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Compressible cell gas models for asymmetric fluid criticality
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We thoroughly describe a class of models recently presented by Fisher and coworkers [Phys. Rev. Lett. 116,
040601 (2016)]. The crucial feature of such models, termed compressible cell gases (CCGs), is that the individual
cell volumes of a lattice gas are allowed to fluctuate. They are studied via the seldom-used (u, p, T) ensemble,
which leads to their exact mapping onto the Ising model. Remarkably, CCGs obey complete scaling, a formulation
for the thermodynamic behavior of fluids near the gas-liquid critical point that accommodates features inherent to
the asymmetric nature of this phase transition like the Yang-Yang (YY) and singular coexistence-curve diameter
anomalies. The CCGy models generated when volumes vary freely reveal local free volume fluctuations as the
origin of these phenomena. Local energy-volume coupling is found to be another relevant microscopic factor.
Furthermore, the CCG class is greatly extended by using the decoration transformation, with an interesting
example being the Sastry-Debenedetti-Sciortino-Stanley model for hydrogen bonding in low-temperature water.
The magnitude of anomalies is characterized by a single parameter, the YY ratio, which for the models so far
considered here ranges from —oo to %
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L. INTRODUCTION phase region can be expressed as

Basic features of critical phenomena [1] are most frequently o ~ o
. - . g —Cy=C,+—C,,
illustrated for the ferromagnetic-paramagnetic phase transi Pe Oc
tion. Then, by exploiting well-known analogies, results are

(1.2)

straightforwardly translated to gas-liquid criticality in pure
fluids. Among other manifestations, this means that critical
exponents characterizing power-law singularities of physical
properties are the same for, e.g., the Curie point of nickel or
the gas-liquid critical point of argon. They are indeed those
for the three-dimensional Ising model of ferromagnetism, this
being the reason why these two phase transitions are said to
belong to the three-dimensional-Ising universality class.

There are, however, nontrivial differences between them.
Notably, experiment has established that the obvious symmetry
of the spontaneous magnetization curve upon magnetic field
reversal is absent in its fluid analog, the gas-liquid coexistence
curve. That was already expressed in the nineteenth century
by what has been termed the Law of the Rectilinear Diameter,
namely, that the midpoints of the phase boundary in the
density-temperature (p-7) plane fit to a straight line with,
in general, a nonvanishing slope Aj:

pa =505+ p" ) ~ pe + AT = To), (LD
where superscripts refer to gas and liquid coexisting phases
and the subscript “c” denotes criticality. This is regarded as a
“classical” law in that such behavior is predicted by van der
Waals mean-field theory.

A major breakthrough in the topic of asymmetry in gas-
liquid phase transitions originates in work fifty years ago by
Yang and Yang [2], who focused their attention on an exact
relation for the isochoric heat capacity, Cy, which in the two-
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where v = 1/p = V/N is the volume per particle while C » =
v.Td?’p,/dT?* and C, = —Td*uu, /dT?, with p, and 1, the
pressure and chemical potential at coexistence. At the critical
isochore, p = p,, one has asymptotically close to T,
Cy ~ A" [t|™", (1.3)
with t = (T — T,)/T,, A~ a nonuniversal, system-dependent
amplitude, and o > 0.109. Then, Yang and Yang stated that
for real fluids it is more reasonable to expect that both C;, and
C,, contribute to the Cy divergence:
Cp~ A lt|™ and C, ~ A |r|™. (1.4)
In the early formulations of the thermodynamic behavior
near the gas-liquid critical point [3,4] only C,, diverges, with
the chemical potential remaining nonsingular (or analytic),

that is, A; =0 so that A= = A;. Hence, the question was

whether or not C,, diverges. A definite answer came from
experiment since, according to (1.2), in the two-phase region
pCy is a linear function of p along an isotherm, with C‘M and
o.C » being, respectively, the slope and the intercept (see also
Fig. 1). Explicitly, careful analysis of two-phase Cy (p,T) data
for CO; and propane in 2000 provided [5,6] evidence that both
C‘p and C’M diverge, implying the existence of the so-called
Yang-Yang (YY) anomaly. This led to complete scaling [5,7],
the thermodynamic formulation that accommodates the YY
anomaly, but also recently [8] to statistical mechanical models
that illuminate the microscopic basis of this phenomenology.
More specifically, to quantify the magnitude of this effect,
a Yang-Yang ratio 2R, was defined as
lim — Cu@ A —. (1.5

17— Cp(T)+ Cu(T) A, + A,

%,
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FIG. 1. Left: Two-phase isochoric heat capacity Cy as a function
of volume v =1/p along isotherms (straight lines); the vertical
dashed line corresponds to the critical isochore, along which Cy di-
verges, and the remaining dashed lines represent the phase boundaries
(gas and liquid). Right: Coexistence curve in the temperature-density
plane: the (real) diameter of the curve (dash) bends as the critical
point is approached and so departs from a hypothetical rectilinear
diameter (dot-dash). Both plots are obviously schematic.

One may realize (see Fig. 1 and Ref. [9]) that R, # O whenever
Alld £ A3 ith these amplitudes characterizing the critical
behavior of the heat capacity of gas and liquid coexisting
phases: C}" ~ A&S|¢|~* and ng ~ Al4]¢|=% Thus, the Yang-
Yang anomaly has to do with the asymmetry between gas and
liquid.

In this context, it is natural to expect that such an asymmetry
manifests also in the density. In this connection, it was noted
long ago that the diameter of the coexistence curve exhibits
a |t|'~ singularity [4] and thereby departs from linearity
close to criticality (see Fig. 1 for illustration). But this is
only a part of the overall situation. Indeed, complete scaling
predicts the existence of a |¢|?# term (with 8 ~ 0.326) which
asymptotically close to criticality dominates the previously
anticipated |¢|'~% one since 28 < 1 — a [10]. More generally,
complete scaling contemplates a comprehensive set of critical
anomalies associated with asymmetry [7]. Certainly, it is the
scaling formulation of asymmetric fluid criticality.

While complete scaling was conceived from the analysis
of two-phase Cy data of CO, and propane [5,6], it has
received further support from similar studies for other fluids
(see Ref. [9] for a recent account). Moreover, it has been
shown that experiments [11-13] and simulations [11,14-16]
on the asymptotic behavior of the coexistence-curve diameter
demand a |¢|*# singularity. The values estimated for R, from
all these studies fall within the ranges imposed by the second
law of thermodynamics [8]:

—00 <R, <L (1.6)

In light of this background it is natural to ask what are
the microscopic roots of YY features. One expects explicit
responses to this question from statistical mechanical models.
Nevertheless, in the standard lattice gas (SLG), on which
much of our understanding of fluid criticality is based [17,18],
R, =0, this being also the situation for early models of
asymmetric critical behavior of fluids [19,20].

Indeed, progress on this topic has been published only
recently [8]. In doing so, Fisher and the present authors have
introduced a new class of lattice-gas-like models, termed
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compressible cell gases (CCGs), that exhibit Yang-Yang
anomalies, |#|*# singularities in the coexistence-curve diame-
ter, and related phenomena. A lattice gas can be interpreted
as a continuum model in which space is divided in a regular
arrangement of “cells” that can be empty or occupied, most
commonly, by just one particle. The volume of such cells is
constant for the SLG and usual variants. Conversely, the indi-
vidual cell volumes are allowed to fluctuate in CCGs, this being
their crucial feature. Working in the great grand canonical
(GGC)or (u, p, T)ensemble [21,22], such models are mapped
onto the Ising model, and thereby they are regarded exactly
soluble.

Attention in Ref. [8] was focused on CCG models charac-
terized by cell volumes that fluctuate freely. These constitute an
important subclass and identify local free volume fluctuations,
inherent to the disordered nature of real fluids while absent in
lattice gases with cells of constant volume, as a microscopic
source of YY and related anomalies. More elaborated versions
generated using the decoration transformation [23,24] were
explored. An interesting example is the Sastry-Debenedetti-
Sciortino-Stanley (SDSS or S°D) compressible cell gas for
hydrogen bonding in low-temperature water [25]. Such a
model revealed the coupling of local volumes and interaction
energies as relevant to R,

Following up on Ref. [8], we analyze here the implications
of CCGs for asymmetric fluid criticality. Before entering into
detail, we summarize in Sec. II the specific predictions of
complete scaling for C > C,., and p; as well as the special
properties of the GGC ensemble. A general analysis of CCGg
models is presented in Sec. III. We first formulate them and
show their exact mapping into the Ising model. Then we focus
on the origin, sign, and magnitude of R,. A number of features
of geometrical nature associated with local free volume
fluctuations are highlighted. In addition, an enhanced CCG(J)r
model that incorporates energy-volume coupling is presented
and the most basic aspects of calculations outlined. Decorated
models are analyzed in Sec. IV. Besides a description of the
decoration transformation in the GGC ensemble, a “simplest”
decorated CCG and the S3D are studied. We summarize in
Sec. V all findings in a historical context. Appendices complete
the details of the calculations.

II. ESSENTIAL BACKGROUND

A. Complete scaling

The distinction between “fields” and “densities” is essential
for describing the thermodynamics of a system at near-
criticality [26]. The field variables of a fluid are p, T', and w but,
because of asymmetry, one must employ redefined variables,
termed scaling fields, that are algebraic combinations of them.
There are three “relevant” scaling fields, p, 7, and fz, and
a set of “irrelevant” scaling fields, from which one can de-
fine corresponding scaling variables, y = Uh/|f|>™*7F, y, =
Ui|f|%, with U > 0 and Uj nonuniversal, system-dependent
amplitudes. These variables are the arguments of the scaling
function W, where subscripts + and — apply to 7 > 0 and
f < 0. The thermodynamics is then expressed as

= QliP “Wi(y,ya,ys, - . .), 2.1
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with Q > 0 another nonuniversal amplitude. The “relevant”
scaling variable y serves to describe the leading singularities
in the thermodynamic properties as well as those contributions
arising from the asymmetric nature of the gas-liquid phase
transition. On the other hand, ys4, ys, etc., account for the
leading correction-to-scaling terms. Here only y, = Uy|f|?,
with 6 ~ (.52, will be considered since odd arguments like ys
are not present for the Ising-like models we will be dealing
with. In doing so, we will approximate the amplitude Uy by its
critical value, Uy,.

The relevant scaling variable is small for the two paths of
approach to the critical point to be explored, namely, critical
isochore and coexistence. Thus, for 7 > 0 the following small-
y expansion applies:

Wy = WO+ Wy U WO+, (22)
while for 7 < 0 we have
Wo = WO+ WOyl + WOy + o+ Use WHIF + -
2.3)

As explained in Ref. [27], we can take W), =W, =1,
WO, ~ 1.9, W0 ~2.4, W% ~0.20.

The crucial feature of complete scaling is that it expresses
the scaling fields p, 7, and 7 as combinations of all physical
fields p, T, and w. On defining p = (p — p.)/pckpT, and
= — u.)/kpT,, one has to second order [7]

P =P — kot —lojt — rot> — qoit* — vot it

—moP* = noPpt —n3piL+ -, (2.4)
f=t—hit—jhp—nt*—qi® —vtf

—mi Pt =Pt —ngpiL+ - 2.5)
h=[i—kit — jop —rat® — qjt* — vt i

—my Pt —nat —nspiL+ -, (2.6)

where k;, [;, etc. are nonuniversal “mixing coefficients.”

As reported originally [7], [p = 1 and ko = S./p.kp, with
S the entropy per unit volume. To describe the significance of
the remaining mixing coefficients in (2.4) to (2.6)—especially
those of the linear terms—Iet us focus on the predictions of
complete scaling for the coexisting densities as well as the
phase boundaries in the p- T and p - T planes:

0851 = o1+ Agplt|* + Aot + Aylt] + - -

+ BIt1P(1+bglt]” + bt +--)],  Q2.7)

Po(T) = Poat + Pont® + A 1P [+ ay e + -1,
(2.8)

[to(T) = g1t + flont® + A P[4 a1t + -1,
2.9)
where Ai, Po.1, Po2s o1, and fiy o depend exclusively on

the mixing coefficients, by, d;, and Zz; are amplitudes that
characterize correction-to-scaling terms, and + and — in the
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second row of (2.7) refer to liquid and gas, respectively, while
B=(1-j)QUW |, (2.10)

Asp = —jpB* /(1 — jo), bag = j3B*/(1 — jo)*, (2.11)

Almg = Q= a)(l; + jHOW ||, (2.12)
Ay = vy +n3 + (2qo + no)fts,1 + (no + 2mo) ps,1,  (2.13)
o OWe .
7= 1——j2| 1>, A, = pA), (2.14)
with
T =1kl — po1(1 + jal1). (2.15)

Equation (2.14) leads to the critical amplitudes of C, and C,,
in (1.4):

A =@Q-a)l —aksgd, and A, = —jpA,. (2.16)

As already discussed in the original formulation of scaling
[3], k&1 # 0 in (2.6) suffices to account for (du,/dT). # O.
On the other hand, the |¢|*# and |¢]'~* singularities in (2.7)
contribute to the diameter in (1.1). While the discovery of the
latter led to the incorporation of pu mixing into the “thermal
field” 7 [4], pressure mixing into 7 also generates a |f|'~
singularity, as (2.12) reflects. Remarkably, Eq. (2.11) indicates
that pressure mixing into the “ordering field” h,ie., Jj» #0,
implies Ayg # 0. Also, from the combination of (1.5), (2.10),
(2.11), and (2.16) one encounters

Ry =—jp/(1—j») and Ay =R,B>. (2.17)
Thus, it is clear that pressure mixing into h is crucial in that
it generates a nonvanishing YY ratio and the |¢|?# singularity
in pg.

From the above information one finds

—o0 < jp<1l and A;>O. (2.18)
This means, from (1.4), that C » always diverges to +oo0.
Then (2.16) implies that éu — 4oowhen j, < 0(orR, > 0)
whereas C,, — —oo when j, > 0 (or |, < 0). These two
contrasting situations, observed experimentally [5,6,9], are
illustrated in Figs. 2 and 3, which show numerical results
for models presented in Sec. III [28]. There is more to be said
about the details of complete scaling; the reader can consult
Ref. [7].

B. Great grand canonical ensemble

According to Guggenheim [21], who introduced it, this is
the statistical ensemble for a system with given temperature,
pressure, and chemical potential, this being the reason why it is
also known as the (u, p, T) ensemble. While it was discussed
in detail long ago [22], it merits some attention summarizing
its special properties.

We start by noting that, according to Gibbs-Duhem equa-
tion,

0=Ndu—Vdp+SdT, (2.19)
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FIG. 2. Isochoric heat capacity Cy (T') (bold solid) with its contri-
butions C »(T) (dashed) and CH(T) (solid) and reduced coexistence-
curve diameter Apy(T) = (p" 4+ p¥)/2p. — 1 (solid) with its |¢|*
singularity (dashed) along the critical isochore for simple-cubic-
lattice CCGy models (described in Sec. III) with point particles
(w = 0) and three available cell volumes: (a) v, = 5vy, vz = vy; (b)
vy = 50v;, v3 = v;. Results for Cy(T), C‘p(T), and C‘M(T) contain
background contributions as well as leading, asymmetry-related, and
correction-to-scaling terms computed as described in Sec. III B.

it comes out that only two of u, p, and T are independent
in the thermodynamic limit, that is, V — oo, N — oo, and
S — oo,withp =N/V and § = §/V finite.

This differential relation implies the existence of a function
L(w,p,T), which specifies the thermodynamics. Such func-
tion takes a constant value which one may arbitrarily choose
to be 0, while, in addition, one has the freedom to consider
that

oL oL oL
<_> —p, <_> — 1, <_) — 5. 220
ow/r, /)1 T/ pu

Let us now focus on the grand canonical ensemble, in which
the energy and number of particles are allowed to fluctuate.
The partition function is

o0
E(u.V.T) =Y eP"NZ(N.V.T), (2.21)

N=0

where 8 = 1/kpT and Z is the canonical partition function,
which embodies a sum over energy levels with Boltzmann
factors e P In the thermodynamic limit

1 ap ap
—InE= 1), — | =p, — ) =8. 222
v " Pt (M)r g (BT)M 222
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FIG. 3. Isochoric heat capacity Cy (T') (bold solid) with its contri-
butions C »(T') (dashed) and C‘M(T) (solid) and reduced coexistence-
curve diameter Apy(T) = (p"4 4 p¥)/2p0. — 1 (solid) with its |¢|>
singularity (dashed) along the critical isochore for simple-cubic-
lattice CCG( models (described in Sec. III) with highly compressible
particles and two available cell volumes: (a) v, = v/5, v, = 50;;
(b) v, = v1/50, ¥, = 500,. Results for Cy(T), C‘,,(T), and Cu(T)
contain background contributions as well as leading, asymmetry-
related, and correction-to-scaling terms computed as described
in Sec. III B.

To generate the great grand canonical (GGC) partition
function ®, we sum over volumes

Ve dv
0= e "M B, V1) —. (2.23)
0 Vo
where Vj is areference volume and p = p/kpT. As explained

previously [22], the GGC partition function diverges so that,
on defining

1

Y(u,p,T)=——=————
Wop D) = =y 6 p D)

=pn,T)—p=0 (224)

and using (2.22), one finds

(), (), ()=
—) =r. |57z) =-1 |57) =
o T.p ap T aT it

(2.25)

Comparison between (2.20) and (2.25) yields Y = L. Thus,
knowledge of ®(u, p,T) together with the condition that this
function diverges leads to the thermodynamics of the system
[29].

For the models considered in this work one may compute
© from the partition function of a system of  lattice sites (or
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cells):

(2.26)

o0
0= Z Oy,
N=0

with

Oy =1 (2.27)
for values of \V that are sufficiently large (thatis, macroscopic).
This property of the GGC partition function, noted by
Guggenheim [21], will be used in the next sections.

III. BASIC MODEL

A. Compressible cell gas

Consider the three-dimensional space divided into cells of
constant volume vy whose centers are located at the AV sites of
a lattice of coordination number c. To characterize repulsive
or excluded volume effects, let us assume that each cell can be
empty or accommodate a classical particle. Associated with
any occupied cell is the “free volume” vy < vg the center of
its particle explores. Attractive interactions are considered,
but, instead of being characterized by a normal pair potential,
@(r; — 1;), they are of fixed magnitude: the interaction energy
is —g9 < 0 for particles in nearest-neighbor cells and 0
otherwise. Such a model is known as the nearest-neighbor
standard lattice gas referred to in the Introduction. The grand
canonical partition function is

N
Y_oexp |Beo ) minj+ay ni|. (3.1)
{ni} (ij) i=l

where V = Nvy, n; =0,1 is the occupancy number of
cell 7, (ij) indicates that the corresponding sum restricts
to nearest-neighbor cells, and i = B — ln[A (T)/vo]. The
definition of & absorbs, in the thermal de Broglie wavelength
Ar =h/2n/mkpT and the vy factor, the results of integrals
over phase space for a system of classical particles of mass
m. (Implicit is that point particles have been considered so
that integrations over the volume accessible to the center of a
particle in its cell yield a “local free volume” vy = vy for each
occupied cell.)

As a model for the gas-liquid phase transition, the SLG has
played an important role in the development of the Modern
Theory of Phase Transitions and Critical Phenomena. This is
in large part because E5°C and Z™"¢, the canonical partition
function of the Ising model, have the same mathematical
structure [17]. Specifically

Zexp KZs,s]—i—th, , 32

(ij)

36, v,T) =

ZSe(H N, T) =

where s; = —1,1 is the Ising variable characterizing the state
(up or down) of spin i in the lattice, K = J/kgT,h = H/kgT
(with J > 0 and H the coupling constant and magnetic field,
respectively), while the partition function is related to the free
energy F via f = —F/NkgT = N~!1In Z""¢, Comparison
between (3.1) and (3.2) yields the well-known SLG-Ising

PHYSICAL REVIEW E 95, 032105 (2017)
model mapping:

1.
K =-fep, h=
4/3"?0

NI'—

f=n Beo

OOIG

(3.3)

Suppose now that the individual cell volumes of a SLG are
allowed to take n discrete values, 0 < vy < vg(k =1,2,...,n)
with corresponding free volumes v; > 0. One then has a
compressible cell gas (CCG). The variants in which cell
volumes fluctuate independently are termed CCGy models.
One may anticipate that it is the condition that cell volumes
fluctuate freely which allows the exact mapping of CCGys into
the Ising model.

To describe such a mapping, it is useful to introduce the
isobaric volume-fluctuation sums

Sim(p) =n""! Zv,ﬂv,’f P (3.4)

which contain the available volumes v; and free volumes vy
defined above [30]. Thus, each cell needs a Soo(p) factor if
vacant and a e” Sy (p) factor if occupied. As a result,

OF ™ = S Y exp | Beo Y min;
{ni} (ij)

_ So1(P) i
1 -
* {M o [Uosoo(ﬁ)} }

On using the first equation in (2.22) and (2.27), it becomes clear
that the mathematical structure of Eqs. (3.1) and (3.5) is the
same so that, with the aid of (3.3), the following CCGy-Ising
model mapping is found:

(3.5)

Fe _% In [501(17)500(15)] B EB 1M, 3.6)
) 8
g o big 1T Su)
K = Z,Beo, h = 2,u + 4ﬂ80 + 5 In [vosoo(ﬁ):|' 3.7

To extract conclusions from (3.6) and (3.7) in connection to
the “mixing scheme” embodied by (2.4) to (2.6), we anticipate
some results of the next subsection (supplemented by the
appendices). Thus, as a rule, the appearance of p, B, and
[ in the Ising scaling fields, f, K, and h, is equivalent to
that of p, T, and u in p, 7, and A, the field variables in terms
of which complete scaling is formulated. Specifically, that p
enters explicitly into 4 in (3.7) means that p enters into the
“ordering field” / in (2.6). This implies that j, # 0 and, by
(2.17), that R, and A, are also nonvanishing. Since p appears
in the So1/Soo factor, it is concluded that pressure mixing into
h and the associated Yang-Yang and related anomalies emerge
in lattice-gas-like models when the individual cell volumes are
allowed to fluctuate [31,32].

On the other hand, the absence of p and i in K implies
that of p and p in the “thermal field” 7 and so [} = j; =
0. As a result, the CCGy shows no |¢|!~* singularity in the
coexistence-curve diameter [recall (2.12)].
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B. Outline of the calculations

Let us describe the procedure for obtaining information from a mapping like that of (3.6) and (3.7). On defining K = K/K.,
AB =B — B, etc.,and fg = 9 /9P, etc., it comes out that (3.6) and (3.7) can be expanded to get

F = 81Besiics P + fsAB + Fuhi + fpAp + L fapAB?

+ 3 fun AR+ S Fop AP + Fou ABAR+ fopABAP + fup ARAP + -+,

K = g(Be.fic.pe) + KgAB + KyAp+ Ky Ap + SKpp AB* + 3K, AR

+ %kPPAp_z + kﬂﬂABAﬁ + kﬂpABAﬁ + I?/LpAﬁAﬁ +-

h = g3(BesficsPe) + hg AP + hy AL+ hyAp + Shes AB?

+ 2R AR+ Shpp AP+ hg ABARL 4 hgy ABAD + hyy ARAD + -+,

where fﬂ etc. are evaluated at criticality.

The results for the underlying Ising model form the
background information in these equations. In particular, one
needs the critical coordinates, ﬂ and K, and the expressions
for the heat capacity and the magnetization at 7 = 0. We have
taken that information from Liu and Fisher [33], who reported
reliable values for the simple cubic, face-centered cubic, and
body-centered cubic regular assemblies. The expressions for
the heat capacity, magnetization, and some related properties
are listed in Appendix A. Furthermore, Appendices B and C
show general expressions that relate critical amplitudes Q,
U, etc. and mixing coefficients to the critical values of the
derivatives in (3.8) and (3.10) and the critical coordinates and
critical amplitudes of the Ising lattice. Obviously, fi., p., and
B. are needed.

With this preamble, we are ready to illustrate how the
information plotted in Figs. 2 and 3 is obtained. Hence we
consider a CCG model characterized by a concrete set of
parameters (distribution of cell volumes, etc.). By specifying
the values of such parameters, one first solves the following
equations for fi., p., and B,:

g3(5£‘7ﬂcvﬁ€) = 07
(3.11)

gl(BC’ﬂC’ﬁC) = f:‘a gZ(BCaﬂCaﬁc) =1,

where implicit is that K. = 1 and . = 0. Second, algebraic
expressions for the derivatives in (3.8) to (3.10) must be
obtained. (Results for all models under consideration are
displayed in Appendices D and E.) According to Appendices B
and C, these derivatives lead to j,, Q, etc., which, in turn,
allow the obtainment of numerical values for Cy(T), C (1),
C‘M(T), and p,4(T) defined in Secs. I and II A. Since such data
have been calculated on approaching the critical point along
the critical isochore, p = p,, only Ising results at 7 = 0 are
needed [28,34].

C. Local free volume fluctuations

Let us now focus on the origin, sign, and magnitude of
the crucial mixing coefficient j, and the closely related YY
ratio R, for CCGy models. To that purpose, Eqs. (B26), (BS),
(B29), and (2.17) are used to obtain an algebraic expression.
By introducing the following averages taken over microstates

(3.8)
3.9)
(3.10)
[
accessible to an individual cell
SITI _C
whomy = SmiPe), (3.12)
Soo(Pe)
one gets
1 (v — .
R, = L0 — W) (3.13)

2 (w){v)

Inspection of this equation leads to —oo < R, < % (or —1 <
J2 < 1) as, in principle, the allowed range for the YY ratio
for CCGy models, with R, — —oo when (vv) numerically
dominates the numerator of (3.13) and R, — % when (v) (0)
does. On the other hand, for constant free volumes, that is,
vx = 1 for all k, one gets R,, = 0. Therefore, as an important
result, one finds that a nonvanishing Y'Y ratio in the CCCy is
a consequence of local free volume fluctuations.

To see how the above ranges are covered, let us start with
the case of point particles, for which (v) = (v). From (3.13)
one finds

1 ((Av))

T

, (3.14)

where Av = v — (v). Clearly, this yields only negative values
for R,,. For the simple cubic lattice and two cell volumes,
v; and vy = Yv; (with % > 1) one finds —0.63 < R, < 0 (or
0 < j» < 0.38). Broad enough cell-volume distributions yield
|2R,.| unbounded since one has the freedom of choosing the
second moment indefinitely large relative to the mean.

Figure 2 illustrates the overall picture. As indicated at the
end of Sec. IT A, R, < 0 (or j, > 0) implies that C,, — —oo.
Since Aj_y o< (I1 + ji) = O for this model and Az < O [see
(2.11) the coexistence-curve diameter curves towards higher
densities near 7,. This is contrary to many experimental
observations and simulations which evidence that p; curves
towards lower densities as the critical point is approached
[11-16].

A natural extension is to consider that, more realistically,
particles have a fixed size so that vy = v — w, with w > 0.
For such “hard-core” particles one obtains from (3.13)

2
o, — L (@)

_— 3.15
2 o) ((0) — w) G-19)
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Again, only negative R,, values are found, while numerical
work indicates that, for the same cell volume distribution, the
YY ratio is increased with respect to the case of point particles.

Now suppose that cell volumes and free volumes are
allowed to vary independently. To explore this situation it is
very informative to work out the case of just two cell volumes,
i.e.,n = 2. From (3.13) one finds

1 (v1 — v2)(V1 — V)72
R, =L T mmn . (3.16)
20101 4 v0m5 + (V102 + V1v2)7T T2
where
e—fhvl e_lchZ
M= = 3.17)

T P X
are the statistical weights. The denominator in (3.16) is
positive, hence it comes out that $R, is negative when cell
volumes and free volumes are correlated (v; > v, <& U] >
v7) and positive when they are anticorrelated (vi > v, <
i)] < U2)

The YY ratio is negative for point particles and hard-core
particles since cell volumes and free volumes are correlated
(while they do not vary independently). Anticorrelation can
be featured by considering that particles are “highly com-
pressible” in that their effective volume varies so rapidly that
they explore a larger volume in smaller cells. For instance, if
vy = v, and v, = 910, (with ¥ < 1), we find from (3.16)

_ 1 (19+l9_1—2)7'[17[2
e 2(19—{—19*1 —Dmm 4+ 1

(3.18)

which gives 0 <R, <5 (or —1 < j <0), with R, =
% + O(®) when ¥ — 0. Flgure 3 shows how these features
manifest in the Yang-Yang anomaly and the coexistence-curve
diameter: as can be seen, now p, bends towards lower densities
asT — T..

While not explicitly stated, we have so far assumed that
cells are of fixed shape. Alternatively, one may think of hard-
core particles in cells of varying shape. As an example, let us
consider the case of cubic particles with edge a and two cell
shapes: (1) cubic with edge L (L > 1) and (2) parallelepiped
with two edges of length b and a third one of length b[cos ]!
(see Fig. 4). By noting that v; = b>L3 and v, = b*, Eq. (3.16)
can be written as

1 (L3 — D)0y — vo)mimy

R, =—= , (3.19
" 21)27T22+i)17T|7T2+L3(l)17T12+i)27T1712) ( )
bL
w"'\s‘ a
\%\S ______
bL

FIG. 4. Cross sections of cubic and parallelepiped cells with cubic
particles of fixed volume and size in (see Sec. III C for a more detailed
description). The shaded portions delimitated by dashed lines are the
“free volumes” particles explore.
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where ©¥; = (bL —2a)® and 0, = (b — 2a)*[b — 2a(l +
tan v)]. Since v, decreases as y is increased up to a limiting
value Y. = arctan(b/2a — 1) for which v, = 0, we have
that v; > ¥,. And numerical work indicates that, for the
simple cubic lattice, —0.63 < 2R, < O for any fixed value of
¥ < Y¥max. Since we are dealing with two cell volumes that are
correlated with two free volumes, it is not surprising to find
exactly the same numerical result quoted before.

While maintaining the geometry, let us now consider v; =
b3 and vy, = L3, with L > 1. This gives

1 (L* — 1)(0) — vo)my7m
2 l')177,'12 + vy + L3(l')27T22 + l}17T17T2)

R, = ., (3.20)

where, now, v, = (b —2a)® and v, = (bL — 2a)*[bL —
2a(1 + tan ¢r)]. When ¢ = 0, free volumes and cell volumes
are correlated since v; < 0. But v, can be made arbitrarily
small by increasing ¢ up to its limiting value Yy.x =
arctan(bL /2a — 1), so there is an angle ¥ for which v; = v,.
Thus, free volumes are anticorrelated with cell volumes when
Yo < Y < I/J‘max. For this range of i values, (3.20) yields
0<™:|, < E,Withi)‘iﬂ—> %aSL—> 0.

Therefore hard-core particles in cells of varying shape
(and volume) can mimic either correlation or anticorrelation
of cell volumes and free volumes. Although not discussed
here, changes in particle shape could also be considered, thus
giving rise to augmented models in which both volume and
shape varies for cells but also for particles.

D. Energy-volume coupling

As an extension of the CCGy, let us consider that a
particle in a cell acquires a potential energy which depends
on cell volume. The state of a cell in this CCGSr model is,
as for the CCGy, characterized by its volume v; when empty
and, additionally, by its free volume v; when occupied. But,
furthermore, an energy & is coupled to v and vy for occupied
cells. Because of this extra energy, we need to introduce

Simo(P:B) =n IZ vhiptegePemru (3.21)
k=1
and
S+ _67 _C
<vlvm€0>+ — lmo(p ﬂ ) (3.22)

Sooo(PesBe)”

so that (3.6) and (3.7) remain basically the same with S(;rlo
substituting Sp; and

(3.23)

where mean values when an individual cell is occupied (+) or
empty (—) are now distinct.

Nothing new regarding /;, j;, and the range of R , is found.
It is interesting, however, to discuss the case of constant free
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volumes. When v, = v for all k, Eq. (3.23) reduces to R, =
%((v)’ — (v)*)/{(v)~. Thus, owing to the extra energies &,
R, is nonzero even for constant free volumes. One may note
that the isobaric-isothermal volume-energy-fluctuation sums
in (3.21) contain e A&~ P% factors. It follows, then, that R, >
0 emerges when lower v in (+) cells are statistically favored,
that is, when the v and g are correlated; conversely, R, < 0
for anticorrelation. We conclude that, in addition to local free
volume fluctuations, the coupling between cell volume and
particle energy is a source of nonvanishing YY ratios.

IV. DECORATED VERSIONS

A. General formulation

It was noted long ago that the Ising model can be greatly
extended by introducing extra spins at the midpoints of the
5N bonds joining adjacent lattice sites [23,24]. Such models
can be mapped into the basic, “undecorated” Ising model.
The whole scheme is known as the decoration transformation.
Transformed, decorated lattice gases have been studied in the
past to study asymmetric fluid criticality [4,19,20,35,36].

A CCGy model with added cells may be called a decorated
CCGy if extra cells contain up to one particle while their
volume fluctuates freely (see Fig. 5 for a schematic illustration
of a vertex-bond cell assembly). But instead of this most
intuitive choice for the decorating system, it is more general
and useful to consider an arbitrary system. This is the essence
of the generalized decoration transformation [23].

Since the summations over the states of the decorating
system can be performed individually and before the sum-
mations over the cells located at the vertex sites of the

01 o0

v__ = Soo(ﬁ) + Sol(]j) €ﬁ/U0

T

U, = Su(p) + So1(p) GBEOW/UO

FOW B

U = So(p) + So1(p) 62B'EOJF’]/UO

FIG. 5. Vertex-bond cell assembly in (— — —), (—+ —), (+ —
=), (++ =), (+ — +), and (+ + +) possible configurations for the
“simplest” decorated CCG described in Sec. IV B. Decorating factors
entering in (4.7) to (4.9) are also shown.
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lattice, a decorated CCG model can be reduced algebraically
to an undecorated CCGy model with transformed variables
i’, p', and B’. That entails the introduction of the so-called
decorating factors, W, ., W__, and W, _, which result from
the summations for the decorating system over states in which
“outer” cells are both occupied (4-+), both empty (——), and
only one occupied (+—) [37]. Specifically, we may write for
a vertex-bond cell assembly

3 - _ ¢ ar vy _,2/c
P So (P Wyt = P oL S (P, (4.1)

i — c _\1/c¢ i _\q1/¢ =n\1/c
[ So1 (P Soo(5) /Wy = [ Sor (P Soo ()¢,
“4.2)

Soo(P)YW__ = Spo(p)*, 4.3)

where 2/c and 1/c have been introduced to avoid overcounting
when extending the calculation to the whole system.
On combining (4.1) to (4.3) one gets

Bleo = Beo+In (‘pf;%) (44)

+—

S Sot v,
,1’+1n< 01/>=,a+ln< +cln(—1), 4.5)
voSno V9S00 v__

c
In(Sgy) = In(Soo) + > In(W__), (4.6)

so that with the aid of (3.6) and (3.7) we finally have

F L Soi(P)Soo(P) | ¢, 1

— __qp 202000t P) €

f 2 n |: " 8ﬁ80 2“,

_ gln(qu\p,,wi), @.7)
[ A e

k=7 SIn( —5—), 48
4:380 + 2 Il( \1117 > ( )

1. ¢ 1 So1(P) c. (Vs
h=30+3 S| ——— |+ _In(——). 49
2M+4,380+2 n[vosoo(ﬁ)]+4 n(\p__ 4.9)

Therefore, we have the CCGy-Ising model mapping of
(3.6) and (3.7) supplemented by extra terms arising from the
decorating factors. Clearly, that W, . depends on both p and
ii is a sufficient condition for f, K, and / to depend on all
physical fields. Following the rules described at the end of
Sec. III A, this implies that u, p, and T enter into A, p,and 7,
so that complete scaling is obeyed in all its aspects.

B. Simplest model

It is natural to think first of CCGy models with decorating
cells whose volume varies freely and contains up to one particle
(see Fig. 5). In the simplest case, the sets of available volumes
for decorating cells and the corresponding free volumes are
the same as those for vertex cells. Accordingly, the decorating
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factors in (4.7) to (4.9) are

1 _
Vo = Sw(P) + —Sor(p)e”, (4.10)
0
1 .
W, = Sp(p) + v—sm<ﬁ>eﬁ£°+“, 4.11)
0
1 P
W,y = Soo(p) + U—sm(ﬁ)ezﬂw. (4.12)
0

From the inspection of (4.7) to (4.12) it comes clear that
Ja2» j1, and [ are all nonvanishing. For fixed cell volumes this
reduces to Mermin decorated lattice gas [20], which, among
others, supported in the early 1970s /; # 0 and so a |¢|'™
singularity in the coexistence-curve diameter [4]. A nonvan-
ishing pressure mixing coefficient j; that also contributes to the
amplitude of the |¢|'~ singularity in (2.12) arises—as has been
shown to be the case of j,—from local volume fluctuations;
more specifically, j; # 0 when the volume of decorating cells
is allowed to fluctuate.

By defining W%, = (9 W, /dp)g ; ete. and proceeding as
explained at the beginning of Sec. III C (see also Appendix D)
one finds

So1 Soo 2

L+ 5 (e - 2

U, W__

, 4.13)

with, recall, all quantities evaluated at criticality. As expected,
as for the (undecorated) CCGy, one gets —1 < j, < 1 (or
—o00 <M, < 3). Also consistently with the undecorated
version of the model, one may verify from (4.13) that the
Y'Y ratio vanishes for the case of constant free volumes.

Following up on this simplest decorated CCG( model, more
elaborated versions can be devised by supposing, e.g., that
bond-cell volumes and bond-cell free volumes are distinct
from those of outer cells, or that bond cells can accommodate
an arbitrary number of particles that interact themselves and
with particles in outer cells in a variety of ways, or that there
exist alternative ways in which energy, number of particles, and
volumes are coupled, etc. Evidently, decorated compressible
cell gases constitute a flexible subclass of models.

C. Sastry-Debenedetti-Sciortino-Stanley model

This is a compressible cell gas, termed S*D model,
originally devised [25] to account for the anomalous ther-
modynamics of liquid water at low temperatures [38]. As has
been shown [8], it can be formulated as a decorated CCG.

One considers a lattice with vertex cells that, as in the
SLG, are of fixed volume and can accommodate a particle that
interacts with particles in nearest-neighbor cells via an energy
—e&p. To implement the orientational selectivity characteristic
of hydrogen bonding, one supposes that there are g microstates
for a particle, with only ¢ of the ¢ joint configurations for
particles in nearest-neighbor cells leading to the formation
of a hydrogen bond which lowers the energy by de > 0.
Furthermore, hydrogen bonding in low-temperature water,
characterized by low-density, ice-like structures, requires
an optimal interparticle separation. This is implemented by
simply assuming that an assembly of two nearest-neighbor
cells gains a volume v, > 0 in such states. As illustrated in
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Ot GO-Lr

\Ij,,::l \I]+7:q

—€o — (g0 + 0¢), vy

Uy =q(g—1)+ g PP

FIG. 6. Vertex-bond cell assembly for the S*D decorated model
described in Sec. IV C. Decorating factors entering in (4.7) to (4.9)
are also shown.

Fig. 6, these features can be implemented using a decorating
system. Accordingly,

W, =q(g — 1)+ g, (4.14)

W, =¢g and W__ =1, (4.15)

where implicit is that the free volume explored by individual
particles remains the same for all states.

Introduction of these decorating factors in (4.7) to (4.9)
leads to the conclusion that /; = 0 while appropriate calcu-
lations (see Appendix E) yield j; o< vy, that is, there is no
4 mixing in the thermal scaling field 7 whereas the model
contemplates pressure mixing and thereby a nonvanishing
|t]'~* singularity. Furthermore, for the crucial pressure mixing
coefficient one finds

J2 = 5epevy ePPTPV (g — 1 4 PP (4.16)

Clearly j, > 0 or, according to (2.17), R, < 0, and numerical
work demonstrates that the model yields all negative values of
the YY ratio.

It is important to remark that volumes are coupled with
interaction energies in this model. Thus, as found in Sec. III D
for the CCG(')F , energy-volume coupling results in nonvanishing
YY and related anomalies. And also in accord with the CCG(J{,
negative R, values are found when energies and volumes are
anticorrelated.

A modified version in which interaction energies and
volumes are correlated yields 93, > 0. This is achieved by
simply considering in (4.16) that v; < 0, meaning that the
formation of a hydrogen bond effectively reduces the volume
available to a pair of neighboring particles. This leads to the
obvious constraint |vy| < 2vp/c and, since we are supposing
that individual particles explore a constant volume vy, the
reduced volume is shared. Numerical work for a simple cubic
lattice with ¢ = 10 reveals that 0 < 2R, < 0.26 but an upper
bound R, = 0.43 forg = 1.
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V. SUMMARY IN A HISTORICAL CONTEXT

The 1962 experiments for argon [39] definitely led to
the conclusion that the isochoric heat capacity Cy of pure
substances diverges at the gas-liquid critical point. Only two
years later, Yang and Yang [2] derived the thermodynamic
relation (1.2) and posed the question whether both C’p and
C’M diverge. Being a straightforward translation of the Ising
model [17], only C » diverges in the standard lattice gas,
which displays a fully symmetric coexistence curve in the
density-temperature plane.

During the 1970s it was concluded that there was no
conclusive experimental evidence for C,, diverging at criti-
cality. Simultaneously, statistical mechanical models [4,19,20]
revealed the existence of a |¢]! =% term that results in a “hooked”
coexistence-curve diameter close to the critical point. And it
was soon claimed that experiments confirmed such a deviation
from the Law of the Rectilinear Diameter [40]. The original
scaling formulation [3] was then extended to accommodate
the |¢#|'~® term with C 1 still nonsingular [4]. Such “revised”
formulation was later analyzed in the context of Field Theory
and the Renormalization Group [41].

The 2000 analysis of two-phase Cy data for CO, and
propane [5,6] demonstrated that both C » and C . diverge and
so implied the existence of the Yang-Yang anomaly. This
required scaling theory to be repaired again. The resulting
theory, known as “complete scaling” [5,7], is the currently
accepted formulation of asymmetric fluid criticality. Under
the assumption that all physical fields, p, u, and T, are
“equivalent,” complete scaling predicts a comprehensive set of
singularities in the thermodynamic behavior associated with
the Yang-Yang anomaly. The most remarkable of them is a new,
more dominant |#|*# term in the diameter of the coexistence
curve whose existence is consistent with experimental data
and simulations [11-16].

By introducing a class of lattice-gas-like models called
compressible cell gases, Fisher and coworkers [8] provided
further support for complete scaling while, at the same time,
insights into the microscopic roots of Yang-Yang and related
features were revealed. Indeed, such phenomena are due to the
local volumetric effects inherent to the disordered structure
of fluids. More specifically, free volume fluctuations result in
YY features, while another source of such phenomena is the
coupling between local volumes and energies (as occurs, for
instance, for hydrogen bonding in S3D water).

The magnitude of the effects under study are quantified by a
single parameter, the Y'Y ratio 9R,,, which for the models so far
considered takes values within (—o0, %). This is in reasonable
agreement with estimates from experiments and simulations
which indicate that R, typically ranges from negative values of
quite small magnitude to values around % Finding models—if

they exist—yielding % < R, < 1remains an open task.

The potential applications of compressible cell gases in
problems involving anisotropic interactions [42], many-body
forces [36], hydrophobic effects [43], fluids in the presence
of quenched disorder [44], etc. remain to be assessed. Fur-
thermore, while the concept of complete scaling has been
extended to asymmetric liquid-liquid criticality in binary
mixtures [45,46] and found to properly describe a wealth
of experimental information [45-49], microscopic models for
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rationalizing this phenomenology are called for. In another
direction, work in order to derive complete scaling from
Renormalization Group Theory is currently being reported
[50], but more remains to be done on this topic.
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APPENDIX A: ISING RESULTS

We make use of the Liu and Fisher [33] results for
(1) the dimensionless heat capacity per spin ¢ = C/Nkp =
@U/dT),/Nkp (with U is the internal energy) at h =
H/kgT =0 above (+) and below (—) T, and (2) the

spontaneous magnetization per spin mo = Mo/N:
¢~ ATIK = 11711 — agg| K — 1°] + berr,
mo ~ B|K —11°[1 — aer| K — 1)),

(AL)
(A2)

which are, in fact, the expressions provided by Liu and Fisher
but expressed in terms of K = K /K., with K = J/kgT. By
integrating Eq. (A1) and using ¢ = —K?(dii/0K ),—g, with
it = U/NJ, as well as the differential relation

df = —idK +mdh, (A3)
we get
betr AT y
it~ — R - )+ ——L g1
Kc Kc(l_a)
1 —a)at,
S P S T (A4)
1+60 -«
_ _ y bett AE
+ _ € 2 1
~ f— Kiio (K — 1 K—1?+—"1
== ic( )+ 2( ) E T

(2 —a)l —aak;
24+0—-—a)14+60 —a)

x|1€—1|2—“[1— |1€—1|9},

(AS5)

where + and — applyto 7' > T, and T < T, respectively. We
have adopted the originally reported [33] numerical values for
the critical exponents and critical amplitudes [51].

APPENDIX B: MIXING COEFFICIENTS

We start from
A.B_:_Bct"‘gctz""“ , (Bl)
Aﬁzpcﬁ_ﬁct+pct2_pcﬁt+"‘ s (B2)

o He 3 MPe  3\o
AL = Ji — — ) S T I
r=H (kBTC 2) +<kBTC 4> HE+

(B3)
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Now, by splitting the free energy into its singular and
regular parts, i.e., f = f" + f¥"%, with f™¢(K,h) = f. +
f8(K,h), (3.8) to (3.10) can be put as
F = it Jute+ o B+ Tt + ol + fp, 07
+ fhutli+ Fotp+ Fritp+---— f%, (B4)
o o % % v Y ok 2 ok v 2 ok v2
K—-1=Kgt+K,ii+K,p+ Kggt”+ K, "+ K,,p
+ KRG+ Kitp+ K ip+ - (BS)
h=hyt + W5 i+ 1P+ Wt + b 08+ 1 7
+hgti+hg,tp+h,ap+-- (B6)

Expressions for the coefficients zg, etc., where z can be f s K s
or h, are

f_ g pe 3 p (B7)
Zﬁ = cZp kBTC ) m chpv
ZZ = Z//,a Z; = IOCZpa (BS)
_ e 3 _ 1
Zpg = Bezp + (kBT - Z)Z“ + Pezp + gﬂfzﬁﬂ
+1 we 3\’ N 1, LB
2\ kT, 2) T QPetop T PePelpp
> MHe 3 — He 3
: 2 o 25 =2 )z, (BY
+8 (kBTc 2>zﬂﬂ +p (kBTc 2>zup (B9)
L = 3w Zpp = 57 Lppr Zpp = Pelups (B10)

e 3 - _
ZZ/A =" (kBTc - 5)@# — Bezpp — Pezpp,  (BI1)

Zp, = —Pe [zp + Pezpp + Bezpp + (kg;c — %)ZW]
(B12)
Now we recover from (AS5) the Ising result for f¢ at h = 0:
Fo = KR = )4 PR 1 B13)
which, in view of (B5), generates extra terms in (B4) so that
7o = (fr + Koo Kt + (ff + K Kt
+(f; + Kcﬁck;)ﬁ + (fis + Kcﬁck;ﬁ - %befflif;z)tz
+(fi, + Kcﬁck;u - %beffkﬁz)ﬁz
+(fy, + Keiie K35, — 3beit K37) p°
+ (g, + Keii Ky, — bert KK )t .
+(ff, + KK}, — b KgK )t
+(f, + KK, — beg Ky Kp)iLp + -+ .

At this point, we are ready to establish proper connection
with Eqgs. (2.4)—(2.6). Specifically, by defining

f_‘sing
Fi+ K K, K;

(B14)

Il
A
Il

p (B15)

PHYSICAL REVIEW E 95, 032105 (2017)

one gets
fi+ K a.K ¥+ K. .K*
ko=—F— k. =Tt (BI6)
fp + KcucKp fp + KcucKp
fﬁt‘} + Kclzckgﬂ - befflégz/2
ro = — f_‘*+Kﬁ IZ* s (Bl7)
r crep
_ f:u + Kcl'_tck;iu - beff[?;z/z BIS
=" F* + Ko K* ’ B1
P creTp
. fp+ KKy, — b K;K: B19)
0~ fr+ K. .K* ’
p crep
7 P > %2
o —  + Kt KE, — b K2 /2 20,
Iy + Kei K
no:_fgp'i'K_cﬁcK;p_%effK;K;’ (le)
fy+ KK
Nna = — flfl’ + KCIZCKZ[’ — beffKZK; (B22)
’ fr+ K. .K* ’
p ey
K* K* K
h=-2 hi=-25 n=-—- (B2
B B B
g =——2L, v =L =——L2 (B2
Ky Kg Ky
K K* %
m=——l ni=——f k=—L. (B2
K; K} .
==l ==t =t (B26)
" W "
h h*
vz:_%, m2=—ﬁ, (B27)
Iz Iz
h* *
m=-r 5=l (B28)
iz "

It is important to note that (B16) provides the critical values
of the number density and entropy per particle. Specifically,
from Iy =1 and k9 = S/p.kp, a combination of (B8) and
(B16) gives

fo+ K. K
e = _ff*JF—C_LVM’ S. = kg
K,

fg+KCﬁCI?;
fp + KC c

— . (B29)
f/t + KL‘MCK[,L

APPENDIX C: OTHER RELEVANT AMPLITUDES

Let us now work out the generalized density p and
generalized entropy g, defined from the differential relation

dp = pdh +3§dr. (CD)
From (C1), (A3), and (B15) one gets

97 m,

dh 7 f[’; + K(‘l/_th[*)
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ap K
) fy+ KK

By using (A2) and (A4), forh =0

*
p =imBl|Kﬁ|ﬂ|r|ﬂ[1—aeﬁ|Kﬁ| 7”41,
c c

(C4)

k* A}t k(1 1
s=+ Tofiadlii
"y KeicKy | K0 =)

gy 101710
1——=|K3I"17" +-- |, C5
x[ o K } (C5)
where + and — in (C4) apply to &4 — 0" and 2 — 0~ and
to K<K,(or T>T,)and K > K. (or T <T_.) in (C5)
By comparing these expressions with those in Ref. [52] we
encounter

*

UW? = —F*——B/IK; C6

QUWS = F i ak 17, (C6)

Use WS = —au| K1, (C7)
K} AT y

R T A o L

fp+ clteBp

oW, = K Y g (o)
Ot Ka K Q-a)(l—a)f
(1 —a)ak .

U L‘W(4) — _ eff K* 07 CIO

oo =0T ol €O
1 —a)a; .

Use W = — (1 = )iy K3, (Cl1)

24+0—-—a)(14+60 —0a)

APPENDIX D: RESULTS FOR CCG,
AND RELATED MODELS

Here we provide specific results for the basic CCGy model,
the CCG{, and the “simplest” decorated CCGy described in
Secs. Il and I'V. Concretely, we show the analytic expressions
of the functions g;(Be,fic, pe) (i = 1,2,3) defined in (3.11) as
well as the derivatives fg, etc. defined in Appendix B. While
not explicitly stated here but noted in the main body of the text,
S;; are evaluated at p = p. and Sl - at p = p. and B = B..

For the CCGy, presented in Sec IIT A, one has

_ c - 1 1 So1.S
§1Befic. pe) = — g Beto = Sfic — 5 In (M) (D1)

2 Vo
_ 1 =
&2(Be) = 4—Kc,3c80, (D2)
(Be. i ')—1‘+cﬁs+lln Sot (D3)
83(PcsMesPc) = 2/¢Lc 4 cc0 ) U()S()() s

PHYSICAL REVIEW E 95, 032105 (2017)

- ce - . 1/S S
fo=—% fu=—3 fp=—(ﬂ+i>, (D4)

2\ S0 So1
y & . .
Kﬂ=412\, =0, K,=0, (D5)
CcE 1 1 SlO Sll
hy=0 po=—, h,=-(20_21) pe
P=ry TeT o 2(500 so,> (D6)
1 /su\ (SN [(Su S
fm=51(2) +(2) - (&=+2) | ©7
2 01 Soo 01 00
1 S10 2 S11 2 A S20
hyy =~ (222) — (21 20200 | (D8
e 2|:< 00) (Sm) * Sot  Soo (D)
fﬁﬂ:fuuzfﬂuzfﬂp:fupzo’ (D9)
Kﬁﬂ =Ky = kpp = Kﬁu = kﬂp = =0, (D10)
hgp = hup = hpy =hgp = hyp =0 (D1

Here are the results for the CCG(J{, described in Sec. III D:

_ c - 1 1 S+ S,
81 BerfiesPe) = —=Peso — =fle — = In [ 200220} (D12)
8 2 2 Vo
_ 1
82(B:) = 4_1(Cﬁ680s (D13)
- 1 C - 1 S+
crflesPe) = < e —Pe -1 010 s D14
83(Besfle: pe) = e + 7 Pefo + 3 n<U0500) (D14)
- Cc&o 15011 = 1 = 1 SlO SllO
h=—gt5c fu=—5 1= +5 )
P 8 25t T T2 T 2\ s s,
(D15)
\ I N N
B= 1K «=0, K,=0, (D16)

hg = — — ——— =— h,= @_M
P=q " ast o T T as st )
010 00 010
(D17)

SENS (SE, S

%) —( 2210 4 20) . (DI8)
So10 010 Soo

St

(22
S(;o SaLm So0

(D19)

1 fst N st
Jop = (ﬁ) ~Son | (D20)
21 \S5ho Soio
o ATSE ST st
fﬂp _ §|: 110~011 _ %}7 (DZI)
(S 10) SOIO
f ffiu fy_p = Os (D22)

kﬂﬂ =Ky, = kpp = kﬂu = kﬂp = kup =0, (D23)

hes = —Tfops hgp = —fops hup = hpp = hyp = 0.
(D24)
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Finally, for the “simplest” decorated CCGq presented in Sec. IV B:

_ ¢ 1 1. (SuS c 1 3 os | U a0\
81(Berfic:po)=——Peeo — s fic — > In (22 ) — —In | (Soo + —So1e2P07 ) ( So0 + — Sore™ ) ( Soo + — Sor =07 |,
8 2 2 Vo 8 Vo ) )
(D25)
_ 1 . 1 (So0 + 5501625"8”’1")(500 + LSpefc)
82(Bc) = Rﬂcso + Ve In . ] ———> , (D26)
c c (SOO + U—OSOleﬁc50+#c)
Borios 5 1 N CB N 1 . ( So1 > s Soo + v_10501e25f80+’16 027
) sPc) = S He - 2 ~In —In — )
83(Pc,Ke, P 2M 4 Pe 0 2 0500 2 Soo + %05016“”
_ cey CSOSO] 8250+/2 eBc"rﬂ
P=7% T4 Lq 2 T Tl L (D28)
Vo Soo + ESO]E tA S0 + U_()S()le e Ti
Fo_L_c w St w Sone” el (D29)
" 2 8\ Soo + - Sorefeoti T Sog 4 S Sog + -Sorefecoth |
7 1 <S11 N 510) L ¢ Sio + %Sllezﬁ”eom N Sio + ,%05116*_‘ Sio + ULOSHEB“EDJ”I (D30)
P 2\ So1 Soo 8\ Soo + ULOS()lezﬁf‘sOﬂz Soo + ULOSOIEFL Soo + ULOSo]eBFEOJ”_‘ ’
. & £0S01 Pt ePeti O30
P~ 4K, " 2K Soo + #501625(4#1 Soo + U—IOSmeB(-&-ﬁ ’
. 1 ULOSmeZBcsOJrﬁ ULOSmeﬁ U_IOSOIeBcsOJrﬂ D)
B4 Seo + L Soreenti  Spg 4+ LSyreft T Spo + - Sor(pe)eleroti |
g 1[ S0 + = Syye2heeoti Si0+ LSyt Sio + L Sy efesoti
p=— o 4+ 0 — |, (D33)
4| Soo + 5 Sore*Peroti Soo + S-So1(Pe)e™  Soo + o Sor(Be)eferot
c&o CS()S()] 26‘25‘"+ﬁ eB‘Jrﬁ
hg =+, T 7 ) (D34)
vo  \ Soo + 3 Sore et Sog + o-Sorefet
1 2Beeo+in 1 i
1 o Sote o Soie
=4 o T ) (D35)
2 4\ Soo + o Sore?Peoth Spg 4 o-Sore”
. 1<& ~ &) L S0 + U_IOSHeZEcso+ﬂ ~ Sio + U_I()Sllep' D36)
P2 Soo Sot 4\ Spo + v—l()S()lezg"E°+ﬂ Soo + U—I()S()lep' '
[
APPENDIX E: RESULTS FOR THE )
SASTRY-DEBENEDETTI-SCIORTINO-STANLEY MODEL ~ c Seebede—pevs f 1 (E4)
B= "3 &0 B Se—pv ) nw= "=
Information for the S>D model, described in Sec. IV C, is 8 q — 1 + ePde=pevs 2
the following: hse—p
_ cvyePe E—PcV+
_ 1 fr= —, (ES)
81 = _glnq - %ﬂcgo - Eﬁc ! 8(q — 1 + efde=pevr)
B c 85(887p_fv+ —1 « 1 ageﬁr‘ssfﬁﬂh _
tPe 8 " (1 " q ’ E) Ko = 4K, 70 q — 1 4 ePede—pevs |’ K =0, (E0)
1. 1 ePede—peve Bese—pev
— - v e c cU+
8= g Pt g In (1 + y ) (E2) O RTar - yapr Tt (E7)
c c - 1 c ePede=pevs _
g =xzlng+ - Beeo+ s+ In|1+ ; SeePede—pevs 1
2 4 2" q hy=leo+ —— ), hy==, (B9
4 q — 1 =+ eﬂcas—PrU+ © 2

(E3)
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W cv+eﬁ(.ss—ﬁ(v+ E9)
P 4(g — 1 + ePde—peve)’

c882(q — 1)ePede—pevs

oo = ; . E10
Toe 8(g — 1+ ePede—pevi)2 ( )
7= <v+>2_ Fo = F vy ELD
pp — JPP 88 ’ Bp — JBB 58 )
\ §e2(g — 1 BeSe—pevy
Kgp £°(g — De E12)

T 4K (g — 1 + ePdepauy’
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K, =K (”*)2 Ky, = Koyt (E13)
pp — DBB se) Bp — ﬁﬂagv

e c862(q — 1)ePede—pevs EL4)
pp 4(g — 1 + ePeds—pevi)2’

Uy 2
h[’[’ = hpp (g) )

fﬂu = f_/m = fup = Kpu = Ky = Kupo-

v
hg, = hﬁﬂ—;, (E15)
(E16)
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