €, heavy-fluid mass fraction variance S, and
heavy-fluid mass fraction variance dissipation rate x equations capture the shape of the exact, unclosed profiles
well over the nonlinear and turbulent evolution regimes. Using order-of-magnitude estimates [O. Schilling
and N. J. Mueschke, Phys. Fluids 22, 105102 (2010)] for the terms in the exact transport equations and their
closure models, it is shown that several of the standard closures for the turbulent production and dissipation
(destruction) must be modified to include Reynolds-number scalings appropriate for Rayleigh-Taylor flow at
small to intermediate Reynolds numbers. The late-time, large Reynolds number coefficients are determined to
be different from those used in shear flow applications and largely adopted in two-equation Reynolds-averaged
Navier-Stokes (RANS) models of Rayleigh-Taylor turbulent mixing. In addition, it is shown that the predictions
of the Boussinesq model for the Reynolds stress agree better with the data when additional buoyancy-related terms
are included. It is shown that an unsteady RANS paradigm is needed to predict the transitional flow dynamics from
early evolution times, analogous to the small Reynolds number modifications in RANS models of wall-bounded
flows in which the production-to-dissipation ratio is far from equilibrium. Although the present study is specific
to one particular flow and one set of initial conditions, the methodology could be applied to calibrations of other
Rayleigh-Taylor flows with different initial conditions (which may give different results during the early-time,
transitional flow stages, and perhaps asymptotic stage). The implications of these findings for developing high-
fidelity eddy viscosity-based turbulent transport and mixing models of Rayleigh-Taylor turbulence are discussed.

DOI: 10.1103/PhysRevE.96.063111

I. INTRODUCTION

The modeling of Rayleigh-Taylor turbulent mixing by eddy
viscosity turbulence models, such as the two-equation K-€
model, requires that the physics embodied in the closures
accurately reflect the complex flow dynamics. A previous
study [1] used a direct numerical simulation (DNS) data set
[2] corresponding to a model of a water-channel experiment
[3] to investigate the mixing physics and relative importance
of terms in the exact mean and turbulent transport equations.
The details of the numerical simulation are discussed in these
previous studies. The present study examines a priori the
applicability of the eddy viscosity hypothesis used in transport
models for Rayleigh-Taylor turbulent mixing utilizing this data
set. Gradient-diffusion and similarity closures in the turbulent
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kinetic energy K, turbulent kinetic energy dissipation rate €,
heavy-fluid mass fraction variance S, and heavy-fluid mass
fraction variance dissipation rate x transport equations are
computed directly from the DNS data by defining mean and
fluctuating fields using averages in the periodic directions
perpendicular to gravity. While the focus of the present
investigation is a K -e—based model [4,5] this study has broader
implications for other two-equation models that also use
the same gradient-diffusion and similarity closures but with
a different turbulent viscosity constructed using K and an
auxiliary turbulent variable (such as a turbulent length scale
L). Standard one-point, first-order closures utilize constant
model coefficients calibrated so that the models well pre-
dict large-Reynolds-number experimental or simulation data.
In applications of such models to small-Reynolds-number
flows such as wall-bounded channel flows, modifications
are introduced to capture the near-wall viscosity-dominated
flow [6,7]. This is typically achieved in the context of a
K-e model [8] by introducing wall functions that effectively
interpolate between the near-wall region and the region far

©2017 American Physical Society
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from the walls, keeping the functional form of the closures the
same.

Rayleigh-Taylor flows differ from shear-driven and wall-
bounded flows as they develop from a quiescent state,
transitioning to a fully developed state at sufficiently late
times. Thus, the “quasiuniversality” of the closure models
assumed for such flows likely precludes their applicability
over the early-time linear and weakly nonlinear stages of
Rayleigh-Taylor flow. It is shown here that the variability of
the flow physics prior to the turbulent stage can nevertheless be
well captured by such closures, provided that the coefficients
are functions of the Reynolds number in unsteady Reynolds-
averaged Navier-Stokes (RANS) modeling. It should be
emphasized that the transitional behavior of Rayleigh-Taylor
flow also depends on the detailed structure of the initial
conditions. The present study utilizes data from a specific
DNS and does not investigate the role of variations in the
initial conditions on the modeling of this flow.

In the spirit of the DNS study of Chen et al. [9], the unclosed
terms in the turbulence equations are compared here with their
respective closure models. The turbulent viscosity coefficient
is taken to be its canonical value C,, = 0.09 and all other model
coefficients are determined self-consistently by minimizing
the L, norm between the exact and closed profile of each term
across the mixing layer, as a function of time. Correlation
and amplitude coefficients are also computed to quantify how
well the shape and magnitude of each term is captured by
its closure. The turbulence model coefficients approximately
asymptote at the largest Reynolds numbers achieved in the
simulation and vary before the onset of turbulence. Using
the optimized coefficients determined this way, a three-
equation (K-€-S) or four-equation (K-€-S-x) RANS model
for transitional, small-Atwood-number, moderate-Reynolds-
number Rayleigh-Taylor flow is proposed. Here S denotes
the heavy-fluid mass fraction variance (and not a turbulent
length scale, for which this symbol is often used) and yx
denotes the heavy-fluid mass fraction variance dissipation rate.
These models are not necessarily universal, as the behavior of
Rayleigh-Taylor flows is initial conditions dependent [10]. It
is important to note that the present study is specific to one
particular flow realization, with one set of initial conditions.
Application of the same (or a similar) procedure to other
Rayleigh-Taylor flows may give different results (particularly
during the early-time, transitional flow stages).

This paper is organized as follows. An overview of RANS
models and of gradient-diffusion and similarity approxima-
tions, as well as their limitations vis-a-vis Rayleigh-Taylor
flow, is presented in Sec. II. The terms in the mean and
turbulent transport equations are compared at various evo-
lution times with their respective optimized closure models
constructed using the DNS data in Sec. IIl. Correlation
and magnitude coefficients are computed for each closure
to quantify the agreement between the models and data in
the Appendix. Finally, a summary of the principal findings
of this a priori model study, conclusions, and implications
for RANS modeling of transitional Rayleigh-Taylor flow
are given in Sec. IV. The models proposed herein will be
applied in a companion study to predict turbulent transport
and mixing in both small- [3] and large-Schmidt-number [11]
Rayleigh-Taylor instability water channel experiments.
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TABLE L. Coefficients for standard K, €, and S transport models
[8,12,13,26-30] and as used in Rayleigh-Taylor mixing [31-33].

Shear  Rayleigh-Taylor

Coefficient Term flow value flow value
C, Turbulent viscosity 0.0845,0.09 0.09
0,0 Turbulent mass flux 0.50-0.90 0.60-1.48
ok Turbulent flux of K 0.72,1.00 0.87-1.00
O Turbulent flux of € 0.72,1.30 1.30

o5 Turbulent flux of § 0.70,1.00 -

Cou Pressure flux 0.20 -

Ceo Buoyancy production of € - 0.815-0.95
Ceq Shear production of € 1.44 1.44-1.47
Ceo Turbulent dissipation of € 1.68-1.92 1.90-1.92
C, Turbulent dissipation of S 1.00 1.50

II. OVERVIEW OF REYNOLDS-AVERAGED
NAVIER-STOKES TURBULENCE MODELS

A. Eddy viscosity modeling and the gradient-diffusion
and similarity hypotheses

First-order, single-point RANS models require expressions
for correlations such as the Reynolds stress tensor 7;; =
ﬁu?b?j/ and turbulent scalar fluxes ¢”u/j7 (overbars and tildes
denote Reynolds and Favre averages and single and double
primes indicate fluctuations about the Reynolds and Favre
averages, respectively). Eddy (or turbulent) viscosity closure
formulations utilize the concept that a turbulent flow enhances
diffusion of mass, momentum, and energy compared to
molecular processes. Boussinesq thus related the Reynolds

stress tensor [12]

FIG. 1. Profiles of the turbulent viscosity v, (2) normalized by
Ve = Z? /t. at various dimensionless times.
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FIG. 2. Profiles of the velocity variance 1" normalized by u? and its Boussinesq and generalized Boussinesq gradient-diffusion closures
(1) (Model 1) and (15) (Model 2) at (a) ¢/t. = 5.13, (b) 12.6, (c) 25.1, and (d) 37.9.

to the mean strain-rate tensor §,-j = (1/2)(3u;/dx; +
ou;/dx;), where K = uu} /2 is the turbulent kinetic energy.
The turbulent kinetic energy dissipation rate € is used to
construct the turbulent viscosity

KZ
n="c, =, @)

where C, is a dimensionless coefficient estimated using
experimental or simulation data [8,13].

While two-equation models based on a turbulent length
scale L are also used [14], there is no unique definition of
L, and hence it is unclear which transport equation should
be examined. However, the exact turbulent kinetic energy
dissipation rate equation can be analyzed using DNS data
[1] or potentially using experimental data. Furthermore, as
L is typically of the same order as the mixing layer width,
it follows that the turbulent length scale describes the large-
scale properties of mechanical mixing. By contrast, turbulent
dissipation rates describe small-scale properties of scalar
mixing, which is the reason why turbulent reacting flow and
combustion modeling utilize descriptions based on dissipation
rates rather than length scales [15-17].

Turbulent fluxes in the mean and turbulent transport
equations must be modeled. The gradient-diffusion hypothesis
states that regions of large values of a mean scalar ¢ diffuse
“down-gradient” and proportional to the intensity of turbulent
fluctuations ¢/u; = —(v,/o¢)8$a/8x,~, where oy is the dimen-
sionless turbulent Schmidt number. Additional closures are
required for higher-order correlations in the turbulent kinetic
energy dissipation rate €, heavy-fluid mass fraction variance
S = m/?, and heavy-fluid mass fraction variance dissipation
rate x transport equations (the “heavy-fluid” designation will
be omitted hereafter), e.g., the buoyancy production and
turbulent dissipation in the € transport equation [1] P =
2vgi(dp’/dx;)(du;/dx;) and D¢ = 2ﬁi(82u§/8xj8xk)2, re-
spectively. While the gradient-diffusion hypothesis relates
turbulent fluxes to mean-field gradients, no such hypothesis
exists for relating the fluctuating velocity gradient-density
gradient correlation in P; or higher-order correlations in D¢
to mean-field gradients. Similarities between the K and €
transport equations are invoked to construct similarity closure
hypotheses, in which a proportionality constant relates the
closures in the variance and corresponding dissipation rate
equations, e.g., Py = Ceo(e/K )PbK (the terms in the € equation
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FIG. 3. Profiles of the velocity variance v normalized by u? and its Boussinesq and generalized Boussinesq gradient-diffusion closures
(1) (Model 1) and (15) (Model 2) at (a) t/t. = 5.13, (b) 12.6, (c) 25.1, and (d) 37.9.

are proportional to those in the K equation and vary on the
turbulent time scale Tt = K /¢).

B. Assumptions and limitations of eddy viscosity-based
closure models

Several assumptions embodied in eddy viscosity models
are incompatible with Rayleigh-Taylor mixing. Thus, models
based on extensions of the K-¢ model [8] are examined
here. In the Boussinesq approximation (1), small velocity
gradients imply equipartition of the velocity variances un? =
v"2 ~ w'? ~ 2K /3. This is not the case in Rayleigh-Taylor
mixing where turbulent transport occurs primarily along the
direction aligned with gravity [1]. While Rayleigh-Taylor
flows initialized with isotropic perturbations approximately
satisfy u”? ~ v”2, the flow considered here and initialized with
anisotropic perturbations does not, even at late times.

In the gradient-diffusion hypothesis, turbulent fluxes are
assumed to be aligned with their respective mean-field gradi-
ents, which is often incorrect [12,18-23]. Modeling Rayleigh-
Taylor turbulence is further complicated in that buoyancy

is the dominant production mechanism, while mean shear
production is negligible [1]. Unless a transport equation is
solved for the turbulent mass flux, this term must be modeled
algebraically, as in the models evaluated here.

Another limitation of eddy viscosity models is the require-
ment that the flow be in a state of weak equilibrium, i.e.,
the production-to-dissipation ratios remain close to unity. The
failure of RANS models in flows with large excursions of these
ratios from unity is well known [13,24]. The requirement that
PX /DX = const is partly due to the large-Reynolds-number
assumption used to formulate similarity closures, where there
is a sufficient separation between the production and dissipa-
tion scales to allow an inertial energy cascade. Rayleigh-Taylor
driven flows are initially quiescent and transition before
reaching the Reynolds numbers needed for scale separation.
The production-to-dissipation ratios are significantly larger
than unity before transition to a three-dimensional, weakly
turbulent state at dimensionless time ¢/¢. & 17.3 [1]. Thus,
the model coefficients vary at small and moderate Reynolds
numbers until late-time asymptotic values are approached
when the flow achieves a self-similar state.
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FIG. 4. Profiles of the velocity variance w2 normalized by u? and its Boussinesq and generalized Boussinesq gradient-diffusion closures
(1) (Model 1) and (15) (Model 2) at (a) ¢/t. = 5.13, (b) 12.6, (¢) 25.1, and (d) 37.9.

II1. A PRIORI ASSESSMENT AND OPTIMIZATION
OF CLOSURE MODELS

Gradient-diffusion and similarity closures of the turbulent
fluxes and higher-order correlations in the transport equations
examined previously [1] are assessed a priori [25] to
examine the validity of Reynolds-averaged closures for
Rayleigh-Taylor turbulent mixing. Coefficients in typical
transport models applied to shear and Rayleigh-Taylor
flows are summarized in Table I. While RANS models
using constant coefficients calibrated for shear-driven
flows have been applied to a variety of steady turbulent flows
[8,13,26,28], there has been much less effort to develop RANS
models for unsteady Rayleigh-Taylor mixing [14,31-36]. For
K-e models, most of the previous calibration efforts have
focused on the coefficients in the buoyancy production terms.
Self-similar solutions were derived for small-Atwood-number
Rayleigh-Taylor flow [31,32] to estimate the coefficient in the
buoyancy production term that best reproduced the growth of a
small-Atwood-number Rayleigh-Taylor mixing layer. A self-
similar analysis of the K-L-a Besnard-Harlow-Rauenzahn
(BHR) model was performed, and coefficients applicable to
either a €- or L-based model were estimated (the turbulent
length scale was denoted by S in this paper) [36]. Thus, the

coefficients used in Rayleigh-Taylor mixing are a combination
of those used for shear-driven flows and additional coefficients
in the buoyancy production terms obtained from an a posteriori
comparison of model predictions to limited experimental data
(e.g., the mixing layer width and its growth rate).

A different approach is used here. Terms from the transport
equations are compared a priori with their respective closures
[9,37-39], where each modeled term is constructed from
Reynolds or Favre mean and fluctuating fields calculated
from the DNS, and the optimal coefficients providing best
agreement between the exact profiles and their models are
determined. In doing so, a measure of the small-Reynolds-
number applicability of such models becomes apparent,
which is closely related to the open issue of RANS model
initialization for Rayleigh-Taylor flow. For all of the mean and
turbulence budgets presented, quantities will be nondimen-
sionalized using density, length, and time scales corresponding
to linear instability theory [1]:

_pte o, LAY (T 173 )
pC_ 2 9 c — gA H c — g2A2 £

which are p. = 0.998 g/cm3, L. =0.051cm,andt. = 0.264 s
for the flow considered here with g = 981 cm/s” in the z
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FIG. 5. Evolution of optimal coefficients C Xiii) corresponding to
the three diagonal Reynolds stress components t;;.

direction, v = 0.01 cm?/s and A = 7.5 x 10~*. The velocity
scale is u, = €./t = 0.194 cm/s. Order-of-magnitude esti-
mates of the terms in the transport equations in Appendix B
of Ref. [1] are used together with similar estimates for the
closures to determine any additional Reynolds and Schmidt
number scalings.

A. Determination of optimal model coefficients

A priori optimal turbulence model coefficients are deter-
mined using a methodology similar to the procedure that

J

WLEz.t) — E(OIM(z.1: Cy) — M(Cy.1))dz

PHYSICAL REVIEW E 96, 063111 (2017)

provides an estimate of the minimal error that an ideal subgrid-
scale model will generate [40]. Consider the exact DNS profile
E(z,t) and modeled profile M(z,t; C4) depending on a given
model coefficient Cy. The optimal coefficient is determined
by minimizing the L, norm of the difference between E(z,t)
and M(z,t; Cy) over the mixing layer z € [h;,hy],

hp
Lz(Cqs,f):/ [E(z.t) — M(z,t; Cy)*dz, 4
hs

where h,(t) and h,(¢) are the bubble and spike front widths at
time ¢. Algebraically solving for Cy can produce singularities
if E(z,t) or M(z,t; Cy) change sign (as in the case of turbulent
fluxes). Most profiles extend somewhat beyond the mixing
layer boundaries determined by %, and h;; however, widening
the integration limits in Eq. (4) did not change the coefficient
values.

Qualitative assessments are performed by comparison of the
profiles predicted by the optimized models with the profiles
constructed using the DNS data. As the ratio multiplying
each closed term is either of the form C, /oy or Cz,,C, /04,
where Cz,, is a coefficient in the transport equation for the
generic dissipation rate Z = (¢, ), the value of C, is fixed
at 0.09 and is not optimized [41]. In addition, the predicted
self-similar spreading rate of a shear mixing layer depends on
this value as well as on C.;—the coefficient in the closure of
the shear production in the turbulent kinetic energy dissipation
rate equation. Thus, changing C,, would entail changing other
coefficients in order to reproduce the experimental growth rate,
e.g., Ref. [42]. Profiles of the turbulent viscosity v, from the
DNS are shown in Fig. 1. Beyond #/t, ~ 5.13, v, exceeds
the kinematic viscosity v = 0.01 cm?/s; by the end of the
simulation, the peak value v, /v ~ 40 is reached near the center
plane z = 0. The peak turbulent Reynolds number reached
is Re, = K?/(e V) = v;/(C,v) ~ 400; all values of Re, are
evaluated on the center plane.

The predictive capability of a model can be quantified by
the correlation coefficient [37]

HCot) = —= — - = : 3)
\/ JPE@D) — EOPdz [ [M(2.15Cy) — M(Cyt)P dz
[
where is formulated as
hh” M(z,t;Cy)? dz

— 1 [ a(Cy,t) = — @)

E(r) = "o ), E(z,t)dz, (6a) n Ez,1)dz
o 1 [h so that the model overpredicts the data if @ > 1 and the model
M(Cy,t) = Y M(z,t;Cy)dz, (6b) underpredicts the dataifa < 1. Thus, r and a provide measures
@) Ji, of how well the model is correlated with the data and how close

are the spatial averages of E(z,t) and M(z,t;Cy) over the
mixing layer. An exact correlation between the model and
the DNS data gives r = 1; if there is no correlation, then
r = 0; and if the model and data are exactly anticorrelated,
then r = —1. However, r(Cy,t) only determines how well the
model is correlated with the DNS data but does not determine
how well the model compares in magnitude to the DNS data. A
ratio of the magnitude of the model profile to the DNS profile

the model is to the data as the flow evolves through the linear,
weakly nonlinear, nonlinear, and transitional stages.

B. The mean transport equations

The mean flow dynamics are determined by the mean
vertical momentum and mass fraction transport equations.
The analysis of turbulent transport and mixing processes is
discussed in Ref. [1]. For the small-Atwood-number mixing
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FIG. 6. Profiles of the averaged vertical Favre fluctuating velocity w” normalized by u. and its gradient-diffusion closure (23) at (a)

t/t. =5.13, (b) 12.6, (c) 25.1, and (d) 37.9.

layer considered here, the mean velocity remains very small
during the evolution of the Rayleigh-Taylor flow. Thus, the
mean advection terms are negligible. For generality and
potential applications to larger-Atwood-number flows, both
Reynolds and Favre fluctuating quantities are used: For very
small Atwood number, ¢, ~ wa /p = q_ﬁa.

It was shown that the mean vertical momentum equation
(6) of Ref. [1] reduces to generalized hydrostatic equilibrium,

Rl

 _
g~ —a—(P + 133), (®)
z

where the Reynolds stress is 133 = pw”?. Furthermore, the
Reynolds stress contribution d733/dz is much smaller than
the mean-pressure-gradient contribution, indicating that turbu-
lence has a relatively small influence on the mean momentum
evolution. However, the Reynolds stress gradient may not be
negligible for larger-Atwood-number flows. The heavy-fluid
mean mass fraction equation (7) of Ref. [1] reduces to

om 9 _
L — —(omlw") 9)

P Jt 0z

as the molecular diffusion (ft/Sc)dni /dx; is negligible
compared to the turbulent transport.

C. The turbulent transport equations

The turbulent kinetic energy transport equation (14) of
Ref. [1] reduces to
—_0p

ﬁa_K A —w' — —pe— i(ﬁ[?;/\_w/” + p'w”) (10)
ot 0z a9z

as the mean shear production t;;9%; /dx;, viscous flux o;jju,
and pressure-dilatation p’du; /9x; are very small. The (incom-
pressible) turbulent kinetic energy dissipation rate transport
equation (17) of Ref. [1] reduces to

_ e _ 9p’ ow’ __Ou; du; duy
P~ —2vg —op
ot ij an Xy an 8)Cj
(U N\ [ —  _ap ow
-2 L ——\pew +2v
0x;0xy 0z 0xp 0Xxy
(11)

063111-7



OLEG SCHILLING AND NICHOLAS J. MUESCHKE

-0.05
-0.17
-0.15¢
Q
~
~ -02}
5;-0.25—
E _0'3,
QU
-0.35¢
-0.4r1
—...DNS
-0.45 (a) — Model |1
-06 -04 -02 O 02 04 06
z/h
O D
-0.5
Q
€Y
\\
IS
té—t
Q a
-1.5¢
s DNS
(c) — Model
2 . . . . . . .
-06 -04 -02 O 02 04 06

z/h

PHYSICAL REVIEW E 96, 063111 (2017)

.- DNS
1271 (b) —Model|
-06 -04 -02 0 02 04 06
z/h
e =
-0.5
Q %)
€3 "
\\
IS
té—t A\
Q “. \"¢»
1.5+
.- DNS
(d) — Model
- -06 -04 -02 O 02 04 06
z/h
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as the mean shear production proportional to du;/dx;, cur-
vature production proportional to 8%%; / 0xjdxy, and molecular
dissipation flux fzde/9x; are small. The mass fraction variance
transport equation (19) of Ref. [1] reduces to

_9aS oy, omy _ O _ o,
P %—melw/a—z—2px—8—z(,om12w’) (12)

as the molecular diffusion flux pDdS/dx ; is small. Finally,
the mass fraction variance dissipation rate transport equation
(22) of Ref. [1] reduces to

58_x ~ 2D o om| dmy duj 2T, 32m! \*
at ax; 8Xj ax; 8xi8xj
d =
—a—z(px w”) (13)

as the terms proportional to the mean-fields gradients
om, /dx;,0u;/dx;, and 82r711/8xi8xj, and molecular diffusion
flux D3y /dx ; are small. Note that in the a priori analysis
of turbulent transport performed here, there is no loss of

generality as a result of neglecting the mean advection terms
because they do not require closure.

D. Generalized Boussinesq Reynolds stress model

In shear-driven turbulent flows, accurate prediction of the
Reynolds stresses is crucial for modeling the mean shear
velocity. While the Boussinesq closure for 7;; is sufficiently
accurate for many flows [6], it is generally inappropriate for
Rayleigh-Taylor mixing due to the sustained anisotropy of

velocity fluctuations. While the Boussinesq model predicts

the shapes of u/?, it does not predict their magnitudes. While

the mean momentum equation and shear production rates
of K and € require a model for 7;;, it was shown that the
shear productions PX and P¢ are negligible compared to
the buoyancy productions P and Pf, and the gradient of
the Reynolds stress is small compared to the mean pressure
gradient for the present flow [1]. Nevertheless, a complete
RANS model for Rayleigh-Taylor turbulence should include a
sufficiently accurate model for 7;;, irrespective of the Atwood
number.
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Using the traceless, symmetric baroclinic tensor [43]

_ dp op dp dp 2 ap dp
T e (L)
3)6,' 8x_,~ axj Bxi 3 8xk 8xk
a new model can be proposed as an extension of (1) as
- K _—
ijkl
T =1, —Ci v e A (15)

where the C i{kl = C/’:k! are dimensionless tensor coefficients,
and it is assumed here that CXkl = CUkg, 8 j1- Thus,

2(_ A 2 _auny. K dapop
“(pk —)+=c! — ==, (16
r11—>3<p + W 8z)+3 A vfﬁe 3z 92 (16)
2 _ 8171 2 (2222) K Bﬁ aﬁ
(oK —)+=C — ——, (17
T22—>3(,0 + 1t Bz)+3 A vfﬁe 3z 9z 17)
2/ AW\ 4 a3 K 9p D
ok —2p — ) -y, = L5
f33—>3(,0 Mt 3Z) 34 the 3z 9z
(18)

T2 =1 =0, (19)
ou v
T3 =T T o, T3 =T > i o (20)

where CS D ~ szzz) #* Cf‘%‘%) is expected if the flow
becomes nearly isotropic in the plane perpendicular to gravity.
This model generalizes the dependence of 7;; on the mean
velocity gradient to include the mean density and pressure
gradients and reduces to the Boussinesq model in the constant
density limit. From Fig. 1 of Ref. [1],dp/0z > Oand 0p/0z <
0, sothat A;;,A» > 0and A3; < 0.

The model (15) is inspired by the algebraic Reynolds stress
model (8 = 1/Ty)

N 2 _
v{ v; = §K(Sij —21); Sij

K( —~ -— 2 —
+Cr B :(gi T'u; 4 g; T'ui — 3 0ij 8 T'“L)

1)
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closure (26) at (a) t/t. = 5.13, (b) 12.6, (c) 25.1, and (d) 37.9.

previously used in transient-RANS and very large-eddy sim-
ulation of incompressible turbulent convection [44—46]. Here
density fluctuations are analogous to temperature fluctuations.
Thus, taking g — (1/7)9p/dx; and BT'u, — p'u]/p =
—(v/0,)0Inp/0x; gives (15).

Requiring the orders of magnitude to agree for the exact
Reynolds stress and its closure

SOEY 2
3 dxp eﬁez “

~ po(fuj, — fun® + egh),

so that f=1 and e=uj}/(gh)= Fr} is the Froude
number squared. At large Reynolds numbers, using the
self-similar growth of the mixing layer width, h(t) = a Agt?,
up ~dh/dt ~2aAgt. Thus, u% ~ daAgh, and therefore
Fry ~ 2+/aA. Figures 2—4 show a comparison between
the Boussinesq model (1) and the new model (15) for the
diagonal components of u;'u’; from the DNS. As expected for
Rayleigh-Taylor flow in which the mean strain-rate is small,
the Boussinesq model substantially overpredicts u”* and v"?,

and underpredicts w”2. By contrast, the new model very

2 ~ 1 01y K3 _—
rzzwgpr_zfﬂt Sz — -

well matches the DNS at all times. The optimal coefficients
C{" shown in Fig. 5 begin to slowly decrease following
an initial transient. Tables II and III give the latest-time and
time-dependent values of C!{"", respectively. Note that beyond
t/t. =~ 35 the limited resolution at late times in calculating
gradients (as also seen in the oscillations in the model profiles)
would overestimate the values of these coefficients.

E. Gradient-diffusion closures
1. Buoyancy production of turbulent kinetic energy

The buoyancy production terms in the turbulent kinetic
energy and turbulent kinetic energy dissipation rate equations,
PX and Pf, are the principal Rayleigh-Taylor instability
driving terms. The gradient-diffusion model of the buoyancy
production PX in the turbulent kinetic energy equation is given
in terms of the density-velocity correlation model [12,47,48]

— o' u' v, P

/{ = — J = 22
“ ) o, P 0x;j @2)
or
_ 00
W —s 2P (23)
o,p 0z
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so that
9D
PbK = —u" P
J 8.Xj
0p dp 0p 0p
Z_UZ__’O_p_>_v’__’0_p’ (24)
0, p 0x; 0x; o, p 0z 0z

where o, is a dimensionless turbulent Schmidt number.

Requiring the orders of magnitude to agree for the exact
buoyancy production and its closure

% v; dp dp

Pk~ L2

~ fApgu
5 0z 92 S Apguy

gives f = pms/Ap, so that no additional scalings are expected
in (24) (n.b., pyms X mms changes slowly at late times [1]). The
gradient-diffusion closure of the averaged Favre fluctuating
velocity (23) is shown in Fig. 6, where on average both the
closure and DNS data agree (with higher amplitude oscillations
as time progresses). On average, the DNS profiles are more
symmetric than the model profiles about the center plane.
The closure (22) has also been used for shock-driven flows
[49]; a generalization of this expression to include the mean
pressure gradient (appropriate for shocked flows) was used to

model a broad set of reshocked Richtmyer-Meshkov instability
experiments [50,51].

2. Turbulent fluxes

The turbulent fluxes have important dynamical effects in
Rayleigh-Taylor flow, e.g., the turbulent mass flux controls
both the spreading rate of the mixing layer in the mean
mass fraction transport and production rates of turbulent
kinetic energy and mass fraction variance. Gradient-diffusion

models for_the turbulent fluxes are of the form ﬁm’ =
—(1y/0g)0¢,/0z and specifically

pmpw = M O o - B K0
on 07 ox 9z’
de - as
pew =" pmPur=—TL22 o)
€ S
— J
P = =t @7)
X

where 0,,, ok, 0c, 05, and o, are dimensionless turbulent
Schmidt numbers. Consider the turbulent kinetic energy flux:
requiring the orders of magnitude to agree for the exact flux
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and its closure

K oK 3
F; N—fﬂta—z“fpouh

gives f = 1. More generally, a generic turbulent flux cor-
responding to ¢/ = (m/{,K”,e/,m/{z,X”) is p¢/w”, which is

O(00Pe.rmstn); its closure is

~
"

Mt —= ~ S poup Do, rms»
0z

so that f = 1 and no additional scalings are expected.
Comparisons of the gradient-diffusion models with the
exact fluxes are shown in Figs. 7-11. Each flux is shown
using the optimal turbulent Schmidt number at each time
o4(Rey,) calculated by minimizing the L, -norm difference
between the DNS and model profiles. The closures for the
mass fraction flux, mass fraction variance flux, and mass
fraction variance dissipation rate flux are analogous to those
used in turbulent nonpremixed combustion for the mixture
fraction, mixture fraction variance, and mixture fraction
variance dissipation rate fluxes. Figures 8—11 (particularly at
the latest two times) indicate that the model and DNS do

not predict the maxima and minima of the fluxes at the same
spatial locations within the mixing layer, although the values
of the maxima and minima are in reasonable agreement on
average.

The turbulent Schmidt numbers corresponding to each
flux shown in Fig. 12 exhibit some expected variability at
early times (t/f, < 17.3 or Re;, < 500) as the mixing evolves
through the linear and transitional regimes. Most decrease
early in time and then grow after transition. However, o,
and o, both increase at early times, reach maximum values
at t/t. ~ 12.6, and then rapidly decrease. Once the mixing
layer evolves beyond the transitional regime (Re;, 2 500), the
turbulent Schmidt numbers relax to

o, ~ 0.08,
o ~ 0.08,

ox ~ 0.09,
os ~ 0.07,

oc ~0.10,
o, ~ 0.15.

(28)
(29)

The turbulent Schmidt numbers for the scalar fields exhibit a
greater dynamic range and are more sensitive to Rej,. Tables
IT and III give the latest-time and time-dependent values of
0,, Ok, Oc, On, Os, and o, respectively. Beyond ¢/t ~ 32.5
the limited resolution at late times in calculating gradients due
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to the decreasing number of turbulent structures over which
averages are computed (as also seen in the oscillations in
the mean-field gradients and model profiles) would slightly
overestimate these coefficients.

The turbulent Schmidt numbers are much smaller than those
used in shear-driven flows. Applications of two-equation K -€
models to Rayleigh-Taylor mixing have used larger turbulent
Schmidt numbers (see Table I). These studies have either cited
other buoyancy-driven applications [32] or used an a posteriori
determination of each turbulent Schmidt number [33,34]. The
present work is the first to directly and systematically calculate
the turbulent Schmidt numbers for a four-equation K-€-S-yx
model and illustrate the dynamic behavior of the coefficients
in transitional Rayleigh-Taylor turbulent flow.

3. Pressure fluxes

The pressure flux p’w” is non-negligible, has a complex
shape, and bifurcates in its transport behavior at an early time
in the mixing layer evolution [1]. Most formulations either
neglect the pressure flux [52] or combine it with the turbulent

kinetic energy flux K”u [27]. In the model investigated here,
the pressure flux is subtracted from the overall flux of K,

pul =—CppK"uj (30)
or
Pw =—CppK' W, 31)

with a suggested value C,, = 0.4 in homogeneous turbulence
[27]. Requiring the orders of magnitude to agree for the exact
pressure flux and its closure

FfN—ﬁKWWme%§~fmmi
gives f = pms/Po, SO that the pressure flux decreases as the
root-mean-square density fluctuations decrease.

Profiles of the exact and closed vertical pressure flux
are shown in Fig. 13. At very small Reynolds numbers
(Re, < 100), Eq. (31) does not correctly predict the direction
of the flux of K; this may be rectified by a negative value
of C,,, as shown in the profile at #/7, = 5.13. For small to
moderate Reynolds numbers (100 < Re;, < 1500), the model
correctly predicts the flux direction within the mixing layer
core |z/h| < 0.5. However, this model does not predict the
shape of the profile well, nor does it capture the change in sign
of the flux at the boundaries of the layer (|z/ k| = 0.5). This
has significant effects at the mixing layer boundaries and must
be captured by any realistic closure.

Similarly to the pressure flux of K, € is also transported via
pressure fluctuations. While the pressure flux of K has received
little attention, much less consideration has been given to the
pressure flux of €. Neither has been previously examined for
Rayleigh-Taylor flow. Using a closure analogous to Eq. (31),
consider the new model

_dp’ ou; Jp—
F;:ZUEE=—C;M06/W. (32)
Requiring the orders of magnitude to agree for the exact
turbulent kinetic energy dissipation rate pressure flux and its

PHYSICAL REVIEW E 96, 063111 (2017)
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FIG. 12. Evolution of optimal (a) mechanical ¢, o, and o, and
(b) scalar 0,,, 05, and o, turbulent Schmidt numbers.

closure

- de u;
Fy~—pew ~ fu 5o~ f 55
gives f = 1. The exact and closed € pressure flux profiles
are shown in Fig. 14. Similarly to p’w”, the pressure flux
of € enhances the vertical turbulent flux pe’w’ at early times
and then transitions to a profile that opposes pe’w’. Also,
the pressure flux of € exhibits the same complex behavior as
p'w”, where € is transported away from the mixing layer core
at the boundaries of the layer. However, this effect is much
smaller than the transport of K away from the mixing layer by
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pressure fluctuations. This is expected as velocity fluctuations
induced in the fluid around the mixing layer remains essentially
irrotational, and hence, the dissipation rate of these fluctuations
is nearly negligible.

Figure 15 shows the evolution of the optimal coefficients
Cp, and C;u for the models (31) and (32). As the pressure
flux is non-negligible, even beyond the boundaries of the
mixing layer, the L,-norm minimization was modified such
that the integration limits were changed from [h,h,] to
[-L,/2,L,/2]. Both coefficients are negative before ¢/¢, &
10, when the mixing is entering a nonlinear transitional
regime. Negative values indicate that the pressure fluxes are
aligned with the turbulent fluxes of K and €. The maximum
value of C,, is attained at ¢/¢. ~ 12.6, corresponding to the
time at which the molecular mixing parameter ¢ attains its
minimum [2]. Once a Reynolds number ReZ ~ 1500 has been
attained, the coefficient for the pressure flux of K approaches
Cpy ~ 0.2. As shown in Fig. 9, the turbulent flux of € becomes

more important with increasing ReZ, while the pressure flux
of € remains relatively unchanged in magnitude. Thus, C},,

decreases with increasing ReZ—at sufficiently large Reynolds
numbers, the pressure flux of ¢ may be negligible compared

with the turbulent flux. Tables II and III give the latest-time

and time-dependent values of Cp, and C;,, , respectively.

F. Similarity closures

Similarity closures used to phenomenologically model the
nonflux, higher-order correlations in the turbulent dissipation
rate and scalar variance (e, S, and y) transport equations are
examined here.

1. The turbulent kinetic energy dissipation rate production
and destruction terms

The buoyancy production of € is the dominant production
mechanism of € for ¢/7, < 25.1 and is non-negligible over
the range of Reynolds numbers examined here [1]; this
term is absent in constant density flows. The fluctuating
velocity gradient-density gradient correlation is taken to be
proportional to the buoyancy production of K, analogously to
the similarity closure for the shear production rate of € [24],

dp’ ou; €

pp=2mg

PK.
3)(]' 3Xj K

(33)
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FIG. 14. Profiles of the pressure flux Fy normalized by F, = pcui/zc and the closure (32) at (a) /¢, = 5.13, (b) 12.6, (c) 25.1, and (d) 37.9.

Requiring the orders of magnitude to agree for the exact
buoyancy production and its closure

v, 0p 3P € g Apul

Pt~ —
b p 9z 9z K h

gives f = pms/Ap. The comparison of the exact and closed
profiles of P; in Fig. 16 shows that the buoyancy production of
€ is well captured by similarity. However, because of the very
small Atwood number, the profile of the exact shear production
P¢ is very small and oscillatory [1]. Therefore, itis not possible
to optimize the coefficient C in the standard similarity model
P¢ = Cc1(e/K)PX using the present data set.

The turbulent production and destruction of € include triple
fluctuating velocity gradient correlations and correlations of
higher-order derivatives. Adopting the large-Reynolds-number
closure [8], the difference between the viscous destruction and
turbulent production is

c [0kl \? Bu ou; Buk
D
0x Bxk 8xk 0x; 0x;
&2

7'

—c.? (34)

When there is no significant scale separation (as in the case
here), the scale § is approximately § ~ O(X) rather than O(¢,)
(£, is the Kolmogorov dissipation scale), so that requiring the
orders of magnitude to agree for the exact turbulent destruction
and its closure

=2 =2

o€ Lvu;

DE~ FI— ~
f K f Al

gives f = 1. Similarly, at small Reynolds numbers, the
characteristic vortex stretching rate is & /u, rather than A /uy,
so that the exact turbulent production scales as

pe . TE T
P s
T Ah

where T = h/uy. Thus, f =1, and D¢ — Pf ~ pe*/K, and
no additional scaling factors are expected in Eq. (34). Profiles
of the exact and modeled difference D€ — P are shown in
Fig. 17, where it is evident that the model agrees well with the
DNS on average.

The buoyancy production and turbulent production and
dissipation models in Figs. 16 and 17 are shown using the
optimal coefficients C.o(Re;) and C¢,(Rey,), which are shown
in Fig. 18. The coefficient C.y varies before t/t. = 25.1,
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after which a late-time steady value Cy ~ 1.43 is attained.
This is larger than the value C.y = 0.91 determined from an
a posteriori model evaluation [32] and C.y = 0.95 used to
model Rayleigh-Taylor and Richtmyer-Meshkov instability-
driven mixing [33]. However, these studies determined Cey a
posteriori that gave predictions in accord with experimental
data and assumed values of the turbulent Schmidt numbers,
whereas the present work uses the € transport equation budget
to directly determine C. for the first time.

The evolution of the coefficient for the combined turbulent
production and destruction of € is also shown in Fig. 18,
where C., ~ 2.8 when the mixing enters the transitional
regime at 7/t, &~ 12.6. As the Reynolds number increases,
this coefficient decreases to C., ~ 2.26 at the latest time
(t/t. = 37.9), larger than the standard shear flow value 1.92.
Thus, the Reynolds number may need to be large enough that a
sufficient scale separation exists between the energy containing
and dissipative scales for C¢y and C., to asymptote. At the
latest time, the peak of the kinetic energy and dissipation
spectra are only separated by approximately one decade of
wave numbers [53]. Thus, C,, is a weak function of Re;, until
a broader scale separation is achieved. Both C,y and C,; attain
maximaatt/f. ~ 17.3 and decrease thereafter. Tables Il and I1I
give the latest-time and time-dependent values of the similarity
coefficients C, and C,,, respectively.
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FIG. 16. Profiles of the buoyancy production P; normalized by P. = pfuf /tf and its similarity closure (33) at (a) ¢/t, = 5.13, (b) 12.6,

(c) 25.1, and (d) 37.9.
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2. The heavy-fluid mass fraction variance dissipation rate
production and destruction terms

While similarity closures for the € transport equation have
been utilized for a large variety of flows, the modeling of
the S and x transport equations has been primarily relegated
to reacting flow and combustion applications [54-56]. The
production of S, physically represented by the entrainment of
unmixed fluid, is determined by the product of the turbulent

P

mass fraction flux mjw” and the mean gradient d7;/dx;.
However, the higher-order correlation of fluctuating mass
fraction gradients governing the destruction of S (represented
by molecular mixing of fluids across a species interface) does
not have a gradient-diffusion closure. Instead, the relationship
between the turbulent mechanical time scale 7,, = K /€ and the
scalar time scale 7, = §/€g is used to algebraically (rather than
differentially) model the heavy-fluid mass fraction variance
dissipation rate

eS=2xz2CX%S, (35)

where C, is a dimensionless coefficient [5,55-58]. Requiring
the orders of magnitude to agree for the mass fraction variance

dissipation rate and its closure

= 2

€ vm
~F S~ rms
XTSI

gives f = Sc™!(A/A,)* = 1. In combustion applications, the
role of the mass fraction variance is played by the mixture
fraction variance. Using the time scale generalized by a
Schmidt-number-dependent contribution for scalars [56],

5 InS
R el (36)
e 2

instead of Eq. (35) results in the expression

S
3K v InSc
ZJF\ET

Estimating /v/€InSc/2 from the DNS values gives an
~ 5% correction to (3/2)K/ €, so that such a generalization
is only significant for large-Schmidt-number mixing (and the
modification of the coefficient of t,, by 3/2 would only change
the value of C). The correction to (3/2)K / € for the Sc = 620

_ 3K
T 2¢

Tm

s =2C, (37)
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case [11] is & 10—25% depending on the time and location
within the mixing layer.

Profiles of the mechanical and scalar time scales across
the mixing layer are shown in Fig. 19. Once the mixing
layer transitions into the nonlinear phase (¢/7. > 12.6), the
mechanical time scale profiles are approximately constant
across the mixing layer (|z/ k| < 0.5) for all times. Similarly,
the scalar time scale profiles are approximately constant across
the mixing layer only after the flow becomes transitional
at t/t. ~ 17.3. The mechanical-to-scalar time scale ratio is
[15,56,59]

T, K
R=2"_92_"
T, €

; (38)

U >

where Eqs. (35) and (37) give Cy =R/2 and C, =
R(3 + +/Ve InSc/K)/2, respectively. Profiles of R are shown
in Fig. 20: R is approximately constant across the mixing
layer except near the layer boundaries, indicating that the
algebraic closure (37) is a good approximation for this flow
[60]. The profiles in Fig. 20 show a continuous increase in R
with time (and Re;). Many mixing models assume that this
ratio is constant, with a value R ~ 2 [32,44,58]. At the latest
time in the simulation, R ~ 0.9—1.3 across the layer, which
is considerably lower than the predicted values R ~ 2.0—2.2
using a spectral relaxation model developed for reacting flows
[56]. At earlier times, the DNS gives 0.3 < R < 0.5.

Profiles of the exact and closed heavy-fluid mass fraction
variance destruction [using the algebraic model (37)],

_ _ 7S

D’ =pes=2px=2C; ————,
qu\ﬁw

2¢ e 2

(39)
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FIG. 19. Profiles of the (a) mechanical time scale t,, and (b) scalar
time scale 7, at various dimensionless times.

are shown in Fig. 21. At early times (¢/f, < 12.6), the model
exhibits adequate agreement with the DNS profiles. As the
mixing layer becomes more turbulent, the agreement im-
proves, as seen at t/t, = 25.1 and 37.9. The detailed structure
is not well captured by the model, exceptatz/¢, = 25.1. Using
the model (35) instead gives similarly good agreement with the
data. The evolution of the coefficient C, (Re;,) used to construct
the model profiles is shown in Fig. 25.

The fidelity of a RANS model may be improved by solving
a transport equation for x rather than using an algebraic model
(35), as adopted in many reacting flow studies [30,54,56,61].
The y transport equation (like that for €) contains higher-order
correlations which cannot be closed by gradient diffusion, and
similarity must again be invoked. The mean production of x
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is closed by [62,63]
Pt = —2Dp amy 8u/j’ am,

Bxi 8x,~ a.Xj
C e € (9ni 2
x0 JSc K an

on 2
BN _<8121> , (40)

where C,( is a dimensionless coefficient and o,, has been
absorbed into C,. Using the estimate D; ~ v, the Schmidt
number scaling follows from requiring the orders of magnitude
to agree for the exact mean production and its closure

_ a1\ e w(Am)* uy,
PX ~ D =~ 27 TR
n TP ’( 9z ) k"~ o

El

which gives f = Sc™ (mms/Am)(h/Ay) = (Mims/Am)/
V/Sc. Profiles of the exact and modeled heavy-fluid mean mass
fraction variance gradient production are shown in Fig. 22.
The model agrees well with the exact profiles, including the

001} --DNS
(b) IG —Model
0.008 -
Q
Q 0.006
~~
”n
Q 0.004
0.002 -
-06 -04 -02 O 02 04 06
z/h
x10° ‘ ‘ ‘ ‘ ‘
.- DNS
d
8 ( ) P} — Model|
Pl
7 ':: i
6r ¢ s
4 Kl
5 , :
5 %)
\ ~ H
a4l
Q
3r A
‘l
2 L *,
1+
-06 -04 -0.2 0 02 04 06

z/h

FIG. 21. Profiles of the heavy-fluid mass fraction variance destruction DS normalized by D, = p./t. and its similarity closure (39) at (a)

t/t. =5.13, (b) 12.6, (c) 25.1, and (d) 37.9.
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FIG. 22. Profiles of the heavy-fluid mass fraction variance dissipation rate mean production P normalized by P. = p./t? and its similarity

closure (40) at (a) t/t. = 5.13, (b) 12.6, (c) 25.1, and (d) 37.9.

complex variations in the spatial structure. The oscillations in
the model at later times are due to the gradient computed over
the wide mixing layer with low effective resolution.

The mean production P} represents only a small fraction
of the production of x, as the turbulent production P/ is the
dominant production mechanism. Similarly, the destruction of
x by molecular processes is also attributed to the fine-scale
velocity fluctuations driving molecular mixing. In analogy
with the closure of D¢ — Pf, the difference of the turbulent
destruction and production terms is modeled as [63,64]

" " "
dm'| dm/ u’;

pr—pr =2 p( 2 o
r p 8xj ax,- Bx,-

Bx,- 8)Cj

_ X €
= Rer,OX<CX2§ - C)(3E>v (41)

where C,, and C,3 are associated with DX and P/, respec-
tively. The v/Re; scaling follows from requiring that the orders
of magnitude agree for the exact turbulent production and its

closure

=2 2.2
0 X po D" m
PZX ~ f ~ f rms

s a

so that f = Re;Sc(An/A)? ~ +/Re,. Similarly, requiring the
orders of magnitude to agree for the exact turbulent destruction
and its closure

2

rms

7 D
pr~ pPXE  EDm

K (h Am)?

gives f ~ +/Re,. Profiles of the modeled and exact P and D*
are shown in Figs. 23 and 24, respectively. While the modeled
DS shown in Fig. 21 is valid for #/t. > 5.13, the turbulent
production and destruction closures do not capture the flow
physics until the transition to a preturbulent nonlinear stage at
t/t. ~ 12.6. Both models fail to reproduce the structure of the
DNS profilesat# /¢, = 5.13. However, once turbulence ensues,
the P/ and DX closures agree very well with the DNS.

The evolution of the similarity coefficients for the S and
X transport equations is shown in Fig. 25. The coefficient
C,o increases rapidly during the transient period, reaching a
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FIG. 23. Profiles of the heavy-fluid mass fraction variance dissipation rate turbulent production P/ normalized by P. = p./t? and its

similarity closure at (a) /¢, = 5.13, (b) 12.6, (c) 25.1, and (d) 37.9.

maximum of ~9.3 at t/z. ~ 20, and then decreases to ~6.8
at the latest times. Both C,, and C, 3 increase from small values
and nearly plateau beyond ¢/¢. ~ 20 at values ~ 0.45 and
~0.72, respectively. The coefficient C,, decreases from a large
value and varies relatively slowly beyond ¢ /¢, ~ 20, attaining
~1.30 at the latest time. An implication of the time evolution
of C, is that the quantity governing the mixing rate x is
not steady, as often assumed [33,44,58]. Instead, there is a
Reynolds number dependence over the flow evolution. Tables
IT and III give the latest-time and time-dependent values of the
coefficients C,, Cy, Cy2, and C,3 , respectively.

IV. DISCUSSION AND CONCLUSIONS

A 1152 x 760 x 1280 DNS dataset [2] corresponding to a
model of a water-channel Rayleigh-Taylor mixing experiment
[3] was used to obtain and optimize coefficients for a three-
equation K-e-S or four-equation K-€-S-x RANS model that
generally provides a high degree of correlation between the
exact terms and their gradient-diffusion or similarity closures
a priori. In this data-driven approach, an L, norm [see Eq. (4)]
minimization procedure between the exact and closed terms

was used to compute Reynolds number-dependent turbulent
Schmidt numbers and similarity coefficients. Correlation and
amplitude coefficients, » and a [Egs. (5) and (7)], given in
the Appendix were computed for each pair of exact and
closed terms to quantify how well the shapes and the values
of the profiles agreed, respectively. Profiles were compared
at dimensionless times, t/t. = 5.13, 12.6, 25.1, and 37.9
[corresponding to Reﬁ = (hdh/dt)/v =47, 352, 1620, and
2666], representative of the linear, nonlinear transitional,
strongly nonlinear, and weakly turbulent flow regimes [1,2,53].
The model profiles exhibited increasing intermittent spatial
variations as the Reynolds number increased, due to the
decreasing number of turbulent structures over which averages
are computed. Only terms contributing significantly to the
budgets of the transport equations were examined.

An extension of the Boussinesq model that includes contri-
butions from mean density and pressure gradients [Eq. (15)]
was shown to adequately predict the diagonal Reynolds
stresses. Gradient-diffusion models for the vertical turbulent
fluxes pgp,w” [Eqs. (25)—(27)] and pressure fluxes [Eqs. (31)
and (32)] in the turbulent transport terms were examined with
their corresponding turbulent Schmidt numbers determined
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closure at (a) /1. = 5.13, (b) 12.6, (¢) 25.1, and (d) 37.9.

by the L,-norm minimization. The shapes and magnitudes of
the exact and closed turbulent fluxes were in good agreement
(modulo late-time oscillations in the models). The locations of
maxima and minima were also in good agreement, except at the
latest time. Over the times considered, o and o, exhibited the
most variation. On average, 0,, 0k, 0, and o varied the least
over the evolution. Following the transient in o, (¢/1. = 17.3),
these coefficients varied from =~ 0.07 to 0.15. In general, both
r and a increased rapidly to near unity over ¢/t, ~ 2.6—17.3
and then slowly decreased to =~ 0.8—0.95 for ¢/t, = 17.3,
indicating good agreement. The shapes and magnitudes of the
exact and closed pressure fluxes [27] were also in generally
good agreement, together with the locations of the maxima
and minima. The coefficients C,, and Cj, changed sign at
t/t. = 7.19 due to the qualitative change in the flux profiles at
this time [1]; C), attains a maximum at #/f. ~ 12.6 and then
decreases to ~ 0.22 at late time, while C¢,, varies less with
time. Both r and a are small at early and intermediate times,
reaching 0.9-1.0 for ¢ /7. 2 17.3, indicating that the pressure
flux closure is more applicable to the large-Reynolds-number
regime. The use of variable turbulent Prandtl and Schmidt
numbers here is similar to the two-equation turbulence model

with variable turbulent Schmidt and Prandtl numbers for
scramjet supersonic mixing applications [65-67].

Similarity models for the production and destruction terms
(33)—(35) and (39)—(41) in the dissipation rate equations were
examined with their coefficients determined by the L;-norm
minimization. These models capture both the shapes and
values of the production terms Pf, Pj, and P/ quite well
(except for P/ at the earliest time). Similarly, the shapes
and values of D—Pf, D5, and D* are also captured quite
well by the models (except for DX at the earliest time).
The models capture the maxima and other variations in the
profiles accurately, yielding r,a ~ 1 for t/t. 2 10.1. Both
Ceo and C., increase fairly rapidly to maximum values at
t/t. ~ 17.3 and then decrease relatively slowly. Both C, and
C,» increase from small values and nearly plateau beyond
t/t. ~ 20. The coefficient C, increases rapidly, reaching a
maximum at ¢/f. ~ 20, and then decreases. The coefficient
C, 3 decreases from a large value and varies relatively slowly
beyond ¢/t. ~ 20, attaining ~1.30 at the latest time. This
study does not provide an optimized value of C.; in the
similarity model Pf = C.i(e/K)PX; however, a standard
value C; = 1.44 may be a reasonable choice. A summary
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FIG. 25. Evolution of optimal similarity coefficients for the S and
X transport equations.

of the late-time coefficient values is given in Table II, and
the Reynolds-number-dependent coefficient values are given
in Table III.

The present study suggests a RANS model for small-
Atwood-number, intermediate-Reynolds-number Rayleigh-

TABLE 1I. Constant coefficients for the a priori optimized
K-e-S-x transport model for Rayleigh-Taylor turbulence proposed
in the present study. An asterisk (x) or dagger (f) indicates that
the coefficient is slightly increasing or decreasing at late time,
respectively.

Coefficient Closure Value
C, Turbulent viscosity 0.09

cym Reynolds stress 7y, 2.021
Cffm) Reynolds stress 7, 3.02*
Cfm) Reynolds stress 733 2.63f
o, Turbulent flux of p’ 0.08*
ok Turbulent flux of K 0.09*
o, Turbulent flux of € 0.10f
Cou Pressure flux of K 0.23

Cs, Pressure flux of € 0.10
Om Turbulent flux of m{ 0.08*
os Turbulent flux of S 0.07*
oy Turbulent flux of x 0.15*
Ceo Buoyancy production of € 1.44

Ceo Turbulent dissipation of € 2.32f
C, Turbulent dissipation of § 0.51*
Cyo Mean production of x 6.77

Cypo Turbulent dissipation of x 1.30
Cys Turbulent production of x 0.721

PHYSICAL REVIEW E 96, 063111 (2017)

Taylor driven mixing based on the mean momentum and
heavy-fluid mass fraction equations,

d T d ~ _ Bp n 85,‘]' 8‘El'j (42)
U U =pgi —_— =
o ax, ) TP T 0w T exy T oy

J

(0 L 0\ - 0 8m1 43)
—_— u; — m = —

P Jat fax,- ! 0x; Sc Om Bx]

coupled to the four turbulence equations,

_ d _ e\ 0K
—pet+ —||lu+—)—| 4
0x; og /) 0x;

(9 . 0 € v 0dp Ip
pl—=+u;—)e=—-Cq
ot 0x; K o, 0 Bx, ax,
3’1,7,‘ 562
—Ca—=tj— —Car—
K an K

d _ M\ Oe€
+—|(m+ )= w@s
0x; |:(,u 0’:)3in| 45)
d 9 e (9"
+ S=2——) -2
<8t i 0x; > Um(axj> px
a w N
+——[<ﬁ+iﬁ)——} (46)
0x; [ \Sc o5/ 0x;
(9 L 9 Mt iy ?
4y —
P at ! 0x; N VS K 8xj
— X €
Rel P X <C)(2 E - Cx3 ?)
a w d
+—{<ﬂ+ﬁﬂ—l} (7
ox; [\Sc o,/ dx;
with coefficient values given in Table II, of =
ok/(1 = Cp) =0.17, and o =0c/(1 — C;,) = 0.11. The
turbulent viscosity is (2) and the Reynolds stress is modeled
using the buoyancy-generalized model in Eq. (15). The pairs
(K,e) and (S,x) provide a mixing model describing both
mechanical and scalar mixing, respectively. A three-equation
model in which x is modeled algebraically by Eq. (35) pro-
vides a simpler alternative model. Such models are analogous
to those used in turbulent nonpremixed combustion, in which
the scalar progress variables are the mixture fraction variance
and its dissipation rate [54,55]. Equations (44) and (45) were
used in a reacting mixing layer study [9]. Equation (47) is
similar to the equation used in the context of a second-order
closure for momentum and passive scalar transport [5,15,68],
except that the gradient-diffusion model is used here for the
turbulent diffusion [63], rather than the generalized gradient-
diffusion model, and the shear @duction P/ isneglected here.
A K-€-T’?-e7 model (where T’2 and er are the temperature
variance and its dissipation rate) was formulated for turbulent

convection [69,70], and a K-e-T’?-e; model was used to
investigate turbulence effects in buoyant diffusion flames [71].
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TABLE III. Gradient-diffusion and similarity coefficients obtained from the optimization procedure applied to the turbulent fluxes and

higher-order correlations from the DNS.

t/t. Re, Re(z=0) C{'""M P ¢ o, ox 0. Cu C5 ow o5 0, Cao Ca Cy Cyp Cp  Cy
0 44 0.0 0.00 000 000 031 7.14 >10 0 031 040 041 >10 1.06 0.01 042 =100 0O
0.85 5.8 0.3 000 046 021 022 052 055 <—1 <—1 022 026 027 038 1.17 0.10 0.76  5.15 0.02
1.71 9.0 0.6 000 057 041 0.19 024 044 <—1 <—1 0.19 020 0.17 0.62 1.82 0.17 0.87  3.14 0.04
257 14 1 0.17 074 066 0.18 0.11 035 <—1 <—1 0.8 0.15 0.12 0.76 2.21 0.18 1.08  2.54 0.09
5.13 47 5 066 1.18 1.16 0.13 0.08 026 <—1 —0.87 0.13 0.10 0.13 0.99 2.42 0.15 2.33 271 024
7.18 104 13 087 133 142 0.11 0.0 030 —0.71 —0.1 0.11 0.08 0.19 1.09 2.44 0.14 3.63 242 035
10.1 222 38 .12 148 1.86 0.09 0.12 034 030 0.08 0.09 0.08 029 1.26 2.54 0.18 506 223 0.55
12,6 352 62 121 177 228 0.08 0.11 025 049 0.12 0.08 0.07 025 146 2.66 024 6.18  1.93 0.66
149 508 69 133 261 290 0.08 009 0.17 044 0.14 0.08 0.06 0.17 1.65 2.74 031 748 173 0.70
17.3 706 76 1.70 477 359 0.07 0.08 0.12 031 0.15 0.07 0.06 0.13 1.70 2.80 0.38 895  1.69 0.72
20.0 948 90 257 516 430 006 0.08 0.10 024 0.17 0.06 0.05 0.10 1.61 2.77 040 934 178 0.71
22.5 1260 115 296 502 436 006 007 0.10 022 0.18 0.06 0.05 0.09 1.52 2.77 0.41 8.84  1.77 0.69
25.1 1620 154 288 442 400 006 007 0.09 021 0.19 0.06 0.06 0.09 145 2.66 042 819  1.71 0.71
274 1905 194 278 431 372 007 007 009 021 023 0.07 006 0.09 143 2.6 043 7.84 164 0.71
20.8 2190 260 2,60 349 342 0.07 008 0.09 022 0.13 0.08 0.07 0.09 142 2.59 045 745  1.54 0.72
325 2362 345 246 400 322 008 009 0.09 023 0.12 0.08 0.07 0.13 144 244 048 7.18  1.40 0.73
351 2507 414 202 302 263 008 009 0.10 023 0.10 0.08 0.07 0.15 1.44 232 051 677 130 0.72

An important conclusion of this study is that, contrary to the
implicit assumption of large Reynolds number and statistical
isotropy embodied in gradient-diffusion and similarity closure
models, very large Reynolds numbers are not required in
Rayleigh-Taylor flows to achieve good agreement with such
models. It was also demonstrated that standard gradient-
diffusion and similarity closures are remarkably accurate a
priori at late times, provided that turbulent Reynolds number
scalings are incorporated into the closures of the turbulent
production and destruction in the mass fraction variance
dissipation rate equation.

The model equations proposed here are likely to apply to
other Rayleigh-Taylor unstable flows, but the optimized model
coefficients are specific to the DNS data set analyzed here. For
example, the early-time calibration of the model embodies the
details of the initial conditions particular to the experiment

modeled using the DNS [2]. The late-time calibration is also
consistent with the relatively large value of o measured in
the experiment and will change if experiments with initial
spectra different from the ones considered here are modeled
(which may be consistent with a different late-time value of «).
While the coefficients vary most during early times when the
production-to-dissipation (and destruction) ratios are largest,
the closures nevertheless capture both the shape and magnitude
of the DNS profiles reasonably well. As in the case of subgrid-
scale model assessment for large-eddy simulation, good a
priori predictions of a model do not necessarily imply equally
good a posteriori predictions. The a priori optimized models
suggested here are investigated a posteriori in a companion
paper. The DNS data presented here can be used to motivate
the development of small-Reynolds-number modifications of
the closures to further improve their early-time predictions.

TABLE IV. Correlation coefficients r for the generalized Boussinesq, turbulent flux, and similarity models.

t/t. C{M P P o, ok e Cu Cy 0w 05 0, Cao Ca C Cu  Cpo o Cp
0 .00 - 1.00 —0.18 0.12 002 - - =018 091 094 052 091 050 079 -012 -
085 025 —095 —072 049 056 094 059 0017 049 095 099 070 048 0.69 090 —059 —0.62
171 —0.17 —096 —0.86 093 052 098 077 052 093 099 099 084 071 082 092 —0.80 —0.83
257 —087 —093 —0.69 100 078 096 083 0.76 1.00 1.00 097 091 088 094 094 —087 —0.87
513 —0.89 —050 074 099 099 093 083 090 099 098 081 098 099 089 098 —007 —0.86
718 —0.81 —052 086 098 098 088 063 089 098 095 072 098 1.00 086 099 051 —0.79
101 059 —059 088 094 098 090 054 073 094 090 0.68 098 100 088 095 074 033
126 085 041 089 087 098 096 084 037 087 093 085 096 099 091 096 093 096
149 092 053 094 090 098 096 086 072 090 095 093 097 098 092 096 097 099
173 093 048 095 095 097 097 083 083 095 096 093 098 099 096 099 098  0.99
200 094 043 095 093 092 096 085 091 093 097 096 099 098 098 098 098  0.99
225 091 037 092 089 093 093 089 095 088 097 097 1.00 098 099 098 098  0.99
251 081 038 088 086 094 093 08 097 08 096 095 1.00 098 099 096 098  0.99
274 077 039 088 087 093 094 089 097 087 093 097 1.00 098 099 097 097 099
298 080 036 091 091 090 095 089 098 091 095 097 1.00 098 098 095 098 099
325 086 043 094 093 087 095 087 097 093 096 085 099 096 096 097 096  0.99
351 074 047 084 086 087 095 087 098 086 0.88 085 098 096 094 093 096 099
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TABLE V. Amplitude coefficients a for the generalized Boussinesq, turbulent flux, and similarity models.

PHYSICAL REVIEW E 96, 063111 (2017)

t/t. c{"V PP 6, ok oo Cp C5 0w 05 oy Co Ca C;  Cu Cup  Cp
0 0.67 00 0.67 0.74 0.07 0.19 - - 074 086 093 0.00 091 077 083 034 0.00
0.85 0091 346 0.73 090 041 091 046 002 09 094 098 0.80 071 084 093 073 0.13
1.71 1.10 107 0.79 098 045 093 054 052 098 098 097 089 087 093 093 0.73 0.18
257  1.09 48.9 0.87 1.00 072 0.89 0.78 076 1.00 099 096 094 094 097 094 076 031
5.13  0.96 17.5 0.97 1.00 096 082 082 09 100 097 080 099 099 09 098 096 0.62
7.18 1.01 18.1 0.96 1.00 096 0.78 0.63 088 1.00 094 071 099 1.00 099 099 097 0.75
10.1  1.10 16.2 0.95 099 097 085 054 074 100 08 069 1.00 1.00 099 099 095 090
126 1.10 9.14 0.95 098 097 097 084 033 098 091 08 099 1.00 099 09 096 097
149 1.03 3.92 0.97 098 098 096 086 076 098 092 092 099 1.00 099 099 097 0098
173 1.02 2.05 0.98 099 096 098 082 082 099 095 09 1.00 1.00 099 099 098 099
20.0 1.02 1.70 0.98 099 091 095 08 08 099 095 09 1.00 1.00 1.00 099 099 099
225 1.05 1.80 0.98 098 092 090 09 089 097 09 098 1.00 1.00 1.00 099 099 099
25.1  1.10 1.84 0.96 097 093 091 09 101 098 097 095 1.00 1.00 1.00 099 099 1.00
274 1.11 1.68 0.96 098 092 092 089 098 099 09 097 1.00 1.00 1.00 099 099 1.00
29.8 1.10 1.45 0.96 099 090 095 088 100 099 093 097 1.00 1.00 1.00 0.99 0.99 0.99
325 1.06 1.24 0.97 099 087 09 08 093 098 095 084 1.00 099 099 099 098 099
35.1 1.18 1.50 0.92 098 088 095 085 1.01 098 09 084 1.00 099 099 099 098 099
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APPENDIX: CORRELATION AND AMPLITUDE
COEFFICIENTS

The correlation and amplitude coefficients corresponding
to each gradient-diffusion and similarity closure model are
given at various times in Tables IV and V, respectively.
The generalized Boussinesq model (15) generally captures
the shape and magnitude of u”2, v”2, and w”? well, with the
exception of the first time, as seen in the evolution of the
correlation and amplitude coefficients. Beyond #/¢, ~ 7.18,
r ~0.75-0.94 for Cy''V, r ~0.37-0.58 for C7***, and
r ~ 0.84—0.95 for CfS‘”), showing that u””2 and w”? correlate

with the DNS relatively well, while V2 generally does not
correlate as well. Similar trends are seen in the amplitude

coefficients, with a ~ 1.02—1.18 for CSIH), a~124—-1.84

for C$**?, and a ~ 0.92—0.98 for € for /1. > 7.18.
The turbulent flux closures shown in Figs. 7-11 show

favorable agreement beyond ¢/z. > 5.13, with r,a > 0.9 at

most times. At the latest times (¢/¢. = 29.8), r and a decrease,

which is attributable to the increase in oscillations in the

required to construct the closures. To reduce these oscillations,
alocally weighted, linear, least-squares regression [72,73] was
applied to a 51-point stencil to filter the mean profiles before
calculating gradients.

Before the early-time nonlinear transition at /¢, ~ 12.6,
both pressure flux closures shown in Figs. 13 and 14 capture
the pressure transport given negative values of C,, and
C3,- During the nonlinear transition, ¢/ ~ 7.18—10.1 for
K and t/t. = 10.1—14.9 for €, the correlation between the
model and DNS substantially decreases. The model for the
pressure transport of K is adequate after the transition, while
the model for the pressure transport of e exhibits better
agreement at t/t. > 25.1, due to the negligible flux of €
away from the mixing layer boundaries that the model must
capture.

Similarity models for the buoyancy production and turbu-
lent production and destruction terms exhibit good agreement
with the DNS after #/¢, = 5.13. The algebraic closure for
x agrees well with the DNS over all times when using the
time-dependent values of C,. Similarly, P shows excellent
agreement with the DNS over all Reynolds numbers. The tur-
bulent production and destruction terms poorly correlate with
the DNS until /¢, & 12.6, after which turbulent fluctuations
become more important, and the closures accurately reflect the
flow physics.
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