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Orientation-shape coupling between liquid crystal and membrane through the anchoring effect
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We perform a series of Monte Carlo simulations on an interface between a liquid crystal (LC) material in
isotropic phase in its bulk and a surfactant membrane. These two objects are simulated using coarse-grained
molecular models. We estimate physical properties of the membrane such as the interfacial tension and the
bending rigidity, focusing on the anchoring effects of the membrane on the LC. According to our simulation
results, when the strength of the homeotropic anchoring denoted by the anchoring parameter ξ is increased, the
interfacial tension decreases and the bending rigidity first increases in ξ < ξm, and it then decreases in ξm < ξ .
We explain these results by constructing a continuum field model based on the two order parameters: directional
order of LC and the membrane shape. These order parameters are mutually interacting through the anchoring
effect, the fluctuation coupling between the LC and the membrane, and the effect of the nematic layer.
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I. INTRODUCTION

Liquid crystals (LCs) have versatile photonic properties
originating from the anisotropy in their molecular shapes and
in their dielectric constants [1]. Due to such properties, LCs
are utilized in many electro-optical devices such as displays.
Recent research has suggested a possible use of LCs in
molecular detection techniques for biomolecules by taking
advantage of their photonic properties [2–9], which facilitates
the detection of the target molecules using a microscope.
Another example of the techniques related to LCs is drug
delivery systems, where the drug molecule can have an LC
property [10–12]. These techniques related to the LC system
were developed mainly in LC-confined systems, i.e., systems
where an LC is confined in a container. A molecular detection
is realized by observing the structural change of the LC phase
when it contacts the target molecule. In this case it is important
to investigate the properties of the interface between the LC
and the target material.

At the LC surface, the LC director, which corresponds to the
local-averaged vector of the principal axes of LC molecules,
is oriented to a certain direction with respect to the surface
normal. Such a surface-orientation effect is called “anchoring.”
The anchoring is determined by surface conditions, which are,
for example, given by the characteristics of the molecules
that form the surface, the molecular arrangement, and the
surface geometry. Due to the elasticity of the LC material,
which has a much lower elasticity than usual solids (still
typically 10 times larger than the thermal energy level), the
surface ordering is propagated toward the bulk region of
the LC, whose finite extension facilitates the detection of
the target material. At a solid surface, the LC orientation is
determined by the competition between the LC elasticity and
the anchoring, where the interaction between the solid surface
and the LC is one-directional, i.e., the solid surface affects the
LC orientation, but the shape of the solid surface is not affected
by the LC ordering [13].

On the other hand, when the interface is not rigid and can
deform, the interfacial fluctuation is correlated to the director
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fluctuation of the LC at the interface. When an LC phase
contacts an isotropic fluid, it is known that the interfacial
tension is modified by the director fluctuation of the LC
through the anchoring interaction [14].

An interesting behavior of a fluctuating interface that
contacts an LC is observed when a molecular monolayer, such
as a surfactant membrane, covers the interface. In this case, the
coupling between the elasticity of the surfactant membrane and
that of the LC leads to a rich variety of fascinating phenomena
as will be discussed in this article.

Typical examples of surfactants are lipids and detergents,
which stabilize the interface between hydrophilic (e.g., water)
and hydrophobic (e.g., oil) materials by forming a membrane
at the interface. Such a membrane shows elastic properties,
e.g., the bending or curvature rigidity, which contributes to
the shape change of the membrane [15]. When a hydrophobic
LC is dissolved in a surfactant-water solution, the LC forms
a domain separated from the water-rich phase by surfactant
sheets. Due to the self-assembly of the surfactant molecules
at the LC-water interface, the directional order of LC grows
since the LC directors are oriented to a certain direction due to
the steric or electric multipole interactions with the surfactant
[16–18]. This effect is the anchoring effect mentioned above.
Under the anchoring, an initial isotropic LC can change into
an ordered state near the interface, which is known as the
nematic wetting layer [19–21]. The nematic wetting layer can
be formed even if the bulk region is in the isotropic phase at a
temperature higher than the isotropic-nematic phase transition
temperature. In the vicinity of a flexible interface, the nematic
layer is expected to show different properties from those of the
nematic layer near a rigid interface.

Rey [22] discussed a membrane that contacts a nematic LC
and found that the property of the membrane fluctuation is
altered according to the anchoring strength and the anchoring
condition. Rey assumed that the free energy of the LC phase
is given by the Frank elastic energy and considered the
case with a weak and homeotropic anchoring condition (i.e.,
|n · k| = 1 where n is the director of the LC and k is the
membrane normal). Rey demonstrated that the inverse of the
power spectrum of the membrane fluctuation is proportional
to (γ − W )q2, where γ is the interfacial tension, W is the
anchoring modulus and is negative value for homeotropic
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condition, and q is the magnitude of the wave vector q =
(qx,qy) where the membrane is assumed to be parallel to
the x-y plane on the average. In this case, the constraint
|n · k| = 1 and the assumption of a spatially uniform order
parameter lead to a decreasing fluctuation of the membrane
when the anchoring modulus W is increased. In the present
article, although we will consider the case with a weak and
homeotropic anchoring condition similar to Ref. [22], the
above-mentioned constraints, i.e., |n · k| = 1 and the spatially
uniform order parameter, are not assumed. As a result, we will
observe a different behavior in the properties of the membrane
fluctuation compared to the system studied by Rey.

The outline of the present article is as follows: in Sec. II
we will introduce our model for the LC layer confined by
membranes using coarse-grained molecules, which will be
simulated using the Monte Carlo method. In Sec. III we show
the simulation results, and in Sec. IV we analyze our simulation
results based on the Landau–de Gennes-type free energy that
includes the effects of the anchoring at the interface. Finally,
we summarize our results in Sec. V.

II. SIMULATION

A. Molecular model

For calculating the physical properties of a membrane
that is in contact with an LC, we prepare a three-component
system composed of an LC, surfactant, and water as follows:
a layer composed of LC molecules with ellipsoidal shape
is put between two surfactant monolayers which are placed
parallel with each other, and an isotropic liquid composed of
spherical molecules as a simplified model of water molecule
is filled outside the two surfactant monolayers. All molecules
are coarse-grained and are interacting through the following
model potentials; the interactions between LC molecules are
given by the Gay-Berne (GB) potential [23], which describes
ellipsoidal particles. A surfactant molecule is composed of
three spherical beads: one of them is named the “head
particle” and attracts the water molecule, and the other two
particles are named “tail particles” and repel the water. These
particles are interacting with each other by the Lennard-Jones

(LJ) potential and are connected by a harmonic spring potential
to form a surfactant molecule. In addition, we assume that
the surfactant molecule tends to take a straight molecular
conformation by introducing a bending potential. Waterlike
spherical molecules are interacting via a LJ potential that is
the same as the potential exerted on particles composing the
surfactants. On this system, we perform a Monte Carlo (MC)
simulation with NPT ensemble. Although the dynamics of this
system cannot be simulated with this MC simulation, we can
obtain the equilibrium physical properties, such as interfacial
tension and bending rigidity of the surfactant monolayer.

The GB potential describing the interactions between LC
molecules has the form

UGB(r ij ,ûi ,ûj ) = 4εij [ε1(ûi ,ûj )]μ[ε2(r̂ ij ,ûi ,ûj )]ν

× {[�ij (r ij ,ûi ,ûj )]−12

− [�ij (r ij ,ûi ,ûj )]−6}, (1)

where εij is the interaction energy, r ij = r i − rj is the relative
position vector between i and j particles, and ûi is the unit
vector along the long axis of ith ellipsoidal particle. Using
the distance between i and j particles rij = |r ij |, the relative
position vector is given by r ij = rij r̂ ij , where r̂ ij is the unit
vector along the direction of r ij . The exponents μ and ν are the
parameters used for adjusting the potential shape and are taken
from Ref. [23]. In the GB potential, three functions, ε1(ûi ,ûj ),
ε2(r̂ ij ,ûi ,ûj ), and �ij (r ij ,ûi ,ûj ), appear. First, ε1(ûi ,ûj ) is
a measure of the magnitude of the interaction energy and is
defined by the expression

ε1(ûi ,ûj ) = [1 − χ2(ûi · ûj )2]−1/2, (2)

where χ is defined as χ = (κ2 − 1)/(κ2 + 1) and κ = σe/σ0

is an aspect ratio of the ellipsoidal particle. σe and σ0 in the
expression of κ are a long axis length and short axis length,
respectively, and σ0 is chosen as the unit of the length scale of
our simulation. Next, ε2(r̂ ij ,ûi ,ûj ) is a function of the angle
between the long axes of i and j particles, ûi and ûj , and the
relative position vector r̂ ij of the two ellipsoidal particles and
is defined by

ε2(r̂ ij ,ûi ,ûj ) = 1 − χ ′
[

(r̂ ij · ûi)2 + (r̂ ij · ûj )2 − 2χ ′(r̂ ij · ûi)(r̂ ij · ûj )(ûi · ûj )

1 − χ ′2(ûi · ûj )2

]
, (3)

where χ ′ is defined as χ ′ = (κ ′1/μ − 1)/(κ ′1/μ + 1) and κ ′ = εee/εss is the interaction energy ratio between end-to-end (εee) and
side-by-side (εss) configurations of two ellipsoidal particles (see Fig. 1). Finally, �ij (r ij ,ûi ,ûj ) is defined by

�ij (r ij ,ûi ,ûj ) = rij − σ (r̂ ij ,ûi ,ûj ) + σij

σij

, (4)

where σ (r̂ ij ,ûi ,ûj ) is defined as

σ (r̂ ij ,ûi ,ûj ) = σij

{
1 − χ

[
(r̂ ij · ûi)2 + (r̂ ij · ûj )2 − 2χ (r̂ ij · ûi)(r̂ ij · ûj )(ûi · ûj )

1 − χ2(ûi · ûj )2

]}−1/2

. (5)

In this expression, σij is the characteristic length scale of the excluded volume between i and j particles. The actual values of
the four GB parameters (κ , κ ′, μ, ν) in Eq. (1), the energy unit ε0, and the particle size unit σ0 are given in Sec. II B.
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FIG. 1. Representative functional forms of the GB potential,
where (κ,κ ′,μ,ν) = (3.0, 5.0, 2.0, 1.0) are the same parameter set
as used in our simulation. Schematic figures of two ellipsoids are the
corresponding configurations for the respective forms of potential.
The ratio of the energy depth of the side-by-side configuration
(corresponding to the deepest energy depth, red line) to that of
the end-to-end configuration (corresponding to the shallowest energy
depth, blue line) shows the value of κ ′ = 5.0.

The LJ potential describing the interactions between spher-
ical particles is given by

ULJ(rij ) = 4εij

[(
σij

rij

)12

−
(

σij

rij

)6
]
, (6)

and the consecutive particles in a surfactant molecule are
connected by a spring potential defined by

Uspring(rij ) = 1
2kspring(rij − σij )2, (7)

where kspring is the energy constant of the spring. A surfactant
molecule, in addition, has the bending potential, which restricts
its conformation and is defined by

Ubend(θ ) = kbend[1 − cos(θ − θ0)], (8)

where θ is the angle between the two consecutive bonds of
the surfactant molecule, kbend is the energy constant of the
bending potential, and θ0 is the stable angle between the two
bonds composing the surfactant molecule. For simplicity, we
assume that θ0 = 0, which means that our surfactant molecule
is a coarse-grained molecule whose stable conformation is a
straight one.

Here we introduce an important potential between ellip-
soidal (labeled i) and spherical (labeled j ) particles (the
subscript “sg” means either spherical particle or GB particle)
[24] as

Usg(r ij ,ûi) = 4εij [εsg(r̂ ij ,ûi)]
μ{[�sgij (r ij ,ûi)]

−12

− [�sgij (r ij ,ûi)]
−6}, (9)

�sgij (r ij ,ûi) = rij − σsg(r̂ ij ,ûi) + σij

σij

, (10)

FIG. 2. Functional shapes of the potential Usg for two repre-
sentative configurations. One corresponds to the configuration with
the short axis directed to the spherical particle, and the other
corresponds to that with the long axis directed to the spherical
particle, respectively. The potentials which contact the dotted line at
the deepest point have the value ξ = 1, whereas the potential which
contacts the solid line at the deepest point has ξ > 1.

σsg(r̂ ij ,ûi) = σij [1 − χ (r̂ ij · ûi)
2]−1/2, (11)

εsg(r̂ ij ,ûi) = 1 − χ ′
sg(r̂ ij · ûi)

2, (12)

where χ ′
sg = 1 − ξ 1/μ and ξ = εE/εS.

The parameter ξ is called the anchoring parameter herein
and characterizes the anisotropy in the anchoring interaction.
The parameter εE corresponds to the interaction energy for the
configuration where the long axis of the ellipsoidal particle is
directed to the spherical particle, whereas εS corresponds to
that for the configuration where the short axis of the ellipsoidal
particle is directed to the spherical particle. The representative
shape of the potential is shown in Fig. 2. The parameter ξ

is called the anchoring parameter herein and characterizes
the anisotropic interaction. Then the anisotropic interaction
potential Usg includes the effect of the anchoring, whose
strength changes depending on the direction of the ellipsoidal
particle to the interacting spherical particle and is measured
by the parameter ξ . As we will see, this anchoring parameter
ξ plays an important role in the present work.

The interactions between different particles are either
attractive or repulsive. In our work, the repulsive interaction
is defined as the repulsive part of the nonbonded interaction
potential. The particles are categorized into two groups:
hydrophobic and hydrophilic. The ellipsoidal particles and
the tail particles of the surfactants belong to the former, while
the water particles and the head particles of the surfactants
belong to the latter. Within the same group, the interactions are
attractive, which is described by the nonbonded LJ potential
defined in Eq. (6), while the interactions are repulsive between
different groups where the repulsive part of the LJ potential
is used. Due to these interactions, the LC layer can stably
be maintained between two surfactant monolayers whose tails
are directed to the LC, and the water region is outside of the
surfactant monolayers.
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B. Parameters and system setting

In this section, we give the values of the parameters used
in our simulations. The interaction energy parameters εij for
all types of particle pairs are assumed to be the same value,
i.e., ε00 = ε11 = ε22 = ε33 = ε0 and εij = √

εiiεjj , where the
subscripts i = 0,1,2, and 3 mean surfactant head, surfactant
tail, isotropic water, and LC, respectively. ε0 is the energy
unit and is assumed to be equal to kBT , where kB is
the Boltzmann constant and T is the temperature so that
the dimensionless temperature is T ∗ = kBT/ε0 = 1.0. The
diameter of the spherical particles and the minor axis length
of the ellipsoids are σ00 = 1.05σ0, σ11 = 1.0σ0, σ22 = 1.0σ0,
σ33 = 1.0σ0, and σij = (σii + σjj )/2, where σ0 is the unit
of length. The sizes of the surfactant head and tail are
determined according to Ref. [25], where the surfactant model
is more detailed than ours. The spring energy constant kspring

of the surfactant molecule is chosen as 100ε0/σ
2
0 , and the

bending energy constant kbend is 10ε0 [25]. The characteristic
parameters determining the form of ellipsoids are chosen as
(κ,κ ′,μ,ν) = (3.0,5.0,2.0,1.0), which were originally used in
Ref. [23]. These molecular models are very simple models to
interpret the change in the strength of the anchoring. Since our
purpose is to understand the effects of the confined LC on the
physical properties of the membrane qualitatively, a realistic
model with realistic model parameters is not suitable.

We assume that the membranes are almost flat and introduce
Cartesian coordinates (x,y,z) where the x-y plane is set
parallel to the membrane and the z direction is the average
normal direction of the membrane. In our MC simulations,
the system evolves under the NPT ensemble, where the total
number of the particles N = 115 200 is composed of the
number of the surfactants Ns = 6400, the LCs Nl = 51 200,
and the water Nw = 44 800, and the dimensionless pressure is
P ∗ = Pσ 3

0 /ε0 = 3.0. The temperature is T ∗ = 1.0 as has been
explained before. These pressure and temperature values are
chosen to realize the isotropic phase near the isotropic-nematic
transition for the LC material (a phase diagram is given in
Ref. [26]). The constant pressure condition is employed by
exerting the constant stress with the same magnitude as P ∗
for all three directions so that the realized state is a stress-free
state.

The MC simulations are performed as follows. First, we set
an LC-confined surfactant membranes in the simulation box
as an initial state and perform a simulation run for 1.0 × 105

Monte Carlo steps (MCSs) to obtain the energy minimum state.
Then we perform other MC simulations for 1.0 × 105 MCS
to obtain 500 snapshots from which we calculate the averaged
values of the physical quantities.

C. Estimation of the interfacial properties

In order to estimate the physical properties of the mem-
brane, we construct the free energy model of the membrane
including such physical properties as the interfacial tension γeff

and the bending rigidity Keff , where the subscript “eff” means
the effective quantities that include the influences not only
from the membrane but also from the ellipsoidal molecules.
We evaluate the mean square of the vertical displacement of
the membrane in the Fourier space denoted as hq [27], and fit
the simulation data to a model interfacial free energy to obtain

γeff and Keff , where the model free energy of the membrane is
given by

F =
∫

da
{
γeff + 1

2
Keff[∇s · m(x,y)]2

}
. (13)

Here m ≈ [−∂xh(x,y), − ∂yh(x,y),1 − |∇sh(x,y)|2/2] is the
membrane normal vector, a is the position vector on the mem-
brane surface, and da =

√
1 + |∇sh(x,y)|2 dx dy is the area

element, where ∇s ≡ (1 − mm) · ∇ is the two-dimensional
derivative operator on the membrane. Up to the second order
in h, we can define ∇s ≈ (1 − ezez) · ∇ = (∂x,∂y,0) where
ez is the basis vector in the z direction. Substituting these
definitions into Eq. (13) and expanding it up to the second
order in |∇sh(x,y)| and |∇2

s h(x,y)|, the free energy can be
expressed in the Fourier space as

F = Am

2N2
s

∑
q

(γeffq2 + Keffq4)|hq |2, (14)

where

h(x,y) = 1

Ns

∑
q

h(q) exp (−iq · x) (15)

is the definition of the Fourier component hq , Am is the total
area of the membrane, and x = (x,y). The symbol Ns in the
denominator in Eq. (15) is used as the normalization factor
instead of the usual number of mesh points. Assuming a
canonical ensemble, the mean squared displacement of the
membrane position 〈|hq |2〉 is obtained as

〈|hq |2〉 = N2
s kBT

Am(γeffq2 + Keffq4)
, (16)

where q = |q|. First, we calculate hq from the molecu-
lar simulation by defining the local h(x,y) as h(x,y) =∑

i h(xi,yi)δ(x−xi)δ(y−yi)/[
∑

i ′ δ(x − xi ′ )δ(y − yi ′)] where
(xi,yi,zi) = (xi,yi,h(xi,yi)) corresponds to the centers of mass
of ith surfactant molecule. Here we assume the incompress-
ibility condition that means

∑
i δ(x − xi)δ(y − yi) = Ns/Am

on the surfactant membrane. Second, by fitting the simulation
data with Eq. (16) on double logarithmic scales, one can obtain
the effective interfacial tension γeff and the effective bending
rigidity Keff as the coefficients of second- and fourth-order
terms in q.

III. SIMULATION RESULTS

In our simulations, the most important parameter is the
anchoring parameter ξ , which is a measure of the anisotropic
interaction between the tail of the surfactant and the LC
molecule (see Fig. 2). We change the value of ξ while the
isotropic interaction parameter ε0 is fixed. When ξ is increased,
the attractive interaction energy between the LC molecules and
the surfactant molecules is also increased. In our simulation,
the number of the LC particles penetrating into the membrane
is fewer than that of the LC particles contacting the membrane.
Then increasing ξ leads to a change in the size and shape of the
simulation box because the pressure in the x-y plane becomes
smaller than that in the z direction due to the increase in the
attractive interaction. Therefore, the size of the simulation box
in the z direction becomes smaller and that in the x and y
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FIG. 3. The red line shows the change in the maximum value of
the LC scalar order parameter in the LC layer Smax as a function of the
anchoring parameter ξ . The blue line shows the change in the order
parameter just at the interfacial position Sint.

direction becomes larger. At the same time, the LC molecules
near the interface orient to the z direction on average due to the
anchoring interaction and the LC order parameter increases.
In this case, however, the density of the LC confined by the
membranes is kept constant.

In order to characterize the orientation order of LC, we
introduce the LC order parameter S, which is defined as the
largest eigenvalue of the tensor order parameter Q defined as

Q = 〈
uu − 1

3

〉
, (17)

where u is the local molecular director vector of the LC. To
investigate the change of S in the z direction, we calculate the
local average of S in each layer parallel to the xy plane with a
thickness σ0.

Figure 3 shows the maximum value of the LC order
parameter in the membrane normal direction Smax (red line)
and the value of the LC order parameter at the interface
position Sint (blue line), respectively. Here Smax is defined as
the maximum value of the profile of the order parameter of the
LC in the z direction, which is measured near the membrane
(i.e., within the region where the order parameter S is affected
by the interface), and Sint is measured at the point where the
LC density profile takes a half value of its bulk LC density
(i.e., the centers of mass of the LC molecules that contribute
to Sint are just at the interfacial position). As one can see, Smax

is monotonically increasing as ξ increases, while Sint shows
the maximum at ξ ≈ 1.4.

These behaviors can be confirmed by the snapshot of the
LC molecules near the membrane in the equilibrium state
(see Fig. 4 where membranes are not shown). From these
snapshots, we observe that the number of horizontally directed
LC molecules in the vicinity of the membrane is increased as
ξ is increased. This corresponds to the change in the behavior
of Sint. We can also observe that the orientation of the LC
molecules near the interface [see the LC molecules near the
interface in Figs. 4(a)–4(c)] is more directed to the interfacial
normal as confirmed from the behavior of Smax. Although

FIG. 4. Snapshot pictures of the LC molecules near the interface
for (a) ξ = 1.0, (b) ξ = 1.4, and (c) ξ = 1.8.

Smax is an increasing function of the anchoring parameter ξ ,
Sint shows a nonmonotonic behavior, which we attribute to the
membrane fluctuation, as will be discussed below.

The above behaviors of the two types of order parameters
Smax and Sint can also be confirmed by evaluating the
orientation distribution function of LC molecules shown in
Fig. 5. This P (θ ) is proportional to the population of LC
molecules with molecular direction θ that have an overlap with
the average position of the membrane. In Fig. 5 the distribution
function P (θ ) is normalized by the Jacobian of the spherical
coordinate sin θ .

From Fig. 5 we can recognize several characteristics of
P (θ ). First, even if ξ = 1 (i.e., isotropic anchoring), the
probability distribution P (θ )/ sin θ is not uniform. This is
due to the fact that the directors of LC molecules near the
membrane are affected not only by the anchoring interaction
but also by the excluded volume interaction which attributes
to loss of the translation entropy of the LC molecules near
the interface. As a result of the competition between these
two interactions, the director of the LC molecules avoids
aligning in the membrane normal direction, which is shown

FIG. 5. The distribution function of the angle between the LC
director and z axis, which is defined as arccos (nz) just at the
interface. The distribution function is normalized by the Jacobian of
the spherical coordinate system sin θ . The correspondence between
color and anchoring parameter ξ is shown.
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FIG. 6. The dependence of average θ (z) on the z direction,
which is estimated in each thin films with the thickness σ0. The
correspondence between color and anchoring parameter ξ is shown.

by the dip in P (θ )/ sin θ around θ = 0. Second, when the
anchoring parameter ξ is increased, P (θ )/ sin θ in the small θ

region (θ < 0.6) increases to ξ = 1.8 and forms a peak around
θ = 0.3, which is a sign of oblique alignment as a result of
the competition between the anchoring and excluded volume
interactions mentioned above. At the same time, P (θ )/ sin θ in
the large θ region (1.0 < θ ) decreases in order to compensate
for the growth in the smaller θ region. Third, the region
at θ > 1.2 initially decreases up to ξ < 1.8, and then this
region starts to increase for ξ > 1.8. These behaviors are
the evidence of the appearance of the peak in the interfacial
orientation parameter Sint. Although the excluded volume
effect on the behavior of the angular distribution function is
strong enough, as mentioned above, the very small distribution
P (θ )/ sin θ |θ=π/2 ∼ 0 is due to the ellipsoidal shape of the LC
molecules: As the LC molecules with θ = π/2 have a larger
projection area onto the membrane, they interact with the
membrane with a larger repulsive interaction than those of the
LC molecules with θ = 0 when they approach the membrane.
As a result, the population of LC molecules with θ = π/2 just
at the membrane decreases.

As shown in Fig. 6, we can observe the dependence
of average 〈θ (z)〉film on the distance from the membrane
(i.e., z coordinate of the LC molecules), which gives more
information on the difference between Smax and Sint. The
value of 〈θ (z)〉film near the membrane is almost monotonically
decreasing as ξ is increased. This means that the LC directors
are more and more pointed in the membrane normal direction
due to the homeotropic anchoring (ξ > 1). In addition to such a
homeotropic anchoring tendency, we can also observe a small
peak at z = 0 (i.e., at the membrane). This peak corresponds
to the existence of planar alignment of LC molecules at the
membrane, which is consistent with our observation from
Fig. 4. This planar alignment is the origin of the difference
in the behaviors of Smax and Sint.

Similar order parameters of the molecular orientation can be
defined for the surfactant molecules. Figure 7 shows the order
parameter of the surfactant directors. The red curve shows the
order parameter Stt (order parameter of the tail part of the

FIG. 7. The red line shows the change in the director order
parameter of the surfactant molecule defined by the direction of the
hydrophobic tails Stt, and the blue line shows the order parameter
defined as the end-to-end vector See of the surfactant molecule, both
shown as functions of the anchoring strength ξ .

surfactant molecule), which is defined as the averaged value
of the director which points from one tail particle to the other
in a single surfactant molecule, and the blue curve shows order
parameter See (order parameter of end-to-end director of the
whole surfactant molecule), which is defined as the averaged
value of the director which points from the end tail particle
to the head particle in a single surfactant molecule. From this
figure, we can confirm that these two order parameters show
the same behavior, while the LC order parameters (Fig. 3)
show different behavior from those of Stt or See. Therefore,
the behavior of the LC orientation does not directly follow the
behavior of the director of the surfactant molecules through
the anchoring. Note that an effective steric interaction between
the LC director and the surfactant director exists, besides the
anchoring interaction defined using ξ . Although the interaction
between the LC and the membrane is purely isotropic for ξ =
1, there exists an anisotropic interaction originating from the
steric interaction between the LC molecule and the surfactant
molecule, which induces the order of the LC at ξ = 1; see
Fig. 3. The LC order parameter S at ξ = 1 is very small (Smax ∼
0.16 and Sint ∼ 0.06) but finite. Then we can recognize that
the LC ordered state exists.

Next we will see the change in the physical properties of
the membrane according to the change in ξ . The membrane
properties, such as the interfacial tension γeff and the bending
rigidity Keff , are plotted as functions of the anchoring
parameter ξ in Figs. 8 and 9, respectively.

The decreasing of γeff (Fig. 8) with increasing ξ is
interpreted as follows. Increasing the value of ξ , the depth
of the interaction potential between LC molecule and the
hydrophobic particle of the surfactant is increased depending
on their configuration with respect to the LC orientation
(see Fig. 2). The depth of the potential which corresponds
to the configuration of the LC long axis directed to the
spherical particle is deeper than that which corresponds to
the configuration of the LC short axis directed to the spherical
particle. In this case, the projection area of the membrane onto
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FIG. 8. The red line shows the interfacial tension of the membrane
γeff as a function of the anchoring strength ξ . The blue data at ξ = 1
show the interfacial tension γ0 for the case with the oil-confined sys-
tem where the LC molecules are replaced by spherical hydrophobic
particles (the interaction energy between oil and surfactant tails is
ε0 = 1).

the x-y plane is expanded as mentioned above. The larger the
membrane area is, the softer the membrane with respect to its
area expansion becomes, because the membrane with larger
area behaves as obtaining a more expanded area. Then γeff

decreases when ξ increases. Such a decrease in the interfacial
tension is observed not only in the LC-confined system but
also in an oil layer confined by membranes, for example. In
the LC system, the influence from the fluctuation of the LC
orientation appears. When ξ increases, the fluctuation of the
interaction energy between the LC and the membrane through
the anchoring originating from the thermal fluctuation of the
LC orientation also increases (see Fig. 2). When ξ increases,

FIG. 9. The red line shows the bending rigidity of the membrane
Keff as a function of the anchoring parameter strength ξ . The blue
data at ξ = 1 show the bending rigidity K0 in the oil-confined system
(the interaction energy between oil and surfactant tails is ε0 = 1).

the change in the interaction energy becomes larger with
respect to the change in the LC orientation. The larger the
fluctuation of the interaction energy, the larger the fluctuation
of the area of the membrane becomes since the membrane
area is determined by the LC-surfactant interaction. In this
case, since the membrane becomes softer with respect to
the expansion of the area, γeff also decreases. The nematic
order at the interface strengthens the effect of the orientational
fluctuation for the interfacial tension γeff . If the LC is in the
isotropic phase at the interface, the fluctuation of the local
interaction energy between the surfactants and the LCs is small
irrespective of the interfacial shape because the interface does
not affect the distribution of the molecular axis vectors of the
LC. In this case, γeff is unchanged.

Note that the decreasing of the interfacial tension is different
from the analytical result by Rey [22] because the orientational
order in our case can fluctuate, while that in the system
discussed in Ref. [22] cannot fluctuate.

When ξ > 1, in our case, the LC orientation averaged over
the interfacial region is directed to the averaged interfacial
normal direction due to the anchoring (see Fig. 3). Such an
orientation direction does not in general coincide with the
natural direction of the LC determined by its elasticity. Then
the local LC directions near the interface are determined by the
competition between the contribution from the LC elasticity
and that from the anchoring, which leads to a renormalization
of the effective bending rigidity. Such a competition leads to
two different regimes in the anchoring strength divided at a
certain threshold value ξ = ξm, which will be interpreted later.

The bending rigidity Keff in Fig. 9 shows a nonmonotonic
behavior as a function of the anchoring parameter ξ . With
increasing ξ , first Keff slightly increases and then decreases
across a certain value of ξ = ξm. When the anchoring effect is
small compared to the LC elasticity, i.e., 1 < ξ < ξm, the local
LC director near the interface does not fit to the local membrane
normal due to the LC elasticity, which avoids a spatial variation
of the LC directors. Then most of the LC directors are oriented
to the same direction, i.e., the average normal direction of the
membrane, resulting in the development of the nematic layer.
In this case, when the membrane fluctuates, the mismatch
between the local membrane normal and the LC director
imposes a penalty for the anchoring interaction, resulting in
an increase in the effective bending rigidity.

Contrary to the above weak anchoring case, the behavior
changes when ξ > ξm, i.e., a strong anchoring case. In this
case, the bending rigidity changes its dependence on ξ

from increasing to decreasing behaviors. If the effect of the
homeotropic anchoring is strong enough, the local LC directors
near the membrane tend to orient to the local membrane
normal. Then the LC orientation near the interface is distorted
when the membrane fluctuates, which leads to an increase
in the penalty due to the LC elasticity. To suppress this
elastic penalty of LC, the LC molecules just at the interface,
where the LC molecules have a contact with the surfactant on
the membrane, change direction from the average membrane
normal into the lateral direction along the membrane. In
this case, when the membrane fluctuates in the direction
perpendicular to the LC orientation in the lateral plane, the
LC elastic penalty is not imposed, and the bending rigidity of
the membrane effectively decreases. Such a change in the LC
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orientation from the membrane normal to the lateral direction
of the membrane is realized by the so-called depletion effect,
which originates from the entropic effect with respect to the
steric hindrance on the translation of the LC molecules just at
the interface (similar behavior is confirmed in the LC-confined
system in Ref. [13] where the interface is not flexible but
rigid.). The change in the LC orientation just at the interface
is confirmed by the orientation order parameter of the LC
near the membrane, which shows a similar behavior to the
bending rigidity (see Sint in Fig. 3); that is, the order changes
its tendency from increasing to decreasing behavior. Note that
the LC molecules slightly away from the membrane (i.e., LC
molecules whose centers of mass locate within 2σ0 from the
membrane position) are directed to the membrane normal
(i.e., smaller value of θ ), which is due to the homeotropic
anchoring condition for ξ > 1 (see Fig. 6). Then the effect of
the anchoring remains so as to minimize the total interaction
energy although the LC orientations are mixed (both z and x-y
orientations exist) near the interface.

The orientational behavior of the LC discussed above can
be realized due to the weak nematic in the bulk region. If the
bulk LC is in the nematic phase, the membrane fluctuation
can be transferred into the bulk region, resulting in a higher
penalty from the LC elasticity than that in our case.

At the end of this section, we briefly discuss the case of
planar anchoring with ξ < 1. Such a planar anchoring can be
realized by using ξ < 1 and larger ε0. However, in the present
study, we excluded such a planar anchoring case partly because
the range of ξ for the planar anchoring (0 < ξ < 1) is very
narrow compared with that for the homeotropic anchoring (1 <

ξ ), and partly because the planar anchoring for ξ → 0 requires
an increasingly large value of ε0, which is not consistent with
our treatment for the homeotropic anchoring case where ε0 is
kept constant.

IV. COARSE-GRAINED FREE ENERGY MODEL
(CONTINUUM MODEL) AND ITS MINIMIZATION

In this section, by using an appropriate simple free energy
model, we try to explain why the interfacial properties change
with ξ as was discussed in the previous section.

First, we propose a coarse-grained free energy model for
our simulation system. We choose a tensor order parameter of
the LC, Qαβ(r), and an interfacial normal vector mα(x,y) (α =
x,y,z) is selected as the order parameters for our model-free
energy. We neglect the contribution from the isotropic liquid
that fills the region outside the membrane. In this free energy,
the reference state is taken as the isotropic phase of the LC
and the planar shape of the membrane. Then the general form
of the free energy is written as

F =
∫ Lx

0

∫ Ly

0

∫ z0

−z0

d r
{

A

2
QαβQαβ + L

2
∂αQβγ ∂αQβγ

}

+
∫ Lx

0

∫ Ly

0
da

{
γ0 + K0

2
(∂αmα)2 + γf

2
mαQαβmβ

+Klmα∂βmγ ∂αQβγ + Kb

4
mαQαβmβ(∂γ mγ )2

}∣∣∣∣
±z0

.

(18)

In this expression, A and L are the coefficients of the bulk
isotropic LC, where the one constant approximation is adopted
to the coefficient L of the Landau-de Gennes free energy [1],
and γ0 and K0 are the interfacial tension and bending rigidity
of the membrane as expressed in Sec. II C, and z = ±z0 are
the average positions of the membranes in the z direction. γf

corresponds to the anchoring of LC to the membrane normal,
which is negative because of the homeotropic anchoring
condition in our simulation, and Kl is the coupling constant
between the LC elasticity and the membrane elasticity. Both of
these parameters γf and Kl are assumed to depend on ξ . Since
Kb term expresses the elastic rigidity of the ordered LC near
the interface, Kb is assumed to be independent of ξ . As a result,
we assume that only γf and Kl depend on ξ , and therefore the
contribution from the anchoring comes into the analysis only
through these parameters.

The tensor order parameter Qαβ(r) is defined in Eq. (17).
In our simulation, since the bulk LC is in the weak nematic
phase, Qαβ ≈ S(r)[nαnβ − (1/3)δαβ ] is small, where nα is the
α component of the local main axis, and S(r) is the local
scalar order parameter of LC. However, in the vicinity of the
membrane, it is expected that Qαβ ≈ S(r)[mαmβ − (1/3)δαβ]
due to the anchoring. Thus we write Qαβ(r) in two different
forms as

Q(−z0 < z < z0) = 3
2S(r)

[
n(r)n(r) − 1

3

]
, (19)

Q(z = ±z0) = 3
2S(r)

[
m(r)m(r) − 1

3

]
. (20)

In these expressions, S(r), nα , and mα are the local averaged
values. Since the membrane is planar on the average, mα is
written as

m(x,y) = (−∂xh(x,y), − ∂yh(x,y),1 − 1
2 |∇h(x,y)|2), (21)

where h(x,y) represents the displacement of the membrane
in the z direction from the average position. Using these
expressions of the order parameters, and using the assumption
of the small deformation of the membrane, i.e., |∇h| � 1,
and da =

√
1 + |∇h|2 dx dy ≈ (1 + |∇h|2/2) dx dy, the free

energy is rewritten as

F = 3

4

∫
d r{AS(r)2 + L|∇S(r)|2}

+
∫

dx dy

{
γ0

2
|∇sh(x,y)|2 + K0

2

[∇2
s h(x,y)

]2

+ γf

2
[S(x,y,z0) + S(x,y,−z0)]

[
1 + 1

2
|∇sh(x,y)|2

]

+ Kl

2
[∂zS(x,y,z0) + ∂zS(x,y,−z0)]∇2

s h(x,y)

+ Kb

4
[S(x,y,z0) + S(x,y,−z0)]

[∇2
s h(x,y)

]2
}
, (22)

where the constant term is omitted. In Eq. (22) the contribution
from the elasticity of the LC directors in the bulk region is
neglected due to weak nematic state, and we also assumed that
the membrane properties are the same for the two membranes
at z = ±z0. The third-order term (the γf term) is included
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because it gives an important contribution to the interfacial
tension as will be shown below.

This free energy model is Fourier transformed by consid-
ering the Fourier components of the order parameters in the
horizontal plane (x,y) as

S(r) = 1

NLC

∑
q

S(q,z) exp (−iq · x), (23)

h(x,y) = 1

Ns

∑
q

h(q) exp (−iq · x), (24)

where NLC and Ns are the numbers of LC and surfactant
molecules, respectively, and x and q are the position vector
in the (x,y) plane and the wave vector in the Fourier
space, respectively. Substituting these Fourier transformed
expressions into Eq. (22), minimizing the result with respect to
S(q,z), and solving the differential equation with respect to z,
we obtain the modified coefficients of S(q,z). Consequently,
we can rewrite the free energy up to the second order in the
Fourier components of the membrane height h(q) as

F = LxLy

N2
s

∑
q

[(
γ0 − γ 2

f

γLC

)
q2

+
(

K0 − K2
l

ELC
− γfKb

γLC

)
q4

]
|hq |2, (25)

where ELC = LlLC and γLC = L/lLC are the scale of the
energy and the interfacial tension expressed in terms of the LC
parameters, respectively, and lLC = √

L/A is the characteristic
length scale of the LC. Here we took the limit z0 → ∞ by
assuming the weak correlation between two membranes via
the confining LC due to the weak nematic phase in the bulk
region. As one can see, the effective interfacial tension and the
effective bending rigidity in Eq. (25) are given by

γeff = γ0 − γ 2
f

γLC
, (26)

Keff = K0 − K2
l

ELC
− γfKb

γLC
, (27)

in terms of the coupling constants γf , Kl, and Kb.
Next we give the detailed expressions of γf , Kl, and Kb as

functions of ξ . As was mentioned in Eq. (18), we assume that
γf and Kl depend on ξ , but Kb is independent of ξ . First, since
γf expresses the orientational anchoring effect and corresponds
to the homeotropic condition for ξ > 1 in our simulation
[ξ = 1 gives no anchoring because χ ′

sg = 0; see Eq. (12)], we
assume γf ≈ a(1 − ξ ), where a is a constant independent of ξ .
Second, Kl expresses the effect of the coupling between the LC
orientation and the membrane fluctuation. In our simulation,
the LC molecules which contact the surfactants at the interface
tend to be parallel to the x-y direction for ξ > ξm. This is
because the penalty from the LC elasticity increases due to
the membrane fluctuation when the LC molecules orient to the
membrane normal (so the homeotropic condition is disrupted
at the interface where the LC and the surfactant contact each
other, but it remains slightly far away from the membrane as
mentioned in Sec. III). Then the coupling becomes stronger
for ξ > ξm. Assuming that Kl ≈ da(1 − ξ ) where da is a

ξ -independent constant, the exchange of the contribution from
the LC elasticity to the anchoring can be expressed in Eq. (27).

Then Eqs. (26) and (27) are rewritten as

γeff = γ0 − a2

γLC
(1 − ξ )2, (28)

Keff = K0 − d2
a

ELC
(1 − ξ )2 − a

γLC
Kb(1 − ξ ). (29)

Fitting these expressions to our simulation data, we get

a = 0.47 ± 0.069, (30)

da = 0.89 ± 0.063, (31)

Kb = 0.71 ± 0.16, (32)

ξm = 1.4 ± 0.11. (33)

The qualitative behavior of the simulation data can be repro-
duced by Eqs. (28) though there are still deviations in the detail
(see Fig. 10). Here we expect that the inconsistency is caused
by the difference between the microscopic description in the
molecular simulation and the macroscopic description in the
continuum field model. The interfacial tension and the bending
rigidity estimated from the molecular simulation are under
the influence of the interaction between the ordered states in
the LC and the membrane as well as under the influence by
the interaction between the LC molecules and the surfactant
molecules. The continuum field model takes into account only
the former effect because of its coarse-grained nature. This
is the origin of the relatively large deviation between the
molecular simulation result and the result of the continuum
field model. However, we believe that our continuum model
can at least reproduce the qualitative behavior of the system.

From these results of fitting, we understand that (1) the
decreasing behavior of the effective interfacial tension is
due to the fluctuation of the orientation order strengthened
by the anchoring effect, (2) the increasing behavior of
the effective bending rigidity in 1 < ξ < ξm is due to the effect
of the nematic layer of the LC, and (3) the decreasing behavior
of the effective bending rigidity in ξm < ξ is due to the coupling
between the fluctuation of the LC and the fluctuation of the
membrane shape.

Here we discuss the origin of the increase in the number
of LC molecules aligned in the parallel direction to the
membrane just at the membrane position, which is shown
by the small peak in the orientation order parameter S(z)
around z = 0 in Fig. 6. Due to the Kl term in the free energy
Eq. (22), it is understood that, when Kl < 0, ∂zS(x,y, ± z0) >

0 for ∇2
s h(x,y) > 0 (the membrane is concave towards the

water phase) and ∂zS(x,y, ± z0) < 0 for ∇2
s h(x,y) < 0 (the

membrane is convex towards the water phase) are preferred,
respectively. Therefore, the negative slope of S(z) associated
with the peak near the membrane in Fig. 6 can be explained
as a result of the convex shape of the membrane towards the
water phase. In this case, in order to fill the space between
the membrane and the LC phase, planar alignment of LC
molecules is generated as was observed in Fig. 4. This tendency
is of course reduced by the excluded volume interaction
between the LC molecule and the membrane that has a finite
molecular volume.
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FIG. 10. Fittings for γeff and Keff . The green data are both the results of our simulation. The red smooth curves are the fitting function.

V. CONCLUSION

In this article, we estimated the mechanical properties of a
membrane that is affected by the contact with a low molecular
weight LC. By performing MC simulations, we found that the
interfacial tension of the membrane is decreased by increasing
the strength of the homeotropic anchoring, and the bending
rigidity Keff shows a nonmonotonic behavior as a function
of the anchoring strength ξ . When ξ is increased, Keff first
increases due to the increase in the rigidity of the ordered
LC near the interface. Then, for ξ > ξm, Keff decreases by
the modification of the LC orientation on the membrane due
to the elastic penalty imposed by the fluctuating membrane.
This is due to the strong interaction between the LC and
the membrane through the anchoring. Such behaviors have
been explained by analyzing a model coarse-grained free

energy with higher order terms in the fluctuations of the
membrane shape and the LC directors. In our future work,
we will study the effect of the anchoring on the membrane
deformation in an LC-confined spherical membrane system.
In such a case, much larger system is needed. Because
a simulation on such a large system is demanding large
computer power, we proposed a continuum model system
to analyze the physical properties on the coarse-grained
level.
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