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Continuous-time random walk under time-dependent resetting
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Continuous-time random walks of a particle that is randomly reset to an initial position are considered. The
distribution of the waiting time between the reset events is represented as a sum of an arbitrary number of
exponentials. The governing equation of this stochastic process is established. The mean first-passage time to a
particular position is calculated. It is shown that anomalous subdiffusion has a significant impact on the shape of

the stationary state.
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I. INTRODUCTION

Recently, intermittent stochastic processes, in which the
diffusion of a particle is interrupted by random resetting to an
initial position, have been extensively studied. Such processes
have attracted considerable attention because random resetting
fundamentally changes the properties of the diffusion process.
In particular, with resetting, the distribution of the particle
position does not expand indefinitely, but evolves towards a
nonequilibrium steady state. Another important consequence
is that the mean first passage time, which is infinite in the case
of simple diffusion, becomes finite with resetting.

Examples of intermittent stochastic processes are found in
many fields such as chemistry [1], biology [2], ecology [3],
and computer science [4].

The investigation of diffusion processes with stochastic
resetting was initiated in Refs. [5-7]. Later, several specific
models describing particular intermittent processes were con-
sidered [8-17]. In recent works [18-20], the effect of the
distribution of the waiting time between the reset events on the
properties of the intermittent stochastic process was studied. In
these studies, it was assumed that a particle performs a simple
random walk between the reset events. However, in many
real-world processes, the particle moves in complex disordered
media; therefore, the simple random walk model is not
applicable. In this study, we consider a further generalization of
the model [18-20] considering medium disorder. We assume
thatin a given disordered medium, the motion of a particle has a
subdiffusive (slowing down) character, and it can be described
by the continuous-time random walk (CTRW) model. As a
starting point, we use the Markov representation of the CTRW
model [21-23]. As independent variables, we use the spatial
coordinate of a particle, time elapsed since the beginning of
the observation, time elapsed since the last diffusion jump,
and time elapsed since the last reset event. First, we found
the propagator. Then, we represented the distribution of the
waiting time as a sum of an arbitrary number of exponentials.
With such a representation, we found an equation satisfied by
the propagator and calculated the mean first-passage time to a
particular position. We also showed that the medium disorder
affects the properties of the intermittent stochastic process.
In particular, the stationary probability distribution shape is
different in the cases of normal diffusion (i.e., diffusion in
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a homogeneous medium) and anomalous subdiffusion (i.e.,
diffusion in a disordered medium).

II. PROPAGATOR

We start our consideration with the balance equation,
which describes the CTRW under time-dependent resetting
on a discrete one-dimensional lattice. Let &;(f,7,0) be the
probability density of finding a particle at site i at time ¢,
whose residence time in this site is equal to T and time elapsed
since the last reset event is equal to o. The balance equation
is [21-24]

A& (t,t,0) 0&(t,t,0) 0&(t,T,0)
ot + 0T + foled
= —w(7)§(t,7,0) — M0)&;(,7,0). (1)

Here, the first term on the right-hand side describes the
decrease of the probability &;(¢,7,0) due to transitions of
the particle to neighboring sites. w(t) is the corresponding
rate. The second term describes the decrease of the probability
& (t,t,0) due to transitions of the particle to the initial position.
A(o0) is the corresponding rate.

Let us suppose that at the initial time the particle is in site O,
the residence time is equal to zero, and the time elapsed since
the last reset event is equal to zero. Then, the initial condition
is expressed as

£i(0,7,0) = 8(7)6(0)dio. 2)

Here, §(7) is the Dirac delta function and §;( is the Kronecker
symbol.

In order for the solution of Eq. (1) to be uniquely
determined, it is necessary to additionally define the boundary
conditions at T = 0 and at o = 0. The first boundary condition
should express the fact that the residence time becomes zero
at the moment of particle transition from one site to another. If
the particle jumps to the left and right neighboring sites with
equal probability, then the boundary condition at T = 0 has
the form

* (1)
§i(t,0,0) = fo > [§i-1(t,7,0) + &1 (t,T,0)]dT. (3)
The second boundary condition should express the fact that
the waiting time of the next reset event becomes zero at the
moment of resetting. In this section, we will assume that at the
moment of the reset event, the residence time also becomes
zero. In this case, the boundary condition at o = 0 has the
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form

& (t,7,0) = 8(1)dio Z /000 f()ook(a)éj(t,r,o)da dr. (4)

j=—00

The CTRW model gives a rough description of reality and
does not determine the described process unambiguously. As
a consequence, the physical interpretation of the presented
initial and boundary conditions can be different, depending on
the process described. For example, in the multiple-trapping
model, which reduces to the CTRW model in the transition to
a contracted description [25], boundary condition (4) indicates
that after resetting the particle enters the transport state. In the
mean-field approximation of the random trap model, which is
also reduced to the CTRW model [26], this boundary condition
indicates that after resetting the particle enters any trap with
equal probability.

We perform the Laplace transform in the time variable ¢
and the Fourier transform in the spatial variable i:

Eurok) =Y /ooexp(jihk—ut)Si(t,r,a)dt, 5)
0

i=—00

where j is the imaginary unit and /% is the lattice constant. As
a result of the transformations, Egs. (1), (3), and (4) become

8§(u,r,a,k) Bg(u,r,a,k)
+
0T do

= —[(r) + AM0) + ulé (. 1,0.k) + 8(1)3(0),  (6)

E(u,0,0,k) = cos(hk)F(u,0,k), 7)
E(u,7,0,k) = 8()E(w), (8)
where
Fu,0.k) = / oow(z)§(u,r,a,k)dr, 9)
0

Su) = /OO /wk(a)g(u,r,o,O)do dr. (10)
0 0

Equation (6) with boundary conditions of Eqs. (7) and (8)
has the solution

Eu,t,0,k) = 8(t — o)[1 + S(w)]
X exp{—uo}¥ (a)qjd—(T) (11
T (T —0)

fort > 0,0 >0,
E(u,7,0,k) = 8(1)S(u) (12)
fort > 0,0 =0, and

E(u,t,0,k) = cos(hk)F(u,0 — ,k)

v,
X exp{—ur}wd(r)% (13)

fort < o, 1t > 0. Here,

V(o) = exp {—/0 )»(y)dy} (14)
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is the survival probability of the reset process and

Wq(7) = exp {—/0 w(y)dy} 15)

is the survival probability of the diffusion (jump) process.
Note that at o = 0 the solution has a discontinuity, which is
a consequence of the presence of the inhomogeneous term in
Eq. (6). .

By dividing &(u,7,0,k) by W,(0) and integrating with
respect to T from zero to infinity, we obtain

n(u,0,k)

Vo) = [1+ )] exp{—uc}W,(o)

If"(u,a —1,k)
—dt
lIJr(a - T)

)

+ cos(hk) /U exp{ut}¥,(7)
0
(16)

where 7(u,0,k) = fooo g(u,r,a,k)dr. By performing the
Laplace transform of Eq. (16) ino (f (o) — L[ f(0)](s)), we
find

L[ﬁ(u,a,k)

T.(0) i| =[1+ Z)]Wi(u + s)

ﬁ(u,a,k)

+ cos(hk)L|: 7.0)

:|‘Ild(u +5). (17)

By dividing é(u,r,o,k) by W, (o), multiplying by w(r), and
integrating with respect to t from zero to infinity, we obtain

F(u,0,k)

Vo)~ [1+ )] exp{—uc}s(o)

If"(u,a —1,k)

+ costhk) [ explouriya(n =",

(18)
where ¥;(t) = w(7)W,(7) is the waiting time distribution of
the diffusion process. The Laplace transform of this relation
ino is

F(u,0,k
L[ (u,0,k)

7,0 } =[1+ Z@)Pau +5)

[ﬁ(u,o,k)
+ cos(hk)L

By solving Eqgs. (17) and (19) and performing some simple
manipulations, one can write

fi(u,0,k) = W,(0)[1 + )] exp{—uo}Py(o.k),  (20)

where Py(o.k) is the propagator of the CTRW without
resetting, which has the following Laplace transform (o — s):

1

Pus: k) = B T = costhbl @h
©(s) is the memory function defined as
= sPa(s)
O() = ————. 22
() = 3,0) (22)
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By substituting Eq. (20) into Eq. (10), we find

U (u)
1 — . (u)
Here, v¥,(u) is the Laplace transform of the waiting

time distribution of the reset process [, (o) = —% =
w(0)¥,(0)]. Thus, we can write the propagator of the
CTRW under time-dependent resetting defined as Py, (u,k) =

fooo fooo g(u,f,o,k)do dt in the form

Su) = (23)

Pa(u k) = %wu) / " explouo )0, (o) Py(o k)do.
— Vr 0
24)

An expression similar to that was previously obtained for the
Brownian motion under time-dependent resetting in Ref. [20].

In the physical domain, the propagator in Eq. (24) satisfies
the first renewal equation [20]:

Pyr(t,x) = W, (1) Py(t,x) +/ Y (Tf) Par(t — Tp,x)d7y.
0
(25)

This equation differs from the analogous equation obtained
in Ref. [20] only by the fact that here the CTRW propagator
is used instead of the diffusion propagator. The terms of this
equation on the right-hand side have the same meaning as in
Ref. [20]: the first term corresponds to the trajectories with no
resets and the second term corresponds to the trajectories with
at least one reset. 7y is the time of the first reset [20].

We found the propagator corresponding to initial condition
(2) and boundary conditions (3) and (4). However, the
approach used here makes it possible to obtain propagators
corresponding to other initial and boundary conditions. In
particular, one can consider nonsymmetric random walks,
resetting several points, the case when the residence time does
not necessarily become zero after resetting, and other cases.

III. GOVERNING EQUATION

To obtain specific results, one must introduce an assumption
about the probability of resetting. In previous works, such
assumptions were introduced in various ways. In Refs. [18]
and [19], the assumption was made about the function
¥,(o). In Ref. [18] it was assumed that this function is a
truncated power law, and in Ref. [19], it was fixed as the
gamma distribution and Weibull distribution. In Ref. [20], the
assumption was made about the function w(o). This function
was given by some simple analytic expressions. In this study,
we assume that the survival probability W, (o) has the form of
a sum of exponentials:

N
V,(0) = ) o exp{—vio) (26)
i=1

with v; > 0, ZlN: 1 @ = 1. Such an assumption has two advan-
tages: first, sum (26) can describe any reasonable function with
any given accuracy in the interval (0,00) [27,28]; second, it
allows us to derive a governing equation for the process under
consideration. Note that the function ¥, (o) corresponding to
Eq. (26) has the form ¥, (o) = 3N | a;v; exp{—v;o}.
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We now present the derivation of the governing equation.
If the survival probability has form (26), then propagator (24)
becomes

N
Par(uk) =) pilu k), 27)
i=1
where functions p;(u,k) are given by
- 1
pi(uk) = ———
1— 1//r(u)

o;

X U T i+ O + vl — cos(hh)]

(28)

with ¥, (u) = Z,N=1 L. By direct substitution, one can verify

that these functions satisfy the system of equations

upi(u,k) — a; = —O(u + vy)[1 — cos(hk)1p; (u,k)
N

— v piu,k) + o Y vipi(u,0),
=1

i=12,...,N). (29)

By taking the continuum limit [i.e., replacing 1 — cos(hk) by

%kz] and returning to the physical variables, we get

3%pi(t — 7,x)
9x2

api(tvx) _ h2

” 7/0 O(t)exp(—v;T)

dt

N oo
—vipi(t,x) +ai5(X)sz/ pi(t,x)dx,
I=1 -

@=12,...,N). (30)

The initial conditions are p;(0,x) = «;5(x).

Equation (30) is valid when the original function ©(¢)
exists. However, in the model of anomalous subdiffusion
(where ®(u) = const x '~ with y € (0,1) [29,30]) it does
not exist, so the integral operator is written in a different way
with the use of a fractional derivative [31].

For N =1, system of equations (30) reduces to the non-
Markovian diffusion equation with source and sink [32]:

dp(t,x) 2ot 3%p(t — 1,x)
ryami 7/(; ®(r)exp(—vr)—ax2 dt
— vo(t,x) + S(x)v/ o(t,x)dx. 31

Here, the source and sink terms correspond to the resetting
process. The sink term modifies the integral operator by means
of appearance of an exponential factor, as in the case of
the subdiffusion-reaction equations [31,32]. In the case of a
homogeneous medium, the memory function ®() is equal to
the delta function [®(u) is equal to a constant], and Eq. (31)
reduces to the usual equation of diffusion with resetting [6]:

dp(t,x) - h*3*p(r,x)
—— 7
ot 2 0x2
— vp(t,x)+8(x)v/ p(t,x)dx. (32)

If all the parameters «; are positive [33], they can be
considered as probabilities. In this case, the system of
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equations (30) admits the following interpretation. A particle
can be in one of N different internal states. These states
influence how the particle resets. p;(¢,x) is the probability
of finding a particle in state i at time ¢ at point x. Initially,
the particle is in the ith state with probability «;. Being in this
state, it exhibits subdiffusive motion and resets with a constant
rate v;. As aresult of resetting, the particle falls into state i with
probability «;, regardless of what state it had before resetting.

Let us comment that the obtained equations can straight-
forwardly be extended for an arbitrary spatial dimension.
In d dimensions, the second derivative is replaced by a
d-dimensional Laplacian and simple integral is replaced by
a d-fold integral.

IV. SURVIVAL PROBABILITY

The system of equations (30) plays a role of the master
equation. It allows us to solve different boundary value
problems. As an example, we compute the survival probability
in the presence of the absorbing center. Let is suppose that,
at the initial time, the particle is at xo (to be specific, we
assume that xo > 0). The absorption center is at the origin. The
equation for p;(u,x) and its boundary condition are written as

2 2
— o;8(x — x0) = h—@(u + vi)M
2 0x2

— v pi(u,x) + 0o; 8(x — xp)

N o0
X Zw/o pi(u,x)dx,
=1

pi(u,0) = 0. (33)

In the considered case, the probability that the particle survives
until time ¢ without being absorbed is defined as

up;(u,x)

N
O(t,x0) = ) _ qilt, xo), (34)

i=1

where ¢;(t,x9) = fooo pi(t,x;x0)dx. We explicitly indicated
the dependence of p; on the initial position xg. It is possible
to show that functions g;(u,x) satisfy the backward boundary
value problem (where the initial position x is the variable) [34]:

h? ;
MC?[(M,X)— = _@)( + l)M
N
— viGi(u,x) + o Z vig1(u,xo),
=1

This problem can easily be solved. If the last term on the
right-hand side is assumed to be known, we get N independent
equations. The solution of the ith equation has the form

N
Gi(u,x) = [1 + Zvlql(u,xo):|oc,~ﬁi(u,x), (36)

=1
where
1 — exp(—«;x)

pi(,x) = ————, Kk =
pi(u,x) it i

2(u + i)

2oty OP
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By multiplying Eq. (36) by v;, setting x = x¢, and summing,
we obtain the equation for the expression ZIN: L Vig1(u,xo). By
solving this equation and substituting the result into Eq. (36),
we obtain G (u,x0) = e pi(ux0)/[1 — Y vy pr(u,x0)].
Thus, the Laplace transform of survival probability (34) can
be expressed as

SV i piu,xo)
1= "N av; i, x0)
This expression is consistent with that previously obtained
for the Brownian motion under time-dependent resetting in
Ref. [20] (see [35]).

The mean first-passage time, 7 (x(), may be obtained from

O(u,xo) = (38)

T (x0) = O(u = 0,x0), which yields
Zl 1y [l —eXP( VlXO)]
T(x0) = , (39)
Zi:l ; exp(—v;xo)
where v; = We note that T (xg) is finite even in the

hz()(u)
case of anomalous subdiffusion [where ®(v) = const x v!~7],
despite the fact that in this case the mean residence time of
the process without resetting is equal to infinity. This result
is a consequence of boundary condition (4). If we consider
another boundary condition—in particular, if we assume that
the resetting does not affect the “age” (residence time) of
the particle—then T (xo) will be infinite. Such a dependence
of the results on the microscopic details of the process is
characteristic of non-Markovian diffusion with reaction [36].

V. EFFECT OF ANOMALOUS SUBDIFFUSION

We now turn to the effect of anomalous subdiffusion on the
shape of the stationary state. Let the survival probability W, (¢)
have the integral representation

W,.(t) = /ooa(v) exp{—vt}dv (40)
0

and let kernel «(v) be the gamma distribution

mn
['(n)
In such a case, the stationary probability distribution, ﬁjﬁ,
takes the form

Firt = toF(n) /

in the Fourier space [ﬁjj(k) = lim,_,¢ uﬁd,.(u,k)]. The mean
1— wr(u) lpr(u = 0)] is equal to

n

pl exp{—mv}, n>0,m>0. 41

a(v) =

v 1exp{ —mv}

v 4 O(v)[cos(hk) — 1]

dv (42

Wa1t1ng time fg [fo = lim,_,¢

o) Jo v exp{—mv}dv.

Distribution (42) exists when #y, < oo, i.e., when n > 1.
The variance, M,, of the corresponding real-space distribution
(M> = —[0kk Pl (k)=o) is

h2 n oo
~ l'(n)

The convergence of the integral on the right is determined by
the behavior of the function ®(v)v" 3 in a neighborhood of
v = 0. In the case of normal diffusion, ®(v) is constant and

OWN" 3 exp{—mv}dv. (43)
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the integral converges for n > 2. Hence, we have the infinite
variance for n € (1,2]. In the case of anomalous subdiffusion
[where ®(v) = const x v'™7 with y € (0,1)], the integral
converges for n > 1 + y. In this case, the variance is infinite
for n € (1,1 + y]. Thus, for n € (1 + y,2], the variance is
infinite in the case of normal diffusion and finite in the case
of anomalous subdiffusion; i.e., anomalous subdiffusion leads
to a significant narrowing of the stationary distribution. This
example illustrates the effect of diffusion slowing on the shape
of the stationary state.

VI. STATIONARY STATE SPLITTING

In this section, we show that in the model under considera-
tion, a qualitatively new effect can occur: the steady state can
split into regular (continuous) and singular (sharply peaked)
parts. This effect will be observed if the residence time does
not become zero after resetting, as assumed in Sec. II. As
an example, we will consider the case when resetting does not
affect the residence time; i.e., the residence time after resetting
is equal to the residence time before resetting. For simplicity,
we assume that the function A(o) is equal to a constant . In
such a case, boundary condition (8) should be replaced by the
following condition:

E(u,7,0,k) = A (u,7) (44)

where
Su,7) = / E(u,t,0,0)do. (45)
0

The solution to Eq. (6) with boundary conditions of Egs. (7)
and (44)is
Eu,r.0k) = [8(t — 0) + AS(w,T — 0)]
Wy(7)
- Ao}——— 46
X expl—(u+ Mol gt (46)

fort > 0,0 >0,
Eu,t,0,k) = AS(u,1) (47)
fort > 0,0 =0, and
E(u,t,0,k) = cos(hk)F(u,0 — 1,k)
x exp{—(u + A)T}W¥,(1) (48)

fort <o,7 > 0.
As a result of calculations similar to those performed in
Sec. II, we get the following expression for the propagator:

U+ r+[1 = cos(h)[O + 1) — Ow)]

Pyr(uk) = u{u 4+ » + O + M1 — cos(hk)]}

(49)

This expression can be represented as the sum of a k-
independent term and a k-depending term. The k-independent
term is expressed as

_ _1 | O) 50
Q(W—;( —m> (50)
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The k-dependent term has the form (in the continuum limit)
(u+ 2)O) 1
uO®W + 1) u+ )+ szz@(u +1)

R(u,k) = (51)

Returning to the x variable, we get the singular part of the
propagator,

Su,x) = 8(x)Q(w), (52)
and the regular part of the propagator,
Ow) k)

R(u,x) = exp[—« (u)|x]], (53)

uOw +1) 2

2w+
K=\ 26wt oY

The singular part of the propagator is the probability that the
particle is in the immobile state, i.e., that it did not jump after
arriving at the point x = 0. The regular part of the propagator
is the probability that the particle is in a mobile state. The
realizations of random walks where the particle remains
immobile do not contribute to this part of the propagator.
Splitting of the propagator into the regular and singular parts is
also observed in the model without resetting [37]. In this case,
splitting occurs if at the initial moment the residence time is
different from zero. Over time, the singular part disappears.
In the case considered here, the residence time is zero at the
initial moment. Splitting occurs because the residence time is
different from zero after resetting. Since resetting continues all
the time, the singular part of the propagator never disappears.

In the stationary state, the probability that the particle is
in the immobile state (let us denote it by p;,) is equal to

1— % For anomalous subdiffusion, ®(0) is equal to 0, so
Dim 1s equal to 1; i.e., the whole probability is concentrated
at the point x = 0. For transient subdiffusion, the relations
0 < ©(0) < O(A) are satisfied; therefore, the probability p;,,
is in the interval (0,1). Let us show that this probability can
take any value in this interval. For this, we consider the case

when the function y;(7) has the form

where

Ya(t) = vy exp(—viT) + a2 exp(—vaT) (55)
with
Vi,V > 0,

o € (0,1), Oy = 1 — . (56)

In such a case, the function ®(u) has the form

- 11+4+aou
OW)=-——, (57)
E l+ou
where
o o 1
E=— 42 o=——, a=E&@v +aw). (58)
v » V11§
The probability p;,, is expressed as
(a—1oir
= —. 59
P 14+aoch (59

The parameters &, o, and a can change independently in the
ranges (0,00), (0,00), and (1,00), respectively [26]. Thus, from
formula (59) we see that, when the parameters o and a are
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varied, the probability p;,, can take any value between 0 and
1. In addition, for any values of the parameters o, a, and X, the
characteristic width of the regular component of the propagator

1 _ [ tach) (60)
)~ \ 261 + o)

will be a macroscopic quantity if the parameter £ is sufficiently
small.

VII. SUMMARY

In this study, we generalized the model of diffusion under
time-dependent resetting by considering medium disorder. We
used the CTRW model as a model of slowing diffusion.

PHYSICAL REVIEW E 96, 012126 (2017)

Starting with the Markov representation of the considered
process, we found a propagator. Then, we represented the
distribution of the waiting time as a sum of exponentials.
With such a representation, we found an equation satisfied
by the propagator. This equation allows us to solve a variety of
boundary value problems for diffusion under time-dependent
resetting in disordered media. As an example, we calculated
the mean first-passage time to a particular position. We also
showed that the medium disorder has a significant impact on
the shape of the stationary state. Our findings can be extended
in different directions. In particular, one can consider the case
when the waiting time distribution of the first diffusive jump
is different from that of the second and subsequent jumps. In
this case, the steady state will remain the same, but the first
passage times can be changed significantly.
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