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Analytical mesoscale modeling of aeolian sand transport
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The mesoscale structure of aeolian sand transport determines a variety of natural phenomena studied in
planetary and Earth science. We analyze it theoretically beyond the mean-field level, based on the grain-scale
transport kinetics and splash statistics. A coarse-grained analytical model is proposed and verified by numerical
simulations resolving individual grain trajectories. The predicted height-resolved sand flux and other important
characteristics of the aeolian transport layer agree remarkably well with a comprehensive compilation of field
and wind-tunnel data, suggesting that the model robustly captures the essential mesoscale physics. By comparing
the predicted saturation length with field data for the minimum sand-dune size, we elucidate the importance of
intermittent turbulent wind fluctuations for field measurements and reconcile conflicting previous models for this

most enigmatic emergent aeolian scale.
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I. INTRODUCTION

Aeolian sand transport is the process of erratic grain
hopping occasionally observed on a windy day at the beach. It
remains perplexing how the wide variety of distinctive aeolian
sand patterns, from tiny ripples to huge dunes, emerges from
such seemingly chaotic dynamics. The current knowledge
about the grain-scale structure of aeolian transport largely rests
on laboratory and field experiments [1]. Attempts to derive
coarse-grained mathematical models that can rationalize the
observations started with Bagnold’s seminal work in the
1930s [2] and are still the subject of ongoing research
[3-11], for good conceptual and practical reasons. With
average grain trajectories exceeding the submillimeter grain
scale by orders of magnitude, aeolian transport is a typical
mesoscale phenomenon that should be amenable to such
coarse-grained modeling. Moreover, despite growing com-
putational resources, faithful grain-scale simulations remain
forbiddingly expensive, so that also numerical approaches
cannot avoid fairly drastic idealizations [12—-16]. And even
a perfect simulation of aeolian transport would per se, without
a theory, not make the emergence of the various mesoscales
and ensuing sand structures less mysterious.

A radically coarse-grained mean-field model [17]

that maps the whole mobilized grain population
onto a single effective grain trajectory has been
successful in  explaining desert dune formation
[18-21]. Such mean-field approaches roughly account

for the more energetic saltating grains but fail to resolve
the heterogeneity of the transport layer, which contains a
majority of grains that only perform very small hops and
do not eject other grains from the bed [22]. Their less
spectacular transport mode, conventionally referred to as bed
load, reptation, or creep, is however thought to be largely
responsible for ripple and megaripple formation [2,23-27],
which therefore eludes the mean-field approaches. Also
ecologically important processes, such as dust emission, rock
abrasion, and vegetation invasion, are sensitive to the detailed
mesostructure of aeolian transport [4,28]. Finally, an improved
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theoretical model of the aeolian transport layer could help to
infer more information about extraterrestrial conditions from
the limited data obtained by remote sensing [29-32].

In the following, we propose a way to transcend the
usual mean-field approximations and to account, with good
precision, not only for the mean transport characteristics but
also for the substantial heterogeneity and the fluctuations
within the transport layer and in the turbulent wind. Similarly
as in earlier contributions [12,22,33-35], the ballistic kinetics
of an ensemble of wind-blown grains is coupled to the local
wind strength and to the dissipative collisions with the sand
bed. However, as one crucial novel key ingredient, we utilize a
recently proposed analytical model for the grain-bed collisions
[36] that was extensively tested against grain-scale computer
simulations and laboratory experiments. It enables us to
develop a neat analytical description for the whole distribution
of grain trajectories (Sec. II), from which explicit formulas
for various height-resolved observables, such as the grain
concentration and flux, readily follow (Sec. II). In line with
results from earlier numerical work [4,37], the wind strength
is found to affect the transport-layer physics only weakly,
as corroborated by various wind-tunnel studies [1,38—41]. It
enters primarily via “global,” height-integrated quantities and
the total height of the transport layer, which are amenable
to conventional mean-field transport models [17,42-46]. To
validate key ingredients of the analytical modeling, we put
forward dedicated coarse-grained computer simulations that
explicitly resolve the broad distribution of grain trajectories.
The latter turns out to be crucial for a proper analysis of a
large amount of field and laboratory data, as shown in Sec. IV,
where the model predictions are thoroughly tested against
literature data. The field and wind-tunnel data confirm that
the mesoscale structure of the aeolian transport layer is well
captured by the analytical model. On this basis, we can make
a strong case for a proportionality of the minimum sand-dune
size reported in field measurements to the so-called saturation
length for flux transients in heterogeneous wind. As we show,
the relation is somewhat masked by the renormalizing effect of
intermittent turbulent-wind-strength fluctuations that therefore
must explicitly be included in the data analysis. Throughout
the main text, we emphasize conceptual aspects and defer
technical details to six appendices.
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II. ANALYTICAL MODEL

The crux of our approach is to condense the height-resolved
“mesoscale” information about the heterogeneities in the
stationary aeolian transport layer into a simple analytical form
of the hop-height distribution:

Py(h) o T(h)h e "H (1)

Here, T'(h) denotes the hop time for the trajectory of height
h, H is the (wind-dependent) characteristic height of the
transport layer, and the power-law exponent v quantifies the
energy distribution of ejected bed grains. The combination
h™ e "H refers to the probability to find a trajectory of
height h; weighting it with the flight time 7'(h) then yields
the probability that a randomly selected grain in the transport
layer follows such a trajectory. Approximating

T(h)~22h/g 2)

by the free flight time (neglecting vertical drag), with g being
the gravitational acceleration, yields

Py(h) = [HT(3/2 — )] ' (h/H)'* Ve . (3)

The Euler gamma function I' arises upon normalization.

We now provide physical arguments for the proposed form
of Py (h). Near the bed, the transport statistics is dominated
by the large number of ejected grains, whose energies are
log-normally distributed and very small compared to the
energy of the saltating grain ejecting them [36,47]. Their
hop-height distribution is therefore well captured by the
asymptotic power-law relation Py(h < H) o h™" with

v=1-2/In(4?+ 1/1n(2) ~ 1.4, 4)

as shown in Appendix E. In contrast, large hop heights
(h > H) are only reached by the few particles that survive
many bed collisions, and are therefore expected to die out
exponentially. More precisely, the identity of the particles
need not to be conserved in the sequence of jumps, which
may comprise Newton-cradle-type collisions. What matters
is that the grain’s energy and momentum are not dispersed
to many grains and thus increase with the number of bed
collisions. We may then characterize the hop sequence by
the fixed rebound probability Py X Prep(h > a) ~ 0.86 (for
trajectories much higher than the grain diameter a—typically
a few 100 um) and the mean ejection height h_eJ ~ 1la, both
computed from our splash model [36] in Appendix E, yielding
Py (h > hej) o< T(h)e ™" with

H ~ —hej/In Py ~ 72a. (3)

We also note that an alternative explanation for the exponential
tail of Py (h) in Eq. (1) invokes an analogy with the barometer
formula for the concentration of a thermalized gas [48].

To further back up Eq. (3), we performed coarse-grained
computer simulations, as described in Appendix C. The
comparison between analytical theory and simulations in Fig. 1
shows excellent agreement if the transport layer height H
is employed as a free fit parameter that slightly increases
with increasing wind shear stress 7. Figure 1(b) compares
the extracted H(t) with the functional form computed in
Sec. III C. But even a simpler version of the model, which
disregards this weak wind dependence and fixes H to its
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FIG. 1. (a) Coarse-grained numerical simulations (symbols) of
the hop-height distribution Py (%) compared to the analytical model,
Eq. (3) (solid lines), for various wind shear stresses t [10%7/ (0,8a) =
1,1.5,2,2.5 from bottom to top]. The simulation computes the
statistics of the ejected bed grains from the analytical model of
Ref. [36], which yields a power-law distribution for low hop heights
with exponent v = 1.4. The leftinsetis a log-log representation of the
same data, with logarithmic binning widths (data shifted vertically for
better readability). (b) Trajectories reaching beyond the characteristic
height H of the transport layer die out exponentially. While H
was, for each data point, used as a free fit parameter to match the
simulation data, its T dependence is well reproduced by the more
refined calculation in Sec. III C (dashed line).

characteristic value according to Eq. (5), will suffice for many
practical purposes.

The model proposed in Eq. (3) has manifold consequences
and applications. First, note that the hop-height distribution
Py (h) together with the purely ballistic conditional probability
P(z|h) for grains on a trajectory of height & to be found at
height z make up the joint probability Py (z,h) = P(z|h) Py (h)
for grains to be at height z on a trajectory of height 4. Using
Eq. (2) for the free flight time and writing ® for the Heaviside
step function, P(z|h)dz = [2/ T (h)]dt yields

2hP(zlh) = Oh — 2)//1 — z/h. 6)

The ensuing joint probability Py (z,/) then provides us with
the height-dependent profiles

0n(@) = pu f dh Py(z.h), (7a)

jn(@ = pu / dh Py(z.h)v,(z.h), (7b)

dr(2.0) = "7” dh Py (2. h)|v.(z.h)]. (7¢)
I(h)>¢

t0.n1(2) = pi / i / dh PuGDfuEh) (1)

of the mass concentration, the horizontal and vertical fluxes,
and the stress contribution of the sand grains, respectively.
Taken together, these functions allow for a comprehensive
characterization of the height-resolved mesoscale structure of
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the transport layer, so that the underlying model assumptions
can be tested with unprecedented scrutiny. For brevity, we
have introduced some additional notation in Eqgs. (7), namely
the horizontal and vertical components v, (z,h), v,(z,h) of the
mean velocity, and the horizontal component f,(z,h) of the
force (per grain mass) contributed by a trajectory of height
h to the grain-borne shear stress [22]. The common overall
scale factor py = f dzop(z) is the height-integrated mass
concentration in the saltation layer (in units of mass/area). The
factor 1/2 in Eq. (7c) arises because each trajectory contributes
twice to the grain density Pgy(z,h), namely during ascent
and descent, whereas it contributes only once to the local
vertical flux ¢g(z,£), either when ascending or descending.
Also note that we restricted the ensemble of trajectories
in Eq. (7c) to those with total length [(h) > ¢, in order
to make contact with experiments that use horizontal sand
traps to measure the vertical flux ¢y (z = 0,£) through the
sand bed at a downwind distance ¢ from the end of the bed
[1,41,49].
The general form

00 -1/2-v,
/dh K(z,h)Py(z,h) /Z dh K(z,h) S T=Th

of the integrals in Egs. (7) already allows some general
conclusions to be drawn as to how much the distribution and
shape of the grain trajectories matter for a given mesoscale
observable. Namely, the singularity of the denominator for
h — z gives large weight to the corresponding value of the rest
of the integrand. The latter can then be taken out of the integral,
and only the characteristic height H of the transport layer
matters, unless one is specifically interested in the conditions
very near the ground (z/H <« 1). The argument breaks down
if the singularity is accidentally canceled by K(z,k), which
actually happens in Egs. (7¢), (7d); the vertical flux ¢g(z,€)
and the grain-borne stress 7,y(z) are thus sensitive to the
precise h-dependent shape of the short trajectories with
h <« H, while mass concentration and horizontal flux are
not.

To explicitly evaluate the expressions in Eqgs. (7), it is useful
to make a few relatively uncritical simplifications concerning
the shape and kinematics of the grain trajectories. First, as in
Eq. (2), we again neglect the vertical drag for the individual
trajectory, using the free-flight estimate for the vertical velocity
for ascent and descent. The mean horizontal velocity then
follows if the trajectories are approximated as parabolas of
aspect ratio €(h) = h/I(h):

—h/H

®)

v2(z,h) ~ 2g(h — 2), (9a)
Ux(z,h) = ve(h) = I(h)/ T (h) ~ \/2gh/[4€(h)]. (9b)

Marked deviations only occur for the few very long trajectories
with 4 > H. These “flyers” are exposed to the unscreened
wind speed that increases approximately logarithmically with
h. They therefore acquire exceptionally high forward speeds
vx(z,h) and strongly asymmetric trajectories, but have little
effect on typical observables, due to their rare occurrence.
Disregarding them for now, each hopping grain can be said
to be accelerated by the wind drag during most of its flight
time. Since it passes each height z twice, its mean horizontal
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velocity v,(z,h) should thus, to a fair approximation, be z-
independent, as indeed confirmed by numerically solving the
equations of motion of arepresentative hopping grain (see, e.g.,
Ref. [7]). The forward speed during descent and ascent can then
be written as v,(h) & Av,(z,h)/2, with the net wind-induced
speedup (to first order in z) given by

Avy(z,h) ~ avy(h)(1 — z/h). (10)

Here, the momentum loss incurred upon rebound is rep-
resented by a constant (h-independent) effective restitution
coefficient « = Av,(z = 0,h)/v,(h). The velocity increment
Av,(z,h) directly determines the force

Fulehy = —de) —|vz(z,h)|3A;"T(Z’h) (11)
Z

dt
entering the grain-borne shear stress via Eq. (7d). With
Egs. (9b), (10), the outer integral in Eq. (7d) thus reads

/ dZP((Z,h) fc(Z,h) = P0,h)v,(0,h)Av,(z,h)/2. (12)

In the above expressions for the forward velocity and
derived quantities, the aspect ratio €(h) = h/I(h) of the trajec-
tories remains to be specified. In cases where only the shape
of the typical trajectory matters, it suffices to approximate
€(h) ~ e€(H). Neglecting its weak wind-speed dependence,
we consider conditions near the transport threshold, where few
particles are mobilized and the bare logarithmic wind-speed
profile prevails. Combining it with the prediction of our splash
model for the typical rebound geometry of the hopping grains,
we then find

€(H)~0.1 (13)

in Appendix E. While this estimate suffices for many practical
purposes, the aspect ratios of the shortest and longest trajecto-
ries, corresponding to so-called reptating particles and flyers,
respectively, deviate from e(H) according to

(h/H)™'/? (h < H),
€« (h~ H), (14)
€H) o (h > H).

The three regimes, which are clearly discernible in the
simulations (see Fig. 9 of Appendix C), can be interpreted
in terms of three asymptotically dominant transport modes,
namely almost vertically splashed grains near the ground,
saltating grains that attain a limiting speed near the top of
the transport layer, and a few flyers above it. The power-
law stretching for the shortest trajectories follows from the
typical hop length of wind-blown ejected bed grains, as
detailed in Appendix E. With increasing height, the flight
time T (h) approaches the typical response time (“drag time”)
for relaxation to the stationary velocity, so that one might
expect the aspect ratio to evolve roughly as h /[T (H)u(h)]
Vh/In(h/zp), using the logarithmic law of the wall for the
wind speed u(h) at height 4 with surface roughness scale z;.
However, such an argument neglects the vertical drag that
becomes increasingly important as & increases. It limits the
vertical velocity (essentially to the terminal velocity) and
thus effectively caps the hop height of the fastest ejecta.
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The highest trajectories, beyond an intermittent regime of
approximately shape-invariant trajectories for h >~ H, will
therefore ultimately become increasingly stretched.

An exception is provided by the rare Newton-cradle-type
collisions already mentioned below Eq. (4), in which a bed
grain can gain exceptionally high vertical momentum from a
fast impactor. According to Eq. (3), all these highly energetic
trajectories are so rare that they are buried in the far exponential
tail of the hop-height distribution. They therefore have so
little impact on typical mesoscale observables that the first
two regimes in Eq. (1) suffice to derive a wealth of accurate
analytical predictions. Nevertheless, an improved scheme that
relaxes the shape invariance of the grain trajectories to also
estimate the height dependence of flyer-sensitive observables
for h > H is proposed below, in Secs. III B and IIIC. With
all the ingredients in place, we can finally estimate the
average value of the characteristic transport layer H from a
flux-balance argument. Under stationary transport conditions,
the vertical grain flux ¢y(z = 0,£ = 0) into the bed must
compensate for the outgoing (rebounding and ejected) grains,
yielding zero net erosion [37,50]. With the above notation, this
criterion reads

/mdﬂl—Rw@)—N@HWAQMthﬁ)=O, 15)

where the grain size a is used as minimum hop height to
regularize the otherwise unbounded integral. Precise relations
for the rebound probability P, and the number N of ejected
grains per impact can be taken from our splash model
[36]. It provides them as functions of the impact energy,
approximately mgh[1 + 1/(4€)?], which in turn depends on
the tangent of the impact angle, here rephrased as 4¢, according
to Eq. (9). Together with € = 0.1 from Eq. (13), the implicit
equation (15) for the average transport layer height is readily
solved and yields H ~ 70a. The quantitative agreement of
this result with Eq. (5), which only relies on the rebound
characteristics of the splash model [36], is no surprise, since
it is dominated by the high-hopping and therefore frequently
rebounding grains (rather than by the ejecta). If desired, the
neglected weak wind-strength dependence of H through N
and € can be included in the analysis using again the extended
approach of Sec. III C.

At this point, we would like to emphasize that all system
parameters introduced above were computed from our splash
model, which was independently calibrated in Ref. [36] by
comparison with collision experiments using plastic beads.
However, to compare the various predictions derived in the
following section with laboratory and field data in Sec. IV,
below, the characteristic height H is better used as a free
fit parameter, to compensate for the differences between the
actual sand grains and said plastic beads, as well as for some
poorly controlled environmental conditions such as humidity
and temperature. Our comparison with field data also reveals
that the value of the power-law exponent v characterizing the
splash efficiency should be adapted to the actual experimental
setup, whereas no adjustment is required for the values of
both the aspect ratio €e(H) =~ 0.1 of the typical trajectories
and the effective restitution coefficient « ~ 0.6, computed in
Appendix E.
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FIG. 2. Simulation data (symbols) and analytical predictions
obtained from Eqs. (3)-(10) (lines) for the (a), (b) height-resolved
mass concentration gy (z), (¢), (d) flux jy(z), and (e), (f) grain-borne
shear stress 7, (z). Normalizing the data by the height-integrated
concentration py and flux g, the grain stress at the ground 7, 4(0),
and the characteristic transport-layer height H, a good collapse is
achieved for various wind shear stresses t (legend), as theoretically
predicted. The solid lines correspond to the model approximation
of shape-invariant trajectories with €(h) = €(H) independent of 4;
the dashed lines represent Eq. (18), which invokes e(h) oc h~'/2, as
appropriate for the majority of (low) trajectories, which collectively
carry most of the momentum and therefore dominate the stress (see
the inset of Fig. 9).

III. RESULTS
A. Height-resolved transport characteristics

We now come back to the height-resolved observables
introduced in Eqgs. (7). Explicit analytical expressions for
the height-resolved grain concentration and flux are given in
Appendix A. They take the asymptotic forms

on(2) (z/H)/?>v (z < H),
pu/H {<z/H>“ez/H e>m, 19
and
Ju() (z/H)'"™ (z < H),
qn/H ™ {(z/H)W-“e—Z/” >, 17

with the height-integrated flux gy & pyv,(H). Here and for
the plots in Fig. 2, we inserted Eq. (9b) for v, (%, 7z) and assumed
shape-invariant trajectories with €(h) = €(H). The very good
agreement, for all z, between model and numerical data in the
upper and middle panels of Fig. 2 supports our simplifying
assumptions.

Similarly, the height-resolved grain-borne shear stress
7o, 1 (2) is estimated by inserting Eqs. (9) and (10) into Eq. (7d).
As anticipated above, one here needs to account for the shape
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of the short trajectories e(h <« H) o (h/H)'/?, corresponding
to the first regime of Eq. (14),

tn@ TQ2—vz/H) - (/H)A —vz/H)
75, 1 (0) re—-v) ’

where 7, 5 (0) = agon /[8€(H)]. Although this result rests on
the assumption & < H, it provides a very good estimate for
arbitrary values of z, because the exponential decay of the
gamma functions for z 3> H dominates over any polynomial
h dependence originating from e(k). Physically speaking,
the condition 7 <« H comprises the majority of the grain
trajectories, which account for almost the whole grain-borne
shear stress. The quality of this prediction is illustrated in the
lower two panels of Fig. 2.

Given any general relation h(l) between trajectory height
and length, the vertical grain flux at arbitrary height z
reads

(18)

$u(z,0) _ T —v, max[{z/H h()/H}])

qu/L r'3/2-v) ’

with L = H/e(H) being the length of trajectories of height

H. For h > H, the incomplete gamma function decays

exponentially, so that ¢y (z,£) o< [A(£)/H] " e “"/H (tacitly

assuming z < h). Taking the derivative of Eq. (19) with respect
to £ at z = 0 yields the hop-length distribution

0 ¢u(0.0) _ 1.dh(0)
90 6y (0,0)  H de

It is usually measured in experiments with sand traps [1,41] or
in simulations by counting every trajectory once, indepen-
dently of its length and hop time. It can also be directly
inferred from the hop-height distribution in Eq. (1), after
dropping the hop time 7 (). Inserting the asymptotic scaling
e(h < H) x (h/H)’l/2 from Eq. (14) into Eq. (20), we find
h(¢)/H ~ (¢/L)*?. From this, the power-law exponent of
the hop-length distribution follows as 1/3 +2v/3 ~ 1.27. A
slightly smaller exponent 1.2 was indeed observed by Durédn
et al. [27] in full-fledged grain-scale computer simulations of
the saltation process.

The model predictions in Egs. (16)—(20) can now be used
to derive explicit expressions for further height-dependent
transport properties. Combining Eqs. (16) and (17), for
instance, immediately yields the height dependence of the
mean grain velocity

Va(z) = ju(2)/on(z) < vi(H)y/z/H. 2y

Note, however, that the division makes the result sensitive to
the precise functional form of the singular growth and the small
tails of jy(z) and py (z) for very small and large z, respectively.
Therefore, it can only be trusted for intermediate heights z,
as suggested by its square-root growth consistent with the
regime of approximately shape-invariant saltation trajectories
(see Fig. 3; the next section shows how this limitation can
be overcome). In this regime, our model moreover provides
an explicit prediction for the full height-resolved velocity
distribution

Py(vy|z) = Pylz,h(z,v)l|0s h(z.v0) | pr/on(@),  (22)

which follows from the variable transformation h =
h(z,v,) together with the general relation Py(z,vy) =

19)

[h(€)/H] e "O/H (20)
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FIG. 3. Simulation data (symbols) and analytical predictions
obtained from Egs. (3)—(10) (lines) for the height-resolved grain
velocity Vy(z) for various wind shear stresses 7 (legend). Solid lines
represent Eq. (21), which corresponds to the model approximation
of shape-invariant trajectories with €(h) = ¢(H) independent of A.
Dashed lines show the long-trajectory estimate in Eq. (30) predicted
from the wind-speed profile given in Eq. (26).

Py (vi|2)on(2)/pu between joint and conditional distribu-
tion. Exploiting the shape invariance of the trajectories that
dominate the statistics at intermediate z, we have v,(h)?> =
(h/H)v,(H)? and thus

prlvs/ve(H)| "2 e ve/veHY
[(3/2 = v)Hou(2)y/v} — v (HYz/H’

Pg(vylz) =

A similar calculation yields the distribution of the vertical
grain velocity

pulz/H + v2/QgH)|Ve/ /st
F(3/2 - v)Hou(2)v.(0,H)

Our model also allows for a reliable analytical estimate of
the wind-speed profile u y(z) within and above the transport
layer, by considering the feedback of the grain-borne momen-
tum on the logarithmic law of the wall [42]. Inserting Eq. (18)
into the modified Prandtl turbulence closure v — 74 5(z) =
0ak%2?[duy(z)/dz]?, where o, is the air density and k ~ 0.4
the von Karmén constant, and approximating [45]

ST an @/t ~ 1 =1 = JT= 1) 2

T, H 0) '
(25)

(24)

Pp(v:|2) =

we obtain the height-dependent wind velocity

Uy — Ut

Up(z) = ”7 In(z/20) — w(zo/H.2/H)
“1n(z/z0)

“In(z/z0) + == In(z/zf)

(z < H),
(z> H),

~

with w(&y,)) = f;' d¢ e (¢ H)/[{Te, 1 (0)], the roughness
height zg &~ a/10 of the (quiescent) sand bed, and the shear
velocity u, = 4/7/0,. Following Ref. [42], we here approx-
imated the air shear stress at the ground as a wind-strength-
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FIG. 4. (a) Height-resolved wind speed for various wind shear
stresses T [102t/(ggga) =1,1.5,2,2.5 from bottom to top] from
numerical simulations (symbols) and our model, Eq. (26), with
(dashed lines) and without [solid lines, with first-order corrections
shown in (b)] invoking the simplifying Owen hypothesis that the
airborne shear stress at the bed is screened precisely to the threshold
value 7, for grain entrainment [42].

independent constant T — 7, y(0) ~ 7, = Qauit, which is jus-
tified near the transport threshold. As illustrated in Fig. 4, this
(“zeroth-order”) approximation is already in good qualitative
agreement with the numerical simulations, while they can
be perfectly matched when small first-order corrections in
T/t — 1[4,51] are taken into account.

The asymptotic relations in Eq. (26) follow from 7, 5 (z <
H) ~ 1, 4(0) and 14 y(z > H) ~ 0, according to Eq. (18).
They correspond to the two limits of the screened logarithmic
wind-speed profile near the ground [45] and the “shifted”
logarithmic profile above the transport layer, which can also be
rewritten as u g (z) ~ (u./«)In(z/z§") with the wind-strength-
dependent effective roughness length zgff = zo(zg/20) 7"/ Hx.
The crossover height

7= Zoew(ZO/H’OQ) ~ Hel'C/TC-1 01 H 27)

between the two is comparable to the average hop height
/dh hPy(h)=3/2—-v)H ~0.1H (28)

of a randomly chosen grain in a transport layer of height H,
and also to the median height z;,, ~ 0.2H of its flux profile,
indirectly defined through gy /2 = Oz"‘ dz jy(z) (Appendix
B). Recalling that H depends only weakly on the wind strength
(Fig. 1), we may interpret z¢ ~ 0.1 H as the so-called “focus
height” [2,50,51].

Altogether, our results corroborate theoretically that the
mesoscale structure of aeolian transport is characterized by a
very dense layer of hopping particles at the ground, which is
only a few grain diameters high (= 0.1H =~ 7a). The layer is
predominantly populated by so-called reptating grains, which
have hardly gained momentum from the wind, but collectively
absorbed its excess power beyond the threshold shear stress
7;. This is a direct consequence of the power-law decay of the
hop-height distribution in Eq. (3), which in turn is strictly tied
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to the splash statistics of the bed collisions [36]. In contrast,
the grains on typical saltation trajectories are accelerated by
the wind, giving them an essentially length-independent shape.
This symmetry is only broken by the longest trajectories of rare
flyers that reach heights 4 >> H far beyond the characteristic
height H of the transport layer. It is this drastic change
between the transport modes of the hopping particles as a
function of their jump height and their unequal role in the
momentum balance with the wind which limits most severely
the application of mean-field models based on a single effective
trajectory and has motivated the development of two-species
approaches [45,50].

B. Broken shape invariance: Height-dependent grain velocity

In the previous section, we noted that the power-law
increase of the average grain velocity V,(z) with height z, as
obtained in Eq. (21), is restricted to intermediate z, where the
shape-invariant trajectories contribute most. As we show now,
this limitation can be overcome by an alternative approach
that relates V,(z) to the height-dependent wind speed u y(z)
from Eq. (26). We first note that the height-dependent average
grain speed Vg (2) = ju(z)/on(2) is well approximated by the
velocity v,(z,h = z) = v,(z) at the apex of a representative
trajectory of overall height z. Technically, this is seen by
applying Laplace’s method to the integrals for jy(z) and
on(z) (see Appendix A). The actual form of v,(h) can
then be estimated from the velocity gain Av,(z = 0,h) =

fOT(h) dt ¥,(t) of a grain during one hop of height 4:
V2gh

v,

Avc(0,h) = — dz PyEIW)un (@) — v 0. (29)
[e.¢]
Here, the conditional probability Py (Z|h) o< 1/v,(Z,h) results
from the transformation dZ = v.dt of the integration variable,
as in Eq. (6), and we used a single integral as a shorthand
representation of both the ascending and descending part of
the trajectory. The remaining terms on the right-hand side rep-
resent the drag force on the grain—see Eq. (C1) of Appendix
C. We exploited the stretched shape of high trajectories, which
implies v, < vy,u, to drop the vertical velocity components,
and expressed the drag coefficient in terms of the turbulent
settling velocity vs. For typical dune sand with an average
grain diameter a ~ 200 um, v, ~ 27,/ga [52]. The integral
in Eq. (29) can roughly be approximated using the fact that
Py (Z|h) diverges for Z — h; again, only the value v, (h,h)
of the grain speed at the apex (z = k) matters, while the
shape of the whole trajectory is found to be irrelevant (and
can thus not be determined within this approach). Inserting
Py (Z|h) =~ 26(Z — h)®(h — Z) in Eq. (29) and making contact
with Eqgs. (10) and (9b), which yield Av,(0,k) Vh, we
eventually obtain

Vi (z) = ug(z) — v a/[4€(2)]ve

This is of the same form as the force-balance estimate obtained
by Sauermann et al. [17] for a representative grain that is
exposed to turbulent drag and an additional (constant) bed
friction. With the typical values for « ~ 0.6 and €(z = H) ~
0.1 derived in Appendix E, the ensuing prediction for the
height-dependent grain velocity, Eq. (30), is found to be in

(z> H). (30)
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very good agreement with our simulations for the whole range
Z > zy, above the focus height (see Fig. 3).

C. Wind-dependent transport layer height

In Eq. (5) of Sec. II, we combined the splash-model pre-
dictions for the rebound probability and the average ejection
height to estimate the overall value of the characteristic height
H = 72a of the transport layer. This estimate was supported
by our simulations, shown in Fig. 1(b), which, however, also
revealed that H increases weakly the wind strength. And,
based on the accurate prediction for the grain velocity V,(z) in
Eq. (30), we indeed expect such a wind-strength dependence
of H. To calculate it quantitatively, it seems tempting to follow
the relation between h and v, given in Eq. (9b), namely
H ~ 8[e(Hy)Vy,(Hy)?/g, with Hy = 72a and €(H,) ~ 0.1
being the wind-independent predictions of Egs. (5) and (13),
respectively. Our simulations show that the wind dependence
of e(H) partly compensates for the one of Vg (H), such that
their product e(H)Vy(H) increases relatively weakly with
the wind strength, but we could not obtain a good analytical
estimate for the combined effect. Instead, a similar approach
for the characteristic trajectory length,

L~ T(Hy)Vy,(Hy) and H~e(H)L,  (31)

turned out to work well if one allows for a slight phe-
nomenological adjustment 7(Hy) = 0.7T(Hy) of the hop
time compared to Eq. (2), in order to match the theory
quantitatively to our simulation data. Note that Eq. (31) leaves
the characteristic aspectratio H/L = €(Hy) independent of the
wind strength, but the individual trajectories’ shape invariance
is broken, as expressed by the (yet unknown) dependence €(/).

Alternatively, the wind-strength dependence of H may be
taken from one of the mean-field transport models mentioned
in Sec. L. In Appendix B, this is illustrated for the two-species
model of Ref. [45], where the median height ~0.2H of the
transport layer—calculated after Eq. (28)—is used to feed its
prediction into our present discussion.

D. Flux transients

Finally, we want to address what is probably the most
enigmatic and most debated mesoscale property of aeolian
sand transport, the so-called saturation length £,. This central
notion was originally introduced by Sauermann et al. [17] to
quantify how the aeolian sand transport adapts to changes in the
wind over uneven topographies. Flux transients on the upwind
slope of a sand dune and in the downwind wake region were
discussed as two pertinent instances giving rise to quite diverse
numerical values and parameter dependencies for £g,;. Later
work has further elaborated on this point [5,16,50,53,54]. As an
emergent mesoscale concept, £, is thus intrinsically context-
dependent, and attempts to promote narrower definitions of the
saturation length (such as the distance needed for a hopping
grain to be accelerated to the fluid velocity [53] or the distance
over which the sand flux saturates at the entrance of a sand bed
[54]) seem counterproductive.

Arguably the most interesting saturation transients are those
near the crest of a small dune, due to moderate local changes
in the wind speed (rather than sand coverage). They are
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FIG. 5. “Bare” and “dressed” wind-strength-dependent satura-
tion lengths (linear and logarithmic axes scaling). Simulation data
for the bare saturation length £, (symbols) were obtained by fitting
a linear relaxation process with decay length £, to the response of
the height-integrated flux ¢(x) along the wind direction to a small
step increase of the shear stress 7(x) at x = 0 (notice the improving
agreement with the theoretical expectation upon approaching the ideal
limit of an infinitesimal step height, given in the legend). Its power-law
decay in 7 (b) close to the transport threshold 7, = 0.01g,ga gives
way to a weak growth at larger t, in good accord with Eqgs. (31),
(32), with a numerical factor €, /L = 2 (solid lines). Under realistic
field conditions, the sharp singularity at T = 7, is smeared out by
intermittent wind-speed fluctuations, giving rise to the apparent
“dressed” saturation length given by the right-hand side of Eq. (33),
with a Weibull-distributed wind speed of variance 0.1 (u)? [60] and
the aerodynamic-impact threshold ratios 7, /7, = 1.27 [obtained from
our simulations; dashed line in panel (a)] and 7,/7, = 10 (expected
for wind-blown sand transport on Mars [53,62]; dotted line).

responsible for the emergence of the relevant mesoscale €,
with respect to which aeolian dunes may be considered large
or small, and which gives rise to a minimum dune length
Lmin [18-20,55-57]. In Ref. [17], this particular length was
predicted to decay with increasing wind strength t, whereas
later studies argued that it might either be independent of ©
[54,58] or even grow monotonically in 7 [5,16]. To resolve the
apparent conflict between these diverse proposals, we identify
the saturation length in our simulations with the response
length to a small wind-strength increment (to mimic the effect
of the speed-up along the back of a dune within our stationary
transport model).

Due to the scale separation between the minimum dune
size Lynin ~ 10°a (see Fig. 8) and the characteristic hop length
L = H/e(H)~ 7.2 x 10%a, as predicted by Egs. (5), (13),
the resulting flux gradients should not be sensitive to the
heterogeneities inside the transport layer. As a consequence,
£ can only depend on the overall transport characteristics and
is thus expected to scale linearly in L. Indeed, our numerical
data in Fig. 5 are consistent with

Zsat/L X 1 +

0, 1), (32)

Tt
and conform with the expectation s, ~ L above the direct

aerodynamic entrainment threshold (for T > t,). Physically,
mobile grains are then abundant and their acceleration to the
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stationary speed limits the adaptation to an increase in wind
strength. Notice that L itself slightly increases with the wind
speed, according to Eq. (31); see also Figs. 1 and 7. If the
wind speed falls below the direct entrainment threshold 7,
and approaches the transport threshold t;, grains not only
need to be accelerated, but an increasing amount of energy
and momentum has to be supplied to lift grains from the
ground against gravity. The adaptation of the flux to an
increase in wind speed is then limited by the number of grains
gradually mobilized in successive bed collisions [17]. The
lift force exerted by the wind on the bed still facilitates the
splash by effectively reducing the heavy mass of the grains,
which can be understood as a precursor of direct aerodynamic
entrainment [59], as argued in Eq. (D5) of Appendix D.
Accordingly, the net erosion rate scales with the excess shear
stress T — 1, which vanishes at the transport threshold t,
causing a singular slowing-down of the adaptation of the flux to
wind heterogeneities. This manifests itself in the divergence of
the saturation length £, (7) at 7; [17]. A similar decomposition
of the physics behind the saturation length according to two
rate-limiting processes was previously proposed by Andreotti
et al. [54] to interpret wind-tunnel measurements.

It is important to realize that a direct application of Eq. (32)
to field data is problematic, though. Field data that do not
conform with the intuitively expected scaling Ly o £gy for
the minimum dune length £,;, do not necessarily indicate a
failure of the theory. The reason is that the sharp peak of £, at
T = 1, with relative width (7, — 1)/t &~ 0.27, is not resolved
by typical field measurements, which inevitably average over
some intermittent wind fluctuations. The importance of a
given wind strength for the observed structure formation is
determined by the erosion or deposition caused, which are
proportional to the flux. We therefore propose that structural
field data should be interpreted as flux-weighted averages of
the corresponding “bare” theoretical predictions calculated for
a fixed wind strength. In particular, the minimum dune length
observed in the field should not scale in the bare saturation
length but in its “dressed” version, according to

Emin (0.8 <¢€sat>(r)/<¢)(r>- (33)

The average (... ) is understood to extend over a range of
wind-strength fluctuations around the measured average shear
stress (7). The bare vertical flux

¢ = ¢u(0,0) xgn/L o (r — 1)O(r — 1)/ L (34)

vanishes at T < t;, thereby effectively truncating the wind-
strength distribution. The consequences of this are illustrated
by the dashed line in Fig. 5 assuming a realistic Weibull
distribution of variance 0.05(u)? (u o u, o /7) for the wind-
speed fluctuations [60]. For T > t;, the weakly wind-strength-
dependent bare saturation length £y, is hardly affected at
all by the averaging: bare and dressed saturation length are
indistinguishable in the plot. In contrast, close to the transport
threshold t;, the saturation length gets strongly renormalized
by fluctuations. The flux-averaged or dressed saturation length
as a function of the average shear stress (t)—the right-hand
side of Eq. (33)—has a strongly smeared-out shape compared
to the bare prediction.

We incidentally find the dressed wind-strength dependence
to be closely reminiscent of the form £g o< L/(t/7 — 1)
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originally proposed by Sauermann et al. [17]. This observation
supports the interpretation of the measured (dressed) satura-
tion length as an emergent hydrodynamic length scale and
vindicates the use of Sauermann’s formula in past analytical
and numerical studies that are at the core of our current
understanding of the physics of sand dunes [61]. Similar but
potentially more drastic renormalizations may be expected in
applications to extraterrestrial dunes, in which the gap between
the threshold shear stresses 7, and t,, can be much larger than
on Earth [53,62] (see Fig. 5).

IV. COMPARISON WITH LITERATURE DATA

After having established the accuracy of our analytical
model by comparison with our simulation results, we now want
to test it against a compilation of literature data. Experimental
data for the height-resolved horizontal flux jg(z) is usually
approximated, with fair accuracy, by an exponential profile
with a mean height on the order of a few centimeters that is
almost independent of the wind strength [1]. This resonates
well with our Eq. (17). However, there is apparently no clear
consensus about possible deviations from the exponential form
due to a possible deficit [39,63] or excess [1,49,64—67] of
grains near the ground, probably because of difficulties in
determining the exact number of mobile grains in the dense
lower transport region. In particular, the particle tracking and
laser scattering methods used in Refs. [39,63] seem prone to
missing some of the mobile grains close to the bed (the ejected
“reptating” grains), so that the flux in this region is most
likely underestimated. In contrast, sand trap measurements
in Refs. [49,64,66] reflect the pronounced near-bed excess
contribution to jg(z) that we expect from our model as a
direct consequence of the splash statistics. They are indeed
in remarkable agreement with the prediction of Eqgs. (3)—(9a)
if v and H are treated as free fit parameters, as illustrated in
Fig. 6. The relatively small value deduced for the best-fitting
power-law exponent v =~ 0.94 could partly be a consequence
of the above mentioned unavoidable systematic uncertainties
in current flux measurements near the bed. More interestingly,
it could also indicate that the splash for wind-blown sand
grains is less efficient than for the plastic beads injected onto
a quiescent bed in laboratory collision experiments [36,68],
from which one infers v & 1.4. The transport layer heights H
obtained from the wind-tunnel data are in very good agreement
with the obtained average value and the weak wind dependence
found in both our simulations and the analytical approach in
Eq. (31) [Fig. 6(b)]. The field data, in contrast, yield an almost
three times higher transport layer, which might be traced back
to the nonequilibrium undersaturated transport conditions due
to wind variations and/or due to moisture-induced stickiness
of the used beach sand. This is also supported by the overall
transport rates reported in Ref. [49] that are much smaller than
those reported for wind-tunnel experiments.

Similar conclusions can be drawn from the comparison
between literature data and the model prediction for the vertical
flux ¢(z = 0,£), in Fig. 7. Again good agreement is obtained
for v =0.94 and using the characteristic hop length L as
a free fit parameter. The wind-tunnel data again agree well
with the theoretical expectation L = H/e(H) ~ 10H based
on Eq. (31), whereas field data suggest higher values.
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FIG. 6. (a) Theory and literature data for the height-resolved hor-
izontal grain flux j(z) (linear/logarithmic height axis; data extracted
from independent sources vertically shifted, for better visibility).
The simple analytical model with shape-invariant grain trajectories,
Eqgs. (3)—(9a) (solid lines), is fitted to wind-tunnel measurements by
Rasmussen and Mikkelsen [64] (dots), Rasmussen and Sgrensen [66]
(squares), and field data by Namikas [49] (triangles) for various wind
strengths 7, using v and H as free global fit parameters. This yields
v = 0.94 and the data for H shown in the inset (b) with the improved
model prediction from Eq. (31) (dashed line). While laboratory data
and theory agree well, field measurements (triangles) consistently
find higher trajectories.

Besides such height-resolved characteristics for the station-
ary transport, our approach also gives access to its transient
behavior, as shown in Sec. IIID. There, we argued that

101 0%
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FIG. 7. (a) Theory and literature data for the vertical sand flux
¢n(z = 0,£) through the sand bed at a downwind distance £ from the
end of the sand bed (linear/logarithmic height axis; data extracted
from independent sources vertically shifted, for better visibility).
The simple analytical model with shape-invariant grain trajectories,
Eq. (19), is fitted to wind-tunnel measurements by Ho et al. [41] (dots)
and Rasmussen et al. [1] (squares), and to field data by Namikas [49]
(triangles) for various wind strengths t, using the value v = 0.94
obtained from Fig. 6. (b) The trajectory length L (the only free fit
parameter) compared to the theoretical expectation H/e(H) ~ 10H
[45] (dashed line). Again, laboratory data and theory agree well, while
field measurements consistently find longer (and higher) trajectories.
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FIG. 8. Field data for the minimum dune length £,;, reported by
Andreotti et al. [54] (symbols) compared to the dressed saturation
length (¢fsy)/ (@) from Egs. (32), (31) (line). The expected linear
relation is recovered for Weibull-distributed intermittent wind-speed
fluctuations of variance 0.05()? [60] and an effective threshold shear
stress 7 = 0.127,, suggesting a factor of proportionality of about 35
in Eq. (33), reasonably close to previous theoretical estimates [55,56].

the minimum dune size measured in the field should be
correlated with a “dressed” saturation length, averaged over
some intermittent wind fluctuations. This hypothesis is tested
against field data for the minimum dune length L, [54] in
Fig. 8. The authors quantify the wind strength by the average
((r/ rteff — 1HO(r — fteff)). Here rfff is an effective transport
threshold that is measured in the field under fluctuating wind
conditions. Intriguingly, this procedure yields a relatively
small value rfff compared to theoretical expectations and
laboratory values for 7; [53,69,70], in line with our finding
of a substantially renormalized threshold in Fig. 5. Figure 8
moreover demonstrates good agreement of the field data with
Eq. (33) for Weibull-distributed wind speeds u# with variance
0.1(u)? [60], rteff ~ 0.127,. Even the ratio Ly (@) /(Plsa) ~
35 between the minimum dune size and the dressed saturation
length, which we used as a free fit parameter in the comparison,
turns out to be reasonably close to (about 1.5 times larger
than) the value predicted by numerical solutions of two- and
three-dimensional versions of the minimal model for aeolian
sand dunes [55,56]. This further supports our interpretation
and underscores the importance of the distinction between
bare and dressed mesoscale quantities in the analysis of field
data.

For computational details and further theoretical and
experimental support for an essentially constant value of
Lmin/sar (rather than a constant £, [54]), we refer the reader
to Appendix F.

V. SUMMARY AND CONCLUSIONS

We have developed an analytically tractable model for
aeolian sand transport that resolves the whole distribution of
grain trajectories. Our analytical approach was heavily based
on a recently proposed model for grain hopping on a granular
bed that admits an analytical parametrization of the splash
[36], and guided and validated by coarse-grained computer
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simulations. The core element of our model is the physically
well grounded expression for the hop-height distribution in
Eq. (3), which is complemented by the ballistic approximations
in Eqgs. (2)—(7a) for the grain trajectories. This combination
allowed us to derive analytical predictions for various non-
trivial mesoscale characteristics of the aeolian transport layer,
among them the vertical and horizontal grain flux distributions
and the saturation length, which we found to be in excellent
agreement with an extensive compilation of independently
generated field and wind-tunnel data using a consistent set of
model parameters for the grain-scale physics. The comparison
revealed that it is necessary to distinguish so-called “bare”
mesoscale relations (corresponding to precisely controlled
ambient conditions) from their “dressed” counterparts that
involve an average over fluctuations. Altogether, we have thus
provided solid evidence that our approach correctly captures
the splash and transport statistics and provides a canonical
theoretical formalism for various height-resolved mesoscale
properties. It can be employed as a default in calculations
when the actual profiles are not known, or as an alternative
fit function (in place of the usual exponential) to extract
parameters, such as the mean hop height, from experimental
data. And it suggests itself as a sound and versatile starting
point for a precise and highly efficient modeling of a wealth
of applications, from aeolian structure formation over dust
emission to desertification.
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APPENDIX A: 0y (z) AND ju(z) HEIGHT-DEPENDENT
GRAIN CONCENTRATION AND FLUX FOR
SHAPE-INVARIANT TRAJECTORIES

For shape-invariant trajectories, i.e., €(h) = €(H) indepen-
dent of the hop height 4, Eqgs. (3)—(9a) yield

on(s) _ T(1/2-v)

pu/H 2I'3/2—v)
JaT (v —1/2)

2I'(3/2 — v)[(v)

x M(1 —v,3/2 —v,—z/H)

M(1/2,1/2 4 v,—z/H)

(Z/H)I/Z—U

(A1)
and

jn@ T —v)
qu/H  2IQ2—v)

ﬁF(v -1 1—v
e —wre— 12 H

xXM@3/2—-v,2—-v,—z/H)

M(1/2,v,—z/H)

(A2)
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for the grain mass concentration and flux, respectively. Here,

— & ! zs ,a—1 b—a—1
M(a,b,z) = I"(a)[’(b—a)/o dse®s 7 (1 — )

(A3)

denotes Kummer’s confluent hypergeometric function and
gu =T'Q2 —=v)['(3/2 — v)~ ! pyv(H)is the height-integrated
grain flux. The asymptotic forms in Egs. (16) and (17) can
be directly inferred from Eqgs. (Al) and (A2), respectively.
For z > H, we may estimate the dependence of jy(z)
[e(H)/e()](z/H)/>* Ve */H on e(z) using Laplace’s method
to approximate the integral of the form

o e
dh f(h
/z fh) T

after substituting /1 = zcosh?6, expanding the exponent
(h/H)cosh? 6 around @ = 0, and integrating over all § > 0.

—h/H

~AmTH f(z)e_Z/H

(A4)

APPENDIX B: MEDIAN TRANSPORT HEIGHT AND
TWO-SPECIES PREDICTION FOR HH

The median height z;, of the transport layer is implicitly
defined through

2= / " dz jn()an
0
— 12— M(=1/2,0 — 1,—zn/H)2

JaT(w —1)
4T(v — 1/2)I3 —v)

x M(3/2 —v,3 —v,—zm/H),

(zm/H)*™"

(BI)

where we inserted Eq. (A2) to evaluate the integral in the
second line. For v = 1.4, as predicted from the splash model
[36] underlying Eq. (3), this relation can be solved numerically,
which yields H ~ 5.8z, i.e., Zm &~ 0.17H. The smaller value
v = 0.94 that we used to fit the laboratory and field data in
Figs. 6 and 7 corresponds to a larger median height of value
Zm ~ 0.43H.

This relation can be used to make contact with the two-
species model for aeolian sand transport proposed in Ref. [45].
We therefore obtain the two-species prediction for z,, assuming
that it lies above the reptation layer, where the (saltation) grain
flux decays exponentially. This yields

H ~0.76 In[2/(1 + ¢"? /g*)](v*)*/(2g), (B2)
where ¢™P and ¢ are the reptation and saltation contributions
to the height-integrated grain flux, respectively. The numerical
prefactor that relates the saltation velocity v*¥ (computed in
Ref. [45]) to the vertical component vgal(z = 0) of the rebound
velocity of a saltating grain (required here) is determined by
fitting this relation to our simulation data for H, shown in
Fig. 1(b). The so obtained value vjal(z =0)/v'? =~ 0.13 of
this effective restitution coefficient is in accord with what we
expect from the splash model of Ref. [36].
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APPENDIX C: COMPUTER SIMULATIONS

In our computer simulations, the trajectory of each grain is
obtained by solving the equations of motion

3Cp

v=—lu—vlu-—-v)+g. (C1)
doa

Here, v = v(r) = r(¢) is the velocity of the grain at time ¢, r(¢)
its position, # = u[r(t),t] the wind velocity field, g = —ge,
the gravitational acceleration, 0 = @4/0. the grain-air mass-
density ratio, and a the grain diameter. For the particle drag
coefficient, we use the accurate expression [52]

Cp = LA+ VA2 +16Bvy/(alu — o> (C2)

(A =~ 0.95 and B ~ 5.12 for natural sand), where the viscous
contributions to the drag are quantified by the Reynolds num-
ber alu — v|/vy;, with the kinematic viscosity vy ~ 1.5 x
107> m? s~! for air. To compute the grain trajectories with
sufficient accuracy to resolve the short hops of the low-energy
ejecta, the equations of motion are solved using a standard
Euler forward integration scheme with a discretization time of
0.14/a/g (corresponding to about 0.45 ms for a grain diameter
of 200 um).

Assuming a horizontally uniform stationary air flow in the x
direction, the only nonvanishing component of the air velocity
u is given by the height-dependent wind speed u(z) = u - e,.
For constant pressure, the Reynolds-averaged Navier-Stokes
equations reduce to the relation

0:7a(2) = Fi(2)

between the xz component t, of the Reynolds stress tensor for
the air and the body force F,(z) exerted by the grains on the
air [22]. Without particles, F(z) = 0, this means that 7, = 7
is independent of z and given by the overall shear stress t.
That this holds above the transport layer for z — oo provides
us with the boundary condition for integrating Eq. (C3) for
Fi(2) #0,

(C3)

c—u= [ @R@=nae.  ©
which defines the grain-borne shear stress 7y 5 [42]. In the
simulations, the contribution of each grain to F) is obtained as
the negative x component of the right-hand side of Eq. (C1)
times the grain mass (7 /6)an3. The grain stress 74 y is pre-
averaged over a short time interval \/a/g (ten time steps), in
order to obtain smooth profiles. With Eq. (C4), the Prandtl
turbulence closure x20,z%[u'(2)]*> = 7.(z) yields the height-
dependent wind speed

u(@) = — fzdc VI @)
PN 7

The roughness height zy, where the wind speed nominally
vanishes, is set to a/10 by convention.

Equations (C1)—(C5) have to be complemented by a set
of boundary conditions describing the sand bed collisions.
They are taken from an extended version of the coarse-grained
splash model proposed in Ref. [36] that accounts for wind-
induced lift forces acting on the bed grains, as briefly outlined
in Appendix D. To keep the computation simple, we neglect
midair collisions. They are most frequent in the dense reptation

(C5)
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layer close to the bed [27,71] and therefore probably well
captured by appropriate effective bed parameters, except under
extreme wind conditions [15].

APPENDIX D: SPLASH MODEL

For convenience, we now outline the key properties of the
splash model of Ref. [36] used to quantify the sand bed
collisions in the numerical simulations (Appendix C) and
in our analytical derivation of Eq. (3) for the hop-height
distribution. Its original version was developed assuming
vacuum conditions. For our present purpose, we extend it to
effectively account for the drag and lift forces exerted on the
bed grains by the wind.

The rebound of a hopping grain from a rough immobile bed
is quantified in terms of the mean total restitution coefficient
e and rebound angle 6’ for a given impact angle 6. Averaging
over all possible collision geometries gives

e=v|/Iv] =B — (1 —a2/B2)BsY/2, (D1)

where oy =~ 0.20 and B ~ 0.63 were calibrated [36] with
collision experiments by Beladjine et al. [68]. The rebound
angle 6’ is randomly drawn from the distribution

P(0'10) = 2/y)(1 +6'/0) In[y:6 /(0 + 6')*] (D2)

defined in the interval 0 < 0’ + 6 < \/y,0 and set to zero
outside. We multiplied the parameter y, = (9/2)(1 + a/Bs)?
by an order-unity factor 34/3/4 ~ 1.3 for harmonization with
the approach underlying Eq. (D1). Note that Eq. (D2) can yield
negative rebound angles, corresponding to a grain that gets
trapped in the bed. Rebounding grains with |[v'|sin6’ > v/2
fail to leap over the downwind bed neighbor grain and are thus
not propagated further. To avoid discretization artifacts at the
ground, which become apparent in height-resolved quantities
like the grain concentration or the grain shear stress, we
distribute the initial height of a grain ricocheted off the bed
uniformly between z = 0 and z = 8¢|v’| sin 6’, where 8¢ is the
duration of one time step in the simulations.

To mimic the statistics of the ejecta close to the ground, we
set the ejection angle to 90° and draw the kinetic energy of the
ejected grains from the log-normal distribution [47]

1 (In Eéj —n)?
NoZT [‘T B9

with the energy E = mv?/2 of the impacting grain of mass
m= (7'[/6)Qgga3 and o =+/Aln2, w=In[(l1—-e>)E]—
Aln2, A =2In[(1 —¢*)E/E,], and E, = mga. The number

P(EL|E) =

o0
N} = 0.06[(1 —e*)E/E,]* / dE5 P(ES|E) (D4)
Eest
of ejected bed grains again follows from the same energy
balance approach underlying Eq. (D3), with the value x =
(2 —-1In2)In2 = 0.9 of the exponent close to 1.

In Eq. (D4), we extended the original splash model of
Ref. [36] to account for drag and lift forces exerted on the
bed grains. We therefore introduced an effective minimum
energy E.s < E, required for a bed grain to be mobilized
during the collision. Rewriting it in terms of an effective
mass megr = Eer/(ga) of a bed grain exposed to the turbulent
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shear flow, we estimate its value following Bagnold’s classic
prediction of the shear stress value at the threshold of grain
movement [2]. Balancing the net torque due to the horizontal
drag force Fp and vertical gravitational force mg acting
on a bed grain of mass m with the purely gravity-induced
torque of a grain of same size but different mass m.g, one
obtains sin(fBs) Fp — cos(Bs)m = — cos(Bs)meg, for an angle
Bs between the horizontal and the axis crossing the point of
support and the center of the lifted bed grain. This yields

Eett/ Eq = megr/m = 1 — 7(z = 0) /T4, (D5)

Here, we expressed the drag force Fp o (a/2)*1,(z = 0) in
terms of the air shear stress at the ground and identified its
threshold value 7, o< (2/3)b/[tan(Bs)], above which bed grains
are mobilized by the flowing air (corresponding to a vanishing
effective weight, me = 0). We set 7, = 1.2 x 10720,ga,
yielding a minimum shear stress 7; =~ 0.9 x lO’zggga re-
quired to maintain transport (once initialized), which is
in agreement with typical values for the ratio 7, /7 =~ 0.8
observed in wind-tunnel experiments [2,72].

APPENDIX E: SPLASH PREDICTIONS FOR v, H, €, a

The quantitative description of the bed collisions outlined
in Appendix D allows us to estimate typical values for the
power-law exponent v, the trajectory aspect ratio €(H), and
the effective restitution coefficient o introduced in Sec. II as
model parameters.

Relating the ejection energy E éj = mgh to the hop height,
Eq. (D3) provides us with the hop-height distribution per
impacting grain of energy E. As E > mga,i.e., u > In(mga),
it is expanded to o 2™, with v given in Eq. (4). Multiplying
it with the hop time T'(h), Eq. (2), it yields the hop-height
distribution Py (h < H) o< h'/>7" per time step.

Next, we estimate the characteristic height H of the
transport layer at low-wind conditions close to the transport
threshold employing the splash-model prediction for collisions
between saltating grains and the bed grains. We start with the
relation

H = —E(E)/(mgIn Prep) (EL)

between H and the rebound probability Py derived in the text
below Eq. (3). Here, we expressed the mean ejection height
h_ej(E )= E_ej(E )/(mg) for a given impact energy E in terms of
the mean ejection energy E_ej(E ). The latter is obtained from
the distribution in Eq. (D3) as

J dE,P(EL|E)O(E] — E,)E,
JdELP(ELE)O(E, — E,)

€

_ erfc[(In E, — i — 0)/(+/20)] o2
erfe[(In E, — p)/(+v/20)] 7

where the integrals extend over all energies Eéj > E, above the
minimum ejection energy E, = mga. As the impact energy
E is determined by the difference u(H) — vy between the
wind speed at height H and the turbulent settling velocity
Voo A 27,/ga, we may approximate it as

Eg(E) =

)

(E2)

E ~ (m/2)[u(H) — veo]*. (E3)

PHYSICAL REVIEW E 96, 052906 (2017)

Making use of the low-transport conditions assumed here,
the wind-speed profile in Eq. (26) simplifies to u(z) =
(uw/x)In(z/20), With u2/(ga) ~ 0.0lo ~ 20, x = 0.4, and
Z0 &~ a/10. We can now insert this relation, together with
Egs. (E2), (E3) and the rebound probability P, ~ Prep(h >
a) = fOOO do’ P(0'|0) as predicted by Eq. (D2), into Eq. (E1),
which yields H(€) as a monotonically decreasing function of
the impact angle 6. For reasonable values 6 = 90°...90°, it
varies within the range H/a ~ 190...54. To determine its
actual value, we use the relation €(H) ~ tan(6)/4 between
trajectory aspect ratio and impact angle, as inferred from
Eq. (9b), and combine it with

€(H)=H/L ~ H/{T(H)[u(H) — vool}, (E4)

where we approximated the hop length with the flight time
T(H), given in Eq. (2), times the typical grain speed. Putting
all together, we obtain a transcendental equation for the impact
angle 0:

cot(0)4HO)/T[H()] ~ u[H()] — Veo- (ES)

With the parameters listed above, it is solved by 6 ~ 14.5°, for
which Egs. (5) and (13) yield H = H(0) ~ 72a and €(H) =~
0.1, respectively.

While trajectories of height on the order of H are crucially
influenced by the impactor-bed rebound, the shape of small
trajectories of height 7 « H is mainly dictated by the
characteristics of the ejecta created during these bed collisions.
To estimate the height dependence €(h) of their aspect ratio,
we simplify the equations of motion, Eq. (Cl), as follows.
Since v, <« u, vertical and horizontal motion decouple, and
thus

Uy A Lp'[u(h) — v, 1%, (E6)

with the constant drag length Lp = 40a/(3Cg’), where CJ° ~
1.2 is the strong-turbulence limit of the drag coefficient
computed from Eq. (C2) for vanishing air viscosity v, = 0,
i.e.,Re; — 00. We further replaced the height-dependent wind
speed u(z) in the drag relation by the constant value u (/) taken
at the height of the trajectory. It is computed using the above
relation for threshold conditions [which also holds for t >
T, as u(z < H) exhibits the universal 7-independent shape
obtained in Eq. (26)]. For the initial condition v,(t = 0) =0
and the total flight time 7'(h), the time integral of the solution
v (t) = u(h)*t/[Lp + u(h)t] of Eq. (E6) readily yields the hop
length

h/e(h) ~ T(hu(h) — LpIn[1 + T(Wu(h)/Lp]  (ET)

for h <« H. While the overall value of €(h) obtained from
this estimate is found to be a bit too large (by a factor of
1/0.65 ~ 1.5), its qualitative form is indeed in very good
agreement with our simulations (even for intermediate heights
h ~ H), as illustrated in Fig. 9. Inserting Eq. (2) for T'(h)
together with the scaling relations u(h) ~ /o gaIn(h/zo) and
Lp ~ oa, and expanding the right-hand side of Eq. (E7) for
h < oa [equivalent to T(h)u(h) < Lp], it becomes €(h) x
In(h/z0)~2. For h > zo, the h dependence is (locally) very
close to a power law with an exponent of value —2/1In(h/z)
that varies only weakly as & gets larger. Substituting the typical
ejection height (h) gy ~ 7a obtained in Eq. (28) [or_ejH ~ 10a
from (E2)] for h, this exponent takes the value 0.47 ~ 1/2,
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FIG. 9. Trajectory aspect ratio € =h/l for various wind
strengths, as obtained from our simulations. For most mesoscale
measures, its dependence on the hop height % is negligible (a), as
is the weak dependence on the wind shear stress 7, as illustrated for
the aspect ratio €(H) of the characteristic trajectory (b). However, the
height-resolved grain stress, Eq. (18), crucially depends on the power-
law decay for h < H, which is better resolved on the logarithmic
scale in the left inset (same data logarithmically binned), solid and
dashed lines representing Eq. (E7) (scaled by an empirical prefactor
0.65) and the power law € o< h~!/2, respectively.

which gives rise to the first line of Eq. (14). The applicability
of this power-law approximation for 4 < H is supported by
the comparison with our simulations in Fig. 9.

We eventually derive a splash-model prediction for the
effective restitution coefficient «, introduced in Eq. (10).
Identifying v,(h) with the average of the horizontal impact
and rebound velocities, it is related to the total restitution e
and the impact and rebound angle 8, 6’ via

o = 2(cos —ecosB’)/(cos O + ecosb’). (E8)

With Egs. (D1), (D2), « takes values between 0.45 (for 6 = 0)
and 0.64 (at 6 = 90°). For the typical impact angle 6 ~ 90°
obtained from Eq. (ES), we get o =~ 0.6.

APPENDIX F: MINIMUM DUNE SIZE

We provide a theoretical estimate for the minimum dune
length L., for which literature field data are shown in Fig. 5.
To this end, we employ a slightly improved version of the
linear stability analysis proposed in Refs. [20,57]. It identifies
Lmin With the wavelength of the (initially) fastest growing
mode of a weakly perturbed flat sand bed. The starting point is
the out-of-phase response of shear stress and sand transport to
weak perturbations of a flat bed [18,19]. In Ref. [57], Andreotti
and coworkers used the generic formula gy, x 7%(t — 7) for
the saturated flux, which is indirectly slope-dependent via
the variation of the local shear stress 7 and the threshold
value t.. However, they neglected the direct slope dependence,
which obtains even for fixed wind parameters, and should be
accounted for, to first order in 4’, according to

Gsar ¢ TX (T — 7)(1 — A’ cot &), (F1)
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where 6 is the friction angle. This direct slope dependence
of gsu was first predicted by Bagnold and later validated by
Iversen and Rasmussen [73], who obtained 6 & 40° for typical
dune sand (with grain diameter a > 170 um). Equation (F1)
can also be derived from the continuum saltation model by
Sauermann et al. [17] if we extend its kinematics to sloped
beds. Accounting for the gravitational force —gh’ in the
momentum balance, Eq. (33) in Ref. [17], we obtain

Gsar ¢ (V0/8)(T — (1 — h v /v0). (F2)

Here, the turbulent settling velocity v,, accounts for the bed
friction and is equal to the difference between the wind
speed and the steady-state transport velocity vy over the
unperturbed bed. For moderate wind strengths, i.e., T = 1,
vo is independent of 7, corresponding to x =0, and the
coefficient @ v, /vy takes values on the order of 0.5 for typical
dune sand, which corresponds to 6 ~ 60° in Eq. (F1), in
reasonable agreement with the phenomenological law.

For the stability analysis, we follow Fourriére ef al. [57]
and expand the perturbation 8gsy = @sar — Gsaro Of the saturated
flux from its flat bed value g, to first order in the perturbation
&h of the bed profile. From Eq. (F1), we obtain its Fourier trans-

form 84y = [ dx 8qe e ™** o 7y ¥ (A, + i B,k 8h with
Aq =A; + xA (1 — 1o/ 70),

(F3)
By = B: + x B:(1 — 1o/ 70) — cot b,

where we used the shear stress perturbation §7 = 19(A; +
iB; )kéfz (for k > 0) and the slope-dependent threshold 6%, =
ik8h cot ;. Following the convention, we denote the unper-
turbed shear stress over a flat ground far away from the obstacle
by 7 (the subscript was suppressed in the main text). Only the
7p-independent term cot 6 in the expression for b differs from
the result (7;/7tp) cot 6¢ by Fourriére et al., who neglected the
direct slope dependence of gg,. While this may seem to be a
minor change of the original argument, it yields a qualitatively
different result. Combining the linearized differential equation
for the flux evolution with mass conservation 9,4 o —d,¢q for
the sand bed profile A, the ratio L,/ s Of the wavelength
of the fastest growing mode to the saturation length follows
as a function of the ratio A;/B,. For Luyin/le > 1, it
scales as

[fmin / zsat

Substituting A, and B, from Eq. (F3), we see that Ly, /£sa
decreases with increasing 7o as long as x > 0. This is
qualitatively similar to what was obtained by Fourriére et al.
neglecting the experimentally well established and theoret-
ically derived rightmost factor in Eq. (F1). However, for the
theoretically expected and generally accepted value x = 0, the
ratio Ay /B, = A;/(B; — cotf) becomes independent of Ty,
and so does L in /£sat- Evidently, the direct slope dependence of
the flux, represented by the friction angle 6, can be understood
as an effective renormalization of the symmetry-breaking
part of the driving wind field perturbation, quantified by B;.
This correction crucially affects the absolute value of A,/B,,

which diverges at B, — cotf; ~ 1.2. The numerical Values
of the coefficients A; and B, can be estimated as functions
of the dimensionless hydrodynamic bed roughness 1. Using
for simplicity the analytical dependencies A (19) and B (1)

~37A,/B,. (F4)
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calculated by Hunt and coworkers [74] (see Fig. 2 of Ref. [19]),
the divergence of A,/ B, is expected nearng ~ 1.7 x 107°. We
can match the fit result L/ €sa &~ 35 obtained from Fig. 5
for ng ~ 4.0 x 103, which lies in the estimated range 10~*
to 1072 [57] for n for typical sand dunes (corresponding to
Lomin/sar = 30. .. 140).

In summary, we showed that an improved version of the
linear stability analysis proposed by Fourriére et al. yields
a tp-independent ratio Ly;,/lsy if the experimentally and
theoretically well established form of the wind-strength-

PHYSICAL REVIEW E 96, 052906 (2017)

dependent sand flux given by Eq. (F1) with x = 0is employed.
Together with the experimentally observed wind dependence
of the minimum dune size L., (see Fig. 5), this implicates
that the saturation length £¢, o L, must strongly decrease
with increasing wind strength. It is argued in the main text
that this can be rationalized by a strong renormalization of
the effective saturation length by intermittent turbulent-wind-
strength fluctuations near the threshold rather than by a rapid
decay of L /sy With increasing 7 and a constant saturation
length, as previously proposed [54,57].
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