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Maximum of an Airy process plus Brownian motion and memory in Kardar-Parisi-Zhang growth
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We obtain several exact results for universal distributions involving the maximum of the Airy, process minus
a parabola and plus a Brownian motion, with applications to the one-dimensional Kardar-Parisi-Zhang (KPZ)
stochastic growth universality class. This allows one to obtain (i) the universal limit, for large time separation,
of the two-time height correlation for droplet initial conditions, e.g., Coo = limy, /400 h(tl)h(tg)c/h(tl)zc, with
Co ~ 0.623, as well as conditional moments, which quantify ergodicity breaking in the time evolution; (ii) in
the same limit, the distribution of the midpoint position x(#;) of a directed polymer of length #,; and (iii) the
height distribution in stationary KPZ with a step. These results are derived from the replica Bethe ansatz for
the KPZ continuum equation, with a “decoupling assumption” in the large time limit. They agree and confirm,
whenever they can be compared, with (i) our recent tail results for two-time KPZ with the work by de Nardis and
Le Doussal [J. Stat. Mech. (2017) 053212], checked in experiments with the work by Takeuchi and co-workers
[De Nardis ef al., Phys. Rev. Lett. 118, 125701 (2017)] and (ii) a recent result of Maes and Thiery [J. Stat. Phys.

168, 937 (2017)] on midpoint position.
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Stochastic processes, such as the Brownian motion, are
useful unifying mathematical tools to describe the universal
behavior of complex systems. In recent years, the Airy,
process, introduced in [1], appeared in several contexts in
physics and mathematics. Its simplest definition (see e.g., [2])
involves the Dyson Brownian motion (DBM) [3]: consider a
large Hermitian random matrix H whose independent entries
(both real and imaginary parts) perform independent stationary
Orstein-Ulhenbeck processes (i.e., Brownian motions equi-
librated in a harmonic well). The Airy, process describes
the evolution of the largest eigenvalue of H (centered and
scaled). The Airy, process appears as a limit process in directed
last passage percolation [4], nonintersecting Brownian bridges
[1,4-10], random tilings [11], interacting particle transport in
one dimension (1D) [12,13], quantum dynamics of fermions
[14-16], and stochastic growth models, either discrete [1,17]
or the continuum 1D Kardar-Parisi-Zhang (KPZ) equation
[18,19] (for areview, see [20-22]). In fact, the Airy, process is
a hallmark of the very broad 1D-KPZ universality class, which
arises in all these models.

Models in the 1D-KPZ class usually allow for the definition
of a height field h(x,t), which undergoes stochastic growth.
The prominent example is the continuum KPZ equation [18],
where h(x,?) is an interface height at point x € R, evolving as
a function of time ¢ as

dh(x,t) = vO2h(x.1) + %[axh(x,t)f +VDE(x,t) (1)

driven by unit white noise &(x,7)&(x’,t') = §(x — x)8(t — t').
For the curved (i.e., droplet) initial condition (IC) it is known
(in some cases proved) that it converges at large time t — +00
(rescaled and centered) to [1,4,22,23]

(T VP harop(x,1) — voot] = As(R) — #2, = A=—r

where A,(%) is the Airy, process, as an identity between
processes (i.e., as X is varied). Since A4, is stationary (statistical
translational and reflection invariant in £) the —%2 term
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embodies the mean parabolic profile. We use units such that
the nonuniversal constants ' = A =1, i.e., Ao = D = 2 and
v = 1 for the KPZ equation (1), and set vo, = 0 (upon a shift of
h). The equilibrium measure of the DBM being the Gaussian
unitary ensemble (GUE) measure for H, the fluctuations of
the Airy, process, hence of the KPZ height from (2), at any
given point, e.g., x = 0, is the Tracy-Widom (TW) distribution
for the largest eigenvalue of a GUE random matrix [24]. Its
cumulative distribution function (CDF) is explicitly known as
a Fredholm determinant

Prob [Ax(0) < o] = Fs(0) = Det(I — P, Ka), (3)

where Kai(u,v) = f0+°° dy Ai(y + u)Ai(y + v) is the Airy
kernel, P, being here the projector on [o, + oo[. Furthermore,
from properties of the DBM, the Airy, process is determi-
nantal, i.e., any p-point joint CDF (JCDF) of A,(%) can be
written as p x p matrix Fredholm determinants, in terms of an
extended Airy kernel [1,20].

Although much studied, and fully characterized by its
determinantal structure, important open questions remain
about the Airy process, with applications to the 1D KPZ class.
First, for more general initial conditions #(x,z = 0), the value
at a given point, e.g., x = 0, is obtained from the variational
problem [25,26]

t7'31(0,1) >~ max[A>(9) — 97 + ho()] 4)
y

when a limit exists for the rescaled IC hy(P) >~
t~13n2%3%,0). Droplet subclass ICs correspond to hy(0) =
0 and hy(9) = —oo for § # 0, recovering (2), while flat
subclass ICs correspond to ho(¥) = 0. The CDF of h(0,7)
and of the argmax in (4) (i.e., the end-point distribution of
a directed polymer; see below) for flat IC, and other results
such as intermediate classes of IC, have been obtained from
exact solutions of models in the KPZ class at large ¢, or from
powerful methods directly on the Airy process which allow
one to treat a large class of hg [20,23,26]. The latter, however,
do not readily extend to random initial conditions, such as the
Brownian IC, related to the important stationary KPZ subclass.

©2017 American Physical Society
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FIG. 1. Two directed polymers in a random potential with fixed
end points, starting at (x,0), ending, respectively, at (0,#,) and (0,2,).
Minus their free energies maps to KPZ heights 4(0,#,) and /(0,t,)
with droplet initial condition centered at x. The PDF of the midpoint
y, and the correlations between 4(0,¢,) and h(0,t,) are obtained here
exactly in the limit t;,A = % — 4o00.

The aim of this Rapid Communication is to study some
properties of the optimization problem

m}le[Az()?) — 52+ V2Bl (5)

where B(y) is the two-sided unit Brownian motion. Equation
(5) defines A, (0), the Airy process associated to the station-
ary KPZ equation, at ¥ = 0. We first describe our three main
results and applications, then give an explicit formula, and
finally sketch the replica Bethe ansatz method.

Our first result is the probability distribution function (PDF)
of the position ¥,, of the maximum in (5), i.e.,

S = argmax[Ax(9) — 5 + V2B(9)] 6)
ye

This distribution arises in the midpoint probability of a directed
polymer (DP) in the white noise d = 1 4 1 random potential &.
Recall that the partition sum Z(x,¢|y,0) of continuum directed
paths from (y,0) to (x,#) defined as

x(t)=x

Z(x,t]y,0) :=/ Dix ¢~ i drl1/4@x/de P —VE )Tl (7

x(0)=y

equals ¢"*" where h(x,t) is the solution of (1) with droplet
initial condition (centered at y). Consider a DP from (0,0) to
(0,#,) and ask about the PDF, P;, ,,(y), of the position x(#;) = y
at intermediate time #; (see Fig. 1). In the limit of large times

11,1y, with § = y/(217"),

2(0.0]y,11)Z(y.,1110,0)
2(0,1,10,0)

P, (y)dy = dy — PA(9)dy. (8)

One finds (see below) that as A = 2= — +o0, Py ()

. 1
concentrates on y = ¥, defined in (6), hence

P(3)dy := Pioo(9)dy = Prob (9, € [§.9 +dyD.  (9)

Here we calculate this distribution, which also arises in the
study of the coalescence of optimal paths [27].
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Our second result is the following joint CDF:

G(o1,02) 1= Prob {Ax(0) < 01, max| Ax(§) - $?
ye

+V2B@$)] < o). (10)

It is important in the study of the so-called persistence
of correlations in the two-time KPZ problem for droplet
initial conditions, which exhibits an interesting memory effect,
also called ergodicity breaking [28-32]. Indeed, consider the
rescaled heights at #; and at #, > |, in the limit where both
times are large, with A = (1, — 11) /1 fixed:

f Ph(0.11) = Ax(0),

(E0.0) = max {Am 5
"

s a2
VE] I O A D
#a7 2(5) - 2 |

=~ A3 A50) + max[Ax($) — §°
A 400 PeR

1
+~f28<y>]+0<m), (11
where A, and A, denote two independent Airy processes.
The second line expresses that the height at t, is the sum
of a first contribution from the time interval [0,#;] and the
second from [#;,#,] which, for a fixed intermediate point y, are
independent (see Fig. 1). Optimization over y correlates them.
Obtaining the resulting joint PDF (JPDF) of the two rescaled
heights for arbitrary A is a difficult problem [28,29,32-37]. In
the limit of well separated times, i.e., large A, using that the
Airy process A, is locally a Brownian, one obtains the third
line in (11), where B and A, are independent processes [38].
As is clear from (11), h(0,1;) ~ 1,"°, h(0,t) ~ 1> are quite
different in magnitude (for large #,/¢,), but remain correlated
by the O(tlI / 3) term. To measure this memory effect one usually
defines the dimensionless ratio of the two covariances

h(0,1;)?

which, at large times #,f, — +00, becomes a universal
function C of A. From (11) the latter has a finite limit

C(tl 7t2) =

_ [ doydoroi0:p(01,07)

Coo GUE
Ky

(13)
where p(o1,02) = 5,05,G(01,02) is the JPDF associated to
(10), obtained here exactly (here and below «x5UF is the pth
cumulant of the GUE-TW distribution).

Finally, our third main result is the CDF for the height i (x,)
for an IC equal to a Brownian plus a step, corresponding to
arescaled IC hy(9) = «/EB()?) -H sgn(y). It will be relevant
for any KPZ system where two half spaces, each stationary,
are put in contact at # = 0, with a mismatch in height 2H¢'/3.

Before displaying our explicit formula, it is important
to recall some known results about the stationary KPZ IC
subclass, which corresponds to hy(9) = «/EB()?) where B(x)
is a two-sided unit Brownian (d B(x)?) = dx with B(0) = 0.
It is realized, e.g., by the solution hgyu(x,?) of the KPZ
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equation (1) with a unit two-sided Brownian initial condition
h(x,t = 0) = By(x) [39] as

17 R (1) 2 Aguae(£) (14)
= max| Ap() — £) = (9 = )” + V2B()],
(15)

where here the last equality is only at fixed X (not as a process).
Let us now define the two functions

+o00
B, (v) = /3w _ f dy Ai(v + y)e*”,
0

+00

Li(o)=0—1—%* +/ dv[l — By (v)B_z(v)]. (16)

o

It is known that the one-point CDF of the A, process is given
by the extended Baik-Rains distribution [20,25,40—-45], which
has the following exact expression:

Prob [Agu(£) < 0] =: Fo(o — £°.2) = 0,[F2(0)Y:(0)]
(17)
in terms of the auxiliary function
Yi(0) =14 Lg(0) — Tr[ P Kai(I — Py Ka) ™' P B_: B |
(18)

where we denote ABT the projector ABT (u,v) = A(u)B(v).
For £ = 0, the function Fy(0,0) = Fy(0) = 0, [F2(0)Yp(o)] s
the CDF of the standard Baik-Rains (BR) distribution Fj.
The PDF of argmax. We now display our first result. Let
H(%) = Prob($,, > %) be the CDF of the position J,, of the
maximum defined by (6). Our method, detailed below, gives

H(—%) = / do F>(0){Y:(0)Tt[(I — PoKa) ™'

x P, (Al + £AD)AI"]
+ (Tr[(I — PoKa) ™' P,AIBL] - 1)
x Tr[(I — Py Ka) ™' P (Al + £ADB’; ]}, (19)

where A’ is the derivative of the Airy function. Interestingly, in
arecent work, Maes and Thiery [46] noted that the distribution
of argmax ¥, can be related, using the fluctuation-dissipation
theorems (FDT), to the variance of the height in stationary
KPZ, defined as

g®) = (0% ps — (05 1 (20)

where (O(0))r, 2 = fdo 0(0)d, Fo(o — £2,%) denotes an
average over the extended Baik-Rains distribution, which is
an even function of x. Note that the second term is simply
— (o)%o’ .= —%*. As a consequence of [46], the scaled PDF of
the midpoint probability is predicted as

P@) =—H'®) = frez(®), fxrz(P) = 1g"(H), (21

where the notation fxpz(9) for the second derivative of g in
(20) was introduced in the context of the polynuclear growth
model and totally asymmetric exclusion process models [47].

It is thus important to check whether our result (19),
obtained through an independent and completely different
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route, agrees with this prediction. Using the identities [48]
3 Y:(0) = (Tr[(I — P, Ka) ™' P, AIBL] — 1)
x (Tr[(I = Py Ka) ™' P-AIB ] — 1),
3y Fo(0) = Tr[ P, (I — P, K) "' P, AiAIT] (22)

a few algebraic manipulations [48] show that (19) can indeed
be rewritten as

HE) =1-1g®), (23)

where, we recall, g’(£) is odd, and g’'(+00) = £2. Hence our
result (19) provides an equivalent, although different form for
the midpoint probability P(y) = H (). This provides a test of
our method (the decoupling assumption; see below) and of the
FDT for the KPZ problem. Note that the result of [46] extends
to finite time, while our method deals with large times.

Joint PDF of Airy and Airy minus parabola plus Brownian
and persistent KPZ two-time correlations. We now give our
result for the JCDF (10). We find, for oy < o3,

-1
G(01,02) = F(a)Yo(o)Tr[(I — Py, Kai)
X Py, Aig,—q Al ]

02—0]

+ Fx(01)(Tr[(I = P, Ka) ™' Poy Aig,—0, By |
—1)%, (24)

where Ai, (1) = Ai(u 4+ o) and G(o1,072) = Fy(op) for o1 >
0. An extended result for £ # O is displayed in [48]. It is
easy to check [48] the continuity, G(o,0) = Fy(o) using the
identities (22). It is also easy to see that the marginal CDF of
o1, G(oy, + 00) = F»(01), is the GUE-TW and the marginal
CDF of 05, G(+00,07) = Fy(03), is the BR distribution.

We now apply this result to the large time separation limit of
the two-time correlation in the 1D KPZ class. Using integration
by parts one obtains [48]

+00 (o)
(02 — 01)%) 22/ dozf doi[Fy(o1) — G(o1,02)],

(25)

where here and below (---) denotes averages with respect
to p(01,02) = 95,05,G(01,02), the associated JPDF. This
allows us to compute the two-time persistent dimensionless
covariance ratio (13) as

c. — (0201)¢  (o201) (of) + (03) = (02 — a1)?)
T ef) kSR 2B
_ L 6 (o) o6)
Tt g 25VF
_ 2
— 313598 — (279D 66205 £0.0015 (27)

GUE
2K;

using the known GUE-TW and BR cumulants, i.e., (02) =
kBR =0,k OVE = —1.771086 8, k$VE = 0.813 19, and kSR =
1.150 39, and evaluating (25) numerically (see Sec IV.6 in
[48]). Equation (27) compares quite well with recent numerical
simulations and experiments [49,50].

Let us recall our recent study [28,29] and reexamine the
observables defined there, using our new exact results. There
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we defined the variables i := h(O,z‘l)/tll/3 and the scaled
height difference

h:= [1(0,12) — h(0,0)]/(t — 11)'°. (28)

JPDF PA(O'],O') =
derived an

Defining the (unknown) exact
limy, 1,1, (148)> 400 8(h1 — 01)8(h — ), we
approximation of it, denoted Pg) (01,0), conjectured to be
exact to leading order in large positive oy, for any fixed o and
A. Tt was shown in [29] to be a good enough approximation
to fit experiments and numerics in a broad range of values
o1 > (01) = «SYE. Tt is thus of great importance to check
whether our present exact result, valid only for large A, but
for any 01,0, confirms these predictions.

At large times, the height difference, from (11), takes the
form, up to O(A~%3) terms,

h ~ A 0)+ A3 (05 — 01), (29)

where we denote (with a slight abuse of notations) the two
random variables

o1 =A(0), 02 =max[A(5) — $2+V2B3)1  (30)

and we recall that A,(0) is a GUE-TW random variable
independent of the O(A~!/3) term. The first consequence,
averaging (29), is that

_ 1
= KEUE<1 - W) Lo G31)

since (02) = kPR = 0 and (01) = kYF, in agreement with the

general formula for h for any A [see (48) in [28]]. Important
quantities, introduced in [28,29], are the conditional averages
of h, either for a fixed value of h; = oy, Em:ma or, for a value
larger than some threshold 4| = o1 > oy, Eh1:m><m~ From

the above, one predicts

_ 1 1

By—oy == kPVE + m(ﬁz —01)o, + 0<m>, (32)
where the conditional average with respect to p, denoted as

1
(62 - Ul)m =
Fz(al)

+00
/ doyoy — o1)p(or.on)  (33)

can be calculated from (24). For large positive o one shows
from (24) that (see [48] where next order is also displayed)
P(01,02) == =285, K 5i(01,02) — Ai(02) (34)

which leads to, for large positive oy,
(02 — 01)0; = Ryy3(01), (35)

[f;lroo dy Ai(y)]2 - f(:oo dy Kai(y,y)

Ri3(01) = Knor.00)

(36)

which is precisely the prediction obtained in [28]. This is
encouraging evidence that the method of [28] is good enough
to capture, as claimed there, the tail of the two-time JPDF. We
can thus calculate the conditional averages beyond the large
positive o regime. We show in Fig. 2 the leading order of

Ty, = kPUE + ATV305 — 01) 0120, + O(ATH?) (37)
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-4 -2 0 2 4

FIG. 2. Conditional average (02 — 01)4,>0,, (¥ axis) as a function
of o). (x axis), which describes the averaged scaled KPZ height
difference h at large A = % [see (37)]. (i) Orange: exact result
obtained here. (ii) Blue: prediction obtained in [28,29], which
becomes exact for large positive o}, [indistinguishable from (i) for
oy > 0]. The limit o7, — —o0 (unconditioned mean), exact from
(31) and to which our result (i) converges, is the orange horizontal
line at —«SVE = 1.77109.

evaluated numerically [48] from (24), a quantity which can be
measured accurately in experiments and numerics.

Finally, the conditional covariance ratio was introduced and
measured in [28,29]

—
h1h2h| >0

Ca(oye) = == (38)

1hy >0

We obtain here its large A limit,

Cuclore) = % (39)

0]
01>0]¢

a function of oj. which interpolates between Coo(oj. =
—o0) = Co the unconditioned two-time covariance ratio
obtained in (27) and Cy (01, = +00) = 1. It is evaluated
numerically [48] from (24) and plotted in Fig. 3.

Co
1.0r

0.9

2 40 4 Ty g O

FIG. 3. Conditional covariance ratio C(01.), Eq. (39). Orange:
asymptotic prediction for large positive o}, from [28,29]. Blue: exact
result from (24), converging to (27) (orange horizontal line) for
Ol = —OQ.
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We also explored the case where the longer polymer in
Fig. 1 is constrained to pass to the right of 0, y > 0: we find
Co ~ 0.6925, i.e., that the correlations are increased.

Stationary KPZ in presence of a step. Finally, the height
h(x,t) in the KPZ class with a step at x = 0 in the initial
condition, and independent Brownian initial condition on each
side, takes the scaling form at large ¢:

17 Ph(x = 20P%,0) ~ h(®)
= max[ A& — 9) — (& - $)?

+~/2B(y) — Hsgn()].  (40)

Defining G 4(01) = Prob [A(£) — H 4+ 2 < o], we obtain

Gylop) = Fa(or)
X (YX(O'L)E%HTI.[(I - P KAi)ilp‘T"AiZﬂAiT]
+ (Te[(1 - PJLKAi)ilpoiLAiB/g] —1)
» (ez)eHTr[(I _ pGLKAi)flAiz,;BQ] —1)). @41

Method. The method is based on the replica Bethe ansatz,
which led to exact solutions for one-time observables for
various initial conditions [2,43,51-60]. Since it is an extension
of the calculation in [61] we only sketch the idea, with details
in Secs. II and III of [48]. We define, jointly in the same
noise realization, h;(x,t) = In Z(x,t|0,0) and hy g(x,t) the
solutions of the KPZ equation with ICs, respectively, droplet
(1), and Brownian on y < 0 (L) and on y > 0 (R). We define
the joint Laplace transform

81(01,0L,08; %) = ™ Lo=tr B0 (42)

413

with u, = e™"""@~) Tts large time limit gives

8cc(01,01,0r;%) = Gg(o1,0L,08;%)
:= Prob [Ay(—%) < o1,h.(%)
+£% <o hp®) + 2> <og]  (43)
with

hip@®) = max [Ax =)= (=" + V2B (44

containing all desired information (and more). To compute g,
we expand the exponential in (42), and write the joint moments
as quantum-mechanical expectations

[T Zoetye = (xooxle ™ ngning),  (45)
b=1,L,R
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where
n

82
H, = — Z e 2 8(xe — xp) (46)

a=1 1<a<p<n

is the Hamiltonian of the attractive Lieb-Liniger §-Bose
gas model [62], and |n,n;,ng) is a state with n; bosons
at y=0, and ny g in y <0 and y > 0, respectively, with
n =n; +ny + ng. One inserts in (45) the known Bethe ansatz
eigenstates, each consisting of 1 < ny; < n strings (bound
states) of m; > 1 bosons with rapidities A; , = k; — %(mj +
1 —2a),a=1,...,mj,and Z?;l m; = n. For the Brownian
(and flat) IC the overlap of |n.,n;,ng) with any Bethe state
can be expressed explicitly, although as a complicated sum
over products of gamma functions, extending as in [61] the
combinatoric method introduced in [54]. It can be simplified
in the large ¢ limit through the decoupling assumption (which
sets all interstring double products to unity) as done in
[2,54-60]. Summing over the eigenstates becomes possible
and leads to a Fredholm determinant formula for g, given
in [48]. For regularization the calculation includes finite drifts
wr g > 0in the Brownian, and the (delicate) limit w; g = 0"
converts the Fredholm determinant into a final expression for
G:(o1,01,0g;X) given in [48]. Specializing to o, = o = 07
leads to the JCDF G;(o7,0,) for general X, given in [48], which
reduces to (24) for G = G for ¥ = 0. Specializing instead to
01 = 400, one obtains (i) the result (19) for the CDF of the
argmax of Airy minus parabola plus Brownian and (21) for the
limiting midpoint DP probability, from

+00

H(=%) = / doR[0o,800(+00,01,0R; )5, =0
—0o0

and (ii)) the CDF of the KPZ height in the presence of

a step IC: setting op = o + H one obtains Guylop) =

8oo(+00,07 ,0x; ) leading to the result (41).

In conclusion, from areplica Bethe ansatz calculation, using
a decoupling assumption, we obtained several distributions in-
volving the maximum of the Airy process minus parabola plus
Brownian. This leads to exact universal results for two-time
KPZ in the large time separation limit A = % > 1, which
correctly match, and nicely complement, our recent tail results
[28,29] for any A, putting both methods on firmer ground.
Taken together they should also lead to further accurate
comparisons with experiments and numerics in the universal
large time limit, and allow one to test other observables, e.g.,
the effect of the end-point position £ # 0 as predicted here and
in [28].
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L. Corwin, T. Halpin-Healy, S. Majumdar, J. Quastel, and G.
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