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Although time-dependent random media with short-range correlations lead to (possibly biased) normal tracer
diffusion, anomalous fluctuations occur away from the most probable direction. This was pointed out recently
in one-dimensional (1D) lattice random walks, where statistics related to the 1D Kardar-Parisi-Zhang (KPZ)
universality class, i.e., the Gaussian unitary ensemble Tracy-Widom distribution, were shown to arise. Here, we

provide a simple picture for this correspondence, directly in the continuum, which allows one to study arbitrary
space dimensions and to predict a variety of universal distributions. In d = 1, we predict and verify numerically
the emergence of the Gaussian orthogonal ensemble Tracy-Widom distribution for fluctuations of the transition
probability. In d = 3, we predict a phase transition from Gaussian fluctuations to three-dimensional KPZ-type
fluctuations as the bias is increased. We predict KPZ universal distributions for the arrival time of a first particle

from a cloud diffusing in such media.
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Diffusion in random media arises in numerous fields, e.g.,
oil exploration in porous rocks [1], spreading of pollutants
in inhomogeneous flows [2], diffusion of charge carriers in
conductors [3], relaxation properties of glasses [4], defect
motions in solids, econophysics, and population dynamics
[5,6]. Many works have studied time-independent, i.e., static,
random environments [7],ind = 1[8] orin higher dimensions,
with short-range (SR) [9,10] or long-range (LR) spatial
correlations [11]. It was found that static disorder with SR
correlations is generically irrelevant above the upper-critical
dimension d, = 2, leading to normal diffusion in d = 3, while
LR disorder can lead to anomalous diffusion in any d.

Another important class of random media are time depen-
dent, studied, e.g., in wave propagation [12], dispersion of
particles in turbulent flows [2] (Richardson’s law [13]), and
the passive scalar [14]. The latter cases involve long-range
correlations in the flow, and lead to anomalous transport
or multiscaling. The, a priori more benign, case of SR
space-time correlations received much attention recently in
probability theory, within random walks in time-dependent
random environments (TD-RWREs). Although then d. = 0,
and the diffusion is proved to be normal (in a given sample
[15]), interesting effects were shown, such as a tendency
for walkers in the same sample to coalesce [16], anomalous
fluctuations [17], and large deviations [18]. Note that TD-
RWRE:s can be generated in a static environment by studying
directed random walks.

An a priori unrelated topic is stochastic growth and the
celebrated Kardar-Parisi-Zhang (KPZ) equation [19]

Ay o
dh = vV2h + 7‘)(Vxh)2 ++/Don, (1)

where h(x,t) € R is the interface height at time # and point x €
R, v is the diffusivity, and n(x,t) is the driving noise which,
for most of our applications, will be SR space-time correlated.
The nonlinearity leads to a nontrivial fixed point and exponents
for the scaling of the fluctuations at large times, i.e., h(x,t) =
Vool + 8h(x,t), with 8k ~ t% ~ x%/% and 6; = 2¢, — 1 from
Galilean symmetry [20]. The vast universality class of the
continuum KPZ equation (1) contains discrete growth models
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[21], particle transport models [22], dimer covering, directed
polymers [20,23], and more, the subject in d = 1 of much
recent progress, due to the discovery of integrable properties
[24]. Beyond exponents {;—; = 2/3, the statistics of 6h(x,t)
was shown to be related to the universal Tracy-Widom (TW)
distributions of random matrix theory [25], with, e.g., the
Gaussian unitary ensemble (GUE) [respectively Gaussian
orthogonal ensemble (GOE)] TW distribution for growth
starting from a droplet [26] (respectively a flat interface). For
general d, little is known exactly, but exponents and universal
distributions were obtained numerically ind = 1,2,3 [27-29]
and compared with experiments [30].

Recently, Barraquand and Corwin obtained an exact so-
lution of a discrete TD-RWRE on Z with SR correlated
jump probabilities, the beta polymer. The sample-to-sample
fluctuations of the logarithm of the cumulative [31] and
transition [32] probability distribution function (PDF) in the
large-deviation regime of the RW, i.e., away from the most
probable direction, were found to be distributed with the
characteristic KPZ exponent and GUE TW distribution.’
This was followed by a proof of the universality of the
one-dimensional (1D) KPZ equation for the diffusive scaling
limit of TD-RWRE on Z with weak disorder [33].

These recent results hint at a general connection between
TD-RWRE and KPZ growth. The aim of this Rapid Com-
munication is to unveil a simple and general mechanism
that explains the appearance of KPZ-type fluctuations in the
TD-RWRE problem, beyond exactly solvable models, and for
general d. We consider a continuum setting and we conjecture
the emergence of KPZ fluctuations everywhere in the large-
deviation regime of TD-RWRE in dimension d = 1,2, and
a phase transition in d > 3 between a low-fluctuation phase
for small large deviations and a phase with KPZ-class high
fluctuations for large large deviations (see Fig. 1). Using this
picture, we identify in d = 1 a setting where GOE TW-type
distributions for the fluctuations of the logarithm of the PDF

"Note also the upcoming work [34] on the roughness of random
walk paths in the beta polymer model.

©2017 American Physical Society


https://doi.org/10.1103/PhysRevE.96.010102

PIERRE LE DOUSSAL AND THIMOTHEE THIERY

Bulk and ‘small’ large deviations:
normal diffusive behavior

U > Ue
d
Large’ Large deviations: )
KPZ regime and
Directed Polymer
superdiffusive behavior Ze R4

FIG. 1. Conjectural picture for TD-RWRE in arbitrary dimension
d. While particles typically diffuse normally as if the random
environment had been averaged out, particles conditioned on arriving
away from the Gaussian bulk of the distribution in the “large-deviation
regime” (for |x(¢)| > u.t) are superdiffusive with the roughness
exponent of the directed polymer in the pinned phase {; > 1/2. In
this regime, fluctuations of the logarithm of the transition probability
are large (scale with % with §; = —1 4+ 2¢; > 0) and identical to
those of the height in the rough phase of the KPZ equation. The two
phases are separated by an Edward-Wilkinson regime of fluctuations
when x = u.t +o(t). Ind = 1,2, u. = 0, while for d > 3, there is
a phase transition with u, # 0. If an external bias ]7 is added, the
bulk is around ¥ ~ ff and the transition occurs for ¥ = it with

(f + D)) = ue.

are expected. This is checked using simulations of a discrete
model. We finally discuss the emergence of KPZ universality
in the extreme value statistics of N > 1 random walkers
diffusing in the same time-dependent random environment:
universality of the PDF of the largest distance traveled by a
particle in a cloud of pollutant and of the PDF of the first arrival
time in a given domain.

We consider the Langevin equation for the diffusion of a
particle X(¢) € R? in a d-dimensional time-dependent random

force field £(%,¢) + f, with £(x,r) = 0 and f the uniform
applied force,

d . > 2 S
EX(I)=$(x(t),t)+f+n(f), 2)

with 77 € RY a thermal Gaussian white noise, (i (")) =
2D3;;6(t —t'), and D is the bare diffusion coefficient. Here
and below, (-) refers to the average over thermal fluctuations
i1, and (-) over the disorder E(x 1). .

In a given random environment (i.e., sample) &(X,?), one
defines the transition probability P (X»,t2|X1,t) for a particle
which starts at ¥1 at time #; to end up at position X, at time f,.
It is convenient for now to consider the (backward) transition
probability Q(x,r) = P(0,0]X, — t) that a particle starting at
position X at time —¢ < 0 ends up at the origin at time O (the
forward is considered later). The latter obeys the following
random backward Kolmogorov equation,

%0 =DV2Q+f-V.Q+E V.0, 3)

with a final condition Q(X,t = 0) = §“(X). For simplicity,
we focus on $ (x,0) belng a space-time Gaussian white noise
[interpreting (3) in the fto sense] with variance

£(X,DE (X ,t) = Dris D — ¥)8(t — )85, 4)
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where the parameter r( has dimension of a length. Our results
on the large-scale properties should hold for a more general
distribution of the disorder, as long as correlations of S (xX,t) are
short ranged in space and time. When short-scale regulariza-
tions are needed, we will think of this model as an approxima-
tion of a model with a disorder of (dimensionless) magnitude
o¢, afinite correlation length 7., and a finite correlation time 7.
In that case, & (X,)&;(X',t') = —USZRI(X x YRy (= £)8;;, with
R; and R, two dimensionless, rapidly decaying functlons and
one relates r to the space-time correlation volume of the noise
as i ~ ofrd [d¥dsRi(5)Ra(s).

In the following, we analyze this RW locally around a
given space-time direction (moving frame velocity) u € R?,
ie., for X =ur +Xx’ with X’ = o(z). This is equivalent to
looklng around the orlgm X = o(t) in the model with an
effective bias fu f + u: Using the equality in law between
white noises é(tu + X, t)~in 1aw§ (¥',1), one gets Q (it +

X' ) ~in 1aWQf+ﬁ(x ,t). We drop the subscript u in fu unless

needed, but f should thus be thought of as a control parameter
analogous to the velocity of the frame of observation compared
to the mean velocity of the particles. We first note that the
averaged value of the transition probability is equal to the
transition probability of a RW in the averaged environment,’

it i : : Yo F4e 712
hence it is Gaussian and given by Q(¥,1) = —L—e~ b
R (4nDn?
The regime |x| = o(t) is thus characterized | by an exponential
i -
decay of the averaged probability — '”I'D{ o~ —Lx At

hence it corresponds to a large-deviation regime, far away
from the bulk of the probability, i.e., the optimal direction of
the RW, ¥ = — f t. To study the local fluctuations around this
average profile of the probability, we introduce the partition
sum Z(x,t) and height h(x,t) as

fi 2 N o
ZG 1) = e BB QG ), h(E ) = ZE . (5)

Inserting (5) in (3), we obtain
Z=DV’Z+éppZ+E-V.Z, (6)

&h = DV2h 4+ D(Vh): + &pp + £ - VA, (7

with the “droplet” initial condition Z(X,0) = §(x). In (6) and
(7) we introduced the “directed polymer (DP) noise term,”
. fEGD
Spp(x,1) = ~—p ®
1) = oppd(t —
| f| the norm of the bias)

d

-
opp = % 12 )

Equations (6) and (7) contain two (mutually correlated) noises.
While the second source of noise (last term) is a signature

a Gaussian white noise with (£pp(X,#)&pp(X’
18X — X') and (with f =

2This is due to the delta correlations in time in (4) and to the Ito
prescription. As a consequence, the bare values of D and f (or v) are
not renormalized. A small but finite 7. leads to small corrections to
these values.
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of the RW nature of the problem [it is already present in
the original backward Kolmogorov equation (3)], the first
was generated by our rescaling of the transition probability
(5) and is a signature of the fact that we are looking at
the large-deviation regime: It is the only term in (6) and
(7) that depends on f. A crucial observation is that if, in a
first stage (justified below), one neglects the second source of
noise, Egs. (6) and (7) become respectively the multiplicative
stochastic heat equation (MSHE) and the KPZ equation (1).
The solution of the MSHE is known to be the partition sum
Zpp(X,t) of the continuum directed polymer problem, i.e.,
the equilibrium statistical mechanics at temperature 7 = 2D
of directed paths of length #,X : T € [0,f] — ¥(t) € RY with

fixed end points ¥(0) = 0 and X(¢) = X in a quenched random
potential —2Dépp[t’,X(¢)]. It can formally be written as a path
integral,

Zpp(X,1) = /W) ) Dlx]e 35 fo 4Tz (G —2Déorlr 3@ (10
x(0)=0

while the solution of the KPZ equation with the initial

condition of the droplet is given by hxpz(¥,t) = In Zpp(X,1),

the two problems hence being, as is well known, equivalent.

The emergence of the MSHE and KPZ equations in this
problem is at the core of the connection between TD-RWRE
and the KPZ universality class (KPZUC). Let us now explore
some consequences of this connection in the DP language,
which is more adapted to the physics of the RW problem
in terms of space-time paths. It is known [20,35] that the
DP exhibits a phase transition as a function of the noise
strength opp between (i) a diffusive phase at small opp < o,
where polymer paths are diffusive x(t) ~ t!/? and do not
feel the disorder, and (ii) a pinned phase at large opp > o,
where directed polymer paths are superdiffusive x(t) ~ 7%
with ¢; > 1/2 the universal (dimension-dependent) roughness
exponent. In the diffusive phase, the fluctuations of the DP free
energy are small, In Zpp(#) ~ O(1). In the pinned phase, the
DP optimizes its energy: The partition sum is concentrated on
a few optimal paths and the fluctuations of the DP free-energy
scale with the length as In Zpp(t) ~ t% with6; = —1 + 2¢; >
0. While for d > 2 there is a transition at a nontrivial value
o,>020.,=0ind = 1,2 and the system is always in the
pinned phase.

We now argue, using the interface language, that the
second source of noise in (6) and (7) is always irrelevant
in the pinned phase at large time. In this phase, the KPZ
field displays scale invariant fluctuations and we can rescale
h(X,t) = b*h(X/b,t/b*) with b large and z = 1/¢; and « =
04/¢4 the dynamic and roughness exponent of the KPZUC,
with 7 = O(1). From the scale invariance of the Gaussian
white noise, under rescaling, the second source of noise in
(7) receives an additional factor 5*~! as compared to the first
one. This heuristic suggests that the second source of noise is
irrelevant as long as o < 1. This condition is always satisfied
in the rough phase, with « = 1/2 in d = 1 and « decreases
with d.

3The existence of an upper-critical dimension d,., where o, = +00
has not yet been settled.
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This leads us to the following conjecture. In the RW
problem, looking locally* in the large-deviation region ¥ =
o(t), the system undergoes a phase transition as a function
of the bias from (i) a diffusive phase for f < f., where
the local fluctuations of In Q(X,t) are O(1) and the random
walk paths are diffusive with the same law as the RW in an
averaged environment (for f = 0 this was shown rigorously in
Ref. [15]), and (ii) a pinned phase for f > f., where In Q(x,t)
has larger fluctuation scaling as % and random walk paths
are superdiffusive with the DP roughness exponent ;. In
addition, the full multipoint distribution of In Q(X,#) at large
t is expected to be universal and identical to those of the free
energy In Zpp(X,t) of the DP problem in the pinned phase.
Furthermore, f. =0 in d = 1,2 and in d > 2 we can give
an estimate of the transition point. For the KPZ equation (1),
d = 2 + € renormalization group (RG) calculations indicate
that the transition for d2> 2 occurs for the dimensionless
couplmg g = KA 82 = g.ofordere, g. = € + O(€?),

with A™" a short distance cutoff [19,36]. Translating into the
RW with A = 1/r., we find g, = Kd02 2 2/(SDZ) which
provides an estimate for f.. As we mentloned the bias also
incorporates the effect of looking at the problem in a moving
frame of velocity . The phase transition can thus be driven
by % and occurs when | fu| =| f + | = f,: The pinned phase
occurs everywhere in space outside a “light cone” around the
optimal direction of the RW (see Fig. 1). This picture agrees
with known results: It was shown in Refs. [37-39] that the
annealed and quenched large-deviation rate functions I,(u)
and Iq(u)6 of an unbiased lattice RW coincide for small u in
d > 3, but always differ in d = 1,2 and for large enough u in
d > 3. This confirms our scenario of a transitionind > 3, and
our arguments show that the strong bias phase is in the KPZ
class.

Let us now discuss the scale at which KPZUC emerges,
first in the simpler one-dimensional case. To that aim, note that
rescaling time, space, and height in (7) as t = t*¢/, x = x*x/,
and A'(t',x") = lh(t*t’ x*x’) with the characteristic scales

(%Lf):,x* = fz,and h* = 1, leads to arescaled KPZ-like
equation for &'(¢',x") identical to (1) with Ag = Dy = 2,v = 1,
up to the second source of noise of (7) which now involves
a unit white noise multiplied by the dimensionless ratio
fro/(2D~/2). Hence for fro/D < 1 (weak bias/weak noise
or large diffusivity limit) the “deformed” KPZ equation (7)
becomes equivalent to the standard KPZ equation (this is
reminiscent of the “weak universality” of the KPZ equation).
Hence in this weak bias regime, we can apply the known
results for the continuum KPZ equation (see Ref. [40]). Thus,

t* =

“Note that in a sense the conservation of probability of the random
walk problem seems to be lost in the KPZ regime. This is only because
the mapping to KPZ only holds locally in the large-deviation region
x = o(t). Everywhere in that region the probability mass escapes
towards the most probable direction, where the equivalence to KPZ
breaks down.

3Ky = S;/(2m)¢, where S, is the d-dimensional unit sphere area.

®These are defined as I,(u) := — lim,_, w and Iy(u) :=
In Q(1ui,1)

—

- hmt—>00
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FIG. 2. The behavior of the RW crosses over from a diffusive to
a bias dominated regime when ¢ ~ t;. The latter is also subdivided
in between a EW regime and a KPZ regime for t* > ¢ (see text for
an estimation of t* ind = 1,2).

for t/t* > 1, we predict that the KPZUC appears in the RW
problem. At short scale #’,x” < 1, the behavior of the height in
the KPZ equation becomes similar to the Edward-Wilkinson
(EW) behavior [41]. In the RW problem we expect by
inspection of (7) that the first source of noise (bias) dominates
for x > xy = D/f while the second (diffusion) dominates
for x <« x; (with an associated time scale 7y := x% /D). We
conclude that for fro/D < 1 thereis aregime x; < x < x*
and 1y <t < t* where one can already neglect the second
source of noise but KPZUC-type fluctuations have not yet
been built up: This should be an EW regime’ (see Fig. 2). In
general d the scale at which the bias starts to dominate remains
ty and x¢, but the scales r* and x* where KPZ fluctuations
emerge change. For example, in d = 2, disorder is marginally
relevant and from RG [19,36,43] one has x* >, A~ 'e!/%
with here (see above) g = 13 f2/(16x D?), t* = (x*)*/D and
for the RW we take A~! = r.. For g <« 1 the scales are well
separated and we similarly expect an intermediate EW regime
of fluctuations.

It is useful to extend our analysis to the forward transition
probability P(xX,t) = P(x,t]0,0). Itsatisfies the Fokker-Planck
equation 9, P = DV%P — %x . [(f + g)P]. Considering again

the “partition sum variable” Z(X,t) := et & P(x,r) gener-
ates additional noise terms in this equation and our arguments
can be repeated (see Ref. [40]): The statistical properties
of Z(x,t) at large scale are identical to those of the DP
partition sum. In fact, note that in law, P(X,t) ~ Q(—X,t).
We can also consider different initial (final) conditions in the
forward (backward) setting. This is of great interest since the
KPZUC is split in subuniversality classes [24] that depend
on the boundary conditions, and we thus predict universal
distributions for the fluctuations of In P or In Q according to
the chosen boundary conditions (see Fig. 3 for examples in
d = 2). These were determined numerically in d = 2 [28] and
are known analytically in d = 1, on which we now focus.
Using our argument and KPZ universality, we conjecture
that the rescaled fluctuations of In P(x,?) and In Q(x,?) are
universal in the large-deviation region and distributed as a
TW GUE random variable x, [24]. This has already been
observed analytically and numerically for the exactly solvable
beta polymer (see Refs. [31,32]). For the continuum model
(2)—(4) in the absence of bias, f = 0, but in a moving frame,
we obtain (using Ref. [26]; see Ref. [40]) a sharp prediction

"We note that links between the Edward-Wilkinson universal-
ity class and the TD-RWRE have already been studied (see
Refs. [17,42]). This, however, seems very different from what we
discuss here.
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FIG. 3. Some typical polymer geometries for DP in d = 2. See
text for applications to the RW problem.

fort > t*,
In P(x = ut,t) >~ —Iu)t + M)t xa, (11)
2 2r2u* 723403 . .
where Iq(u) >~ ;5 + 3(80_D)3 and A(u) > - 5—, estimates valid
in the weak bias limit rou/D < 1. Using the equivalence
(for small bias) between the RW and the KPZ equation at
finite ¢#/¢* [40], the scaling x = yro(4Dt/ rg)S/4 implements
the crossover, as a function of y = (¢/¢*)!/4, from EW to KPZ
fluctuations for In P(x,?), the crossover to diffusion occurring
for x ~ (D1)'/2.

We now make a prediction related to the flat KPZ sub-
universality class in the TD-RWRE context. It is known that
the large time fluctuations of the logarithm of the solution of
the MSHE 9,Z = DV?*Z + &ppZ with a flat initial condition
Z(x,t = 0) = 1, properly scaled, are distributed according to
a GOE Tracy-Widom random variable x;. Here, it means
that the initial probability of the RW® must be P(x,t = 0) ~
e/*/2D) 1t is a natural and normalizable initial condition on
an interval of length L with reflecting boundary conditions,
x € [-L/2,L/2]: Tt is the stationary measure of the RW in
the absence of disorder. Turning on the disorder at t = 0, we
predict that at large times [in the regime 1 < t/t* < (L /x*)3/?
to avoid the influence of the boundaries], In P(0,¢) fluctuates
as c(t/t*)!/3 x1, where ¢ = 272/3 [44] when t* > D/f?. This
scenario, and its universality, is checked explicitly through
simulations of a one-dimensional discrete TD-RWRE (see
Fig. 4).

An important application of the large-deviation regime
of the RW where the KPZUC emerges is to extreme value
statistics. Consider N > 1-independent walkers starting at the
origin at t = 0 with no bias, f = 0. We define x(¢) :=
_____ ~{X;(t) - €/} the position of the rightmost walker in
the direction of the unit vector €;. We show [40] that the KPZ
universality in the fluctuations of the logarithm of the transition
probability, In P(X - €; = ut,t|0,0), implies that as N,t — 0o
with y = X fixed. Then Xpax () grows ballistically,

Xmax (1) = ult + c(y)i% x + o(t™). (12)

Here, 6, is the KPZ exponent, and x has a universal distribution
[40] characteristic of the point to hyperplane (of dimension

8Here, we adopt the forward setting. Indeed, observing GOE fluc-
tuations in the backward case requires imposing the final probability
Q(x,t = 0) ~ e~/*/P which does not seem possible.
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Proba(log(P))

0 1024 2048

: S log(P)

FIG. 4. Numerical observation of the GOE TW distribution for
the log of the forward transition probability P(0,74) of a TD-RWRE
on [—4096,4096] N Z with a reflexive boundary in a biased random
environment (see details in Ref. [40]), starting at time 74 = 0 with
the stationary measure of the RW in the absence of disorder. Main
plot: Centered and normalized histogram (in a logarithmic scale) of
In P(0,t4) with 4 = 2048 compared with the GOE (red line) and GUE
(black dashed line) TW distribution. The insets show the convergence
of the skewness (top) and of the excess of kurtosis (bottom) of the
distribution of In P(0,z4) to values close to those of the GOE TW
distribution. Error bars are 3-sigma Gaussian estimates.

d — 1) subuniversality KPZUC (see, e.g., Ref. [28]). Here, c(y)
and u,*, are nonuniversal, given in the continuum in Ref. [40].
This is valid if the front velocity u)*/ > u., so that KPZUC
appears (with u, =0 in d = 1,2). A formula such as (12)

was rigorously shown in an exactly solvable 1D model in
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Ref. [31] with 6;—; = 1/3 and x = x» a GUE TW random
variable. Similarly, the first arrival time at X - &; = £, Ty (£),
of a particle from a cloud of N-independent particles, behaves

for fixed y = % as

Tyi(€) = €/v} — d(P)E x + o(™), (13)

with the same universal random variable x [40]. Arrival times
in compact domains, i.e., a ball, lead instead to a point-to-point
KPZ distribution in any d.

In this Rapid Communication we investigated the origin
and consequences of the emergence of universal statistics of
the KPZUC in the large-deviation regime of TD-RWRE in
arbitrary dimensions. We focused on short-range correlated
random media, but our method readily extends to long-range
(LR) spatial correlations [40], leading to a distinct LR space
correlated KPZ universality classes [45]. Important questions
for the future are how LR correlations in time in the medium,
and interactions within a cloud of N particles, will affect the
results, since those are present in many natural examples, such
as the atmosphere or the ocean. We hope that this motivates
further connections between the fields of growth and diffusion.
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