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The cable equation describes the voltage in a straight cylindrical cable, and this model has been employed
to model electrical potential in dendrites and axons. However, sometimes this equation might give incorrect
predictions for some realistic geometries, in particular when the radius of the cable changes significantly. Cables
with a nonconstant radius are important for some phenomena, for example, discrete swellings along the axons
appear in neurodegenerative diseases such as Alzheimers, Parkinsons, human immunodeficiency virus associated
dementia, and multiple sclerosis. In this paper, using the Frenet-Serret frame, we propose a generalized cable
equation for a general cable geometry. This generalized equation depends on geometric quantities such as the
curvature and torsion of the cable. We show that when the cable has a constant circular cross section, the first
fundamental form of the cable can be simplified and the generalized cable equation depends on neither the
curvature nor the torsion of the cable. Additionally, we find an exact solution for an ideal cable which has a
particular variable circular cross section and zero curvature. For this case we show that when the cross section of
the cable increases the voltage decreases. Inspired by this ideal case, we rewrite the generalized cable equation
as a diffusion equation with a source term generated by the cable geometry. This source term depends on the
cable cross-sectional area and its derivates. In addition, we study different cables with swelling and provide their
numerical solutions. The numerical solutions show that when the cross section of the cable has abrupt changes,
its voltage is smaller than the voltage in the cylindrical cable. Furthermore, these numerical solutions show that

the voltage can be affected by geometrical inhomogeneities on the cable.
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I. INTRODUCTION

Understanding how the brain works is relevant for different
medical and technological applications. In this respect it
is central to know the electrical brain activity. The basic
unit in the brain is the neuron, which transmits electrical
signals through axons and receives electrical signals through
dendrites. Thus, it is important to understand the electrical
behavior of dendrites and axons. Axons and dendrites can
be described as cables with special properties. It is worth
mentioning that the first model for an electrical cable was
proposed by Lord Kelvin in the telegraph problem context.
Inspired by the Lord Kelvin’s work, different authors have
proposed models to describe dendrites and axons. For example,
Rall proposed that a dendrite can be taken as a cable with
a circular cross section and constant diameter d, where the
voltage V (x,t) satisfies the cable equation [1-4]

OV(x.t)  dy 9*V(x,1)
M T 4, ax?

where c); denotes the specific membrane capacitance, ry
denotes the longitudinal resistance, and ijo, is the ionic current
per unit area into and out of the cable. In the passive cable case,
namely when i,, = V/ry, with ry, the specific membrane
resistance, Eq. (1) is exactly solved [3-5].
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The cable equation has been useful to explain different
phenomena in dendrites and axons [3-5]. However, there are
axons and dendrites with different geometry, in particular
axons and dendrites with a variable radius, and the cable
equation only describes cylindrical cables with a constant
radius. Furthermore, there are phenomena where the geom-
etry of the axons and dendrites is relevant. For example,
axons with a nonconstant radius are hallmark features of
some neurodegenerative diseases. Actually, discrete swellings
along the axons appear in neurodegenerative diseases such
as Alzheimers, Parkinsons, human immunodeficiency virus
(HIV)-associated dementia, and multiple sclerosis [6-8].
Remarkably, in extreme cases, the electrical signal is deleted
in the swelling of the axon. Additionally, theoretical and
experimental studies show that dendritic geometry determines
the efficacy of voltage propagation [9,10]. Another example
of dendrites with nontrivial geometry is given by spiny
dendrites which exhibit anomalous diffusion [11]. In addition,
dendrites with varying diameter are found in synaptic contacts,
retina amacrine cells, the cerebellar dentate nucleus, and the
lateral vestibular nucleus, as well as cortical pyramidal and
olfactory bulb cells [12—14]. Furthermore, recent theoretical
studies emphasize the spatial variability of dendritic calcium
dynamics due to local changes in a dendrite diameter [15].
For these reasons, it is important to study cables with general
geometry. Some extensions of the cable model can be seen
in Refs. [16-18].

In this paper, using the Frenet-Serret frame, we propose
a cable with general geometry and construct a generalized
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cable equation for the voltage in it. This generalized equation
depends on geometric quantities as curvature and torsion of
the cable. For the general case, this new equation is very
complicated. Nevertheless, we show that when the cable
has a constant circular cross section the generalized cable
equation depends on neither the curvature nor the torsion of
the cable. In fact, in this last case the new cable equation
is equivalent to the cable equation for a straight cylindrical
cable. Moreover, we find an exact solution for an ideal cable
with a particular variable circular cross section and zero
curvature. In this case, we show that when radius increases
the voltage decreases. Inspired in this ideal case, we rewrite
the generalized cable equation as a diffusion equation with a
source term. In this diffusion equation the source term and
the diffusion coefficient are generated by the cable geometry.
In addition, we provide numerical solutions to different cable
with swelling. The numerical solutions show that when the
radius of the cable has notable changes its voltage is smaller
than the voltage in the cylindrical cable. Furthermore, the
numerical solutions show that the voltage can be affected by
geometrical inhomogeneities on the cable. These numerical
results are consistent with the behavior of the voltage in focal
axonal swellings [6].

This paper is organized as follows: In Sec. II we propose
a cable with a general geometry; in Sec. III we propose a
generalized cable equation; in Sec. IV we study a cable with a
circular cross section; in Sec. V we study a particular cable with
a variable radius; in Sec. VI we study some general properties
of the generalized cable equation; and, in Sec. VII, we provide
numerical solutions to the cable equation. Finally, in Sec. VIII
a summary is given.

II. CABLE GEOMETRY

It is well known that a three-dimensional curve 3 can be
reparametrized with different parameters and its geometric
properties are invariant under reparametrizations. For example,
the arc length of the curve 7 is given by

dy(©) dy(@) , 2

which is invariant under reparametrization on ¢. Notably, the
arc length parameter (2) is a friendly parameter to study the
geometric properties of a tridimensional curve. For instance,
using the arc length parameter (2) we can construct the vectors
of the Frenet-Serret frame [19]

dy oA
YO _p K= b p—fu R, 3)
ds at

ds

where T is the unit vector tangent, N is the normal
unit vector, and B is the binormal unit vector to the
curve.

Furthermore, using the arc length and the Frenet-Serret
frame, the Frenet-Serret formulas can be obtained as fol-
lows [19]:

daTm . dN N .
— =kN, — =—«T + 1B,
ds ds

ab N, &
_— = T s
ds
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FIG. 1. Cable with general geometry. The vectors 7,N,B are
shown in two different points on the curve y

where k and T are the curvature and torsion of the curve ¥,
respectively.

We can employ the Frenet-Serret frame to construct a cable
model. Actually, we can propose a general cable as the region
bounded by the following surface:

20,5) = 7(s) + f1(0,)N(s) + f2(6,5)B(s), ®)

where 6 is an angular variable. Notice that employing the
angular coordinate 6, the functions f(6,s), f>(6,s), and the
vectors N (s), I?(s), we are constructing the cable over the curve
7(s). For example, a cable with a circular cross section with
radius R(s) can be parameterized with the functions

f1(0,5) = R(s)cos 6, f>(0,s) = R(s)sinf. (6)
In Fig. 1 we can see a representation of the surface (5).

Some geometric quantities as the area of a surface can
be written in terms of the first fundamental form, which is
constructed with the inner product on the tangent space of a
surface [19]. In the case of the surface (5) we have

E F
g= ( e G), @)
where the first form coefficients are
S 2
0X(0,s)
as

2
+<%+Tfl> , 8)

as
i\ af\°

2
= (1 —Kfi)* + (—3f - ffz)
as

> 2
aX(9,s)

a0

. EDIGID) _ 3%(s,6) _ (a_f1 B sz)a_f1
ds 30 ds 30
af afs
+<¥+Tf1>£~ (10)

Using the first fundamental form, an area element of the cable
surface (5) can be written as

2
AA = [/ d9~/detg(9,s)]As, (11)

0
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where

_[(ah A 18 0 o
detg(6.5) = [( s 06 s ae) 270 i +f2)}

o\ (Y
1—xf)? [ == 2= . 12
+ —«f1) [(89) + . (12)
Notice that the area element (11) depends on the curvature «
and the torsion t of the curve y.
In particular, when the cable has a circular cross section
with radius R(s), namely when the cable is reparametrized

with the functions (6), the area element of cable surface (5) is
given by

o dR(s)7’
AA = R(s)As/ de\/(l — «(s)R(s) cos )2 +[ d(s)} ,
0 S
(13)
while the cable cross-sectional area is
a(s) = w R%(s). (14)

We can see that the area element (13) does not depend on the
torsion 7 of the curve y.

Now, the Gaussian curvature characterizes the curvature of
a surface [19]. In particular, if the cable (5) has a circular cross
section with a constant radius Ry, then the Gaussian curvature
of the surface of this cable is given by

_ k(s)cos6
" Ro[l —x(s)RgcosB]’

Notice that this quantity is singular when «(s)Ry > 1. Because
of the surfaces of the axons or dendrites reported are smooth
surfaces, we can suppose that the Gaussian curvature of the
surfaces of axons or dendrites does not have singularities.
Notice that this hypothesis implies the inequality «(s)Ry < 1.
In addition, let us remember that the curvature k(s) at a point
P of the curve y(s) is defined as the inverse of the radius of the
osculating circle at P, see Ref. [20]. Then, if at this point P
the cable radius is R(s), then the radius of the osculating circle
must be larger than R(s). Thus, at the point P the curvature
« (s) must be smaller than R~'(s) and the following inequality:

k($)R(s) < 1 (16)

15)

is satisfied. In this paper we suppose that the inequality (16) is
always satisfied.

Furthermore, notice that when R(s) = Ry = const the area
element (13) is given by

AA = 27 RyAs (17)

and it depends on neither the torsion 7 nor the curvature «.
In the next section we will propose a cable equation when
a cable is described by (5).

III. CABLE EQUATION

In order to propose a cable equation to a cable with the
geometry given by the equation (5), we break the curve y(s)
into n pieces. Each piece has a surface area AA; and a cross-
sectional areaa; (i = 0,1,2---n).

PHYSICAL REVIEW E 95, 022403 (2017)

Now, we consider a current flow /jon, along the cable. Then,
if V(s,7) is the membrane potential and R, is the resistance of
the cable, from the Ohm’s law, then we have

V(s + As,t) — V(5,1) = —long(5,0)RL.. (18)

In addition, due to the fact that the resistance to a cable with a

cross-sectional area a(s) is [21],
rpAs

als)’

where ry, is the specific intracellular resistivity, from the Ohm’s
law (18) we obtain

L 19)

Lo _@ V(s + As,t) — V(s,t)
long = rL As
~ _@ 8V(s,t). (20)

ry, as

Furthermore, if C), is the membrane capacitance, then we get

Qcap =VCuy, 21
which implies
dQ aV(s,t)
Ieyp=—=C . 22
P dr Mo @2)

Observe that the capacitance for the cable surface can be taken
as

CM = AA(S)CM, (23)

where ¢y, is the specific membrane capacitance. Thus, the
equation (22) can be written as

IV (st
Ly = AAGs)Cyr a(j ). (24)

Moreover, the total ionic current that flows across the mem-
brane is

Lion = (AA)iiona (25)

where ijo, is the current per unit area into and out of the cable.
Hence, the change in cable current is given by

Icap + fion = _[long(s + As,t) + Ilong(sst)’ (26)
which implies
oV (s,t .
AA(s)em (,1) + (AA)ijon
N a(s + As)dV(s + As,t) a(s) 0V(s,t)
rr ds rL s
and then
OV(s,1) | dion _ als + As)TCEER — g(5) 200 o
ot o rAA(s)ey '

Because the cable surface area is given by Eq. (11), we obtain
aV(s,t) N fion __ 1
reey [ duy/detg(u,s)

) a(S+AS)BV(s;-SA.r,z) —a(s)avgj")
As ’

at cm
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Thus, at the limit As — 0, we arrive at

IV (s,t) 1 9 [ )8V(s,t)]
= — | als
dt riem [y d6/detg(,s) 0 ds
_ fion (28)
97}

This equation is the cable equation when the cable geometry
is given by (5) and it depends on geometric quantities as the
curvature « and torsion 7 of the cable.

In the general case, i;,, depends on the voltage and Eq. (28)
is a nonlinear differential equation. However, in the passive
cable model we can take

fon = — ), (29)

m

Therefore, the cable equation for the passive cable model with
the geometry given by (5) is

aV(s,t) 1 d |: )BV(S,I)]
= —a(s
ot rLcm fozn do./detg(@,s) 9s s
_ V6o (30)
rMcm

For an infinite cable, the voltage has to satisfy the Dirichlet
boundary condition, while for a finite cable the voltage has to
satisfy the Neumann boundary condition [3].

In the next section we will study some exactly solvable
cases of Eq. (30).

IV. CIRCULAR CROSS SECTION

A cable with a deformed circular cross section where the
radius depends on the angle 6, namely R = R(8,s), can be
modeled with the surface (5), where

f1(0,s) = R(@,s)cosB, f»(0,s) = R(0,s)sinb. (€2))

In this case the cross-sectional area is given by

2
a(s) = 1 / R?(8,5)d6, (32)
2 Jo

in addition we obtain

2
J/detg(6.5) = (Rz(é,s)[aR(e’S) . 3R(9,s)}

as a6

+(1 — k(s)R(O,s) cos 0)*

21 L
x {Rz(e,s)Jr[aRa(Z’s)} D . (33)

For this general cable geometry, to find solutions of the
cable equation (30) is a difficult task. However, for some
cases this equation can be simplified. For instance, when the
cable has a circular cross section, namely when R(6,s) =
R(s), the function (33) does not depend on the torsion of
the cable 7. Hence, in this case the cable equation (30)

[N
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becomes
oV (s,t)
ot
3 n%[RZ(S)i)Va(;,Z)]
rLemR(s) [y de\/(l — k(s)R(s) cos 0)? 4 [4EW]?
_ V(s,t) (34)
rMem

Notice that if the sectional area is constant, that is, R(s) =
Ry = const, Eq. (34) is given by

dV(s,t) Ry 9*V(s,) V(s.0)

ar  2cyrr  0s? ’

(35)
rmem

Remarkably, this last equation depends on neither the curvature
nor the torsion of the cable. Furthermore, Eq. (35) is equivalent
to the cable equation for a straight cylindrical cable (1).
Observe that Eq. (35) depends on the arc length parameter (2)
instead of the laboratory frame coordinate x. This shows that
the natural variables for the voltage are given by geometric
quantities of the cable.

For an infinite cable, the solution of Eq. (35) is

_rL('M;z

i
e o ¢ mew (36)

rLCm
27 Rot
where Vj is a constant with voltage dimensions and [y is a

constant with length dimensions. Notice that in this case the
initial condition

V(s,t) = Woly

V(s,0) = Volod(s) 37)

is satisfied, where 6(s) is the Dirac é function. Moreover, using
the laboratory frame coordinate x and Eq. (2), the voltage (36)
can be written as

2
1y dy
e

Lem - 2Rt e MM .

21 Ryt

Vix,t) = Wply

Thus, if a cable has a constant radius Ry, the voltage in cable
depends on neither the curvature nor the torsion. Furthermore,
in this case voltage does not differ from the voltage for the
straight cylindrical cable with the same radius.

Figure 2 shows the cable equation solution for a cylindrical
cable.

In the following sections we will study cables with a
variable radius.

V. AN EXACT SOLUTION WITH A VARIABLE RADIUS

Cables with a nonconstant radius are important for different
reasons. For example, discrete swellings along the axons
appear in neurodegenerative diseases such as Alzheimers,
Parkinsons, HIV-associated dementia, and multiple sclerosis.
In particular, in Parkinsons disease, there are reported axons
with a diameter of approximately 1 um with a swelling with
diameter of approximately 5 um, see Ref. [22]. In addition,
in multiple sclerosis, there are reported axons with a diameter
of approximately 4 um with a swelling with a diameter of
approximately 60 um, see Ref. [23]. In Alzheimers disease
there are reported axons with a diameter of approximately
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FIG. 2. Voltage for the cylindric cable. Parameter values

used for simulations correspond to realistic dendritic param-

eters as in Ref. [14]: ¢y =1 mF/cmz, ry = 3000 Qcm?, r; =
100 Qcm, Ry = 10~* cm. The initial condition is given by (47).

1.5 um with a swelling train, where the swelling diameter
varies between 4 um and 10 um, see Refs. [24-26]. For
HIV-associated dementia, there are reported axons with a
diameter of approximately 6 um and swellings with a diameter
of approximately 43 pm, see Refs. [27-31]. Other sizes of the
axonal swellings can be see in Refs. [7,32].

When the radius R(0,s) is not a constant, Eq. (34) is
very complicated. However, some ideal cases can help us to
understand the general case. In this section, we study an ideal
case which does not represent a realistic axon or dendrite, but it
will help us to understand the generalized cable equation (30).

If the cable curvature vanishes and the radius is

R(s) = Ry cosh (Ri) (38)

0

then Eq. (34) becomes

aV(s.t) R 82V(s,t)+ 1 sinh () aV(s.1)
at  2ricy  0s? rLCum cosh(io) as
V(s,t)
VMCM’

which is solved by the voltage

Volg rrp.Cym
R(s)\ 27 Ryt

2
rLems 1 1
T T 2Ryt e*t(rMcM + Rorpcp )' (39)

V(s,t) =

(a)
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Notice that when the radius (38) increases, the voltage (39)
decreases.
In Fig. 3 we can see the voltage (39).

VI. GENERAL PROPERTIES

Studying the ideal cable (38) we learned that when the time
increases the voltage (39) decreases. In addition, this voltage
depends on R~ (s), namely this voltage depends on [/a(s)] !,
where a(s) is the cable cross-sectional area. Then, inspired in
the ideal case (39), in order to study Eq. (30), we propose the
following voltage

Vst = 26.0) (40)
e Jals)’
Thus, Eq. (30) implies
DW(s, )  9PW(s,0)
Y = D(S)T + ,O(S,t), 41
where
a(s)
D(s) = o ,
reem fy o do/detg(@,s)
5.0 Ja(s) {1[@@)}2 1
s, = — —
P rLCum fozn do/detg@s) 4L ds | a>
1 d?a(s) L fozﬂ do./detg(@,s) }\Il(s 5
2a3(s) ds? rua(s) e

Notice that Eq. (41) can be interpreted as a diffusion equation
with a source, in this equation the coefficient diffusion and the
source term are generated by the cable geometry.

Now, we can see that if we take

W(s,t) = e “y(s), (42)

where E is a constant with (time)~! dimensions, Eq. (41)
becomes

2
IV L vy =o. 43)
as
where
R -
Vo) ==t T2 ae)
reew(E — =) [ do.J/detg@.s) )
B a(s) '

FIG. 3. (a) Cable with radius variable (38). (b) Voltage (39). Parameter values used for simulations correspond to realistic dendritic
parameters as in Ref. [14]: ¢,y = 1 mF/cm?, ry, = 3000 Qcm?, r; = 100 Qcm, Ry = 10~ cm, Vy =1 mV, [y = 1 cm.
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If E=0, then Eq. (43) is the equilibrium description
of the diffusion equation (41). Moreover, in some cases
the Fokker-Planck equation and the diffusion equation can
be rewritten as a Schrodinger equation [33]. In this respect, no-
tice that Eq. (43) can be seen as a Schrodinger equation where
U(s) is an effective potential, which is generated by the cable
geometry.

In particular, when the radius of the cable is a constant the
effective potential is the constant

2 1
Us) = Uy = — r;zM (E — rMCM). (45)

When the radius is not a constant, the function ¥ (s) is
affected by the effective potential (44). For example, if the

cable has a circular cross section with radius R(s), then the
effective potential is

1 1 d?R(s) 1 rpcm
Ues) = %{5 ds? <E_ rMcM> b4

2 2
x / de\/(l — k(s)R(s) cos 6)? + [dR(s)] }
0 ds

(46)

From this last equation we can see that if the derivatives of
the radius R(s) are small quantities, then the radius can be
approximated by a constant and the effective potential can be
approximated by a constant, too. In this case, the voltage in
the cable is similar to the cylindrical cable. Moreover, observe
that the condition (16) implies that [1 — k(s)R(s)cosA]? is a
small quantity. Then, when (‘fi—f)z is a large quantity and [1 —
k(s)R(s)cos 0]> « (%)2, the effective potential (46) depends
on neither the curvature nor the torsion. Thus, in this last case,
cables with similar swelling have a similar voltage.

When the cable has a deformed circular cross section with
radius R = R(#,s), we should introduce Egs. (32) and (33)
into the effective potential (44). In this case we can see that
the effective potential is affected by derivatives of the radius
respect to the angle 6. Then, geometrical inhomogeneities on
a cable might be affect the voltage.

In the next section we will provide numerical solution for
cable with different geometries.

VII. NUMERICAL SOLUTIONS

In this section the differential equation (30) is solved by using
the second-order finite-differences method for both spatial
coordinate and temporal evolution. The choice of mesh size
was made with the usual procedure. First, we begin with 1024
points along the s axis and 50 points in the time. The meshes
for the s direction and for the time were refined several times.
We stop when no differences in solutions are obtained in two
successive refinements. The numbers of spatial and temporal
points used in the simulation are shown in Table I.

The system is solved using the Gauss-Seidel iterative
method, with a tolerance of 10~!°. Moreover, for the initial

PHYSICAL REVIEW E 95, 022403 (2017)

TABLE I. Numbers of points, n; and n,, and number of times of
the refinement.

Refinement ng n;

First time 1024 50
Second time 2048 80
Third time 4096 100

condition we used a Gaussian shape,

V(s,0) = e a7, A7)

where A = 0.05 mVem? and o = 100 As. In addition, we
impose the Neumann boundary conditions [3]

OV (s0,1) _ IV(sut) _

as N as -

0.

A. Cable with sinusoidal swelling

Now we study a cable with curvature x = 0 and with the
radius

R(s) = Ro(1 + ay sinays). (48)

In Fig. 4(a) we can see a cable with this geometry. Notice that
in this case we should take oy < 1. Furthermore, in order to
obtain arealistic cable geometry, we should take o, < 1 cm~!.
Then, in this case, the derivatives of radius of the cable are

small quantities. In fact, for this cable the effective potential is

C
0.035 ( )
I
i
0.0348} | —
i
I
< 00346 2! 1
E l
- E! Nonrealistic t
S geometry
5 003441 g
£ 2
> @l
0.0342 |
!
i
0.034} T
} —r14~1Cm
} -_— —()4=1/99cm'1
0.0338 ! . . . :
0 200 400 600 800 1000

Q3

FIG. 4. (a) Cable with geometry (48). (b) Cable with geome-
try (50). (¢) Maximum voltage for a cable with radius (50) at time
t = 1000 s vs the parameter 3. The voltage changes only if oz > 50,
a values for nonrealistic cable geometries with swellings. Parameter
values used for simulations correspond to realistic dendritic pa-
rameters as in Ref. [14]: ¢y = 1 mF/cmz, ry = 3000 Qcm?, rp =
100 Qcm, Ry = 10~* cm. The initial condition is given by (47).
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given by
U(s) 1 3 i
)= ——— | —aja) sinass
1 4+ oy sinaps \ 2 ™2 2
+ i E — ! rLcM\/l + R2a%a? cos? aps ).
Ry FCor 0910,

(49)

Notice that for realistic cable geometry the inequality
ajoy < 1 em™! is satisfied and the effective potential is a
small quantity. Then, in this case, the voltage in the cable is
similar to voltage in the cylindrical cable.

A similar result is obtained when the radius of the cable is
given by

R(s) = Ro(1 + a3 sin” ays). (50)
In Fig. 4(b) we can see a cable with this geometry.

Notice that in this case a3 can be bigger than 1, and for a
realistic cable geometry the condition a3y < 1 cm™! should
be satisfied. It can be shown that in this case the effective
potential (46) is a small quantity and then the voltage in the
cable also does not diffe from the voltage for the cylindrical
cable.

——Cylinder |
——-a,=10
—a,=15 |1
_____ ;=20
+<x3=25
u3=30
0 0.5 1 15 2 25 3
t (sec) x10%
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In Fig. 4(c), we plot the maximum voltage as a function of
a3 for two different values of s. We can see that the voltage to
cable with a realistic geometry does not differ from the voltage
for a cylindrical cable.

B. Cable with Gaussian swelling

Now, we study a cable with the radius

R(s) = Ro[1 + aze sG], (51)

In Fig. 5(a) can see a cable with this geometry. The
numerical solution to the voltage can be seen in Fig. 5(b). In
this figure we can see that the voltage decreases faster than the
voltage to the cylindrical cable. Notice that for this geometry
when the height of the swelling (51) increases the voltage of
the cable decreases. In fact, for a big a3 parameter the voltage
can be blocked.

C. Cable with Gaussian swellings

In this section we study the cable with the following radius:

R(s) = Roll + aze ™ + aze @6

—as(s—206)? —as(s—3ag)?
+ase s 6) + aze 5 6) ]. (52)
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FIG. 5. (a) Cable with geometry (51). (b) Voltage for the cable with a Gaussian swelling, radius (51). (c) Voltage vs f in s = 0 with
different values for «3. (d) Voltage vs s at time t = 1000 s for different values of «;. Parameter values used for simulations correspond to
realistic dendritic parameters as in Ref. [14]: ¢y = 1 mF/cm?, ry = 3000 Q cm?, r, = 100 Qcm, Ry = 10~ cm. The initial condition is

given by (47).
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FIG. 6. (a) Cable with geometry (52). (b) Voltage for the cable with a Gaussian train swellings, radius (52). (c) Voltage vs t in s =0
with different values for «3. (d) Voltage vs s at time r = 1000 s for different values of «3. Parameter values used for simulations correspond

to realistic dendritic parameters as in Ref. [14]: ¢y = 1 mF/cm?, ry = 3000 Qcm?,

given by (47).

A cable with this geometry can be seen in Fig. 6(a) and
the numerical solution to the voltage in this cable can be
seen in Fig. 6(b). In this case we can see that the voltage
decreases faster than the voltage to the cylindrical cable.
Moreover, notice that for this geometry when the height of
the swelling (52) increases the voltage of the cable decreases.
Observe that the voltage in this cable decreases more than the
voltage in the cable with radius (51). Actually, if o3 is a big
parameter, then the voltage can be blocked.

D. Amorphous swelling

In the literature there are reported axons with amorphous
swelling [6]. For an amorphous cable we can propose the
following radius:

R(0,5) = Ro[l + aze %) 4 o7 sin 6 cosags]. (53)

A cable with this geometry can be seen in Fig. 7(a) and the
numerical solution for the voltage in this cable can be seen
in Figs. 7(b)-7(d). In this case we can see that the voltage
decreases faster than the voltage to the cylindrical cable. In
addition, observe that the voltage in this cable decreases more
than the voltage in the cable with radius (51). Thus, geometric
inhomogeneities in a cable can change its voltage in it.

r. = 100 Qcm, Ry = 10~* cm. The initial condition is

Axons with swellings are hallmark features of some
neurodegenerative diseases such as Alzheimers, Parkinsons,
HIV-associated dementia, and multiple sclerosis [6—8]. The
numerical results of this section indicate that when the cable
geometry is important to the voltage propagation. These
results show that when the derivatives of the cable radius
are slowly changing functions, namely when (Q)2 <[l -

k(s)R(s)cos0]* and & R(’) & 7=, the voltage is similar to
voltage in a straight cyllndrlcal Ccable. However, when these
derivatives change significantly the voltage cable is reduced
and, in a extreme case, it can be blocked. Moreover, these
numerical results show that geometric inhomogeneities in a
cable can affect the voltage.

VIII. SUMMARY

In this paper, using the Frenet-Serret frame, we proposed
a cable with general geometry and construct a generalized
cable equation to the voltage in it. This generalized equation
depends on geometric quantities as curvature and torsion of the
cable. For the general case, this equation is very complicated to
obtain exact solutions. However, when the cable has a constant
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FIG. 7. (a) Cable with geometry (53). (b) Voltage for the cable with the radius (53). (c) Voltage vs r in s = 0 with different values for as3.
(d) Voltage vs s at time ¢ = 1000 s for different values of 3. Parameter values used for simulations correspond to realistic dendritic parameters
as in Ref. [14]: ¢y = 1 mF/cm?, ry = 3000 Qcm?, r;, = 100 Q cm, Ry = 10~* cm. The initial condition is given by (47).

circular cross section, we showed that the equation depends on
neither the curvature nor the torsion of the cable. In fact, in this
last case the new equation is equivalent to the cable equation
for a straight cylindrical cable, where the voltage depends on
the arc length parameter. This shows that the natural variables
for the voltage are given by the cable geometric quantities.
Additionally, we found an exact solution for an ideal cable
with a particular nonconstant circular cross section and zero
curvature. In this last case, we show that when the radius
increases, the voltage decreases. Inspired in this ideal case, we
rewrote the generalized cable equation as a diffusion equation
with a source term. In this diffusion equation the source
term and the diffusion coefficient are generated by the cable
geometry. Furthermore, we provided numerical solutions to
the new cable equation to different cable with swelling. These
solutions show that when the derivatives of the cable radius are
slowly changing functions the voltage is similar to voltage in
a straight cylindrical cable. However, when these derivatives
change significantly the voltage cable is reduced and, in a

extreme case, it can be blocked. Moreover, these numerical
results show that geometric inhomogeneities in a cable can
change its voltage in it. The results of this paper might help
us to understand the behavior of the voltage in focal axonal
swellings which appear in some neurodegenerative diseases
such as Alzheimers, Parkinsons, HIV-associated dementia, and
multiple sclerosis [6].

In this work we did not study the active case, but we can
argue that when the cable has a constant circular cross section
the active case does not differ from the usual active cylindrical
cable. In a future work we will study the active cable case and
some important cable geometries, for instance, the spiny cable
geometry.
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