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Transport regimes spanning magnetization-coupling phase space

Scott D. Baalrud! and Jérome Daligault?
' Department of Physics and Astronomy, University of Iowa, Iowa City, Iowa 52242, USA
2Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA
(Received 20 June 2017; revised manuscript received 8 August 2017; published 6 October 2017)

The manner in which transport properties vary over the entire parameter-space of coupling and magnetization
strength is explored. Four regimes are identified based on the relative size of the gyroradius compared to
other fundamental length scales: the collision mean free path, Debye length, distance of closest approach, and
interparticle spacing. Molecular dynamics simulations of self-diffusion and temperature anisotropy relaxation
spanning the parameter space are found to agree well with the predicted boundaries. Comparison with
existing theories reveals regimes where they succeed, where they fail, and where no theory has yet been

developed.
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I. INTRODUCTION

One of the most fundamental characteristics of plasmas
is the ability for magnetic fields to strongly influence the
transport of particles, momentum, and energy. Using magnetic
fields to control these properties is the basis for many applica-
tions, ranging from magnetic fusion energy to charged particle
traps. In addition to magnetization, transport properties are
fundamentally influenced by the strength of Coulomb inter-
actions. Although great progress has been achieved in under-
standing collisional transport processes in asymptotic regimes
of either weak or strong Coulomb coupling, or weak or strong
magnetization, how these regimes merge, and what determines
their boundaries, remains an open question. A better under-
standing of the conditions where reliable theory does or does
not exist is critical to progress in several modern research areas
that encounter plasmas spanning vast ranges of both coupling
and magnetization strengths, including inertial confinement
fusion [1], white dwarf and neutron stars [2,3], charged particle
traps [4], and fundamental physics experiments such as dusty
[5,6], ultracold [7], and nonneutral plasmas [8].

Here each of the transport regimes that exist in the phase
space of magnetization and coupling strength are identified.
Molecular dynamics (MD) simulations of self-diffusion and
temperature anisotropy relaxation are used to quantify how
properties smoothly transition from one regime to another,
sometimes over decades, in this parameter space. Here, “trans-
port regime” refers to the conditions of temperature, density,
and magnetic field strength at which transport properties
arise from identifiable underlying physical mechanisms. To
quantify these regimes, we focus on the one-component
plasma (OCP) model [9,10]. Experimental and naturally
occurring plasmas are often complicated systems in which the
magnetization and coupling strength of electrons and ions can
differ widely, requiring multi-component models. Molecular
dynamics simulations of the OCP allow for first-principles
computations that are not possible with more complete models,
enabling rigorous tests of transport theory. The magnetized
OCP is characterized by just two dimensionless parameters:
the coupling strength T = (¢?/a)/(kgT), which is the ratio
of the Coulomb potential energy at the average interparticle
spacing a = (3/4mwn)'/3 to the average kinetic energy, and
the magnetic field strength 8 = w./w,, which is the ratio
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of the gyrofrequency w. = eB/mc to the plasma frequency
w, = /4me’n/m.

The influence of magnetization on collisional transport in
weakly coupled plasmas (I" <« 1) has been the subject of
numerous works throughout the years [11-28]. Four regimes
have been identified depending on the magnitude of the
gyroradius r. = /kpT /m/w, compared to, with increasing 8,
the Coulomb collision mean free path A, the Debye length
Ap =+ kpT/(4mwe?n), and the distance of closest approach
(i.e., the Landau length) times +/2: r; = +/2¢%/kgT [29].
The boundaries of these regimes are shown in Fig. 1(a) in
the I'-B plane (see black lines at I' < 1). By extrapolating
these lines towards larger I' values, the figure immediately
suggests a remarkable result: the four regimes relevant to
weakly coupled plasmas collapse with increasing I into two
regimes. By extending the simple arguments based on the
ratio of length scales characterizing microphysical processes,
we hypothesize that the boundaries identified in Fig. 1 define
four transport regimes in the I'-8 plane. One of these is the
unmagnetized regime, where transport rates are expected to
be independent of magnetic field strength. The other three are
magnetized plasma regimes and are labeled according to the
increasing influence of the magnetic field (weak, strong, and
extreme magnetization).

Figure 1(b) shows the same regimes in terms of density
and temperature at two magnetic field strengths, showing that
the boundary between weak and strong magnetization depends
only on the density, while the boundary between strong and
extreme magnetization depends only on the temperature. The
plots were obtained using the electron mass. Equivalent figures
for ions are obtained by multiplying the magnetic field values
by the square root of the mass ratio: </m;/m,.

This paper is organized as follows. Section II describes the
predicted regime boundaries based on the length-scale argu-
ments given above. Section III describes the MD simulation
method used to determine the self-diffusion coefficients and
temperature anisotropy relaxation rate of the OCP. Results
showing agreement between the MD simulations and predicted
regime boundaries are provided in Sec. IV, along with a
comparison with theoretical predictions in regimes where
predictions are available.
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FIG. 1. (a) Magnetization-coupling phase space indicating the
regimes described in Sec. II and the parameter location for each
of the videos provided as Supplemental Material: (I, 8) = (1,0.1),
(0.1,0.5), (0.1,5), and (1,50). (b) A projection of the four regimes
from panel (a) onto the temperature-density plane for two magnetic
field strengths: 103 T (black lines) and 10* T (light blue lines). Here
the electron mass was used.

II. REGIMES
2 A'col)

~

A. Unmagnetized (r,

When the gyroradius exceeds the Coulomb collision mean
free path, the magnetic field does not significantly influence
collisional transport. To estimate A., beyond the weakly
coupled regime, we apply the effective potential theory (EPT)
[30,31], which was recently shown to accurately extend tradi-
tional plasma transport theory into the strong coupling regime.
For the OCP, the EPT predicts Aeo = Ap/0.32I%/2E(I),
where E(I") is a generalized Coulomb logarithm dependent
only on I', so that regime 1 is defined by

B <0.32I%25(I). (1)

The calculation of E is explained in Refs. [30,31] and
in the Appendix. An expression accurate over the range
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of coupling strength considered here is E(I") = 0.65In[1 +
2.15/(+/3T3/%)]. This model gives predictions for both self-
diffusion coefficients and temperature relaxation rates of the
OCP that are in excellent agreement with MD simulations.

B. Weakly magnetized (max{iAp,a} < r. < Aeo)

In this regime, commonly called the Braginskii regime
[13], the plasma is magnetized but the gyroradius is greater
than the distance over which Coulomb interactions occur:
the maximum of the Debye length, Ap, or an approximate
interparticle spacing, @ = a/~/2 [32]. Here the magnetic field
can influence the macroscopic transport coefficients, because
the distribution function is more easily distorted along the
magnetic field than across it but not the microphysical process
of scattering. Thus, in a kinetic theory, magnetization is
expected to influence the convective terms but not the collision
operator [13]. For the OCP, regime 2 is defined by

0.32I°28(I") < B < minf1,,/2/(30)}. )

This is the most common regime in laboratory and magnetic
fusion experiments; see Fig. 1(b). It is often referred to simply
as the magnetized plasma regime, but here we label it “weakly
magnetized” to distinguish it from the two distinct regimes
described below.

C. Strongly magnetized (r;, < r. < Ap)

~

In this regime, the plasma is so strongly magnetized that
the gyromotion occurs on the same microscopic length scale as
scattering, yet the gyroradius remains larger than the Landau
length, r;. This regime is only relevant to weakly coupled
plasmas because r; and Ap merge at I' ~ 0.5. For the OCP,
regime 3 is defined by

1< B <1//6r3. A3)

Since gyromotion occurs at the microscale in this regime, one
expects that magnetization influences both the convective and
collision terms in the kinetic theory [19].

D. Extremely magnetized (r. < min{r;,a,Ac})

When the magnetic field is so strong that the gyroradius
becomes the smallest length scale in the system, the magnetic
field has an extreme influence on transport. This occurs if the
gyroradius is shorter than r; at weak coupling, @ at moderate
coupling, and A at strong coupling. For the OCP, regime 4
is defined by

max{1/v6I3,,/2/(3I"),0.32I'*2 8} < B. 4)

In this regime, the gyroradius is so small that the charged
particle motion is nearly one dimensional (1D). Videos show
particle motion along the magnetic field until encountering a
neighbor on a nearly field line, followed by a 180° scattering
event [33].

III. MOLECULAR DYNAMICS SIMULATIONS

Molecular dynamics simulations of self-diffusion parallel
and perpendicular to the magnetic field, as well as the
rate of relaxation of a temperature anisotropy, were used
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to test the suggested regime boundaries. These processes
were chosen because they represent momentum and energy
exchange processes, respectively, which show quite different
dependencies on the regime boundaries.

The simulations were performed as follows. N charged
particles interacting through the pure Coulomb interaction in
a uniform, neutralizing background were placed in a cubic
box of volume V. Periodic conditions were imposed on
all boundaries. The particle trajectories were determined by
solving Newton’s equations of motion with the time integrator
of Spreiter and Walter [34] that extends the traditional Verlet
integrator [35] to handle arbitrarily strong static homogeneous
external magnetic fields. The force on an ion that results from
its interaction with the external magnetic field, with the ions in
the simulation box and with those in the periodically replicated
cells were calculated using the Ewald summation technique.
For numerical efficiency, the Ewald sum was calculated with a
parallel implementation of the particle-particle-particle-mesh
(P3M) method that simultaneously provides high resolution
for individual encounters combined with rapid, mesh-based,
long-range force calculations [36]. Time was normalized to
the plasma frequency w,. The integration time step 8¢ and
the number of particles N given below were chosen in order
to conserve energy to <10~> and to ensure high-enough
collision ability in the simulation cell (the calculations are
more demanding at small coupling due to long collision
mean-free path). Specifically, for I' < 0.1, we used N = 10°
and 6t = 10’3/50,,; for 0.1 <I" <1, N =50000 and 6t =
0.01/wp; forI' > 1, N = 5000 and § = 0.01/w,,.

Each simulation consisted of an equilibration phase of
length 7oy = Negdt = 1000/w),, followed by a main run phase
of length ty,. The initial particle positions at time t = —f¢q
were assigned randomly in the simulation box, with a small
region surrounding each particle excluded to avoid initial
explosion. The initial particle velocities v; were sampled from
a Maxwell-Boltzmann distribution at the desired temperature
T, i.e., at the desired value of I'. During the equilibration
phase, velocity scaling [35] was used to maintain the desired
I" value. The main run phase varied depending on the physical
property under study.

A. Self-diffusion coefficients

Following the equilibration phase, velocity scaling was
turned off and the external magnetic field B = BZ was turned
on. The system was then left to evolve freely in the micro-
canonical ensemble for a duration #,, = 5242.88 /w,,. During
this phase, the particle positions and velocities were recorded
at every time step. After the simulation was completed, the
parallel and perpendicular self-diffusion coefficients were
evaluated from the Green-Kubo relation,

1o [
Dy =— 2,0 z.[Od, 5
MN;Awmwow 5)

0

1 &
D= 50 3 [ 100000 + 0,001,
i=1

(6)
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using standard discretization techniques [36]. The length of the
simulation #,, was chosen to ensure the convergence of the
Green-Kubo calculation, i.e., to ensure that the time integral
in Egs. (5) and (6) reached a plateau value.

B. Temperature anisotropy relaxation rate

At t =0, velocity scaling was turned off, the external
magnetic field B = BZ along the Z direction was turned on,
and the particle velocities were rescaled to the desired initial
parallel and perpendicular temperatures as follows:

Vit = 07) = v; (07)y T/ T, (7a)
vi,y(0%) = v, (0)YTL/T, (7b)
0i,.(07) = v .(0)y/T}/T. (70)

The system was then left to evolve freely, i.e., in the
microcanonical ensemble, for a duration #, = 300/w,. Dur-
ing this period the instantaneous parallel and perpendicular
temperatures, defined in terms of the particle kinetic energies

N
— 1 2
Ty(t) = e ; Sz, (8a)
T.(t) = b XN: lm[u2 ) + v}, ()] (8b)
Nk &= 2" L7 Byl

i=1

were monitored. In order to sample the initial statistical
distribution function

2 2 o2
nexp () exp [ 24

713/2(2kBTH/m)1/2(2kBTL/m)

)

and to compare the MD simulations to the predictions of
kinetic theories, Ny, = 25 independent runs were performed
with different initial conditions and averaged. The averaging
smooths out the fluctuations in the kinetic energies inherent to
microcanonical dynamics.
To obtain the relaxation rate v, we assume that the
temperatures evolve according to the rate equations,
di——lﬂ——v(T -7 (10)
i~ 24t
The latter implies %AT = —3vAT with AT =T, —-T,.
In general, as predicted by kinetic theory, v depends on
the time ¢ through its dependence on 7 and 7. If one
assumes that the dependence is weak enough that v is
constant on a short-enough time scale At beyond an initial
time fy, then AT() = AT (fy)e >’ on this time scale
[more sophisticated treatments that take into account the
temperature dependence of v are possible (e.g., Ref. [37])
but we find that they do not affect the results in any significant
manner]. The MD simulations confirm that 7j — 7, indeed
decays exponentially for coupling parameters I' < 1 but only
following a short transient period of duration #y of order w’'
(for illustration, see Fig. 4(b) in Ref. [38]). For I" > 1, as
discussed in the main text, the temperature evolution is never
exponential and the notion of relaxation rate defined based on
the rate equations (10) does not apply. The initial transient
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FIG. 2. Four transport regimes in the magnetic field strength (8) vs coupling strength (I") phase space: The color of circles indicates the
value of (a) log,,(D/D,), (b) log,,(D./D,), and (c) log,,(v/v,) obtained from MD simulations.

period describes the dependence on initial correlations, which
are discarded in the kinetic theories. In practice, the relaxation
rate v was obtained by fitting the MD data to the analytical
solution AT (fp)e™3"=%) gver the time interval [fo,fo + Af]
with the time #y chosen right after the early transient behavior
(the data shown are obtained with fp = 1/w,,) and with ty + At
chosen where the exponential behavior switches slope as a
consequence of the dependence of v on the time ¢ [Figure 4(a)
in Ref. [38] illustrates this procedure when B = 0].

IV. RESULTS

A. Identification of regime boundaries

Figure 2 shows that the MD results confirm the predicted
regime boundary locations and quantify the smooth transitions
between them. The color of the circles indicates the magnitude
of Dy /D, [Fig. 2(a)l, D, /D, [Fig. 2(b)], and v/v, [Fig. 2(c)]
on a logarithmic scale. Here D, is the self-diffusion coefficient
and v, the temperature anisotropy relaxation rate obtained
from MD simulations of the unmagentized OCP at each value
of I'. As predicted, when qualitative changes in transport
coefficients occur, they do so at regime boundaries. For
example, the uniformly yellow color of the circles throughout
region 1 indicates that each of the transport coefficients is
equal to its value in the unmagnetized OCP. As expected,
deviations occur in some of the transport coefficients, but
not all, as different boundary lines are crossed. For example
D, /D, changes profoundly when the r, = XA line is crossed,
whereas D) changes in the transition from region 1 to 4,
but not in the transition from region 1 to 2. Each boundary
can be distinguished by qualitative changes in one or more
of the transport coefficients. The most difficult transition to
distinguish on Fig. 2 is that from regions 2 to 3, but, as seen
below, it is easily identified via a change of scaling with .

B. Self-diffusion

Figure 3(a) shows the first test of Braginskii transport theory
using MD simulations. For the OCP, this theory predicts that
to lowest order in the distribution function expansion,

D” _ «/7‘[/31

a’w, T2 & (n
and
B\

Atweak coupling, E — In A where A = 1/(ﬁr3/2), and this
can be extended to higher coupling by computing E using the
EPT [30,31]. Figure 3(a) shows excellent agreement between
MD and the Braginskii theory in regions 1 and 2, including
the independence of D on B and the B2 scaling of D,
in region 2 (at I' = 0.25, E ~ In A). Figure 3(b) shows for
the first time that the Braginskii theory can be extended to
moderate coupling using the EPT.

The transition from regions 2 to 3 shows a surprising new
result. Standard kinetic theories addressing region 3 predict
that the only change from the traditional Braginskii result
is that the gyroradius sets the maximum impact parameter,
modifying the Coulomb logarithm from In(Ap/r;) = In A to
In(r./rp) = In(A/B) [12,17]. Since Braginskii theory predicts
Dy 1/InA and D, o InA in region 3, and 8 > 1 in this
regime, a change from In A to In(A/B) implies that these
standard theories predict an increase in D) and a decrease
in D) compared to the nominal Braginskii prediction (solid
lines). It is interesting to observe that the MD data show the
opposite trend. This calls into question the ability of these
theories to address diffusion. It may be evidence for the
recollision mechanism proposed by Dubin [28], but we are
unable to directly compare with this because it considered
velocity-space diffusion rather than spatial diffusion.

Region 3 is also observed to be consistent with Bohm
scaling (D] « B~ [39]. Bohm scaling has been observed
for decades in plasma experiments, notably in magnetic
fusion experiments, but it is usually attributed to wave-particle
scattering due to instabilities or turbulence [40,41] or to
collisions between charged particles and neutrals [42]. Since
our simulations were conducted at equilibrium, the plasma
was stable, and the transport was solely due to Coulomb
collisions. Bohm scaling of D, has been previously observed
in simulations of a guiding center model of 2D systems by
Taylor and McNamara [43]. It was also observed in 2D and
3D particle simulations by Dawson et al. [15,16] at the highest
magnetic fields simulated. However, the latter simulations also
observed aregion where D was independent of magnetic field
(ox<BY) over a rage of magnetic fields that would correspond to
our predicted region 3. We did not observe such a D, oc B°
region at high field in our simulations (only in region 1). We
note also that, due to computational limitations, these early
simulations were limited to small numbers of particles.

Theories have been proposed that predict Bohm scaling
at high magnetic field strength in weakly coupled plasmas.
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FIG. 3. [(a)—(d)] Dy (circles) and D, (squares) obtained from MD simulations. Solid lines in (a) and (b) show predictions of the EPT
theory, and the dash-dotted lines show the predictions of the coupled mode theory of Marchetti ez al. from Eq. (13). Solid lines in (c) and (d)
show D, obtained from MD. The vertical dotted lines indicate the boundaries from Fig. 2. Panels (e)—(h) show the velocity autocorrelation

functions at I' = 0.25 [(e) and (f)] and I" = 100 [(g) and (h)].

However, we are unaware of any that are able to provide
quantitative agreement with the data in Fig. 3. For example,
Marchetti et al. [20] developed a mode-coupling theory which
predicts that coupling to upper hybrid modes dominates parti-
cle diffusion at sufficiently high field strength. The predicted
perpendicular diffusion coefficient in the high field limit is
D, = D(f) + D", where the coupled mode contribution is

3 A\ 12
Do = _fﬂ(ﬁrw)”z(;—) DY, (13)
p

Here v, is the Coulomb collision frequency and D(O) is the
nominal Braginskii prediction. Reference [20] focused on
strong magnetic fields and used the high field limit of Eq. (12)
for D(f) . To match this with the low field limit, and to extend

it to moderate coupling, we evaluate D(f) using Eq. (12)
and the collision frequency using EPT v./w, = 0.32I'*/2E.
Figures 3(a) and 3(b) show that, although Eq. (13) predicts
Bohm scaling in region 4, the results of this theory do not
quantitiatively agree with the MD results. We also note that
this theory predicts transport regime boundaries that differ
from those proposed here.

The observation of Bohm scaling in region 3 due solely
to collisional transport is an intriguing result, especially since
electrons in many experiments can be found in this regime; see
Fig. 1(b). However, at the lowest coupling strength simulated
(I' = 0.25) region 3 is sufficiently narrow that it is difficult to
draw a definitive conclusion. Transitions between regimes are
observed to be gradual, sometimes occurring over a decade
in B, so it is difficult to distinguish if the observed scaling
is a property of region 3 or a transition to region 4. We note
that a recent experiment on ultracold plasma expansion in the

presence of a magnetic field, where the plasma parameters are
predicted to lie in region 3, could only be accurately modeled if
the perpendicular diffusion coefficient was taken to have Bohm
scaling (rather than the expected Braginskii scaling) [7]. This
experiment also confirmed that no instabilities were present
in the plasma that would cause significant wave-particle
scattering (i.e., the transport was dominated by Coulomb
collisions).

Figures 3(c) and 3(d) show the diffusion coefficients
at strong Coulomb coupling, where regions 2 and 3 are
completely absent. The plasma transitions directly from the
unmagnetized regime 1, where D and D, are both indepen-
dent of B, to the extremely magnetized regime 4, where they
both scale as B~'. This regime was studied in previous 3D
MD simulations by Ott and Bonitz [9]. The data shown in
Figs. 2 and 3(c) and 3(d) are consistent with Ref. [9]. Here we
identify the boundary separating the D; o« B®and D, o B~!
regimes as the location where r, = A. In region 4, although
D, « B™!, the scaling of D with B changes with I": D B
at weak coupling, but Dy oc B~! at strong coupling. Thus,
region 4 may be properly split into two subregions separated
by the I' = 1 boundary. We also note that 2D MD simulations
of strongly coupled plasmas have also been provided in region
4 [44,45].

Strong magnetization is observed to give rise to caging of
particles. Caging is a characteristic feature of strongly coupled
plasmas [46], but here it is observed to occur even at small I"
if the magnetic field is sufficiently strong. Figures 3(e)-3(h)
show the velocity autocorrelation function in the parallel (Z)
and perpendicular (Z ) directions [47]. Considering I’ = 0.25,
inregions 1 and 2 Z; monotonically decreases, as one expects
for a weakly coupled plasma, and is indistinguishable from
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the result obtained with no magnetic field. However, as
is increased into regions 3 and 4, nonmonontonic features
arise. At B = 100, Z; even takes negative values for a range
of time. In the unmagnetized OCP, such features are typically
associated with the liquidlike regime (negative values occur
for ' 2 50 [48]), but here they are observed at I' = 0.25.

The strong magnetic field effectively reduces the degrees
of freedom for particle motion. Videos of particle trajectories
at these strong magnetic fields reveal that particles are
constrained to move in nearly 1D, making 180° collisions
with particles on closely neighboring field lines [33]. The
result is that particles are essentially confined to elongated
cages. In the direction perpendicular to B this is defined by the
gyroradius and in the direction parallel to B by the distance
to a nearest-neighbor particle that is on a field line close
enough to Coulomb scatter. The resulting strong scattering
by nearest neighbors and caging are physical effects similar
to what is seen in an unmagnetized plasma due to strong
Coulomb coupling. It is also noteworthy that the standard
theoretical prediction that In A — In(A/B) suggests that the
breakdown of weakly coupled theory occurs at a lower value
of I if the magnetic field is strong. The Z, profiles show
data indistinguishable from Z; at the lowest 8 value, but that
rapid oscillations on the time scale of @ ! become a dominant
feature for g > 1.

Figures 3(g) and 3(h) show that at high I" strong magnetiza-
tion further exaggerates features of the velocity autocorrelation
function normally associated with Coulomb coupling, such as
the large negative correlation at early times. Previous theories
have discussed velocity caging by strong magnetization at
weak coupling [26,28], and similar features of the velocity
autocorrelation function have been observed in previous MD
simulations at strong coupling [9,44,49]. Features associated
with the oscillation spectrum at strong coupling have also been
observed in MD simulations [50].

C. Temperature anisotropy relaxation

Surprisingly, the same kinetic theories that fail to describe
the diffusion coefficients in region 3 accurately predict the
temperature anisotropy relaxation rate. Each of the four
predicted regimes can be identified in Fig. 4(a). The MD data
are compared with four theoretical predictions. Ichimaru et al.
derived a generalized Lenard-Balescu equation for weakly
coupled plasmas in uniform magnetic fields [14]. In the limit
of weak magnetization and static screening, this predicts that
v is independent of B in regions 1 and 2, with

v =ay/3/(@4m)w, ¥ In A, (14)

where o = (1 + 2A)*?[—3 + (A + 3) arctan(v/A)/V/A]/ A?
and A=T,/T)—1. For A <1, a > 4/15. The prediction
of this model, which is provided in standard formularies [51],
is shown as a black line and agrees well with the MD results
throughout regions 1 and 2.

Silin [12] was the first to address region 3 specifically for
temperature anisotropy, predicting that the standard theory
would be modified by replacing In A by In(A/B). Hassan [52]
extended a separate Lenard-Balescu equation-based model to
strong magnetic fields. Each of these is shown to reproduce
well the simulated relaxation rate in region 3. Here the curve
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labeled “Silin” was computed from Eq. (14) but replacing
In A with In(A/B). The curve labeled “Hassan” was computed
using Eq. (A8), described in the Appendix.

Glinsky et al. [25] provided a theory for weakly coupled
plasmas with high magnetization, 8 > 1, based on O’Neil’s
generalized Boltzmann equation [19]. A prediction from this
theory is shown to accurately reproduce the MD data in region
3. In region 4, the rate predicted by both the theory and MD
decline very rapidly with B, but the MD data decline more
rapidly. The curve was obtained using Eq. (1) of Ref. [25] and
determining /(i) by interpolating the data provided in Tables
I and II. We note that the theory from Ref. [25] has been
independently validated in non-neutral plasma experiments
at weak coupling [8]. The comparative inaccuracy with the
MD simulations at I' = 0.1 may provide further evidence
for the onset of strong coupling-like behavior due to strong
magnetization.

Figure 4(b) shows that magnetization strongly reduces the
relaxation rate when 8 2> 1 and that this strong reduction
onsets at lower I' values for higher 8. The EPT prediction
from Ref [38] is found to accurately predict v for g8 < 1
over this range of I'. A description of how the EPT curve
was obtained is provided in the Appendix. The conditions
at which g influences the relaxation rate are found to be
consistent with the predicted boundary between regions 3 and 4
indicated in Fig. 2(c). Dubin has extended the Glinsky theory to
address moderate coupling and made an analogy between the
modification and the Salpeter enhancement factor of nuclear
reaction rates [53]. This was later valdiated experimentally
[54]. The figure shows a comparison with MD simulations
for B = 10, showing good agreement with [53]. The curve
labeled “Dubin” was obtained by multiplying the “Glinsky”
curve by the “Salpeter enhancement factor” f(I'), which

(a) 1 I'=0.1 (b)
10° -
§ j 12 3 4 S0t T EPT ——
22— —o—ox N —-—- Glinsky o (=0
= R N : — — Dubin o 1
& ; ; D]
£10° 5 MD e = sy 2
o 10 WCB=0 ! |o s > 3
2 Silin o\ g1 v 4
= 5 = 5
< 10 —-—- Hassan o \ < X N 4 9
>
et — — Glinsky \ 2 £ O\ 0 10
< 10 ° v T ¢ AR
~ ~ AR ‘
107 107 .
102 10" 10 10" 102 10° 107 10°
Magnetic field strength, 3 Coupling Strength, I'
(c) =01 (d) T =100
1.2
= = 1.15
= 1.15 100 = - 50
= TN 95. . = 1.1 0oy
= I~
N 15001 1
g g /
g g 1
g g
=y 5095
& & e
0 20 40 60 80 100 120 “o 20 40 60 80 100
Time, tw, Time, tw,

FIG. 4. (a) Temperature anisotropy relaxation rate vs magneti-
zation strength at I’ = 0.1 from the standard theories (lines) and
MD (circles). (b) Temperature anisotropy relaxation rate vs coupling
strength from MD simulations (symbols) and theory (lines). [(c) and
(d)] Parallel and perpendicular temperature time profiles from MD
for I' = 0.1 and 100 at fixed values of 8 indicated on the figure.

043202-6



TRANSPORT REGIMES SPANNING MAGNETIZATION- ...

was obtained as in Eq. (3) of Ref. [54], from In f(T") =
1.148T — 0.00944T InT" — 0.000169T'(In T")?; see Ref. [55].
The temperature profiles shown in Figs. 4(c) and 4(d) show
nonexponential damping and oscillations indicative of correla-
tions at strong coupling. At weak coupling the magnetic field
primarily influences the rate of the monotonically merging
temperatures, until there is essentially no relaxation over the
time scale shown at 8 = 100. Much more structure is observed
in the temperature profiles at strong coupling, where a rapid
initial relaxation is followed by a strong arrest of the relaxation
rate accompanied by oscillations (recall that each line indicates
the average of 25 independent simulations). These effects are
indicative of strong coupling and are the reason the temperature
relaxation rate no longer follows the expected exponential
behavior underlying the analysis for extracting its value.
Recent MD simulations [56] addressed strong coupling using a
different approach where an initial perturbation spontaneously
generated a temperature anisotropy. The relaxation rate was
found to be independent of 8 for 8 < 0.3 and exponentially
decreasing with g for larger values; see Fig. 2 of Ref [56]. This
result agrees well with the predicted regime boundary in Fig. 2.

D. Thermal conductivity

Although this work focuses on diffusion and temperature
anisotropy relaxation, the phase-space of Fig. 1 is expected
to hold for other transport processes as well. Recent MD
simulations of thermal conductivity [57], A, are consistent with
this prediction. Figures 5 and 6 of Ref. [57] show that at strong
coupling (I' = 40) both A} and A, obtain a 8 dependence
for B 2 0.1, consistent with crossing from regime 1 to 4. At
lower coupling (I' = 5), A, transitions at a similar value of 3,
consistent with crossing from 1 to 2, while A transitions at a
larger value of 8 2 0.5, consistent with crossing from 2 to 4.

V. CONCLUSIONS

In summary, the parameter space of coupling and magneti-
zation can be split into four regimes in which transport prop-
erties fundamentally differ. Molecular dynamics simulations
of self-diffusion and temperature anisotropy relaxation agree
with the predicted boundaries and quantify the smooth tran-
sitions between regimes. Comparison with existing theories
provided validation in some regimes, such as the first test of
Braginskii transport theory in the magnetized plasma regime,
but also revealed disagreements with other theories and that
there are regimes where no theory has yet been developed,
particularly in the strong and extreme magnetization regimes.
These results serve both as a guide to determine transport
regime boundaries in plasmas spanning magnetization and
coupling strength, as well as an impetus to further investigate
transport properties in regimes in which accurate theory has
not yet been developed. Figure 1(b) shows that ultracold and
non-neutral plasma experiments lie in a particularly interesting
regime of density and temperature because they may be able
to access each of the four identified regimes at a comparatively
modest magnetic field strength. Such experiments may provide
tests of the results presented here in the future.
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APPENDIX: EVALUATION OF THEORY CURVES

The EPT curves used to obtain the r. = A lines in Figs. 1
and 2, and the self-diffusion curves in Figs. 3(a) and 3(b)
were computed using the method and formula described in
[30,31]. For completeness, these formula are provided here.
The generalized Coulomb logarithm is

gk _ %/mds S2k+3€—5525<l)/00 (A1)
0

in which

oo
50 =2n / dbb[1 — cos'(m — 20)] (A2)
0
is the /th momentum scattering cross section and § = 7w — 20
is the scattering angle, where

[e.¢]
0= b/ drr {1 —b*/r* —[eg(r)/ kpT1/E*}) "%, (A3)
Here 0, =me*/(2kpT)?, €2 = Ju* /vy =u?/(4kp T /m). Note
that & = E-D above. The x term is a small correction that
accounts for the statistical effective size of particles using an
analogy with the Enskog kinetic equation. Following Ref. [31],
this is computed from

x 2 1+ 0.6250bp + 0.2869(bp)?, (A4)

where bp >~ mn&3/3 and & is an effective particle diameter,
which is computed from the location where g(r = 6) = 0.87.
For the OCP over the range of parameters of interest here, x
ranges from 1 to 1.4; see Ref. [31].

Equations (A1)-(A4) provide a closed set of equations once
the interaction potential, ¢(r), is specified. This was taken to
be the potential of mean force ¢(r) = — In[g(r)], where g(r)
is the radial distribution function, which was computed from
the hypernetted chain approximation

g(r) = exp[—v(r)/ kT + h(r) — c(r)],
h(k) = &K)[1 + nhK)].

(A5a)
(A5b)

Here v(r)/kgT =T'a/r is the bare Coulomb potential and
h(r) = g(r) — 1 and “hats” denote Fourier transforms in the
spatial coordinate.

The EPT curve in Fig. 4(b) was computed using a formula
for the temperature anisotropy relaxation rate recently worked
out in Ref. [38]:

VEPT _ 3ﬁ(1 + %A)3/2 /wdf sze_agzﬁ
5 2T16  Jaa

X [%gzaAerf(s«/aA) - w(g%zA)}, (A6)

o
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where @ = T/T, = (3 + A)/(1 + A), and

¥(x) = erf(Vx) — %ﬁe_x (AT)

is the Maxwell integral. For the data shown in the figure,
A=-0.2.

PHYSICAL REVIEW E 96, 043202 (2017)

The curve in Fig. 4(a) labeled “Hassan” was computed from
a formula adapted from Ref. [52] in the static screening limit.
This can be written as

1—/%Lfood J(z.9) (A8)
v ) ER®E S T

where v, = 2ne4«/71/m/(kBTH)3/2, and

J
2 e r Jro oerf(Jr —st)  exp[—(r — s5)T?]
Hm = ﬁﬁ/ze {(1 B 3r - s> |:2(r — )32 -

3

Here r = T)/T,, and s is a function of 7,

. 2
o= [M} , (A10)
T/K
where k = 2kr, and
1 [kgT
oy = — | 2B (A11)
W, m

E ]+2 r exp[—(r—s)r2]}. (A9)
(r —s)t r—s

(

is the cyclotron radius using the perpendicular temperature.
Here we use the Debye-Huckel static screening

By =1+ (A12)

k222,

to model the dielectric function.

[1] M. R. Gomez, S. A. Slutz, A. B. Sefkow, D. B. Sinars, K. D.
Hahn, S. B. Hansen, E. C. Harding, P. F. Knapp, P. F. Schmit,
C. A. Jennings, T. J. Awe, M. Geissel, D. C. Rovang, G. A.
Chandler, G. W. Cooper, M. E. Cuneo, A. J. Harvey-Thompson,
M. C. Herrmann, M. H. Hess, O. Johns, D. C. Lamppa, M. R.
Martin, R. D. McBride, K. J. Peterson, J. L. Porter, G. K.
Robertson, G. A. Rochau, C. L. Ruiz, M. E. Savage, 1. C. Smith,
W. A. Stygar, and R. A. Vesey, Phys. Rev. Lett. 113, 155003
(2014).

[2] G. Valyavin, D. Shulyak, G. A. Wade, K. Antonyuk, S. V.
Zharikov, G. A. Galazutdinov, S. Plachinda, S. Bagnulo, L. Fox
Machado, M. Alvarez, D. M. Clark, J. M. Lopez, D. Hiriart, I.
Han, Y.-B. Jeon, C. Zurita, R. Mujica, T. Burlakova, T. Szeifert,
and A. Burenkov, Nature 515, 88 (2014).

[3] A. Y. Potekhin, J. A. Pons, and D. Page, Space Sci. Rev. 191,
239 (2015).

[4] J.R. Danielson, D. H. E. Dubin, R. G. Greaves, and C. M. Surko,
Rev. Mod. Phys. 87, 247 (2015).

[5] E. Thomas, Jr., R. L. Merlino, and M. Rosenberg, Plasma Phys.
Control. Fusion 54, 124034 (2012).

[6] M. Bonitz, H. Kahlert, T. Ott, and H. Lowen, Plasma Sources
Sci. Technol. 22, 015007 (2013).

[7] X. L. Zhang, R. S. Fletcher, S. L. Rolston, P. N. Guzdar, and M.
Swisdak, Phys. Rev. Lett. 100, 235002 (2008).

[8] B. R. Beck, J. Fajans, and J. H. Malmberg, Phys. Rev. Lett. 68,
317 (1992); Phys. Plasmas 3, 1250 (1996).

[9] T. Ott and M. Bonitz, Phys. Rev. Lett. 107, 135003 (2011).

[10] M. Baus and J.-P. Hansen, Phys. Rep. 59, 1 (1980).

[11] N. Rostoker, Phys. Fluids 3, 922 (1960).

[12] V. P. Silin, Sov. Phys. JETP 16, 1281 (1963); Yu. M. Aliev and
V. P. Silin, Nuclear Fusion 3, 248 (1963).

[13] S. I. Braginskii, in Reviews of Plasma Physics, edited by M. A.
Leontovich (Consultants Bureau, New York, 1965), Vol. 1.

[14] S.Ichimaru and M. N. Rosenbluth, Phys. Fluids 13,2778 (1970).

[15] J. M. Dawson, H. Okuda, and R. N. Charlie, Phys. Rev. Lett. 27,
491 (1971).

[16] H. Okuda and J. M. Dawson, Phys. Rev. Lett. 28, 1625 (1972);
Phys. Fluids 16, 408 (1973).

[17] D. Montgomery, G. Joyce, and L. Turner, Phys. Fluids 17, 2201
(1974).

[18] J. A. Krommes and C. Oberman, J. Plasma Phys. 16, 229 (1976).

[19] T. M. O’Neil, Phys. Plasmas 26, 2128 (1983).

[20] M. C. Marchetti, T. R. Kirkpatrick, and J. R. Dorfman, Phys.
Rev. A 29, 2960 (1984); J. Stat. Phys. 46, 679 (1987).

[21] T. M. O’Neil, Phys. Rev. Lett. 55, 943 (1985).

[22] A. A. Ware, Phys. Rev. Lett. 62, 51 (1989).

[23] J. S. Cohen and L. G. Suttorp, Physica A (Amsterdam) 126, 308
(1984).

[24] L. G. Suttorp and A. J. Schoolderman, Physica A (Amsterdam)
141, 1 (1987).

[25] M. E. Glinsky, T. M. O’Neil, M. N. Rosenbluth, K. Tsuruta, and
S. Ichimaru, Phys. Fluids B 4, 1156 (1992).

[26] D. H. E. Dubin, Phys. Plasmas 5, 1688 (1998); and references
cited therein.

[27] H. Nersisyan, C. Toepffer, and G. Zwicknagel, Interactions
Between Charged Particles in a Magnetic Field (Springer,
Berlin, 2007).

[28] D. H. E. Dubin, Phys. Plasmas 21, 052108 (2014).

[29] The factor of +/2 is included here so that r. = r;, corresponds to
the regime boundary identified in Ref. [25].

[30] S. D. Baalrud and J. Daligault, Phys. Rev. Lett. 110, 235001
(2013).

[31] S. D. Baalrud and J. Daligault, Phys. Rev. E 91, 063107
(2015).

[32] A +/2isincluded in the r, = a/~/2 boundary so that it smoothly
transitions with the intersection of the r. = Ap and r. =rp
boundaries.

[33] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevE.96.043202 for videos of particle tra-
jectories in each of the four regimes. More can be
found at http://www.lanl.gov/projects/dense-plasma-theory/
more/movies.php.

043202-8


https://doi.org/10.1103/PhysRevLett.113.155003
https://doi.org/10.1103/PhysRevLett.113.155003
https://doi.org/10.1103/PhysRevLett.113.155003
https://doi.org/10.1103/PhysRevLett.113.155003
https://doi.org/10.1038/nature13836
https://doi.org/10.1038/nature13836
https://doi.org/10.1038/nature13836
https://doi.org/10.1038/nature13836
https://doi.org/10.1007/s11214-015-0180-9
https://doi.org/10.1007/s11214-015-0180-9
https://doi.org/10.1007/s11214-015-0180-9
https://doi.org/10.1007/s11214-015-0180-9
https://doi.org/10.1103/RevModPhys.87.247
https://doi.org/10.1103/RevModPhys.87.247
https://doi.org/10.1103/RevModPhys.87.247
https://doi.org/10.1103/RevModPhys.87.247
https://doi.org/10.1088/0741-3335/54/12/124034
https://doi.org/10.1088/0741-3335/54/12/124034
https://doi.org/10.1088/0741-3335/54/12/124034
https://doi.org/10.1088/0741-3335/54/12/124034
https://doi.org/10.1088/0963-0252/22/1/015007
https://doi.org/10.1088/0963-0252/22/1/015007
https://doi.org/10.1088/0963-0252/22/1/015007
https://doi.org/10.1088/0963-0252/22/1/015007
https://doi.org/10.1103/PhysRevLett.100.235002
https://doi.org/10.1103/PhysRevLett.100.235002
https://doi.org/10.1103/PhysRevLett.100.235002
https://doi.org/10.1103/PhysRevLett.100.235002
https://doi.org/10.1103/PhysRevLett.68.317
https://doi.org/10.1103/PhysRevLett.68.317
https://doi.org/10.1103/PhysRevLett.68.317
https://doi.org/10.1103/PhysRevLett.68.317
https://doi.org/10.1063/1.871749
https://doi.org/10.1063/1.871749
https://doi.org/10.1063/1.871749
https://doi.org/10.1063/1.871749
https://doi.org/10.1103/PhysRevLett.107.135003
https://doi.org/10.1103/PhysRevLett.107.135003
https://doi.org/10.1103/PhysRevLett.107.135003
https://doi.org/10.1103/PhysRevLett.107.135003
https://doi.org/10.1016/0370-1573(80)90022-8
https://doi.org/10.1016/0370-1573(80)90022-8
https://doi.org/10.1016/0370-1573(80)90022-8
https://doi.org/10.1016/0370-1573(80)90022-8
https://doi.org/10.1063/1.1706158
https://doi.org/10.1063/1.1706158
https://doi.org/10.1063/1.1706158
https://doi.org/10.1063/1.1706158
https://doi.org/10.1088/0029-5515/3/4/002
https://doi.org/10.1088/0029-5515/3/4/002
https://doi.org/10.1088/0029-5515/3/4/002
https://doi.org/10.1088/0029-5515/3/4/002
https://doi.org/10.1063/1.1692864
https://doi.org/10.1063/1.1692864
https://doi.org/10.1063/1.1692864
https://doi.org/10.1063/1.1692864
https://doi.org/10.1103/PhysRevLett.27.491
https://doi.org/10.1103/PhysRevLett.27.491
https://doi.org/10.1103/PhysRevLett.27.491
https://doi.org/10.1103/PhysRevLett.27.491
https://doi.org/10.1103/PhysRevLett.28.1625
https://doi.org/10.1103/PhysRevLett.28.1625
https://doi.org/10.1103/PhysRevLett.28.1625
https://doi.org/10.1103/PhysRevLett.28.1625
https://doi.org/10.1063/1.1694356
https://doi.org/10.1063/1.1694356
https://doi.org/10.1063/1.1694356
https://doi.org/10.1063/1.1694356
https://doi.org/10.1063/1.1694692
https://doi.org/10.1063/1.1694692
https://doi.org/10.1063/1.1694692
https://doi.org/10.1063/1.1694692
https://doi.org/10.1017/S0022377800020171
https://doi.org/10.1017/S0022377800020171
https://doi.org/10.1017/S0022377800020171
https://doi.org/10.1017/S0022377800020171
https://doi.org/10.1063/1.864394
https://doi.org/10.1063/1.864394
https://doi.org/10.1063/1.864394
https://doi.org/10.1063/1.864394
https://doi.org/10.1103/PhysRevA.29.2960
https://doi.org/10.1103/PhysRevA.29.2960
https://doi.org/10.1103/PhysRevA.29.2960
https://doi.org/10.1103/PhysRevA.29.2960
https://doi.org/10.1007/BF01013380
https://doi.org/10.1007/BF01013380
https://doi.org/10.1007/BF01013380
https://doi.org/10.1007/BF01013380
https://doi.org/10.1103/PhysRevLett.55.943
https://doi.org/10.1103/PhysRevLett.55.943
https://doi.org/10.1103/PhysRevLett.55.943
https://doi.org/10.1103/PhysRevLett.55.943
https://doi.org/10.1103/PhysRevLett.62.51
https://doi.org/10.1103/PhysRevLett.62.51
https://doi.org/10.1103/PhysRevLett.62.51
https://doi.org/10.1103/PhysRevLett.62.51
https://doi.org/10.1016/0378-4371(84)90204-8
https://doi.org/10.1016/0378-4371(84)90204-8
https://doi.org/10.1016/0378-4371(84)90204-8
https://doi.org/10.1016/0378-4371(84)90204-8
https://doi.org/10.1016/0378-4371(87)90258-5
https://doi.org/10.1016/0378-4371(87)90258-5
https://doi.org/10.1016/0378-4371(87)90258-5
https://doi.org/10.1016/0378-4371(87)90258-5
https://doi.org/10.1063/1.860124
https://doi.org/10.1063/1.860124
https://doi.org/10.1063/1.860124
https://doi.org/10.1063/1.860124
https://doi.org/10.1063/1.872837
https://doi.org/10.1063/1.872837
https://doi.org/10.1063/1.872837
https://doi.org/10.1063/1.872837
https://doi.org/10.1063/1.4876749
https://doi.org/10.1063/1.4876749
https://doi.org/10.1063/1.4876749
https://doi.org/10.1063/1.4876749
https://doi.org/10.1103/PhysRevLett.110.235001
https://doi.org/10.1103/PhysRevLett.110.235001
https://doi.org/10.1103/PhysRevLett.110.235001
https://doi.org/10.1103/PhysRevLett.110.235001
https://doi.org/10.1103/PhysRevE.91.063107
https://doi.org/10.1103/PhysRevE.91.063107
https://doi.org/10.1103/PhysRevE.91.063107
https://doi.org/10.1103/PhysRevE.91.063107
http://link.aps.org/supplemental/10.1103/PhysRevE.96.043202
http://www.lanl.gov/projects/dense-plasma-theory/more/movies.php

TRANSPORT REGIMES SPANNING MAGNETIZATION- ...

[34] Q. Spreiter and M. Walter, J. Comput. Phys. 152, 102
(1999).

[35] D. Frenkel and B. Smit, Understanding Molecular Dynamics
(Academic Press, San Diego, CA, 2002).

[36] R. Hockney and J. Eastwood, Computer Simulation Using
Particles (10P Publishing, Bristol, UK, 1988).

[37] G. Dimonte and J. Daligault, Phys. Rev. Lett. 101, 135001
(2008).

[38] S. D. Baalrud and J. Daligault, Cont. Plasma Phys. 57, 238
(2017).

[39] D. Bohm, in The Characteristics of Electrical Discharges in
Magnetic Fields, edited by A. Guthrie and R. K. Wakerling
(McGraw-Hill, New York, 1949), p. 201.

[40] L. Spitzer, Phys. Fluids 3, 659 (1960).

[41] J. Weinstock and R. H. Williams, Phys. Fluids 14, 1472 (1971).

[42] K. C. Lee, IEEE Trans. Plasma Sci. 43, 494 (2015).

[43] J. B. Taylor and B. McNamara, Phys. Fluids 14, 1492 (1971).

[44] T. Ott, H. Lowen, and M. Bonitz, Phys. Rev. E 89, 013105
(2014).

[45] Y. Feng, J. Goree, B. Liu, T. P. Intrator, and M. S. Murillo, Phys.
Rev. E 90, 013105 (2014).

PHYSICAL REVIEW E 96, 043202 (2017)

[46] Z. Donkoé, G. J. Kalman, and K. I. Golden, Phys. Rev. Lett. 88,
225001 (2002).

[47] Data for Z, at B =10 and 100 are omitted because the
oscillations are so rapid on the scale shown that the lines cannot
be resolved.

[48] J. Daligault, Phys. Rev. Lett. 96, 065003 (2006).

[49] K. N. Dzhumagulova, R. U. Masheyeva, T. Ott, P. Hartmann,
T. S. Ramazanov, M. Bonitz, and Z. Donké, Phys. Rev. E 93,
063209 (2016).

[50] T. Ott, H. Kéhlert, A. Reynolds, and M. Bonitz, Phys. Rev. Lett.
108, 255002 (2012).

[51] J.D.Huba, NRL Plasma Formulary (Naval Research Laboratory,
Washington, DC, 2016).

[52] M. H. A. Hassan, Plasma Phys. 19, 1043 (1977).

[53] D. H. E. Dubin, Phys. Rev. Lett. 94, 025002 (2005).

[54] F. Anderegg, D. H. E. Dubin, T. M. O’Neil, and C. F. Driscoll,
Phys. Rev. Lett. 102, 185001 (2009).

[55] S. Ichimaru, Rev. Mod. Phys. 65, 255 (1993).

[56] T. Ott, M. Bonitz, P. Hartmann, and Z. Donko, Phys. Rev. E 95,
013209 (2017).

[57] T. Ott, M. Bonitz, and Z. Donké, Phys. Rev. E 92, 063105 (2015).

043202-9


https://doi.org/10.1006/jcph.1999.6237
https://doi.org/10.1006/jcph.1999.6237
https://doi.org/10.1006/jcph.1999.6237
https://doi.org/10.1006/jcph.1999.6237
https://doi.org/10.1103/PhysRevLett.101.135001
https://doi.org/10.1103/PhysRevLett.101.135001
https://doi.org/10.1103/PhysRevLett.101.135001
https://doi.org/10.1103/PhysRevLett.101.135001
https://doi.org/10.1002/ctpp.201700028
https://doi.org/10.1002/ctpp.201700028
https://doi.org/10.1002/ctpp.201700028
https://doi.org/10.1002/ctpp.201700028
https://doi.org/10.1063/1.1706104
https://doi.org/10.1063/1.1706104
https://doi.org/10.1063/1.1706104
https://doi.org/10.1063/1.1706104
https://doi.org/10.1063/1.1693631
https://doi.org/10.1063/1.1693631
https://doi.org/10.1063/1.1693631
https://doi.org/10.1063/1.1693631
https://doi.org/10.1109/TPS.2014.2363942
https://doi.org/10.1109/TPS.2014.2363942
https://doi.org/10.1109/TPS.2014.2363942
https://doi.org/10.1109/TPS.2014.2363942
https://doi.org/10.1063/1.1693635
https://doi.org/10.1063/1.1693635
https://doi.org/10.1063/1.1693635
https://doi.org/10.1063/1.1693635
https://doi.org/10.1103/PhysRevE.89.013105
https://doi.org/10.1103/PhysRevE.89.013105
https://doi.org/10.1103/PhysRevE.89.013105
https://doi.org/10.1103/PhysRevE.89.013105
https://doi.org/10.1103/PhysRevE.90.013105
https://doi.org/10.1103/PhysRevE.90.013105
https://doi.org/10.1103/PhysRevE.90.013105
https://doi.org/10.1103/PhysRevE.90.013105
https://doi.org/10.1103/PhysRevLett.88.225001
https://doi.org/10.1103/PhysRevLett.88.225001
https://doi.org/10.1103/PhysRevLett.88.225001
https://doi.org/10.1103/PhysRevLett.88.225001
https://doi.org/10.1103/PhysRevLett.96.065003
https://doi.org/10.1103/PhysRevLett.96.065003
https://doi.org/10.1103/PhysRevLett.96.065003
https://doi.org/10.1103/PhysRevLett.96.065003
https://doi.org/10.1103/PhysRevE.93.063209
https://doi.org/10.1103/PhysRevE.93.063209
https://doi.org/10.1103/PhysRevE.93.063209
https://doi.org/10.1103/PhysRevE.93.063209
https://doi.org/10.1103/PhysRevLett.108.255002
https://doi.org/10.1103/PhysRevLett.108.255002
https://doi.org/10.1103/PhysRevLett.108.255002
https://doi.org/10.1103/PhysRevLett.108.255002
https://doi.org/10.1088/0032-1028/19/11/004
https://doi.org/10.1088/0032-1028/19/11/004
https://doi.org/10.1088/0032-1028/19/11/004
https://doi.org/10.1088/0032-1028/19/11/004
https://doi.org/10.1103/PhysRevLett.94.025002
https://doi.org/10.1103/PhysRevLett.94.025002
https://doi.org/10.1103/PhysRevLett.94.025002
https://doi.org/10.1103/PhysRevLett.94.025002
https://doi.org/10.1103/PhysRevLett.102.185001
https://doi.org/10.1103/PhysRevLett.102.185001
https://doi.org/10.1103/PhysRevLett.102.185001
https://doi.org/10.1103/PhysRevLett.102.185001
https://doi.org/10.1103/RevModPhys.65.255
https://doi.org/10.1103/RevModPhys.65.255
https://doi.org/10.1103/RevModPhys.65.255
https://doi.org/10.1103/RevModPhys.65.255
https://doi.org/10.1103/PhysRevE.95.013209
https://doi.org/10.1103/PhysRevE.95.013209
https://doi.org/10.1103/PhysRevE.95.013209
https://doi.org/10.1103/PhysRevE.95.013209
https://doi.org/10.1103/PhysRevE.92.063105
https://doi.org/10.1103/PhysRevE.92.063105
https://doi.org/10.1103/PhysRevE.92.063105
https://doi.org/10.1103/PhysRevE.92.063105



