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Laser-excited motion of liquid crystals confined in a microsized volume with a free surface
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The thermally excited vortical flow in a microsized liquid crystal (LC) volume with a free LC-air interface has
been investigated theoretically based on the nonlinear extension of the Ericksen-Leslie theory, with accounting
the entropy balance equation. Analysis of the numerical results show that due to interaction between the gradients
of the director field Vi and temperature field VT, caused by the focused heating, the thermally excited vortical
fluid flow is maintained in the vicinity of the heat source. Calculations show that the magnitude and direction of
the velocity field v, as well as the height of the LC-air interface are influenced by the depth of the heat penetration
in the LC volume. It has been shown that there is the point in the vicinity of the LC-air interface where the
thermally excited vortical flow changes the direction from anticlockwise to clockwise.
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I. INTRODUCTION

The manipulation of tiny amounts of molecular liquids has
become a paradigm in various fields of applied chemistry-,
physics-, and biotechnology-related microfluidics. The de-
creasing of cell sizes down to nano(micro)-level provides
a close connection of liquid crystals (LCs) model with
biological liquid [1]. The development of future biodynamics
applications requires complicated investigation of natural
anisotropic soft materials with multicoupling interactions
of inner fields initiated by external forces. The problem
of motion of an ultrathin (a few microliters) LC drops
confined in the microsized volume, under the influence of the
temperature gradient, caused, for instance, by the laser beam,
has drawn considerable attention [2-5]. The understanding
of how the LC material deforms under the influence of
the temperature gradient is a question of great fundamental
interest, as well as an essential piece of knowledge in soft
material science. Despite the fact that certain qualitative and
quantitative advances in a hydrodynamic description of the
relaxation processes in the LC phase under the influence of the
temperature gradient have been achieved, it is still too early
to talk about the development of a theory that would make it
possible to describe the dissipation processes in confined LC
phase with a free upper LC-air interface under the influence
of the temperature gradient VT [3,4]. Thus, we are primarily
concerned here on describing how the temperature gradient
caused by induced heating in the interior of the microsized
hybrid-aligned LC (HALC) volume with a free upper LC-air
interface can produce the hydrodynamic flow and, as a result,
how it can deform the free LC-air interface [5]. This problem
will be treated in the framework of the appropriate nonlinear
extension of the Ericksen-Leslie theory [6,7], with accounting
the thermoconductivity equation for the temperature field T
[8,9].
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The present paper is organized as follows: the relevant
equations describing the director motion, fluid flow, and
temperature distribution in the above-named system are given
in Sec. IT; numerical results for possible hydrodynamic regimes
are given in Sec. III; conclusions are summarized in Sec. IV.

II. FORMULATION OF THE BALANCE OF THE
MOMENTUM, TORQUE, AND CONDUCTIVITY
EQUATIONS FOR NEMATIC FLUIDS

In this paper, we consider the dynamics of free and initially
flat LC-air interface under the influence of the temperature
gradient VT, caused by the focused heating. Thus, we are
concerned here with describing how the temperature gradient,
caused by induced heating in the interior of the microsized
hybrid- aligned LC (HALC) volume with a free upper LC-air
interface, can produce the hydrodynamic flow v and, as aresult,
how it can deform the free LC-air interface. We consider the
HALC cell delimited by one lower horizontal solid surface,
located at z = —d, one upper free flat LC-air interface, initially
located at z = d, and two lateral solid surfaces at distance 2L
on scale on the order of micrometers. The coordinate system
defined by our task assumes that the director i = n,i + n.k
is in the X Z plane, where i is the unit vector directed parallel
to the lower restricted surface, which, in turn, coincides with
the planar director orientation on the lower restricted surface
@i || fi,—_y), whereas the unit vector k is directed parallel to
the lateral restricted surfaces, which coincides with the planar
director orientation on these surfaces (ﬁ || fiy—tz), and j =
k x i. Therefore, the hybrid aligned nematic phase contains a
gradient of Vi from planar orientation on the lower and both
lateral surfaces to homeotropic orientation on the upper free
LC-air interface I', i.e.,

(nx)x::tL,fd<z<d = 07
(nx)—L<x<L,z:—d =1, (D
(i - D) = —1.

H,

N H2+1

interface I at any time and is directed from the nematic phase

Here v = [—

,1] is the normal to the free LC-air
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into air, H(x,r) is the height of the LC film on the top of the
smooth surface, and H, = %—H We consider the temperature
regime without the heat flow g across the free LC-air interface
r

(G- V) =0, 2
whereas on the rest boundaries the temperature is kept
constant,

T p<x<iLi=—a = TxetL—d<z<a = To. (3)
We will assume the no-slip boundary conditions for the
nematogenic molecules on these solid bounding surfaces, i.e.,
V_L<x<L,z=—d = Vx=+L,-d<z<d = 0» (4)

where v = ui + wk is the velocity vector with the horizontal
u = v,(x,z,¢t) and vertical w = v,(x,z,¢) components. The
bounding condition for the velocity on the upper free LC-air
interface I' can be obtained from the linear balance equation
transmitted to the surface I'. In our case, that balance leads to
the tangential,

W-o-flr =0, (5)
and normal,

[V-o-Vlr =2yk, (6)
H‘(

JHA

tangent vector, y is the LC-air surface tension, k =

force balances, where 7 = [1,

] is an additional unit

Hex
is the curvature of free LC-air interface I' at any time,
and o is the full stress tensor (ST). Taking into account
the microsized HALC volume, one can assume the mass
density p to be constant across the sample, and thus deal
with an incompressible fluid. The incompressibility condition
V - v = 0 assumes that

Uy +w; =0, (N

where u, = % and w, = %—w
The hydrodynamic equations describing the reorientation
of the LC phase in 2D case, when the system is subjected to a
temperature gradient VT, due to uniform heat flow q, can be

derived from the torque balance equation

Tel + Tvis + Ttm = 0’ (8)
where [3,4] T = 5;/1\3{‘ x fi is the elastic, Ty = % x
_ SR

is the viscous, and T, = Sh X f is the thermomechanical

torques, respectively (for details, see the Appendix). The linear
momentum equation for the velocity field v can be written as

_——= V . O’, 9

P )

where % = 3—'; +uvy + wv,, 0 =0 + 0" £ o™ — PE is
el __ Wl | T vis __ SRV tm __

the full ST, and ¢ = —3vh (Vi)' , o™ = v and o™ =

% are the ST components corresponding to the elastic,

viscous, and thermomechanical forces, respectively (see the
Appendix). Here, R = R¥S + R™ + R'" is the full Rayleigh
dissipation function, W, = %[KI(V -1)? + K3(f x V x 0)?]
denotes the elastic energy density, K; and K3 are splay and
bend elastic coefficients, P is the hydrostatic pressure in the
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HALC system, and £ is the unit tensor. When the temperature
gradient VT (~1.0 [K/um]) is set up, for instance, by means
of the laser beam focused in the interior of the nematic
volume with the free upper LC-air interface, we expect that
the temperature field 7'(x,z,t) satisfies the heat conduction
equation [8],

dT
pCPE =-V.-q+ O(x,2), (10
where q = —T% denotes the heat flow in the HALC
system, Cp is the heat capacity of the LC system,
O(x,2) = Og exp[—2%¢mz]?{(ﬁn —1t) 1is the heat
source, H(ti, — t) is the Heaviside step function, Oy = =55
is the heat flow coefficient, « is the coefficient of absorption,
V is the laser beam power, A is the Gaussian spot size, and f;,
is the duration of the energy injection into the LC sample.
Now the dynamics of the height H(x,t) of the LC-air
interface under the influence of the temperature gradient
can be obtained by solving the system of nonlinear partial
differential Eqgs. (8)—(10) with the appropriate boundary and
initial conditions. Equations (5) and (6), together with the
torque balance Eq. (8), transmitted to the LC-air interface, can
be combined to yield equation for the height H(x,?) in the
form

wr —urH,,
Jt ’

where ur and wr are the horizontal and vertical components
of the velocity v on the LC-air interface I', respectively.

To observe the evolution of the director field f(x,z,?) to
its equilibrium orientation fi¢q(x,z) and the evolution of the
velocity field v(x,z,t) caused by the temperature gradient, we
consider the dimensionless analog of balance Egs. (8)—(10).
The dimensionless torque balance has the form

Ny — Nyl ¢
= 81[n Mo —n Mo + K31(n f2 + 1y fi)]

— W[ L+ vy (n3 = n2)] = 3v[1 = yar (03 — )]

X 2ya1¥atany + YN + Nore + 82(xa £ + xL2)-

(12)

The dimensionless linear momentum equation takes the form

33Vize = AWz + Wz + A3z + AaWnsx:
+asWarnx + A6VWozz + Q7Pnzz + AgVxs
+ a9Wxxx + alolﬂzz + allwxz + alwax + fv (13)

whereas the dimensionless entropy balance can be written as
Xr = [xe(An} +n2) +(A — Dnynox:],
[ (An? +n3) + (A = Dnanzxi]

Z

tm

IR
) V.
+ 4X( AV x

) + SSO(X,Z,T) - WZXX + WJCXZ7

(14)
c, >
ﬂ)u_ , I/f —

[%I/f is the scaled analog of the stream function ¥ for the

where 7 = # is the dimensionless time, t7 =

velocity field v = ui + wk = —V x j¥ (see the Appendix),
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x(x,z,t) = T(x,z,7)/ T is the dimensionless temperature,
Ty is the temperature of the nematic-isotropic phase transition,
f= Nx,z = Nzx, Nzr = %, Mo =V _-h, j\[z =Nl —
nong g, Ly =nung, — %nznx,x + %nxnx,zv L, =—nmn, .+

3 1 - =
SN — RN N X = F,andZ = 5

3 3 are dimensionless space
variables. Notice that the overbars in the space variables x and
z, as well as the stream function i have been (and will be)
eliminated in the last as well as in the following equations. The
: | t 1 t 1 t
function F = (o), +o0,} — o, — UZ?‘)“ + (o5 + Uz?)zz —
1 t
(U;z + O'XIZT])xx’

ai‘]'.“(i,j = x,z) and al-ejl(i,j = x,z) are given in the Appendix.

the coefficients @;(i = 1,...,12), the functions

The set of parameters of the LC system are: K3 = %,
trK pCpTn & d?
V1 = f, A=A/As, b =T, b= —A'LNI;, 3= —;,T,
_ ¢ _ 2a d*
84 = 77 and s = 5 -5 Oo. )
The reorientation of the director in the HALC volume

confined between one solid and one free LC-air surfaces
and two lateral solid surfaces, when the relaxation regime is
produced by the tightly focused infrared laser heating, can be
obtained by solving the system of nonlinear partial differential
Egs. (12)—(14) with the appropriate dimensionless boundary
and initial conditions:

(1) Boundary conditions at the solid surfaces:

(N )x=+10,—1<z<1 = 0,  (ny)_10<x<10,2=—1 = 1,

Xn=x10,—1<z<1 = 0.97,  Xx_10<x<10,:=—1 = 0.97,
(W )x=£10,—1<z<1 = (¥ )x=%10,—1<z<1 = 0,
(¥ ) —10<x<10,2=—1 = (¥ ) —10<x<10,2=—1 = 0. (15)

(i1) Boundary conditions at the flexible free LC-air interface

I':
G -Vyr=0, G-V)p=-1, B-=C. (16)
(iii) Initial condition:
n(r = 0,x,z) = fig(x,2), 17)

vghere U= (Yxx» ¥xz,¥22), and both the matrix B and vector
C are given in the Appendix, whereas the vector fig)(x,z) is
obtained from Eq. (12), with ¥, = ¢, = xx = x, = 0.

Now the dimensionless height H(x,7) = H(x,7)/d of the
LC cell on the top of the smooth solid substrate at any time t

can be calculated as

H: + (%)r + (WZ)FHX =0, (18)
where w(x,7),cr is the vertical component of the velocity
vector v =ui + wk = —V x jy on the interface I". Notice

that the overbar in the function H has been (and will be)
eliminated in the last, as well as in the following equations.

Thus, when the director fi is strongly homeotropically
anchored to the lower restricted surface and planar to the
lateral restricted surfaces, the value of f has to satisfy
the boundary conditions Eqs. (15) and (16) and its initial
orientation Eq. (17), and then, under the action of the viscous,
elastic, and thermomechanical forces, allowed to relax to its
equilibrium value figj(x,z).

For LC material formed by 4 —n — pentyl —4 —
cyanobiphenyl (5CB) molecules, the range of existence
of nematic phase is [10] [297-308.3] [K]. In this case, the
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density of LC material was chosen as [10] 103 [kg/m?]. The
Frank elastic coefficients for SCB LC phase, obtained experi-
mentally, are [11]: K; = 10.5 and K3 = 13.8, at T = 300 K,
respectively. All values of K;(i = 1,3) are given in [pN]. The
rotational and six Leslie coefficients for this LC material are
(in [Pa s] [12]): y1 ~ 0.069, y» ~ —0.086, o; ~ —0.0066,
oy ~ —0.079, az ~ —0.007, a4 ~ 0.072, as ~ 0.048, and
ag ~ —0.03, respectively. The heat conductivity coefficients
for 5CB LC phase parallel (1) and perpendicular (1) to the
director are (in [W/m K] [13]) 0.24 and 0.13, respectively. In
the following we use the measured value of the specific heat
[14] C, ~ 10°[J /kg K], the calculated value of the LC-air
surface tension [15,16] y ~ 0.02 [N/m], and the value of
the absorption coefficient ¢, for the infrared laser with the
wavelength of 1061 [nm], which is equal to 8 [m~1] [17]. In
our calculations the thickness 2d of the LC sample is equal to
10 [pum].

The set of parameters that is involved in Eqs. (12)—(17)
has the following values: §; ~ 1073, §, ~ 0.3, 83 ~ 1076,
and 8§, ~ 10~*. Taking into account that the dimensionless
temperature x should be in the range of [0.97-1.0], the
parameters s can be estimated as ds ~ 7.0. This estimation

of §5 = %%;MOO was made taking into account the fact
that the duration of the laser pulse of power Qy ~ 0.5 W,
for the infrared laser with the wavelength of 1061 [nm], was
Tin ~ 2.0 us.

Using the fact that §3 < 1, Eq. (13) can be considerably
simplified and takes the form

AWz + Wz + B3 Vaxgr + QWixez + A5Varar + a6Vzz;
+ a7z + agWxz + a9Yaax + aoPz;
+anyy, +apy; +F =0, (19)

where a;(i = 1,...,12) and F are functions that have been
defined in the Appendix.

III. EVOLUTION OF THE FREE LC-AIR INTERFACE,
TEMPERATURE, AND VELOCITY UNDER THE
INFLUENCE OF THE TEMPERATURE GRADIENT

The evolution of the free LC-air interface under the
influence of the temperature gradient V x, caused by the laser
beam focused in the interior of the LC sample, is governed by
Egs. (12), (19), and (14), together with the boundary [Egs. (15)
and (16)] and the initial [Eq. (17)] conditions. The calculations
have been carried out by using both the relaxation [18] and the
sweep [19] methods. The initial distribution of the director
field fig)(x,z) has been obtained from Eq. (12) by means of the
relaxation method with (), = (¥), = (x), = (x), =0, and
with the boundary (1x),—110—1<:<1 = ("x);=1.—10<x<10 = 0,
(4).—_1,_10<x<10 = 1, and initial n, = 152, for =10 < x <
10, and n, = 0, for x = £10, conditions. Having obtained
the initial distribution of the director field fig(x,z), the initial
distribution of the temperature field x (x,z, A1), corresponding
to the first time step At, has been obtained from Eq. (14),
by means of the relaxation method with (y), = (), =0
and with the boundary and initial conditions in the form
of Egs. (15) and (16), for the case of the flat interface.
Having obtained the initial distributions of the director and the
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(b) ‘ ‘ 85=7,1j,=0.01
x0=0.0, zp=0.93
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=h,t)

1%,z

-0.5 -0.25 0.0 0.25 0.5

FIG. 1. (a) The evolution of both the dimensionless height 4 (x,7) of the LC-air interface and the dimensionless temperature x (x,7) (b) on
the free LC-air interface I, during the heating regime with 85 = 7 and t;, = 0.01, at different times 7; = 2/ x 1073 = 1,...,10), respectively.

The numbering of the curves increases fromi = 1toi = 10.

temperature fields, as well as the function F, which is involved
in Eq. (19), one can calculate, using Eq. (19), the initial
distribution of the stream function ¥ (x,z,At), corresponding
to the first time step At. The next time step At for the
velocity and temperature fields, as well as for the director
’s distribution across the LC sample with the free flexible
upper boundary is initiated by the sweep method. The stability
of the numerical procedure for Eqs. (12), (14), and (19)

e . At 1
was defined by the conditions [18]: % (Bt +
3(15 2611

o ey 0, where Ax and Az are the space steps in
the x and z directions, and a; and as are the coefficients
defined in Eq. (19). In the calculations, the relaxation criterion
€ = |(Xm+1)(*,2,T) = Xm)(X,2,7))/ X(m)(x,2,T)| was chosen
to be equal to 107*, and the numerical procedure was then
carried out until a prescribed accuracy has been achieved.
Here, m is the iteration number.

Recently, the laser-induced heating has been used to inject
the energy O(x,z,7) = 5 exp[—Z()‘ﬂ“’)ZA$ZO)Z]7-[(rin —7)in
the interior of the LC sample [2,5], where Js is the dimension-
less heat flow coefficient, A is the Gaussian spot size, and Ty, is
the duration of the energy injection into the LC sample. Note
that the magnitude §5 and duration tj, of the heat injection are
restricted only by the nematic phase stability condition. In the
following, the heating regime with §s = 7 will be considered.

1 1
(Az)Z) < 2

-4

8,=7,7,=0.01
%,=0.0, 2,=0.93

104w
o

1.0 05 0.0 05 1.0

. .. 2 .
This estimation of 85 = %ﬁOo was made taking into

account the fact that the duration of the laser pulse of power
Qo ~ 0.5 W, for the infrared laser with the wavelength of
1061 nm, was T, ~ 2.0 us. Figure 1 shows the evolution
of the dimensionless height A(x,7) = H(x,t) — 1 [Fig. 1(a)]
of the LC-air interface and the evolution of the dimensionless
temperature x (x,7) [Fig. 1(b)] on the free LC-air interface I',
during the heating regime when the laser beam is focused
in the interior (x = 0.0 and z = 0.93) of the LC sample,
at different times 7; = 2/ x 107°( = 1,...,10), respectively,
whereas Fig. 2 shows the evolution of the horizontal u(x,7)
[Fig. 2(a)] and vertical w(x,t) [Fig. 2(b)] components of the
vector v = ui + wk on the LC-air interface. According to our
calculations, the evolution of the height i(x,t) of the LC-air
interface is characterized by the wavelike profile along the
x axis (—0.5 < x < 0.5). At the final stage of the evolution
process, for T = tj,, the highest value of || ~ 2 x 1072 is
reached in the vicinity of points x ~ £0.125, whereas the
evolution of the temperature x is characterized by symmetric
profile of x (x,7),r with respect to the middle point (x = 0.0)
of the LC-air interface I' [see Fig. 1(b)]. In that case, during the
heat step [t ~ Tjn ~ 0.01(~2 [us])] the evolution of the tem-
perature profile x (x, 7). is characterized by its strong growth
in the vicinity of the middle point x = 0.0, up to the highest

10[c)m = = m v v e s e

v

V ¥~
NO.Q’A\L\VV*l *//‘f;Arrer

A\l

v

Al

Lyyy 22V A amve =42t/

0.8

-0.25 0.00 0.25
X

FIG. 2. Same as described in the caption of Fig. 1, but for evolution of both the horizontal u(x,7) (a) and vertical w(x,t) (b) components
of the velocity vector v = ui + wk on the LC-air interface during the heating regime. (c) Distribution of the velocity field v = ui + wk in the
LC sample after heating during T = 1;,. Here 1 mm of the arrow length is equal to 0.4 pm/s.
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(b)
cooling
0.980¢
% 0.975]
=
0.970 A

FIG. 3. The evolution of both the dimensionless height 4 (x,7) (a) and the dimensionless temperature  (x,7) (b) on the free LC-air interface
T, during the cooling regime, at different times 7; = 2/ x 1072(i = 1,...,8), respectively.

value of 0.987 (~307 K), whereas the evolution of the dimen-
sionless height i of the LC-air interface is characterized by
two combs with the highest value of || ~ 0.02(~0.01 [pm]),
which are directed in the opposite sense with respect to their
center x = 0.0 [see Fig. 1(a)]. The thermally excited flow
in that case is characterized by maintaining three vortices,
one biggest vortical flow in the vicinity of the heat source
initiated by the laser beam and directed in the negative sense
(anticlockwise) around their center x = 0.0,z ~ 0.93, and two
smallest vortices, which are settled down close to the points
x = =£0.13 and z ~ 0.93, respectively [see Figs. 2(a)-2(c)].
According to our calculations the highest value of v on the
LC-air interface is reached in the vicinity of the middle point
x = 0.0. In that case, there is the biggest horizontal flow
u~8x1073(~0.27 [um/s]) directed in the negative sense
[see Fig. 2(a)], whereas the vertical flow w [see Fig. 2(b)] is
characterized by very small value ~4 x 107#(~13.2 [nm/s])
directed in the opposite sense. Indeed, in the right-hand
side of the LC sample, in the vicinity of the point x ~
0.125, the vertical component w ~ 4 X 104(~13.2 [nm/s])
of the vector v is directed in the positive sense, whereas in
the left-hand side, in the vicinity of the point x ~ —0.125, the
vertical component w ~ 4 x 1074(~13.2 [nm/s]) is directed
in the negative sense. Our calculations also show that the range
of distance z, counted from the lower solid boundary, over
which the laser beam cannot disturb the nematic phase, is
0.8 < z < 1.0, i.e., which is approximately 80% of the LC
sample [see Fig. 2(c)]. Notice that the duration of the energy
injection T1;, into the LC sample is restricted only by the
nematic phase stability. Further calculations (cooling regime),
based on the nonlinear extension of the Ericksen-Leslie theory,
show that the LC material settles down to the rest during the
time term tg ~ 2.56(~0.5 [s]), after switching off the laser
power [see Fig. 3(a)], where both the horizontal u and vertical
w components of the velocity v are equal to zero [see Figs. 4(a)
and 4(b)], and the temperature field x across the LC samples
finally downfalls to the value on the lower and two lateral
boundaries [see Fig. 3(b)]. Our calculations also show that
the dimensionless height 4 and temperature x profiles are
shifted during the cooling regime, to the left-hand side of
the LC sample. Such behavior of these profiles is caused by
the existence of the horizontal flow directed in the negative
sense. Figure 5 shows the distribution of the dimensionless

temperature x(x,7) along the z axis (0.7 < z < 1.0), when
the laser beam is focused in the center (x = 0.0) of the LC
sample, but at different depths: (a) zog = 0.98, (b) zo = 0.94,
(©) zo =0.90, and zo = 0.80 (d), respectively. The heating
regime when the laser beam is focused in the interior of the LC
sample is given at different times 7; = 2/ x 107°(i = 6,...,10),
respectively. It has been shown that as the focus of the laser
beam is shifted in the depth of the LC sample, the temperature
profiles across the LC sample does not undergo the crucial
change. For instance, in the case when the laser beam is
focused on the maximum depth (zyp = 0.8), the heating does
not reach the LC-air interface [see Fig. 5(d)]. In turn, the
velocity profiles across the LC sample undergo the crucial
change. Figure 6 shows the distribution of the horizontal
u(x = 0,z,7) and vertical w(x = 0,z,7) components of the
velocity vector v along the z axis (0.7 < z < 1.0), when
the laser beam is focused in the center (x = 0.0) of the LC
sample, but at different depths: (a) zop = 0.98, (b) zo = 0.94, (¢)
zo = 0.90, and zo = 0.80 (d), respectively. It has been shown
that as the focus of the laser beam is shifted in the depth
of the LC sample in the vicinity of the LC-air interface, the
horizontal component of the velocity u(x = 0,z,7) changes
its direction from negative to positive, approximately at the
point xo = 0.0,z9 ~ 0.9, whereas the vertical component of

-4

|

104w

2

103y
N

(a)

2 ] 0 1
X
FIG. 4. The evolution of both the dimensionless horizontal u(x,7)
(a) and vertical w(x,7) (b) components of the velocity field on the
free LC-air interface I" during the cooling regime, at different times
7, =2 x 1072(i = 1,...,8), respectively.
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z
FIG. 5. Distribution of the dimensionless temperature

x(x =0,z,7) along the z axis (0.6 < z < 1.0), when the laser
beam is focused in the center (x = 0.0) of the LC sample, but at
different depths: (a) zo = 0.98, (b) zo = 0.94, (c) zo = 0.90, and
zo = 0.80 (d), respectively.

the velocity w(x = 0,z,7) rapidly drops to zero. It should be
noted that the greatest value of u(x = 0,z,7), directed in the
positive sense in the vicinity of the LC-air interface, achieved
in the case when the laser beam is focused on the maximum
depth of penetration (z9 = 0.8) in the LC volume, whereas the
greatest value of u(x = 0,z,7), directed in the negative sense in
the vicinity of the LC-air interface, achieved in the case when
the laser beam is focused on the minimum depth of penetration
(zo = 0.98) in the LC volume. In both of these cases, the
vertical component of the velocity vector w(x = 0,z,7) at the
free LC-air interface is almost zero. So, this distribution of
components of the velocity field shows that in the area close to
the LC-air interface (0.8 < z < 1.0), due to pumping of energy
by laser radiation, the vortical flow is excited similar to what
is shown in Fig. 2(c). Our calculations also show that with
further penetration of the injecting energy to the bulk of the
LC phase, from xo = 0.0, zo = 0.98 to xp = 0.0, zo = 0.8,
the thermally excited vortical flow changes the direction
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from anticlockwise, around the point x = 0.0, z = 0.98, to
clockwise, around the point x = 0.0, z = 0.8, approximately
at the point xo = 0.0, zop ~ 0.9.

IV. CONCLUSION

In summary, we have investigated the reorientational
dynamics in thin liquid crystal (LC) volume, where the
nematic sample is confined in a microsized volume with a free
flexible LC-air interface, under the influence of the temperature
gradient VT, caused by a laser beam focused in the interior
of the LC sample. Our calculations, based on the appropriate
nonlinear extension of the classical Ericksen-Leslie theory,
show that due to interaction between VT and the gradient
of the director field Vii, in the LC volume the thermally
excited three-vortical fluid flow is maintained. The direction
and magnitude of hydrodynamic flow, at a fixed time pumping
energy and the laser output power, is influenced by depths
of the laser injection. Our calculations also show that the
range of distance, counted from the lower solid boundary,
over which the laser beam cannot disturb the nematic phase,
is approximately 80% of the LC sample.

Recently, the circular flow formation in homeotropically
oriented LC film doped by chiral molecules has been observed
[5]. It has been shown, by means of circular polarization
techniques, that when the laser beam irradiation started, the
thermocapillary flow from the laser spot position on the free
LC interface to the radial outward direction occurred. After
a while, the radial flow has turned into a circular flow. The
formation of the circular flow on the top of the LC film has
been ascribed to thermocapillary convection in the LC sample.
In turn, in our case, the vortical flow is occurred in the vicinity
of the free LC-air interface and penetrated to the bulk of the LC
sample, and the mechanism that is responsible for occurring
of the vortical flow near the LC-air interface is based on the
coupling between director and temperature gradients, initiated
by the laser beam irradiation. So, this vortical flow is a unique
phenomena only exhibited by liquid crystal systems, and it is
expected to be applied for optothermal tweezers.
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FIG. 6. Distribution of both the horizontal u(x = 0,z,7) and vertical w(x = 0,z,7) components of the velocity vector v along the z axis

0.7<z<
(¢) zo = 0.90, and zyp = 0.80 (d), respectively.

1.0), when the laser beam is focused in the center (x = 0.0) of the LC sample, but at different depths: (a) zo = 0.98, (b) zo = 0.94,
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We believe that the present investigation can shed some
light on the problem of control of the dynamic response of the
LC display under the influence of the temperature gradient.

APPENDIX: TORQUES AND STRESS
TENSOR COMPONENTS

The torque balance equation can be derived from
the dimension balance of elastic T, = Mo fi, viscous

SR
vis. . tm
T, = &= and thermomechanical Ty, = &~
5Ny, a1y

torques, where W = %[K](V SR)? 4+ K3(h x V x 11)?] s
the elastic energy, and K| and K3 are the splay and bend
— dh

dt
fi=nd+nk, whereas RYS =a;f - Ds-n)?+ y(f —
Da'ﬁ)2+2y2(ﬁl_Da'ﬁ)'[Ds - — (A - Dy - )fi] + oDy :
D + (a5 + ag)(M - Dy - Dy - 1) is the viscous contribution to
the total Rayleigh dissipation function R = R"S + R™ +
R™. Here, gntm =@{-VT)Dy: M+ VT -D,-M -+ (i -
V 1)[iy D,-fi — 3Dy-a + 3(fi-Dg-f)f]-M-f+
A(VY M- VT +1(h-Dy-®)VT -M-A+n-M-VT +
IMoVT - Vv-f+ (- VT)Mo(h - Dy - f1) + LMo - VT,

A

X 1,

= is the material derivative of

elastic coefficients, n;
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the thermomechanical and thermal contributions to
R, respectively. Here, o) =+ e are the Leslie viscosity
coefficients, y1(T) and y»(T) are the rotational viscosity
coefficients (RVCs), & is the thermomechanical constant,
and Ay, A, are the heat conductivity coefficients parallel
and perpendicular to the director h, respectively. Here,
D, = i[Vv+(VV)'] and D, =1[Vv—(VV)T] are the
symmetric and asymmetric contributions to the rate of strain
tensor, M = %[Vﬁ +(Vi)"], and My =V - h is the scalar
invariant of the tensor M. We use here the invariant, multiple
dot convention: ab =a;b;, a-b=a;b;, A-B = A; By,
and A : B = A;; By, where repeated Cartesian indices are
summed.

The dimensionless elastic contribution to the torque balance
equation is Ty = nzMO,x - anO,z + Ka1(n, f; + ny fo),
whereas the dimensionless viscous and thermomechanical
contributions are Tyis =ngny . —nyng . + %yﬂ(wzz —
wxx)(njzc - n?) - %(sz + Yax) + ZVZII//,xznxnz and
Tim = 82 xx(nyxng x — %nznx.x + %nxnx,z) + S x.(—nzny . +
%nznz,x), respectively. We  consider the
dimensionless  elastic W, dissipation R =

3
FNxNzz —
and

Ruis + 83 R + 83 Ry, functions as

and  R™= L[4 VT)?+ A [VT —d(h-VT)] are
|
— K;
We = l’leo,x — anO,z - ?(nzfz — 1y fi)s
1
2ﬁvis = ni,r + n?,r + nx,r[nz(wx —uy)+2yncu, + yan (u; +w,)]

1
[ (uz — wy) + 2yn.w, + yang(u, + wy)] + y—ui [os + (o5 + o)’ + ]
1

1 o
+ _w?[om + (a5 + 056)”? + Oémf] + 2—1uxwzn)%nf
)2 g z Vi 4
1 o| 4 y1 +as +ag ) ) -
+;”z|:? 4 +y2(n; — nl) + ainin:
1 -yt o5+ o
+ —u W, [a4 + nTEsTY% + 2a1n§n§:|
Y1 2 Vi

1

o Ntast o
2 4

2
x

Jeoe]

(o = 02) + anin

+ iuzux[—yznxnZ + 2a1ninz] + Viu,m),([yznxnZ + 2a1ninz]

1

3 1 3
+ y—uzwz[yznxnZ + 2a1nxnz] + y—wzwx [—yznxnZ + 2a1nxnz],
1 1

— 1
Rim = Xx [_EnzMO —n M, + ni(”xMzz — Myn; + 2anxz):|

1 2
+ Xz EanO + Mz, +n;(n Mz — Myyne — 2n.My.) |,

— 1
Ry = I3 V)P +[Vx — AR - V)],

of s
where f =n,, —n;x, fx = 8—£,A = ﬂ

The dimensionless stress tensor o = ¢! + ¢V + g™ — P7T as the sum of elastic, viscous, thermomechanical parts and

pressure can be obtained directly from the elastic contribution to the energy and Rayleigh dissipation function as o

SRS
A

_ SRIM

tm
and o v

(Vﬁ)T, O.ViS — —

calculations for the geometry fi = (n,,0,n;) give the following expressions for the elastic a,-‘}l, viscous o

t s> .
ol.]‘.“ components of the ST, i,j = x,z:

U;)lc = 81[—ny Mo+ K31 fn«],
Gzezl = 81[_nx,xM0 + K31fnz,z]v

el _ _3W§1 .
v

for the elastic, viscous, and thermomechanical contributions, respectively. Straightforward

vis

;> and thermomechanical
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CT;; = 81[_nx,xM0 - KSlfnx,x]a
O‘Ze; = 81[_nx,xM0 - K31fnx,z]a

vis dl’lx 1 2 2 Ol]
Oyy = Y2ulx—— + lﬂxz—[om + (a5 + a6)n +on (n —n )] nz(sz VYix) — V2lnx Wz + Vo),
dt Y1 Vi
vis 1 dn dn, 1
Oy, = < dtx - Tt ) + V21< Tt ) + I//XZ Ollnxnz(n2 —n ) + yanyn ]
1 oy o5+ ag 1
+— W — wxx)[alnznz + =+ ] ~(Yoe +Yu) + 5 VZIWxx( - ?)7
Y1 2 4 4
vis 1 dn, dn 1 dnx 2
O = E nx? - dl + V21 d[ wxz Olll’lxl’lz(l’l —n ) + yanyn ]
1 as + o 1
+ _(wzz - wxx)[aln n; + 7 + 4 ] 4(1#22 + ) + = 7/211// ( 2),
vis an 2 2(,,2 1
o’ = yane— = %z [oe4 + (a5 + ae)n? +oyni(n2 —nd)] + ainin (Yo — Yoo) + Fyamen: (e + Yo,

1 7 3
O';I)? = 81Xx|:2 xxnx(3n +7) + sznz(l + 2” ) + Mzznx <§ + an)]

1 3
+ 81 x; |: xxnz(n + 1) + ZMXZHX(S + Snf) + EMzznz(l + n?)i|

W 5| S Meen.(n2 +3) + M 32— D) fomn? | 81| Sm " Men (3= n2) = A hnon?
Oy, = 01 Xx E xxnz(nx+ )+ xzMx nZ_E + M n, | +01X; 5 Xxnx_i xznz( _nx)_é 2N |,

1 1 1
o — 81 Xx _EMxxnzn,% + _sznx(?’ - n?) + EMzznzi| + 1 x: |:Mxxnz +

1 1
2 —sznz(3ni —_ 1) + EMzznx(l + ng)ila

2

o™ = 8, x, ;Mxxnx(nf + 1) + sznz(3 + SnfC) + Mzznx(l + n?):|

, 3 7 1
+ 81 x| Myxn | 2n; + 5 + M n, |1+ 2n + 2Mzzn (7 + 3n )
The biharmonic equation in the ST terms has the form
S3paer = (0 —0), + (o), — (o), + 7
or
B3Vzr = A1Vizzr + O Wnzzy + A3 Wnnzz + A4VWixxz + AsPranx + d6¥zzz
+ a7z + agVsxz + oWiry + a1V + an +an¥ + F,

— el tm _ el _ _tm el tm _ el tm
where . F=(o], +o} —o—o0.] )XZ + (05 + o} )ZZ (o5, + 0.0
following elements:

o whereas the coefficients a;(i = 1,...,12) have the

1 1o | as+as 2 2 V2l o o V31 _ 2\
a1_2+y1[2+ 1 +ann}+2(n n;) — 4(n n2)’,
2
a, = —Z[O{lnx (I’l2 —n ) + V2nx ] + 2]/22111)5711(1’1)26 - I’l?),
a3=l-l-i|:054-|-055+066 Otl(”i+ng)i| Ay 2+1V21(” —n3).
4! 2 2
as = ;[Otmxnz (”g - ”i) - VZ”X”Z] - 2)/221”)‘”2(”)2( o ng),
1 I [os o5+ g Y21 Vi 2
a5:§+z|:? 1 +oe1n)2rn§:|—7(11)2(—”?)_2(@_”3) ’

1
ag —
1

1 2
—|:(a1 + = Y2 >nxnz(n2 —n ) + 2y2nxn,i| +
Vi Y1 Y

X

2
V. Y 2
om0t )| = T2 - )’
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2 1 2 1
= = a2 = ) +yanonc], = a0 = 244220202 | 4404 v 02 = ) 20 0 = )],
1 r 2 4 2 2 2
ag = Z _(—al + %) (n? — ”i)z _ (2051 + %)ninfl —+ z[(al -+ %)(n? — n)%)nxnZ — yznxnz]x.
r 2 2
ag = %_— <a1 + %)nxnz(ni - n?) — 2)/2nxnzi|Z + %[alning - %(ni - ng)])C — %[(ni _ n?)z]x’
[ 3y 1 1% v
ajp = ; _Otlnfn? + Tz(n)zC — nf)]zz — ;[alnfnf + Iz(ni — n?):|xx + %(ni — ng)[(ni — ni)xx — 2(n)2€ — n?)z]

- |:;X/_11nxnz (ng - ni) - y21nxnzi| + yzzlnxnz (I’li - ”?)XZ + 7/221 [(nxnz)x (ni - n?)z + (nxnz)z(n;% - n?)x]
xz

[ ) = bt )]

an = =l o = )], = fanmn o = )] = LG = )],

_ )/221 [nxnz(nf — ni)u + (nxnz)zz(ni — n?) — nxnz(n? — n)zc)xx + (nyn;),, (n)zC — nf)]

Y2 [8nan(non),. + 8(nny). (), + (nony). (n? — n?) + (o), (n2 —n?) ],

1 3 1 ;
o= famtnt = 2202 )| b a4 202 )|+ B -0 <), - 202 - ), )
XX 2z

i 4 : Y1 4 4
— [ji—llnxnz(nﬁ —n?) — VZlnxnz:| — yau(nen2) [1+ ya (nf —n2)] = yaynenz(nf —n?)
Xz
2
Y 2
—yal0uno). (n} = n?), + (ano) (0} —n?) ] = ZH[(0F = n2) ] = [(n2 = n2) T}
The dimensionless analog of the heat current q = —T% is given by

—qx = Xx (Ani + ni) + (A — Dnyngx . + 84V, (X W>’

tm
—g: = X (A2 4 12) + (A = Dngnox + 84, (Xﬁ)

whereas the dimensionless entropy balance equation can be rewritten in the form

Xt = [X,x (An)zc + ng) + (A - l)nxnzx,z] + [X,Z(Ang + ni) +(A = l)nxnzx,x]
tm

X ) + SSO(X,Z,T) - I/IZXX + 1//)CXZ'

IR
Sax| V-
+ 4X( v
The matrix equation
B-¥=C,

for the vector U= (Yx»V¥yz, V) can be obtained from Egs. (5), (6), and (12), transmitted to the LC-air interface, where the
matrix B;; = b;;(i,j = 1,2,3) has the following elements:

204 + as +a6—2a1>

by = (ny).p | 2y21 — ¥2
1= )z_h< V21— Vot "
a4 +as +ag + oy
by = — ” ,
1

204 + s +016+20l1>

b1z = (ny),—y ()’21 + v — 27

1 204 + o5 + o
b21 = T T
4 4y
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2004 + o5 + g + 2004

by = (ny),— <—V221 -
[ I v 7
T2 2 4
v — 1
b3 = 212 ,
by = =2y (ny),—p,
ya +1
by = —NT

whereas the vector C = (c1,¢2,c3) has the following elements:

cl = 2V(nx,x)z:h - P,

; +2a4+a5 + ag

Vi )

)

4y,

b))
¢ = E‘m — DB )emh + Xz (1x2)e],

3
c3 =81 <_Xx(nx,x)z=h + Xz(nx,z)z=h>'

2

Here, P = I‘l(—lP is the dimensionless pressure acting on the interface and y is the dimensionless surface tension.
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