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Scaling of the surface vasculature on the human placenta
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The networks of veins and arteries on the chorionic plate of the human placenta are analyzed in terms of Voronoi
cells derived from these networks. Two groups of placentas from the United States are studied: a population
cohort with no prescreening, and a cohort from newborns with an elevated risk of developing autistic spectrum
disorder. Scaled distributions of the Voronoi cell areas in the two cohorts collapse onto a single distribution,
indicating common mechanisms for the formation of the complete vasculatures, but which have different levels
of activity in the two cohorts.
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The human placenta is the interface between mother and
fetus, providing the sole source of nutrients to the fetus,
removing waste, and establishing a barrier against antigen
attack [1,2]. Placental measures, such as weight, shape,
thickness, and umbilical cord site are known [3,4] to affect
birth outcomes, as are genetic and environmental factors. The
placenta has an active role in the fetal endocrine system,
providing controlling factors in fetal development [5]. Barker’s
hypothesis [6–8] links fetal development not just to fetal and
childhood health but, by relating adult mortality, stroke, heart
disease, and chronic bronchitis to prenatal factors and maternal
health, to adult health as well.

The exchange of material between mother and fetus is
facilitated by the vasculature—the network of veins and
arteries within the placenta. The vascular system emanates
from arteries and veins that extend from the fetus to the
placenta through the umbilical cord, which usually attaches
near the center of a placenta. Branching begins at the cord
insertion, initially on the chorionic plate, before diving into the
interior of the placenta, where there is further branching. The
exchange of respiratory gases (mainly O2 and CO2), nutrients,
and waste occurs through the finest vessels (capillaries within
the terminal villi).

Here, we analyze the vasculatures of placentas from two
cohorts from the United States: the National Children’s Study
(NCS) [9], which had no prescreening and is, therefore, a
population cohort, and the Early Autism Risk Longitudinal
Investigation (EARLI) [10], which selects newborns with
an elevated risk of developing autistic spectrum disorder.
The EARLI cohort is from a network of research sites that
enrolled mothers of children with autism at the start of another
pregnancy and documents the development of the newborns,
so far covering the first three years. EARLI examines possible
environmental risk factors for autism and whether there is any
interplay between such factors and genetic susceptibility.

Our analysis is based on a partition of the chorionic plate
area of each placenta into contiguous polygonal regions,
called Voronoi cells [11]—one for each blood vessel. This
construction affords an analysis that has proven useful in other
cellular systems [12–14]. In particular, when expressed in
terms of areas scaled by their average, the distributions of
Voronoi cell areas in the two cohorts collapse onto a single
distribution. This indicates that the overall mechanism for the
formation of the vasculature is the same in these cohorts, but
is less active in the EARLI cohort, yielding a lower branching
density (Table I).

Table I compares several basic measures of the placentas
from the two cohorts. The average areas and perimeters are
virtually identical. However, there is a substantial difference
in the numbers of vertices, which are bifurcation points of
the vasculature. Thus, the NCS placentas have shorter blood
vessels with more branching, so more extensive coverage of
the chorionic plate than EARLI placentas. A comprehensive
analysis of these placentas and their vasculatures will be
presented elsewhere.

The passage from a vascular network to its Voronoi
representation is illustrated in Fig. 1. Figure 1(a) shows a
hand-tracing [15] of the arteries on a digital image of a
placenta. Starting from the umbilical cord (the origin) and
moving along the edges (blood vessels), a vertex at the
beginning of an edge is called the parent of the vertex at the
end of that edge, and the vertex at the end of an edge is called
a child of the parent vertex. Vertices are assigned generation
numbers g to indicate their position within the network. The
origin has g = 1, with g increasing by 1 from parent to child.
An edge of generation g connects vertices of generations g

and g + 1.
The Voronoi construction is based on seeds placed at

the midpoint of each blood vessel [Fig. 1(b)], which is
approximated by the centers of straight lines connecting the
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TABLE I. Basic measures of the N placentas
used from the NCS and EARLI cohorts. A is their
average area, P their average perimeter, and nv and
na average numbers of vertices in their venous and
arterial networks, respectively. Significance of the
differences is indicated by multiples nσ of the standard
error.

NCS EARLI nσ

N 201 75
A (cm2) 273 271 0.33
P (cm) 64.7 64.8 0.07
nv 97.0 69.3 7.48
na 98.0 68.4 6.99

parent and child vertices of the vessel. Figure 1(c) shows
the resulting Voronoi cells, whose sides are perpendicular
bisectors of the lines connecting a seed to its neighboring
seeds. Points in the enclosed polygon are closer to that seed
than to any other. The Voronoi cell area therefore provides an
estimate of the region served by the blood vessel. Two types
of cell are obtained: “core” cells, which are contained entirely
within the placenta, and “boundary” cells, which are truncated
by the edge of the placenta. Our analysis is based on core cells.
Figure 1(d) shows the Voronoi cells color-coded by generation.

We have also examined Voronoi distributions derived
from seeds of other network components. Using the vertices
produces results similar to those reported here. A somewhat
different construction is based on entire blood vessel segments.
The resulting Voronoi cells also show scaling, but only when
the cell area is replaced by the cell volume that includes the
thickness of the placenta over the cell area. Taken together,
these results indicate that scaling is an intrinsic part of placental
vasculature.

Histograms of Voronoi cell areas are shown in Fig. 2 for
veins and arteries in placentas from the NCS and EARLI
cohorts. These histograms were obtained from the cell areas
within each placenta, which were put into uniform bins whose
width was chosen by balancing a discernible distribution
against the smoothness of that distribution.

Several similarities and differences are apparent in Fig. 2.
The NCS data show a greater maximum at small areas, with
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FIG. 2. Histograms of core Voronoi cell areas for (a) NCS arteries
(b) EARLI arteries, (c) NCS veins, and (d) EARLI veins. The
cumulative contributions for the first three and first six generations are
indicated by darker and lighter shading, respectively, in each panel.

a more rapid decrease at larger areas than the EARLI cohort.
The two cohorts have approximately equal average chorionic
plate area (Table I), so the differences in Fig. 2 are due to
the differences in the numbers of veins and arteries between
the two cohorts. On average larger regions of placentas in the
EARLI cohort are served by the blood vessels than those in
the NCS cohort.

Placentas from the NCS and EARLI cohorts are shown in
Fig. 3. The number, sizes, and spatial arrangements of the
Voronoi cells in the two cohorts are discernibly different. The
placentas in the NCS cohort [Figs. 3(a) and 3(b)] have ∼70
core cells, with several clusters of small cells. Those from
EARLI [Figs. 3(c) and 3(d)] have ∼50 core cells, with fewer
small cells. These are consistent with the histograms in Fig. 2.

The other striking feature in the histograms is that the dis-
tributions of venous and arterial Voronoi areas are essentially
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FIG. 1. (a) Digital image of the chorionic plate of a placenta from the NCS cohort with the hand-tracing of the arteries and their thicknesses.
The regular shape and near-central umbilical cord insertion (indicated by the blue circle) are expected of a “normal” placenta. (b) Representation
of each blood vessel as a seed at its midpoint, indicated by filled circles. (c) Voronoi cells obtained from the seeds in (b). (d) Generations of
Voronoi cells according to the adjacent color bar. The same color coding for generations is used in (a) and (b).
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(a) (b)

(c) (d)

FIG. 3. Voronoi constructions of placentas from the [(a),(b)] NCS
and [(c),(d)] EARLI cohorts. Core and boundary cells are shown
as unshaded and shaded regions, respectively. The umbilical cord
insertions are indicated by light blue circles.

the same for each cohort. This similarity is not altogether
surprising, as the average numbers of vertices in the venous
and arterial networks in the two cohorts are essentially the
same (Table I).

An alternative presentation of the data in Fig. 2 is a scaling
plot, in which the density P (A) of Voronoi cells with area A

is plotted against the Voronoi cell area divided by the average
cell area 〈A〉 of each placenta to form a new histogram. Such
plots [16] enable placentas within and between cohorts to be
compared directly. Scaled histograms are shown in Fig. 4 with
bin widths chosen to optimize the statistics for comparisons to
particular distributions. All four data sets in Fig. 2 “collapse”
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FIG. 4. Scaling plots of the data in Fig. 2 for the (a) NCS and
(b) EARLI cohorts. The similarity of the two best-fit distributions
(Table II) points to a collapse of all data into a single scaling function.
Bin widths in (0,3] have comparable numbers of data points, while
those in (3,6] each have at least 30 data points. Comparisons are
made between the data points and the best fit gamma (solid black
curve), best fit lognormal (broken blue curve), and random gamma
(dot-dashed red curve) distributions. The insets show magnifications
for the fits to the tails of the distributions. See text and Table II for
details.

TABLE II. Optimized parameters for the gamma and lognormal
distributions in (2) and (3), together with the “exact” results for the
random gamma function: a = 0, b = 7

2 , and c = 2
7 [14]. The p values

were obtained from the Anderson-Darling test.

a (location) b (shape) c (scale) p value

Random 0 3.5 0.29 0.002
NCS Lognormal − 0.15 0.58 0.97 0.03

Gamma 0.02 2.10 0.46 0.13
Random 0 3.5 0.29 0.008

EARLI Lognormal − 0.20 0.52 1.05 0.03
Gamma 0.03 2.30 0.42 0.10

onto a single “scaling function” f ,

P (A) = 1

〈A〉f
(

A

〈A〉
)

, (1)

with normalization
∫ ∞

0 f (s)ds = 1 and first moment∫ ∞
0 sf (s)ds = 1. The data collapse of the histograms in Fig. 2

indicates that, despite the difference in the spatial patterns of
the Voronoi cells in the two cohorts (Fig. 2), there is a common
mechanism for the cumulative formation of the vasculature.

The distributions for different types of Voronoi decom-
positions [14], and the lognormal distribution in the life
sciences [17,18], invites comparisons with the scaling function
in Fig. 4. We tested the random gamma, optimized gamma,
and the optimized lognormal distributions. The gamma
distribution is

f (s) = (s − a)b−1

cb�(b)
exp

(
− s − a

c

)
, (2)

where a, b, and c are, respectively, the location, shape, and
scale parameters. For two-dimensional Voronoi cells generated
from random seeds (a Poisson Voronoi diagram), the cell areas
follow a gamma distribution with approximate values [14]
a = 0, b = 7

2 , and c = 2
7 , although other studies found slightly

different values [12]. The lognormal distribution is

f (s) = 1

(s − a)
√

2πb2
exp

{
− 1

2b2

[
ln

(
s − a

c

)]2}
, (3)

where a, b, and c have the same meanings as in (2). The lognor-
mal distribution is obtained for variables that are products of a
large number of independent, identically distributed variables.
The gamma distribution results for variables that are sums of
a large number of independent exponential random variables,
that is, variables from the arrival times of a Poisson process.

The random, optimized gamma, and optimized lognormal
distributions with the parameters in Table II are compared with
the collapsed data in Fig. 4. The p values [19] were determined
from the Anderson-Darling test [20], which is a modification
of the Kolmogorov-Smirnov test that places more weight on
the tails of the distributions. The random distribution produces
p values that fail the significance level of 0.05, which can
be seen from the inadequacy of the fit to the peak and the
profile of the tail. Only the gamma distribution has p values
above 0.05, but the lognormal distribution produced p values
close to this level. Some of this discrepancy can be attributed
to the points near the peak, where the statistical variations are
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FIG. 5. Scaling plots of Voronoi core cell areas for arteries of the
(a) NCS and (b) EARLI chorionic vasculatures resolved according
to generation g for the first ten generations. The tighter data collapse
for NCS is likely due to the larger number of placentas in that cohort
(Table I).

typically the largest, but the profile of the tail favors the gamma
distribution.

The vasculature of the human placenta is formed over
several stages during pregnancy [21]. The topologies of the
measured vascular networks are determined by the process of
branching angiogenesis, which is observed during about the
first 6 months of pregnancy [21,22]. We expect that during the
remaining 3 months, the lengths and widths of vessels within
the venous and arterial networks adjust in response to the local
environment to produce the vasculatures analyzed here. As
the layout of the vasculature changes in the final 3 months of
pregnancy, the Voronoi cells at 6 months could alter their sizes
and shapes (metric properties), while their generation numbers
and the number of cells could remain invariant (topological
properties).

The data collapse implied by Fig. 4 shows that the
vasculatures of the NCS and EARLI cohorts are characterized
by a single scale, the average Voronoi cell area. All of
the differences in vascular development are subsumed by
this quantity, which suggests common overall formation
mechanisms in the two cohorts. The lower branching density
in the EARLI placentas (Table I) indicates that this mechanism
is less active overall in this cohort, although the reason(s) for
this, whether genetic or environmental [23], is inaccessible to a
scaling analysis. The poor fit of the random gamma distribution
indicates that our seed positions are not random. The examples
in Fig. 3 support this by the tendency toward clustering of large
cells and small cells. This can be quantified by a two-point
correlation function of Voronoi areas.

That the best fit in Fig. 4 is a gamma distribution is not
altogether surprising given the prevalence of this distribution
in other biological systems generally [24–26], and the analysis
of models of vascular networks [27–29] in particular. While
the gamma distribution is consistent with branching governed
by processes with exponential waiting times, the 3-month
adjustment phase could mean that other processes are oper-
ative. The key question here is the relationship between the
distribution function at around 6 months and that at full term.
The simplest such scenario is seen in certain surface growth
phenomena [30], where there is an incubation period during
which certain features are formed with a particular distribution.
Subsequently growth is self-similar, with few additional new
features, leaving the distribution function invariant.

Finally, Fig. 5 shows scaling plots for Voronoi cell areas for
the arterial networks in the NCS and EARLI cohorts resolved
according to generation for the first ten generations. The data
collapse for the NCS data suggests that the formation of the
vasculature may involve self-organization resulting from inter-
actions between neighboring generations. The corresponding
data for the EARLI are more scattered, which may be due to
the smaller sample size.

The results presented here can be expanded and generalized
in several ways. Examining placentas from others selected
for other abnormalities, such as hypertension or diabetes,
could strengthen the case for the distribution of Voronoi cells
being universal, or require additional factors to be taken into
account. Our approach could also be extended to the full three-
dimensional vasculature [31]. While not as accessible as the
surface vasculature, imaging methods are becoming available
[32,33] that reveal the full vasculature of the placenta. Finally,
taking a broader view, comparisons between the vasculatures
of the placenta and other organs, which are available in mice
[34], would provide a direct way of assessing common features
and variations in vascular formation.
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