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Degeneracy and relativistic microreversibility relations for collisional-radiative equilibrium models
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We present the relativistic expressions of standard nonrelativistic microreversibility relations that can be used in
collisional-radiative equilibrium models to calculate the transition rates including the free electron degeneracy for
collisional excitation and deexcitation, collisional ionization and three-body recombination, dielectronic capture
and autoionization, photoexcitation and photodeexcitation, and radiative recombination and photoionization.
Semiempirical expressions or more refined calculations can be used for the cross sections of interest as long as
they are calculated by taking into account either nonrelativistic, relativistic, or ultrarelativistic effects for both the
bound and free electrons. The bound and the free electrons should be treated on the same footing. This is crucial
for the internal consistency of the approach valid at arbitrary degeneracy and relativistic degrees.
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I. INTRODUCTION

The description of nonlocal thermodynamic-equilibrium
(NLTE) plasmas has become an important and active field
of research, especially due to the kind of plasmas encountered
on Earth in x-ray lasers, ultrashort-pulse (USP) lasers, the
National Ignition Facility (NIF) or the Laser Mégajoule
(LMJ), Z-pinch machines, the International Thermonuclear
Experimental Reactor (ITER), or x-ray free electron (XFEL)
lasers. NLTE plasmas can also be of interest in astrophysics,
i.e., in the corona of a star, the intergalactic medium, or the
accretion disk near a supermassive black hole in a luminous
quasar. The characterization of these plasmas is not an easy
task, especially if they belong to the warm and hot dense
matter for which the lifetime can be short. We speak of highly
transient states of matter. Indeed, the widespread approach to
describe these plasmas consists in using a collisional-radiative
equilibrium (CRE) model [1-9].

The atomic data we need to run a CRE code are usually
nonrelativistic but not always [10,11]. Recently, Sampson
et al. [12] proposed a detailed review of their fully relativistic
approach to calculate atomic data for highly charged ions.
Unfortunately, they focused on atomic structure calculations
and cross sections of some specific processes needed in
CRE models. Moreover, they averaged over nonrelativistic or
relativistic nondegenerate free-electron distribution functions
to get the transition rates from the cross sections, making their
approach questionable from a relativistic point of view. In LTE
plasma, it has been shown [13] that it is crucial to describe
in the same way bound and free electrons, i.e., either in a
nonrelativistic or relativistic way but not treating the bound
electrons in one way and the free electrons in another way.
Finally, Sampson et al. [12] did not consider degenerate free
electrons.

In the present work, we extend to the relativistic regime the
calculation of the nonrelativistic rates up to the ultrarelativistic
regime by treating explicitly the degeneracy of the free
electrons. Using the detailed balance when LTE is applied, we
find the relativistic version of the microreversibility relations
such as the Klein-Rosseland formula for collisional excitation
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and deexcitation, the Fowler formula for collisional ionization
and three-body recombination, and the Einstein-Milne formula
for radiative electron capture and photoionization. We show
how the dielectronic capture cross section is related to the
autoionization rate. By relativity, we mean the special theory
of relativity. The paper is organized as follows. First, we show
how to obtain the relativistic extension of the microreversibility
relations. We check that we recover the nonrelativistic and
ultrarelativistic limits. We summarize the main results in two
tables. The last part is the conclusion.

II. METHOD

The starting point is the calculation of N, which is given
by the formula

N, —2/ ’p ! 1)
¢ =) Qrhy 1+ b’

where 7 is the reduced Planck constant and n = S, the
reduced chemical potential. u is the chemical potential and
B. = 1/kpT, where kg is the Boltzmann constant and 7, the
electron temperature. The relation between the kinetic energy
& and the momentum p is more complicated in the relativistic
regime than in the nonrelativistic and ultrarelativistic regimes.
Taking the electron rest-mass energy m,.c> as the reference of
energies, i.e., for ¢ and u, one has

e =,/p*c®+mic*— mec?. 2)

c is the speed of light and m, the electron mass. With this
convention, the chemical potential ; does not contain the
electron rest-mass energy and ¢ =0 when p = 0. In the
nonrelativistic regime & &~ p?/2m, and in the ultra-relativistic
regime & & pc. The question is to see what happens in the
intermediate regime and to study the transition between the
nonrelativistic and the ultrarelativistic regimes. To do so,
one puts m.c” on the left-hand side of Eq. (2), takes the square
of the two members of this equation, and differentiates. One
finds that

pdpc2 = (¢ + m,cHde. 3)
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Developing the square of the left-hand side of Eq. (2), one

finds that
pe = /ey + 2m,c2. 4

We are now ready to calculate N,. We find that

Sam? |
N, = Y /0 de )»(8)W’ 3)
where
€ e
Me) = Ve e (1 + mec2)' (6)

Equation (5) is the relativistic expression of the electronic
density N, from which the rates of interest can be calculated.
It is interesting to find the nonrelativistic and ultrarelativistic
expressions of A(e). When ¢ < m,c?, we are in the nonrela-
tivistic regime and

Me) & Ve, )

whereas when ¢ >> m,c2, we are in the ultrarelativistic regime
and
2

€
V2(m 22
As an illustration, we plot in Fig. 1 A(¢) as a function of &. We
clearly see at low energy the nonrelativistic behavior (7) and at
high energy the ultrarelativistic behavior (8). There is a small
range around m.c*> ~ 0.511 MeV that interpolates between
these two limits. Indeed, the two asymptotic curves intersect
ate = Q/Emecz.

In the nonrelativistic regime, we have the well-known
expression

Me) ~ ®)

k 3/2
N, = M—B)h/z(n) )
72h3

where I1,,(n) is the Fermi-Dirac integral of order 1/2. By
definition, the Fermi-Dirac integral [14,15] of order k is

+o00 xk

Ii(n) = dx—x_ . (10)
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FIG. 1. A(e) as a function of €.
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In the relativistic regime, we have

2m3 3032
N, = #[Fl/z(nﬁ) + 0 F32(n,0)], (11
2h
where
+00 xk,/ 1+ %x
F.(n,0) = dx ——— 12
«(n.0) /0 T (12)
and
kgT,
=2 (13)
m,c
Obviously, Fi(n,0) = I;(n) and
9172
Fi(n,0) =~ Elkﬂ/z(’)) (14)
when 8 — +o0. In the ultrarelativistic regime, we find that
(kpT,)*
Ne= 55 hin. (15)

where I>(n) is the Fermi-Dirac integral of order 2. It can be
useful to have also the nondegenerate expressions of Egs. (9),
(11), and (15). In the nonrelativistic regime, we have the well-
known expression

o Mmeks T 312
N, = 2e Py, , (16)
in the relativistic regime
3.3
N, ~ e”%@el/ng(l/G), (17)

where K, is the modified Bessel function of the second kind
[16,17], and in the ultrarelativistic regime

(ksT.)?
T2h3e3
Associated to Eqgs. (16), (17), and (18), we have the well-
known Maxwell-Boltzmann distribution function

3/2

\;_ Jee FE (19)

N, ~ 2¢" (18)

Frgo(6) =

in the nonrelativistic regime, the Jiittner distribution function
[18]

Nl 8
mec? 0K,(1/9)

3
1 1
x +2mcz<+

in the relativistic regime, and

Frig(e) =

)Mﬂ, (20)
C

3

FY (&) = —£g2e et (21)

ndg

in the ultrarelativistic regime. All these distribution functions
are normalized to unity, i.e.,

+o00 +o0 +o0
/ Fri(e)de = / Fra(e)de = / Fa(e)de = 1.
0 0 0

(22)
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Equations (16)—(21) are given because they are needed to
derive the nonrelativistic expressions when the electrons are
nondegenerate from the general case when the electrons are
degenerate.

To calculate the collisional rates, we need the relativistic
expression of the velocity as a function of the energy ¢. Since
by definition,

m,c 2
£ = ———— —m,c”, (23)
-4
we find that
v =cd(e), 24)
where

m:c2 (ﬁ + 2)

(25)

This is the relativistic expression of the velocity as a function
of energy ¢. One can check that in the nonrelativistic domain,

we have v &~ /2¢/m,, i.e.,

2¢e
9’
o2

9(e) ~ (26)

e
whereas in the ultrarelativistic domain, we have v ~ ¢, i.e.,
)~ 1 27

as expected. As an illustration, we plot in Fig. 2. We clearly see

the nonrelativistic behavior at low energy and the asymptotic

limit at high energy corresponding to the ultrarelativistic

regime. As for A(g), the transition between the two regimes

is around m,.c?. Indeed, the two asymptotic curves intersect at
— 2

& =mec7/2.

A. Collisional excitation and deexcitation

Let us consider a collisional excitation from level j to level

k for which the cross section is 0 . The cross section of

the collisional deexcitation from level k to level j is o,f;’ .

The transition energy is AE;; = Ex — E; with £y > E;. E;
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FIG. 2. ¥#(e) = v(e)/c as a function of ¢.
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and E; are the energies of levels j and k, respectively. From
Equations (5) and (25), we can now write the relativistic
expression of the collisional excitation rate which reads
Va3 1
¢ = / de k(s)—cﬂ(s)a ‘(&)
Jjk 72 713 AEj 1 + efet
1
X1 ¥ e P BB

(28)

whereas the collisional deexcitation rate reads

fm3/2 ) )
ol = ﬂ2h3/0 dsx(g)] r cﬁ(s)akd(s)
1

X 1 4+ e~ B +AEj)+n "

(29)

Equations (28) and (29) are written under a relativistic form
including the electron degeneracy since we integrate using
Fermi-Dirac distribution functions with the Pauli blocking
factor in each case. In the expression of the collisional
excitation rate, the Pauli blocking factor
1 1
1+ e PG—AE+n — 1 4 ghle—AE -0

(30)

is nothing but the available volume fraction in phase space.
In the expression of the collisional deexcitation rate, the Pauli
blocking factor is
1 1
|+ e PEHAE T — T 1§ B HAE -

€1y

Equations (28) and (29) need comments. These equations
generalize in the relativistic regime and degeneracy domain
the well-known nonrelativistic expressions when the electrons
are nondegenerate. For instance, the collisional excitation rate
can be written using Egs. (16) and (19):

+00

de v(s)o °(e) ndg(e), (32)

AEj

50 ~ N,

which sounds familiar. For the collisional deexcitation rate,
we have in the same conditions

ndg

+o0
T~ Ne/o de v(e)crkd(e)F"’ (¢). (33)

Similar results can be obtained for the other rates in such kind
of conditions.

To find the relativistic expression of the Klein-Rosseland
relation, we write in Eq. (29)

1 1
1 + eBet’—n | 4 e Pee’+AEj)+n
1 1
— eﬁeAEjk (34)

1 + ePe@+AE)—n 1 4 g=Bet'+n

and make the change of variable ¢ = ¢’ + AE; in Eq. (28).
We find that

fmz/z /
T = de' M + AE;
jk — 7'[2”13 0 ( jk)
1
X Wcﬁ(e’ + AEjk)O';If(S/ + AEjk)

1

T ehem 33
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and
fm3/2 o
Tk, pPeBER Y70 7 fo de' g
1

cd
X 1 4 ePeE+AEj)~ nCﬂ(S )0%j (8)

eyt (36)

We now impose the detailed balance between ‘L' ¢ and rk i ie.,

el = Z efebEigee, 37)

where g; and g, are the degeneracy of levels j and k,
respectively. Since the obtained relation is valid for any g,
and 1, we get the functional relation

gj)\,(é‘ + AEjk)ﬁ(S + AEJ']()O’;;(E + AEjk)

= (&) (e)oy (e), (38)

where the dummy variable ¢ has been replaced by &. The
functional identity (38) is valid for any positive energy
e. This is the relativistic Klein-Rosseland formula for the
microreversibility of this pair of microscopic processes.

J
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In the nonrelativistic regime, we obtain
gi(e + AEj)o (e + AEj) = grea(l(e),  (39)
whereas in the ultrarelativistic regime we have

gj(e + AEj)ofi(e + AEj) = gie’ofl (). (40)
It can be checked that the relativistic Klein-Rosseland formula
(38) can be obtained from the nondegenerate expressions of
collisional excitation and deexcitation rates. Reciprocally, if
we have this microreversibility relation between the cross
sections o7y and a,f]fi, the detailed balance (37) is automatically
fulfilled either for degenerate or nondegenerate electrons.

B. Collisional ionization and three-body recombination

Let us consider the collisional ionization between level
j to level k with differential cross section ¢ (g;¢;,6,) and
its reverse process, i.e., the three-body recombination with
cross section o3%" (g1,£,; €). From Equations (5) and (25), the
relativistic collisional ionization rate reads

3/2 e—AEj e—AE;
1 ik jk
I° = “/_m3 / de,\(a)—f d81/ de;
Sl N 1+ efeemn Jo 0

x c(&)o (g;61,82)8(e1 + €2 + AEj —¢)

and the relativistic three-body recombination rate reads

1
(] =+ e_ﬁeé‘l-‘rn)(] + e_ﬁeSZ'HI) (41)
3/2 e—AEjk e—AEji
S = f dg/ dslk(gl)/ dexh(e2)c* I (e) ()0 ™ (e1,62:€)
Zh AE i 0 0
1
(42)

x8(e1 + &+ AEj —¢)

(1 4 ePee1=n)(1 4 ePec2—n) 1 4 e=Pectn’

These expressions generalize the nonrelativistic expressions recently found [19,20]. To find the relativistic Fowler relation, we

write
1 1
(1 + ePesr=n)(1 + ePet2=n) | 4 e—Feetn

— pPele—e1—e)+n

in Eq. (42). Using the constraint (e + &> + AEj; — ¢), we find that

3/2 o0
Me
R ﬁeAE/k+n(f2h3 ) / de
AEj;

x 2 (e1)(e2)0 " (e1,€2;€)8(e1 + &2 + AEj; — €)

We now impose the detailed balance between /¢ and R, i.e
R = 81 peobenEutn. (45)
8k
The obtained constraint between I¢ and R is valid for any
T, and 1. We find that
&M (e)o (&5 81,62)

ﬁm3/2

5 CaeN(E)? ()0 ()0 (e1.6018). (46)

= 8k

1+ ePet=n Jy

1 1
1 + ePee=n (1 4+ e—Peertn)(1 4 e—Pee2tn) @3)
EfAEjk é‘fAEfk
[ e [ deancen
0
1
(44)

(1 4 e=Peertn)(1 4 e—Peertn)’

(

This is the relativistic Fowler relation. In the nonrelativistic
regime, we recover the usual formula

2m e€1&2 3br

a3 (e1,8258),  (47)

gjeo(e;e1,62) =

whereas in the ultrarelativistic regime, we have

2.2
€18

—pa® (Enene).  (48)

2 cig..
gje o (g;81,82) = gk
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As for collisional excitation and deexcitation, the relativistic
Fowler relation (46) can be derived using the nondegenerate
versions of 1¢ and R*. Reciprocally, if we have this microre-
versibility relation between the cross sections oC(e;€1,8)
and 037 (¢1,e5; €), the detailed balance (45) is automatically
fulfilled either for degenerate or nondegenerate electrons.

C. Dielectronic capture and autoionization

The dielectronic capture cross section and the Auger rate
are related by the formula [21]

off(e) = [(e)AT"8(e — AEj). (49)

In this expression, AE j; = E; — Ej is the transition between
level j and level k. The ionization degree of level k is one
unit higher than the ionization degree of level j but since level

J is autoionizing, E; < E;. The captured electron energy is

equal to AE j;. A?,? " is the autoionization rate from level j

to level k. For this process, the electron is ejected with energy
AEj;. f(e)is a generic function. The presence of the Dirac
distribution makes the calculation of the dielectronic-capture

rate rk ~ straightforward. Using Egs. (5), (25), and (49), we
find that
\/_m3/2
de __
T = n2h3 ].S dsk(s)cz?(e)ok] (8)—H, (50)
ie.,

Vam 32,
Tl = TA(AE]k)z‘}(AE]k)f(AEjk)AAuger

1
X ———— 5D
1 + eﬁeAEjk_n
To determine f(¢), we impose the detailed balance
r,fj‘ = &e_ﬂ*AEf””tﬁ“ger, (52)
8k
where
A{\uger
e SV NS (53)
1 + e BeAEjk+n
Consequently,
w2h?
fley="2 (54)

8k f m2*ea(e)d(e)

This is the relativistic version of the nonrelativistic and
ultrarelativistic formulas, i.e.,

X 7T2Fl3
fley="25 (55)
8k Zmee
and
2h3 2
fle)= i . (56)

respectively. These expressions are valid for any positive ¢.

D. Radiative recombination and photoionization

From the photoionization and radiative recombination cross
sections o j’ ((hv)and o] jr (&), the photoionization rate from level

PHYSICAL REVIEW E 95, 063201 (2017)

j to level k reads
o 4 [T itk - (hv) 1
ik = T (hv)oj; ( ) 1 + e Be(hv=AEj)+n

h AEj
(57)
and the relativistic radiative recombination rate reads from
Egs. (5) and (25)

P
R,’(j = o fo de k(s)cﬁ(s)o,:r(s)
1
x ———— 1'% + AE ). (58)
1 —+ e/geafr}

I(hv) is the specific intensity of the radiation field and I is
equal to

I°(hv) = i‘ﬁ + I(hv) (59)
= .

To determine the relativistic Einstein-Milne relation, we
suppose that the free electrons and the radiation fields are
in LTE (T, = T, where T, is the radiation temperature) and
that I}, and R;; obey the detailed balance

Rkj g] AEJH"?I" (60)
8k
So, using
2hv3 1
I(hv) = By (hv) = =~ (61)

2 ebhv — 1’

where B, = 1/kpT,,

1 (hv) = P By (hv), (62)
the trick
1 e Pestn
1 4 ePee—n - 1 4 e—Pestn (63)

in Eq. (58), and making the change of variable hv = ¢ + AE j;
in Eq. (57), we find that (T, = T,)

. . 4 +00
g_jeAEjk‘H']I]{’k — g_/eAEﬂan_n/ dgo— (8 + AE]k)
8k 8k hJo
B AE; 1
% TE(S + jk) (64)
e+ AEj 14 e Pestn
and
3/2
Re — perEun Y 2m”
k} 2’;l3
+00
X / de )\(a)cﬁ(s)ak”(s)BT (e 4+ AEj)
0
1
(65)

X 1 + e—Beetn’

From the detailed balance, these two quantities are equal for
any 7, and . Consequently,

(8 + AEjk) m2*e
g, 8+AEjk \/— 252

)\(e)ﬁ(s)ak”(e) (66)
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This is the relativistic Einstein-Milne formula valid for any
positive ¢. In the nonrelativistic regime, we have

Aaﬁ(€ +AEj)  mee
& e+ AEj N gkn2h2

ol (e), (67)

whereas in the ultrarelativistic regime we have

AU;;;(S +AEj) &2
S AEj Sk h2e

oll(e). (68

Again, these expressions are valid for any positive €.

As for collisional excitation and deexcitation and collisional
ionization and recombination, the relativistic Einstein-Milne
relation (66) can be derived using the nondegenerate versions
of I, and Ry ;. Reciprocally, if we have this microreversibility

relation between the cross sections cﬂ,’;(hv) and o}/ (¢), the
detailed balance (60) is automatically fulfilled either for
degenerate or nondegenerate electrons.

E. Photoexcitation and photodeexcitation

To be complete, we consider photoexcitation and photode-
excitation processes although they are not quite independent
of the free electrons. The detailed balance matters only if
T, = T.. For photoexcitation, using the cross section o’ (hv)
for a transition from level j to level k, one has for the rate

4 [0 ok hv)
T = 7/0 d(hv ) I(hv), (69)

where
2

h
ol (hv) = ecfjk\pjk(hv). (70)

In this expression, fj; the oscillator strength and W the line
profile in absorption normalized such that

+00
/ d(hv)W i (hv) = 1. (71)

o0
For the photodeexcitation rate, one has

+00
7 _—/ d(hw) 222

rd )
1" (hv), (72)
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where
2

ofd(hv) = fk] Wy (hv). (73)
Uk’;’ (hv) the cross section for photodeexcitation of level k to
level j and Wy; is the line profile in emission normalized such
that

+00
/ d(hv) Wi(hv) = 1. (74)
The two line profiles W ;; and Wy; are not independent. If the
free electrons are in LTE at temperature 7T,, they satisfy the
relation [22-24]

Wi (hv) = W (hv)e PV =aEm, (75)

where AE j; is the excitation energy. We have also [25]

8 Jfej = 8 fik- (76)

From Equations (75) and (76), one has the important relation
microreversibility relation

opf (hv) = Lol (hv)e Pev=AEw), (77)
The factor e #""V=2E0 js due to the difference between the
line profiles in absorption or in emission. In practice, we
keep this relation (77) to calculate the photoexcitation and
photodeexcitation rates when 7, # T,. It is not clear how
relativistic effects can modify this fundamental identity and
what to do when the free electrons are not in LTE at temperature
T,.

When the radiation field is a Planck distribution at 7, = T,
Egs. (62) and (77) lead immediately to the fact that rates (69)
and (72) obey the detailed balance, i.e.,

rd _ 8 B.AEy _re
T,; = —e kghy, (78)
M 8k ik
Equation (77) can also be used to find another way [26] to
express the photodeexcitation rate 'C;]Zl given in Eq. (72), i.e.,

+
-[kf]{l = ﬁeﬂ«AE_fkﬁ/ ood(h ) J" i (v )]tol(h Ye —Behv
8k h Jo 79

TABLE I. Relativistic expressions of various relations and quantities.

Symbol

Relativistic

Klein-Rosseland

giMe + AE )0 (e + AEj)o (e + AE ;) = geh(e)V(e)oy;(€)

Fowler giMe)D(e)oc (g5 €1,82) = gk f’f};3 EMEDME)D ()P (£2)0 " (61,823 €)

8 m’h
fe) 8k v2m>! Zcx(sw(r)

. ) . ol (e+AE ji) m r
Einstein-Milne 8gj ’iMEjklk = & [;2,12 A(e)H(e)oy; (¢)
)L(S) ﬁ 1+ 2m;c2 (l + mfcz)
m"’(z (m 2 +2)
(Wz +1)

&(p) = /P*cr + m2c* — m,c?
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TABLE II. Nonrelativistic and ultrarelativistic expressions of various relations and quantities.

Symbol Nonrelativistic

Ultrarelativistic

Klein-Rosseland

gi(e + AEj)ofi(e + AEji) = grea (e)

gj(e + AER) 0ff(e + AE ) = gie’o ()

2.2
i 2meey8y 3, . 2 cifq. — cie 3b .
Fowler 880 (8;81,62) = g 5 k2 0 (81,625 €) 8je 0 (€;€1,62) = gk 3707 (61,625 €)
f(e) 8 =23 8 w232
8k 2mee g &2
o'l (e+AE ) o't (e+AE L) 2 .
. N %k k) Me& __rr L _Jk 7 £ rr
Einstein-Milne 8~ eTaE,; 8k Ok (®) 8i " exaky = Sk Ok ()
2
&
Ae) g Va2
2¢
¥ (e) /—VM2 1
» :
elp 2me pe

If we use Equation (62) in this equation when the radiation
field is a Planck distribution at 7, = T,, one can see that the
detailed balance (78) is immediately satisfied.

F. Remarks

The microreversibility relations have been written using the
fundamental constants ¢, m,, and 7 instead of ¢, m,, and h as
can be encountered in the literature for the nonrelativistic case.
This is more logical since the usual fundamental constants in
atomic physics are c, e, i, and m, where e is the elementary
charge. In atomic units, e = &7 = m, = 1 and ¢ = 1 /o where
a = e?/lic is the fine-structure constant. Concerning the
microreversibility relations, we have seen that they can be
derived from degenerate or nondegenerate electrons. This
means that the relativistic effects and the degeneracy character
are two independent notions, the most accurate approach being
the relativistic treatment of degenerate electrons. In summary,

we give in Table I the relativistic expressions of various
relations and quantities and in Table II their nonrelativistic
and ultrarelativistic expressions.

III. CONCLUSION

We have generalized to the relativistic regime the Klein-
Rosseland, Fowler, and Einstein-Milne formulas as well as the
relation between the dielectronic-capture cross section and the
autoionization rate. The practical expressions have been shown
to be consistent with the nonrelativistic and ultrarelativistic
regimes. With the present approach, we can develop fully
relativistic CRE models to describe NLTE plasmas at arbitrary
degeneracy. As expected, there is a close connection between
the microreversibility relations and the detailed balance
between the rates of the pairs of individual microscopic
processes. The treatment of degeneracy is found to be crucial.

[1] D. R. Bates, A. E. Kingston, and R. W. P. McWhirter, Proc. R.
Soc. London, Ser. A 267, 297 (1962).

[2] R. W. P. McWhirter, Phys. Rep. 37, 165 (1978).

[3] D. R. Bates, A. E. Kingston, and R. W. P. McWhirter, Proc. R.
Soc. London, Ser. A 270, 155 (1962).

[4] S. J. Rose, J. Phys. B: At., Mol. Opt. Phys. 31, 2129 (1998).

[5] H. K. Chung, M. H. Chen, W. L. Morgan, Y. Ralchenko, and
R. W. Lee, High Energy Density Phys. 1, 3 (2005).

[6] R. Florido, R. Rodriguez, J. M. Gil, J. G. Rubiano, P. Martel, E.
Minguez, and R. C. Mancini, Phys. Rev. E 80, 056402 (2009),
and references therein.

[7] Y. Ralchenko et al., Atomic Processes in Plasmas, AIP Conf.
Proc. No. 1161 (AIP, Melville, NY, 2009), pp. 242-250.

[8] H. A. Scott and S. B. Hansen, High Energy Dens. Phys. 6, 39
(2010).

[9] G. J. Ferland, R. L. Porter, P. A. M. van Hoof, R. J. R. Williams,
N. P. Abel, M. L. Lykins, G. Shaw, W. J. Henney, and P. C.
Stancil, Rev. Mex. Astron. Astrofis. 49, 137 (2013).

[10] A. Bar-Shalom, M. Klapisch, and J. Oreg, J. Quant. Spectrosc.
Radiat. Transfer 71, 169 (2001).

[11] M. E. Gu, Astrophys. J. 590, 1131 (2003).

[12] D. H. Sampson, H. L. Zhang, and C. J. Fontes, Phys. Rep. 477,
111 (2009).

[13] T. Blenski and K. Ishikawa, Phys. Rev. E 51, 1602 (1995).

[14] J. S. Blakemore, Solid State Electron. 25, 1067 (1982).

[15] M. Goano, Solid State Electron. 36, 217 (1993).

[16] Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables, 9th printing, edited by M.
Abramowitz and I. A. Stegun (Dover, New York, 1972).

[17] W.H. Press, S. A. Teukolski, W. T. Vetterling, and B. P. Flannery,
Numerical Recipes in Fortran: The Art of Scientific Computing,
2nd ed. (Cambridge University Press, New York, 1992).

[18] F. Jiittner, Ann Phys. (Leipzig) 339, 856 (1911).

[19] V. Aslanyan and G. J. Tallents, Phys. Rev. E 91, 063106
(2015).

[20] G. J. Tallents, High Energy Density Phys. 20, 9 (2016).

[21] S. B. Hansen, Ph.D. thesis, University of Nevada, Reno, 2003.

[22] V. A. Makhrov, A. Y. Sechin, and A. N. Starostin, Sov. Phys.
JETP 70, 623 (1990).

[23] O. Peyrusse, J. Phys. B: At., Mol. Opt. Phys. 33, 4303 (2000).

[24] G. Faussurier, R. M. More, C. Blancard, and T. Kato, Phys. Rev.
E 73, 016407 (20006).

[25] I. I. Sobel’man, Atomic Spectra and Radiative Transitions, 2nd
ed. (Springer-Verlag, Berlin, 1991).

[26] S. J. Rose, J. Quant. Spectrosc. Radiat. Transfer 54, 333
(1995).

063201-7


https://doi.org/10.1098/rspa.1962.0101
https://doi.org/10.1098/rspa.1962.0101
https://doi.org/10.1098/rspa.1962.0101
https://doi.org/10.1098/rspa.1962.0101
https://doi.org/10.1016/0370-1573(78)90040-6
https://doi.org/10.1016/0370-1573(78)90040-6
https://doi.org/10.1016/0370-1573(78)90040-6
https://doi.org/10.1016/0370-1573(78)90040-6
https://doi.org/10.1098/rspa.1962.0209
https://doi.org/10.1098/rspa.1962.0209
https://doi.org/10.1098/rspa.1962.0209
https://doi.org/10.1098/rspa.1962.0209
https://doi.org/10.1088/0953-4075/31/9/024
https://doi.org/10.1088/0953-4075/31/9/024
https://doi.org/10.1088/0953-4075/31/9/024
https://doi.org/10.1088/0953-4075/31/9/024
https://doi.org/10.1016/j.hedp.2005.07.001
https://doi.org/10.1016/j.hedp.2005.07.001
https://doi.org/10.1016/j.hedp.2005.07.001
https://doi.org/10.1016/j.hedp.2005.07.001
https://doi.org/10.1103/PhysRevE.80.056402
https://doi.org/10.1103/PhysRevE.80.056402
https://doi.org/10.1103/PhysRevE.80.056402
https://doi.org/10.1103/PhysRevE.80.056402
https://doi.org/10.1016/j.hedp.2009.07.003
https://doi.org/10.1016/j.hedp.2009.07.003
https://doi.org/10.1016/j.hedp.2009.07.003
https://doi.org/10.1016/j.hedp.2009.07.003
https://doi.org/10.1016/S0022-4073(01)00066-8
https://doi.org/10.1016/S0022-4073(01)00066-8
https://doi.org/10.1016/S0022-4073(01)00066-8
https://doi.org/10.1016/S0022-4073(01)00066-8
https://doi.org/10.1086/375135
https://doi.org/10.1086/375135
https://doi.org/10.1086/375135
https://doi.org/10.1086/375135
https://doi.org/10.1016/j.physrep.2009.04.002
https://doi.org/10.1016/j.physrep.2009.04.002
https://doi.org/10.1016/j.physrep.2009.04.002
https://doi.org/10.1016/j.physrep.2009.04.002
https://doi.org/10.1103/PhysRevE.51.1602
https://doi.org/10.1103/PhysRevE.51.1602
https://doi.org/10.1103/PhysRevE.51.1602
https://doi.org/10.1103/PhysRevE.51.1602
https://doi.org/10.1016/0038-1101(82)90143-5
https://doi.org/10.1016/0038-1101(82)90143-5
https://doi.org/10.1016/0038-1101(82)90143-5
https://doi.org/10.1016/0038-1101(82)90143-5
https://doi.org/10.1016/0038-1101(93)90143-E
https://doi.org/10.1016/0038-1101(93)90143-E
https://doi.org/10.1016/0038-1101(93)90143-E
https://doi.org/10.1016/0038-1101(93)90143-E
https://doi.org/10.1002/andp.19113390503
https://doi.org/10.1002/andp.19113390503
https://doi.org/10.1002/andp.19113390503
https://doi.org/10.1002/andp.19113390503
https://doi.org/10.1103/PhysRevE.91.063106
https://doi.org/10.1103/PhysRevE.91.063106
https://doi.org/10.1103/PhysRevE.91.063106
https://doi.org/10.1103/PhysRevE.91.063106
https://doi.org/10.1016/j.hedp.2016.06.001
https://doi.org/10.1016/j.hedp.2016.06.001
https://doi.org/10.1016/j.hedp.2016.06.001
https://doi.org/10.1016/j.hedp.2016.06.001
https://doi.org/10.1088/0953-4075/33/20/308
https://doi.org/10.1088/0953-4075/33/20/308
https://doi.org/10.1088/0953-4075/33/20/308
https://doi.org/10.1088/0953-4075/33/20/308
https://doi.org/10.1103/PhysRevE.73.016407
https://doi.org/10.1103/PhysRevE.73.016407
https://doi.org/10.1103/PhysRevE.73.016407
https://doi.org/10.1103/PhysRevE.73.016407
https://doi.org/10.1016/0022-4073(95)00068-V
https://doi.org/10.1016/0022-4073(95)00068-V
https://doi.org/10.1016/0022-4073(95)00068-V
https://doi.org/10.1016/0022-4073(95)00068-V



