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Quantum synchronization and quantum state sharing in an irregular complex network
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We investigate the quantum synchronization phenomenon of the complex network constituted by coupled
optomechanical systems and prove that the unknown identical quantum states can be shared or distributed
in the quantum network even though the topology is varying. Considering a channel constructed by quantum
correlation, we show that quantum synchronization can sustain and maintain high levels in Markovian dissipation
for a long time. We also analyze the state-sharing process between two typical complex networks, and the results
predict that linked nodes can be directly synchronized, but the whole network will be synchronized only if
some specific synchronization conditions are satisfied. Furthermore, we give the synchronization conditions
analytically through analyzing network dynamics. This proposal paves the way for studying multi-interaction
synchronization and achieving effective quantum information processing in a complex network.
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I. INTRODUCTION

Synchronization is one of the most intriguing and valuable
phenomena in classical physics, and its history can be traced
back to the observation of two pendulum clocks by Huygens
in the 17th century [1]. In the last decade, the synchronization
idea has been widely applied in the fields of control and
communication [2-5], which urges people to search for similar
phenomena in quantum regimes. Among them, pioneering and
significant progress by Mari et al. [6] extended the concept
of complete synchronization into a continuous variable (CV)
quantum system and characterized it by a quantitative measure.
Up to now, extensive attention has been paid to quantum
synchronization in many physical systems [7-14], but few
works have proposed it as a tool in view of applications.
Recently, some effective attempts have been presented to
apply quantum synchronization in signal transmission [15],
parameter identification [16], and atomic clocks [8,17]. Owing
to Heisenberg uncertainty [18], however, the quantum effect
appears to take place as just a negative influence on synchro-
nization behavior due to quantum fluctuation. The majority of
previous works considered such a kind of synchronization of
only an expectation value in quantum system, and the quantum
fluctuation is neglected or regarded as a disturbance in their
schemes [8,15-17].

Intuitively, an appropriate application of quantum syn-
chronization is to provide an effective quantum correlation
for quantum information processing (QIP) [19]. Different
from the applications of synchronization in other fields,
quantum characteristics play the important role in QIP. That
is not just because synchronization means two systems take
on homology evolutions, which indicates the information
encryption and transmission between such two systems are
convenient [20,21]. Simultaneously, a nonlocal quantum effect
is indispensable in this process in order to obtain the particular
security and efficiency of QIP.

Other significant advantages of quantum synchronization
are controllability and accessible extendibility. Especially
in recent years, it is expected that QIP can be extended
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well into an n-body scheme or a quantum network [22-25].
However, the crossover between the quantum synchronization
and complex network remains largely unexplored. In the
past decade, quantum network protocols have been based
mainly on one-dimensional arrays or some regular networks
in order to simplify or avoid the complex multi-interaction
[26-28]. Although the synchronization and correlation in a
random network constituted by some simple physical systems
(identical van der Pol oscillators, for example) have been
discussed in few recent works [29,30], it still remains difficult
for two reasons to establish a general quantum network by
applying existing results. On the one hand, processing quantum
information needs more complex hybrid systems with higher
dimensions and different (random) parameters (initial states).
On the other hand, network theory has proved that some
typical network structures can give more accurate descriptions
of an actual information-processing network compared to a
completely random structure [31-34].

The aim of our work is to address the above problems
through proposing a QIP scheme based on the application
of quantum synchronization and expanding QIP well in a
complex quantum network. Specifically in this paper, we study
aquantum state-sharing scheme (also called a state distribution
scheme) in the frame of optomechanical systems. It is known
that such a QIP process requires a genuine quantum syn-
chronization channel since the shared quantum states need to
couple with the channel directly. The synchronization channel
is composed of oscillators which are twofold controlled by
phonon and circuit couplings for eliminating the difference
between the initial state and the dynamics parameter of each
oscillator. This design allows us to obtain quantum synchro-
nization between two completely different oscillators even in
the weak coupling range; however, the system accessing the
network illegally will not be synchronized with other systems
because of the notable differences.

Through further discussion of network theory, we determine
that the quantum synchronization can also exist in two kinds
of irregular networks. The given synchronization conditions
ensure that the quantum synchronization and the state sharing
will always be effective even though the network topology
varies with time. Because of this, we think this scheme can be
well applied in actual communication processes.
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This paper is organized as follows: In Sec. II we introduce
the definition and the properties, especially the method of
measurement, of quantum synchronization. In Sec. III we
analyze the dynamic of a hybrid electro-optomechanical
system. We show that such a kind of system can be used as a
carrier of point-to point-synchronization in Sec. IV, and this
conclusion is extended to two kinds of representative networks.
Finally, a summary is given in Sec. VL.

II. QUANTUM SYNCHRONIZATION THEORY IN THE
HEISENBERG PICTURE

We consider two coupled quantum systems which can
be completely described by the quadrature operators (e.g.,
dimensionless position operator § and momentum operator p)
in the Heisenberg picture. The difference between two systems
can be characterized by the following defined error operators:

G-(0) = [q1(1) — G(D1/V2,
p(t) = [p1(1) — pa())/V2, (1)

and quantum complete synchronization will be realized when
g—- and p_ vanish asymptotically with evolution. For further
quantitative statement, we introduce a synchronization mea-
sure proposed by Mari et al. [6,35]:

Se(t) = (G- + p_)») . @)

Compared to previous works, S, is a good metric for genuine
quantum synchronization because the influence of quantum
fluctuation and nonlocal quantity are both considered in
this synchronization measure, meaning that it can effectively
distinguish the classical synchronization (even in quantum
system) and genuine quantum synchronization.

For mesoscopic CV systems, S, can be modified as

SH(1) = (84_ () + 8p_ (1)) 3)

by mean-field approximation. Every operator here can be
rewritten as a sum of its expectation value and a small
fluctuation near the expectation value; i.e., it is redefined in the
following form: 6_ = (0_) 4+ §0_ with o € {q,p}. Because
we ignore only the expectation value of each operator in
Eq. (3), S/ contains all the quantum properties of S, and it can
also be regarded as a quantum synchronization measure when
lim;_, o (0_) = 0, which is an exact classical synchronization
condition. Mathematically, this is because S, will be equal to
S. when lim,_,»(0_) = 0, and, physically, synchronization
at the level of the expectation value can be regarded as
a necessary condition of quantum synchronization. S.(t) is
defined as second-order quantum synchronization measure in
the following discussion to reflect quantum property differ-
ences between systems, and the only source of disturbance
bounding S/(¢) will be quantum (or thermal) fluctuation.
Correspondingly, (6_) is regarded as a first-order measure to
judge whether systematic synchronization error due to slightly
different average trajectories is synchronous or not.
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FIG. 1. Two hybrid electro-optomechanical systems are coupled
via a phonon tunneling and a linear resistor. For each subsystem, a
charged oscillator is placed at wave node of a Fabry-Pérot cavity, and
it couples with the cavity field via a linear optomechanical interaction.
An electric potential difference exists between walls of a cavity which
is provided by the inductance of the Duffing circuit.

III. DYNAMICS OF A HYBRID
ELECTRO-OPTOMECHANICAL SYSTEM

Let us start by focusing on the dynamics of hybrid electro-
optomechanical system. As schematically shown in Fig. 1, the
charged mechanical oscillators couple to the optical field and
parametrically interact with the charged cavities which also
play the role of electrodes. Two oscillators mutually couple
through a phonon tunneling, and the electrode voltages are
provided by two Duffing circuits coupled to each other via a
linear resistor. We emphasize the electro-oscillator interaction
is a parametric coupling because it can be thought of as
a deviation in respective potential terms of two oscillators.
This effect can be regarded as a time-dependent rescaling of
the mirror frequency [36—41]. For a freely moving oscillator
corresponding to Hamiltonian H,, = P?/2m + mw?%?/2, the
modified Hamiltonian under the control of the bias gate
becomes

P 1

Hm = % + Ema)gffﬁz, (4)
where £ and P are the position and momentum operators of the
oscillator with the bare eigenfrequency w,, and the effective
mass m. The effective frequency can be expressed as a)gﬂ- =
w,zn[l + nUy(t)], where Uy (t) is the voltage of nonlinear
inductor and 7 is a constant factor depending on parameters
of circuit. By defining the nondimensional coordinate and
momentum operators § = ./mw,,X and p = P //mw,, and
using relation b = (§ +ip)/ V2, Eq. (4) can be rewritten as

a)l‘ﬂ

H, = w,b'b + 1 nUnL(t) (b + D)%, Q)

where b is phonon annihilation operator satisfying [b,b'] = 1.
Under the modified potential, the Hamiltonian corresponding
to this model can be divided into three parts:

H = Z HOj + Hint + He" (6)
=12
where H()j = wlja}aj + wm]bjb] — ga;aj(b; + b/) +

i E(aje_i“’df’ —aje'i') is the standard Hamiltonian of the
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optomechanical system [42,43], and Hi, = — M(bibz + b;bl)
is the phonon interaction through the tunneling with intensity
u [6,15]. Such an oscillator interaction can also be easily
achieved by resonance oscillators with an X-X type interaction
between them. After a rotating-wave approximation, X-X
interaction will become H,,; under the resonance condition. H,
describes the Coulomb interaction caused by two electrodes,
and we will detail its expression in the following discussion.

Now we provide the details behind Eq. (5) by analyzing the
dynamics of the electrical circuit system. A simple Duffing
circuit can be described by the following dynamic equation
[44]:

E/
= —— cos wt. (7)

Here x; and x3 are constants depending on the type of the in-
ductor, and they satisfy the relationship i = ig —ic = x1¢ +
x3¢>. ¢ is the flux over the inductor; moreover, ig(i;) and
Vr(Vy) are the current and voltage of the resistor (inductor),
respectively. Here we make a dimensionless transformation by
setting = ¢ /o, t = t/x1/¢, Uy = do/dt,v = §x3/ x1,
e =(RJ/x1C)",E = E'/x1 Ry, and wy = w+/C/ ;. In this
picture, the unidirectional coupling via a linear resistor can
be described as a control term e K (Usy — UST), where K
is coupling intensity. Therefore, for j = 1,2, two mutual
controlled Duffing circuits in Fig. 1 can be expressed as

d

7% = Uni,j
iU = —eUns i — 0 — U0
dr N NL.j —¥j —V¢;

+Ecoswot +eK(Unr3—j — Uni,j). (8)

The Coulomb interaction provides an additional potential
energy, w,n' Vi (bT + b)? /4, to the oscillator, which has been
deduced in Ref. [39]. Through utilizing a similar dimensionless
transformation, the additional potential energy corresponding
to the jth oscillator can be gained:

O ]

Hej = =2=nUxe (6] +b;) = Wmm4+mﬂ ©)

with the definition C; = nUy,; and the characteristic param-

eter
[xi, ,_ CoQurdo [x1
= [~ =" /= 10
1 c dor regmw,d3\ C (10
Then the total Hamiltonian of this system can be expressed as
(h=1)

H = Z{ Aaa]+wmj|:

j=12

Ci(®) |+
. }bjbj
—igajaj(bj +b))+ iE(a; —aj)
+ 2 e bbt +bib))
a7 i0; jbj

— u(blby + biby), (11)
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after a frame rotating. Here for j =1,2, a; (a;) and b;

(bj.) are the optical and mechanical annihilation (creation)
operators. A; = wg; — wy; refers to the detuning between
the frequencies belonging, respectively, to the laser driving
and the cavity mode. w,,; is the mechanical frequency. g is
the optomechanical coupling constant, and E is the driving
intensity.

Generally speaking, the properties and trajectory of a
quantum system corresponding to Hamiltonian (11) can be
expressed completely by a density matrix through solving the
quantum master equation in the Schrodinger picture. However,
a CV quantum system usually corresponds to a density
matrix with infinite dimension in Fock space. Therefore in
order to avoid calculating a density matrix, in this work,
we consider the dissipative effects in the Heisenberg picture
and write the quantum Langevin equations to investigate the
quantum trajectory of our system. Compared to the master
equation, quantum Langevin equations can describe system-
atic dynamics through analyzing the evolutions of the system
operators instead of solving a density matrix, and the quantum
noise can be introduced into the motion equations based on
input-output theory. Some common quantum properties, such
as quantum fidelity and quantum entanglement, have been
well calculated and discussed in previous works by adopting
quantum Langevin equations [45-48]. Corresponding to the
Hamiltonian in Eq. (11), the quantum Langevin equations of
the operator motions are [36,49]

aj=[—k+iA; + ig(bj. +bplaj + E + V2all",
. Cit i
b; = {—y - ia)mj[l + #“bj +igaja;j +ipbs-;

—l%cj‘(l‘)bj +/2pbi, (12)
In this expression, « and y are the optical and mechanical
damping rates, respectively, and a’” and b’” are the input
bath operators. Under the Markov1an approx1mat10n the input
operators are assumed to be white Gaussian fields obey-
ing standard correlation: (a}"’T(t)a;’,‘(t/)—i—a}’?(t’)a}"'f(t)) =
8;p8(t —1') [50] and (BT TP + b (1)) =
2y + 1)8;78(t —t'), where iy, = [exp(iw,, j /kpT) — 177 is
the mean phonon number of the mechanical bath, which gauges
the temperature 7 [51].

Here we adopt mean-field approximation to simplify the
above nonlinear differential operator equations since it is
quite difficult to directly solve them [6,14,52—54]. Therefore,
each operator in a quantum Langevin equation is expanded
as the sum of a ¢ number mean value and a fluctua-
tion operator: a;(t) = {(a;(t)) + [a;(t) — {(a;®))] := A;(t) +
da; and b;(t) := B;(t) + 6b;. Under a strong laser driving,
the fluctuation can be regarded as a perturbation around the
corresponding mean value. In this case, Eq. (12) can be divided
into two different sets of equations, that is, for the mean value:

Aj=[—Kk+iA;+ig(Bf + B)IA; +E,
T, . €
2

“Bj+ig|A,|2+mB3,

a)ﬂ‘l

z—c (t)B?, (13)
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and for the fluctuation:
Sa; =[—«k +iA; + ig(B]’f + Bj)léa;
+igA;(8bl +8b)) + V2",

C;(0)
2

(S[)j = {—y—iwmj[1+ i|}8bj+igAj5aj.
Om o 0)sbt + /2y b
1 2 j b V4 /K

(14)

+igA78aj + iM8b3,j -

In the above expressions, the quantum fluctuations have
been already linearized by neglecting all second-order terms.
Utilizing a mean-field approximation, except for convenience,
is also based on the following two considerations. One is that
quantum synchronization measure is of a clearer physical
significance. Here we wish to emphasize once again that
the synchronization in the level of expectation value in this
case can be regarded as a necessary condition of quantum
synchronization. The other is that mean-field approximation
neglects the nonlinear effect in the quantum level, which causes
the quantum properties of the system to be restricted to linear
transformation. In our work, this characteristic can ensure that
the system is always a Gaussian state [55]. It is the reason
why the Gaussian fidelity and the Gaussian entanglement are
accurate in the following discussion.

After transforming the annihilation and creation opera-
tors by using £; = (a] +a,)/v/2. §; = i(al —a;)/v/2.§; =
(b} +b,)/v/2, and p; =i(bl —b;)/v/2, Eq. (14) can be
rewritten in a more compact form: 3, = Sii + £. Here vector
0 is defined as & = (8x1,8y1,6x2,6y2.8¢1,8p1,8¢2,8p;)" and
£ means input vector (%i",9i" 2in $in gin pin gin pimT g
is a time-dependent coefficient matrix, and it can be solved
by dynamic equations of the mean values (see Appendix B).
In order to analyze quantum synchronization and quantum
correlation, we consider the following covariance matrix:

Vii(t) = Vi) = S0 () + (0 (1)), (15)
and its evolution satisfies [36]
aV =SV+VST+N. (16)

In the above expression, N is a diagonal noise correlation
matrix N;;8(t —t') = (E(DE;(¢') + &;(t)Ei(1)) /2. Here we
want to explain again that the expectation value of a mechanical
quantity and the covariance matrix V can completely describe
the system quantum properties if the system is restricted to
the Gaussian state by the linearized Hamiltonian. According
to Egs. (8), (10), (13), and (16), the first-order synchronization
measure between two oscillators can be obtained by (g_) =
Re[B;] — Re[B;] and (p_) = Im[B;] — Im[B,]. In addition,
the second-order synchronization measure is

S(t) = (8¢% (1) + 8p* (1)) "
= {1[Vss(t) + Vo7(2) — 2Vs7(1)]
+ 1 Ves(@) + Vis(0) — 2Ves@1} . (A7)
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With the covariance matrix in Eq. (15), the fidelity of two
general Gaussian states can be obtained using the following
formula [56,57]:

exp[—BT (Vi + Va) 7' 81, (18)

W NI N
where
Vit V2 Vi Va
V= , = , 19
: <V21 V22> <V43 V44> (19
- RCA] — R6A2
ﬁ - ﬁ(ImAl — ImA2>’ (20)
A = det(V) + V), 20
and
= (et V, — 1)det V5 — 1). (22)

Besides the quantum fidelity, we can also adopt the covariance
matrix to calculate logarithmic negativity, which is a well-
known measure to describe the entanglement between two
Gaussian states. For convenience, we express the covariance
matrix V in the following compact form:

Io1 Do1,020 Doim1  Doim2

_ | Doz,01 Io> Doxm1 Doomn

V= . (23)
Dyi1,01 Dumi,o2 Iy Dy, m2
D01 Dm2,o2  Dm2,mi Iy

where I; and D;; are 2 x 2 matrices. Here we use the indices O
and M to specify the mechanical and optical modes; moreover,
(i,j) denotes the entanglement between the modes i and j.
For example, “(0O;,M;)” means the entanglement between
the optical mode and the mechanical mode of the system 1,
correspondingly, and “(M,M;)” is the entanglement between
the mechanical modes of the systems 1 and 2. The covariance
matrix of two entangled modes in this case can be written as

Ii D
vij = (D.. 1.")7 24)

Jst J

and the logarithmic negativity can be calculated based on

—In(2¢;)]. (25)

In this expression, ¢;; is the smallest symplectic eigenvalue
of the partially transposed covariance matrix ¥;; that can
be obtained from v;; just by taking p; in —p; [58,59].
This symplectic eigenvalue can be gained by calculating the
square roots of the ordinary eigenvalues of —(o'7i;;)%, where
o=J®Jand Jisa2 x 2matrix with J;, = —J,; = 1 and
Jii=Jp=0.

E;\,] = max]0,

IV. POINT-TO-POINT QUANTUM SYNCHRONIZATION
AND STATE SHARING

We first consider point-to-point quantum state sharing
between two systems connected directly (see Fig. 1). Two
cavities here are the carriers of quantum states, and we hope to
prepare identical unknown states via quantum synchronization
oscillators. Because of the linearization for the quantum
fluctuation, the systems can be described by Egs. (8), (13),
and (14) completely. By computing the covariance matrix of
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FIG. 2. (a), (b) Expectation values of the oscillator coordinates corresponding to existing (a) or disconnecting (b) of coupling. Here black
solid lines denote (q;), and yellow dotted lines denote (¢,). (c), (d) Expectation values of the coordinate error operator corresponding to
K =2, u =0.02 (c, black solid); K =0, = 0 (c, yellow dotted); K = 2, u© = 0 (d, black solid); and K = 0, u = 0.02 (d, yellow dotted).
(e) Expectation values of the momentum error operator corresponding to K = 2, u = 0.02 (black solid) and K = 0, u = 0 (yellow dotted).
(f) Effective frequencies of system 1 (yellow dotted) and 2 (black solid) when K = 0. In these simulations, the oscillator frequency is set
;1 = 1 as a unit, and other parameters are w,,; =1, wp = 0.8, A; = w,,; = 1, g = 0.005, k =0.15, y =0.005, 7 =0.01,6 =0.18, v =1,

E =10, and E = 26.7. The initial state of the cavity field is vacuum state which corresponds to A;(0) =

random. All horizontal coordinates denote time ¢.

the systems, the evolution of the synchronization measure in
Eq. (3) can be calculated conveniently. Since the oscillators
are directly coupled, we use nonlocal measure S, to describe
oscillator synchronization. For cavity fields, quantum sharing
is more concerned with the consistency of the local quantum
states in each cavity. Hence, we use local measure fidelity to
describe optical fields.

In Fig. 2 we show the dynamics of oscillators by plotting
the evolutions of the operator expectation values. One can ob-
viously see that synchronous evolution between the oscillators
appears under the suitable coupling intensity [Fig. 2(a)], but
this synchronization will be destroyed when both couplings
are disconnected [Fig. 2(b)] and two evolution curves are
inconsistent. In Figs. 2(c) and 2(d), we demonstrate this
phenomenon more intuitively by considering the first-order
error {(q_) = (q1) — (q2). Here (g_) is plotted under different
connections, and it shows that the error will always tend to
zero if and only if two couplings exist simultaneously [black
solid line in (c)]. Otherwise, the error will take on irregular
evolution with large amplitude [(d) and dotted line in (c)].
Figure 2(e) illustrates that all the conclusions obtained from the
generalized coordinate can also be applied to the generalized
momentum. In Fig. 2(f), we plot the effective frequency wes of
each subsystem to illustrate the significant difference between
two systems when K = 0.

While (g_) — 0 and (p_) — 0 are simultaneously satis-
fied, two oscillators will exhibit the characteristics of complete
synchronization in the level of expectation value. In some
previous works, this kind of synchronization is also considered

0, and other initial conditions are all

as a quantum synchronization. This view is not strict because
the expectation value is an incomplete description without
considering quantum fluctuation. If the synchronization is not
intended to be used in semiclassical information processing
(e.g., transmission of strong signal and parameter identification
in quantum ensemble) but needs more quantum properties, the
nonlocality and quantum fluctuation will also cause a critical
impact, and they cannot be ignored in quantum synchroniza-
tion analyses. In particular, for the Gaussian state sharing
discussed in our work, a genuine quantum synchronization
will be required.

In Fig. 3 we present the contrast among the expecta-
tion value synchronization, quantum synchronization, and
Gaussian fidelity [56,57]. Compared with only considering
the expectation value, here evolution of the system is more
complicated and can be subdivided into three distinguishable
processes according to the quantum synchronization mea-
sure S.. First, two systems are not synchronized because
there obviously exists a classical error between oscillator
expectation values. Correspondingly, S.. always tends to O.
Subsequently, with the classic error gradually tending to
zero, S, also gradually increases with time evolution at this
stage. The gradually rising S illustrates that this process is a
transformation process from quantum nonsynchronization to
quantum synchronization. Physically, the appearance of this
process is due to the mutual modulation between two systems.
From Fig. 3(c), we find that the corresponding fidelity of two
cavity fields is also rising in this duration, but it is not yet
available for quantum sharing. With the evolution continuing
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FIG. 3. Simulations of the expectation value error (g_), quantum
synchronization measure S(¢), and Gaussian fidelity . The inset in
(b) is the partial enlarged drawing of S/ in# € [1900,2000]. In (b) and
(c), the yellow (pale) lines express the local average synchronization
measure and Gaussian fidelity by calculating &(F) = Ar~! fﬁm Edt
in the time window At (§ € {S.,F}); Here all the other parameters
are the same as in Fig. 2.

and finally for S/, an inflection point appears (see the dotted
boundary line). After this inflection point, a stable nonzero
S/ emerges and in maintained in a long time interval, and the
corresponding fidelity tends to 100%, which implies two cavity
fields evolve gradually from vacuum states to the quantum
states with almost 100% reliability. The inset in Fig. 3(b)
shows that S/ is greater than 0.26 after the inflection point,
which is a higher value compared to Mari’s results. It can be
certain from above analyses that quantum fluctuation can be
regarded as synchronization in this process.

In Fig. 4(a) we show quantum synchronization measures
under different conditions. The results show that S/ will
decrease to 0.1 when the classical coupling is disconnected.
Although S, is unequal to zero in this case, it does not mean
that the systems have been synchronized because the classical
error will no longer tend to zero [see Fig. 2(d)]. Moreover,
S/ will equal zero if both couplings are disconnected. By
comparing these two results, it can be proved that the
quantum coupling is more suitable for playing a role in
restraining the difference between the quantum fluctuations.
Similar conclusions can also be verified by Fig. 4(c), which
shows that F(co) — 100% will be satisfied only while both
two couplings are connected synchronously. Figure 4(a) also
shows that this synchronization will keep high efficiency if
the bath temperature is limited to be lower than 7 = 1 mK
(corresponding to MHz phonon frequency). Moreover, S.
will still be greater than 0.1 even when 7 = 5mK, which
corresponds to a strong robustness. Another concern in this
work is whether the quantum properties of two systems
are also identical at the synchronization moment. Therefore,
we plot Fig. 4(b) and confirm that the entanglement of
two systems also takes on consistent evolution. Considering
the above properties together, we can finally determine that
the synchronization between two systems indeed belongs
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FIG. 4. (a) Quantum synchronization measures under different
conditions. Here black (dark) lines denote S, when 71, = 0 (solid),
i1, = 0.25 (dotted), and 71, = 2.5 (circle). Yellow (pale) lines denote
S/ under K =0, u =0.02 (solid), and K =0, u =0 (dotted).
(b) Evolution of logarithmic negativity. (c) Local averaged fidelities,
respectively, corresponding to K = 2, u = 0.02 (red square); K = 2,
n = 0(yellow (pale) dotted); K = 0, u = 0.02 (black (dark) dashed);
and K = 0, u = 0 (black (dark) solid). Here all the other parameters
are the same as in Fig. 2.

to a genuine quantum synchronization. Figure 4(b) also
illustrates the two systems are always separable in both optical
field and oscillator freedoms. This characteristic is suitable
for a quantum network because other nodes will be not
disturbed by entanglement steering when a node is attacked or
bugged.

Figures 2(c), 2(d), and 4(c) illustrate that the couplings
via a phonon channel and linear resistor in our model are
both necessary for synchronization. This feature has rarely
been used to design synchronization schemes in previous
works. In fact, these two kinds of couplings respectively
exhibit different physical mechanisms in the synchronization
process. Here quantum coupling plays a similar role as
that reported in Ref. [14], i.e., it is used to eliminate the
initial difference between two identical systems by mutual
adjustment and to generate nonlocality in order to improve the
synchronization measure. However, different from Ref. [14],
every subsystem in our work can be treated as the same if
and only if circuit coupling is connected. In other words,
the synchronization mechanisms in our paper are as follows:
Circuit coupling controls subsystems eventually have the same
effective frequency, which means two subsystems evolve under
the same dynamic equation. Once this condition is satisfied,
the responsibility of phonon coupling is to offset the initial dif-
ference between two subsystems. On the other hand, if circuit
coupling is disconnected or one of the subsystems is acommon
optomechanical system without control voltage (wer = wy,),
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FIG. 5. (a) Initial state dependency of fidelity. The initial states of
cavity fields are respectively selected as two vacuum states: |0) and |0)
(yellow solid); coherent states with identical photon number: o) and
|ce’?) (black dark dashed); and coherent states with different photon
number: |o;) and |a,) (green light dotted). Here |o) = exp(aa —
a*a)|0), « = a; =1, @ = 10, and ¢ = 7/2. (b) Gaussian fidelities
with varied phonon number difference. Here we set i1, + 71, = 20,
An = i) — fip, and all the other parameters are the same as in Fig. 2.

dynamic equations of the two systems are different and exhibit
unequal effective frequencies [see Fig. 2(f)]. In this case,
weak quantum coupling will not be sufficient to synchronize
two different systems. Compared to related works that obtain
quantum synchronizations by only one coupling, our scheme
can ensure a wide range of achievable parameters since the
quantum coupling is responsible only for synchronizing the
initial difference. At the same time, two kinds of couplings
can provide an additional control mode. Both the wider range
of parameters and the additional control mode can make the
constructing of network more convenient.

To show the efficiency of the state sharing, finally, we end
the analysis of a point-to-point system by discussing the initial
state dependence and environment influence on Gaussian
fidelity. In Fig. 5(a) we plot the evolutions of the fidelity with
differentinitial states. It can be known that F(co) — 100% can
always be achieved even starting evolution from an arbitrary
initial state. This is because the synchronization effect is
an intrinsic property of the system, and it is irrelevant with
the initial selection. Figure 5(b) illustrates that the cavity
field fidelity will always tend to 100% even though the
corresponding oscillators are dissipating into different baths.
This property is quite different with S/, which takes on an
obvious decline once the phonon number within bath increases.
This is due to the fact that the influence of bath on the system
has be simplified as a decay parameter under the Markovian
approximation, and such a kind of parametric difference is also
balanced by the quantum coupling when the optomechanical
interaction and system-bath interaction are both weak. This
performance will relax the requirement for the experimental
conditions; in other words, it is more feasible to extend the
idea of quantum state sharing from the point-to-point system
to the quantum network.

PHYSICAL REVIEW E 95, 022204 (2017)

V. QUANTUM SYNCHRONIZATION AND STATE SHARING
IN A COMPLEX NETWORK

Now let us extend the above conclusions to analyze state
sharing within the network. Similarly to the discussion about
a point-to-point system, we also begin this section with a
dynamic analysis of a hybrid electro-optomechanical system
array. According to Eq. (11), the whole Hamiltonian of a
quantum network can be expressed as

H = Hpee + Hcouple

N
Ci(t +
= Z {—A,-a;[ai—}—wmi[l—}—T()]bjbi — igaja,-(bi' + b;)
i=1

+iE(al —a;)+ %cj(t)(bjbj + b,-b,-)}
— > @b+ blb)), (26)
tq

where N is the total number of nodes and p j; represents the
coupling strength between nodes j and k. Here C;(¢) can be
determined by Duffing circuit equations

@i = Uni,
Unri=—eUnpi— @i — vg; + E cos wot
k=i
+ ZSKjk(UNL,j — UnL,i), (27)

t,c

and, correspondingly, other mechanical quantities satisfy the
following quantum Langevin equations:

aj = [~k +iA; +igb!+bpla; + E + v2ca!

R Ci(t Wy j
bj = {—)/—ia)mj|:1+ 12( )]}bj+iga;aj—i 2jcj(t)bj‘
j=i '
+ ) inbi+ /2y b (28)
t.q

After a mean-field approximation, Eq. (28) becomes

A; = [~k +iA; +ig(Bf + B)A; + E,

R Ci(t
B = {—y - iwm,-[l + %}}B,- +iglAil?
1) =
—i?mC,-(t)Bi’k +Ziﬂjk3k, (29)
t,q

to describe the evolution of expected value. Here we define two
graph matrices, G, = K jx and G‘;k = [k, to represent the
coupling structures of circuit coupling and phonon coupling,
respectively. G¢ can be an arbitrary matrix since circuit
coupling is classical; however, the Hermitian Hamiltonian
requires (G9)" = G9. Based on this expression, Egs. (27) and
(28) can be rewritten in a more compact form by using graph
matrices [60]:

X=FX)+G(t®H.-X+iG (t)® H,-X.  (30)

In this expression, X = (Xl,X2,X3, ..., XMT is defined as a
network tensor, where X/ = (¢;,Uy1,;,A;,B;). The second
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term and the third term on the right side respectively cor-
respond to classical coupling term Zl’ceK(UNL,j —Uncr.i)
and quantum coupling Z[’;’ ik Bg, and F(X) describing
free evolution of each node includes the remaining parts of
Eqgs. (27) and (28). H, and H, refer to the autocorrelation
functions that describe the nexus between the variables in
the same node. If the variable order is defined as X/ =
(¢;,Unr,j,Aj,Bj), the autocorrelation functions should be
H, = diag(0,1,0,0) and H, = diag(0,0,0,1).

With the advances of network theory, it is gradually
known that the irregular but incompletely random network
is better and more practical than other network structures
for application in communication or calculation process. In
the last few decades, the small-world (SW) network and the
scale-free (SF) network have been widely investigated and can
act as effective simulations of actual communication networks.
This motivates us to propose synchronization schemes for an
SW network and SF network in the following subsections,
respectively. The SW network corresponds to the case that
only few directly connected nodes in network are achieved
for synchronization. In addition, it is not required to design
additional controls for synchronization in an SW network. If
the synchronization target is used to synchronize all nodes
in an irregular network, we need a designed synchronization
condition to adjust the parameters of each node, which is the
goal of the synchronization in an SF network.

A. Quantum synchronization in a small-world network

We now go into detail about quantum synchronization in
an SW network. A typical Newman-Watts SW network can
be regarded as adding a few irregular links in the frame of a
regular network with neighboring links. The construction of
such a network can be divided into two steps:

(1) Establishing a regular network: Staring from a ringlike
network with regular connectivity comprising N nodes, and
each node within the network connects to its M (even number)
nearest neighbors.

(2) Randomization edge adding: In addition to the above
links, each node can also connect to non-nearest-neighbor
nodes at random with small probability P.

For hybrid electro-optomechanical systems, the two above
structures can, respectively, correspond to the classical cou-
pling and quantum coupling. As shown in Fig. 6(a), we
construct an SW network with the following strategy: N
electro-optomechanical systems (orange big points) are se-
lected as the nodes of the network, and their circuit parts link
to the nearest-neighbor nodes via classical Duffing couplings
(blue dotted lines). A node will not link any other nodes
via quantum couplings (red solid lines) unless it wants to
synchronize with other nodes. In our small-world network,
time-dependent topology refers to that a node can select
different nodes for quantum coupling in the time evolution
[see Fig. 6(b)].

In the case of larger N, the quantum coupling here can be
regarded as random connection with a small probability P.
Previous works have proved that such a network topology is
of smaller average path length and larger clustering coefficient
[61,62]. To some extent, an SW network remains symmetry
like a regular network, and the node differences caused by
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Classical coupling
(K=10)
Quantum coupling

Unidirectional Classical
and Quantum coupling

FIG. 6. Each node represents an eletro-optomechanical system.
The nodes connect to each other through different coupling forms and
dissipate into different baths, including a separate bath (SB), common
bath (CB), and local bath (LB). Here (a) represents the structure of
the SW network consisting of primary and secondary nodes and
(b) shows a SW network with varying structure.

network topology are small enough to be eliminated because of
the weak coupling in the quantum domain. Especially when N
and P are fixed, the change of the network structure will have
a tiny impact on direct connected nodes, which ensures that
quantum synchronization can be extended more conveniently
into an SW network.

Now we discuss the above analyses in mathematics. Let
us reexamine the dynamic equation (30). In view of an SW
network, elements of G should be zero except g7, ., = ¢K
and gf y = gy, = ¢K. Correspondingly, elements of GY
should perform as gj.k = W j. Substituting G¢ and G? into
Eq. (30), the dynamics of the whole network can be determined
by coupling matrix

Gymp(t)=G()® H. +iG(1) ® Hy. (31)
We can calculate the trace distance under a different time,

Dt t/)=lTr Gyvmrp(®) Gn,um,p(t)
’ 2 IGNmpD |Gy, p()I ]

to measure the difference between two different coupling
matrices. Under fixed network parameters, the influence
caused by the changing network structure on synchronization
can be measured by using average distance D(N,M,P) =
[ft(t) D(tg,t)dt]/(t — to). Here |A| is defined as v ATA.
Asillustrated in Fig. 7(a), the average distance of an SW net-
work with N = 12 and P = 0.1 will decrease with increasing
the quantum coupling intensity w. Especially corresponding to
w = 0.02, D is approximately equal to 0.01, and it will be less
than 0.015 even when P = 0.3 [see inset in Fig. 7(a)]. Such
a small difference indicates that quantum coupled nodes can

(32)
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FIG. 7. (a) Average trace distance D with varied coupling intensity  under N = 12, M = 2, and P = 0.1. The inset in (a) shows change
of D with varied edge-adding probability P under N = 12, M = 2, and u = 0.02. (b) Fidelities between two nodes in different linear motifs.
Here link i refers to the connection between nodes i and i" in Fig. 6(a). (c) and (d) Entanglement measures of the quantum states in different
cavities. (e) and (f) Fidelities and synchronization measures between two nodes when the network structure varies. The yellow (dotted) line
represents the link disconnects at #; and reconnects at #,. The initial state of each cavity field is a vacuum state or random coherent mix state.
Other initial conditions are all random, and all the other parameters are the same as in Fig. 2.

be directly synchronized without any additional control in an
SW network.

In order to verify the above discussion, we calculate the
dynamical evolution of a 12-node SW network [Fig. 6(a)]. We
find that the network synchronization can be more efficient
since each node can continue to synchronize other nodes. As
an example, here each major node is known as a central node
to derive the star-type network with S secondary nodes [blue
small points in Fig. 6(a)]. In this case, we can still realize
synchronously the synchronization among a large number of
nodes even in an SW network.

In Fig. 7 we show the evolutions of optical field fidelity and
field-oscillator entanglement of some key nodes dissipating
into different baths. For each linear motif quantum coupling,
the fidelity can stabilize at 100% for a long evolution time.
Unlike an SF network and Erdos-Rényi random network
[29,63], we emphasize that all nodes are directly connected to
the network without modifying deliberately any parameters.
Therefore the state sharing in this structure is quite convenient.
Moreover, as we discussed in point-to-point processing, the
differences caused by the bath influence can be eliminated
by the coupling. It is further verified by the Fig. 7(b) that
F(c0) — 100% is always satisfied whether in SB, CB, or LB.
Figures 7(c) and 7(d) illustrate that consistent quantum states
belonging to different nodes are not thermal equilibrium states
but have significant, not meaningless, quantum properties. The
optical field and oscillator in each node are still entangled even
if t — 7500, and simultaneously, the logarithmic negativity is
consistent between nodes in the same linear motif.

Now we discuss the synchronization performance when
the network structure is constantly changing. Our aim is to
prove that a state-sharing processing will not be affected by
other processes in the same network. We consider such a

process: two nodes are continuously connected [solid box
in Fig. 6(b)], and in the meantime, other links [dotted box
in Fig. 6(b)] are disconnected at #; and reconnected at f,
[see dotted boundary lines in Figs. 7(e) and 7(f)]. It can be
seen in Fig. 7(e) that the nodes with a continuous connection
will continue to maintain synchronization and F(co) — 100%
whether other links are connected or disconnected. It can be
predicted that identical quantum states can be transmitted in
this SW network even though its topology is varying with time.
Similarly, we emphasize again that any parameter correction
or additional control on nodes is not needed in this varying
network. Therefore, any links can be established or broken off
at any time. Moreover, we show that the disconnected nodes
can also be synchronized when they are connected again in
Fig. 7(f). The consistent evolution trends corresponding to
fidelity and synchronization measure explain that quantum
state sharing is present when synchronization arises.

B. Quantum synchronization in a scale-free network

The same protocol discussed above can be applied to
synchronize few elements (two or three major nodes) of a
network. However, it cannot ensure that many nodes can
be synchronized simultaneously via complex connections. In
particular, if a connected node constantly connects to other
nodes or the probability of edge adding is not small, the whole
network will become more complex and lose its symmetry.
In this case, the whole network cannot be synchronized
just through connecting directly nodes with each other. The
potential scheme to synchronize asymmetric network requires
us to modify the parameters of each local node.

To illustrate the problem, we consider a typical SF network
as shown in Fig. 8(b). It starts from the network with m( nodes,
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FIG. 8. (a) Structure diagram of an SF network with 18 nodes.
(b) An SF network with a variable structure. (c) A simple example of
network synchronization with an auxiliary node. Here the red solid
lines represent the quantum couplings.

and in each subsequent process, a new node is added and
connected to the network with m existing nodes (m < my).
What needs to be explained is that the new node is apt to
connect with such nodes with large node degree. Differently
from the SW network, here time-dependent topology refers to
new nodes accessing the network constantly.

In order to synchronize all nodes in such an SF network,
here we introduce and adopt the dissipative condition, which
can be expressed as

N
> gl =0 (33)
k=1

to control network synchronization [60,64]. Here g?k is the
element of coupling matrix GY¢ that describes a special
coupling structure. Once the dissipative condition is satisfied,
all quantum coupling terms in dynamic equation will no longer
exist when all nodes have been synchronized. In order to
explain this condition more clearly, let us rewrite Eq. (33) as
8jj=— fo:l’k# gjk and discuss its two sides. Considering
the quantum Langevin equations, nondiagonal elements of the
coupling matrix G? correspond to the beam splitter (BS) terms
—i jk(b; by + b,tb i), and conversely, diagonal elements g;; can

be regard as frequency shift terms —Aw jbt.b ; in the Hamil-
tonian. Mathematically, those shift terms can express diverse
frequencies of different nodes via setting a uniform reference
frequency wy, i.e., w,j = ws; + Aw;. Besides the dissipative
condition, an identical node function requires identical 5 for
each node. Combining with these two requirements, we gain
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the conditions for whole network synchronization as follows:

N

Aa)j = Z,ujk and
k=1

M = const, (34)
ws + Aw;

where w; should equal w; < min{w,,;} owing to u;; > 0. In
this case Eq. (29) will reduce to

A= [—Kk +iA + ig(Bf + B)]A; + E,

. Ci(t
B = {—V - ia)s|:1 + %]}Bi +iglA;l?
ws
—i5 Gi(OB], (35

owing to B; = B; (j € [1,N],j # i). Equation (35) implies
that synchronization states can be determined only by re-
spective node functions that have the same forms due to
synchronized voltage control. The network evolution under
this mechanism can be interpreted as follows: Different initial
states and node functions will lead to initial differences among
all nodes, which can be regarded as phase differences when
the node functions are controlled with identical parameters.
In phase space, mutual quantum coupling makes the error
between two nodes take on periodic evolution in a weak
nonlinear regime, which ensures that the systemic evolutionary
track is a limit cycle but not chaos. Therefore, there is always
such a moment (the least common multiple of the error periods)
that all node errors simultaneously tend to zero. Once this
phenomenon emerges, zero coupling terms and identical node
functions ensure the system variables sustain synchronous
state.

Note that the first equation in Eq. (34) is a nonidempotent
linear equation, and it can not always be solved since Hermitian
BS terms require p jx = pux;. To ensure that at least one solution
exists, a simple method is to add some auxiliary nodes and
connections into the network that should be designed for
satisfying the solution condition. In other words, one can
always find suitable parameters to ensure state sharing within
the whole complex network.

In order to explain the synchronization conditions more
intuitively, we discuss a triangle structure as an example
to show how to adjust the coupling strength to satisfy the
synchronization conditions [see Fig. 8(c)]. Considering this
kind of triangular coupling structure, the first synchronization
condition in Eq. (34) can be rewritten as

Wyl — W5 = W12 + 113,
W — W5 = [L12 + 23, (36)
Wp3 — W5 = 23 + U13.

In the above expressions, w123 are oscillator frequencies
of target nodes, and they should be arbitrary but fixed.
Relatively, w; is a designed standard frequency, and it is
similar to p121323, which can be adjusted according to
different coupling structures or network parameters. Under
normal circumstances, physical solutions may not exist for
the equation while w,,; 2,3 are taken arbitrarily. As mentioned
above, we add an auxiliary node and connection into the
network to ensure the synchronization conditions can be
satisfied. Considering the new structure consisting of the
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auxiliary node, Eq. (36) becomes
Wyl — W5 = M2 + 113,
Wy — W5 = 12 + W23,
Wp3 — Wy = K23 + 113 + Ua,
Oma — W5 = LA, (37)

where w,,4 is the oscillator frequency of the auxiliary node.
Equation (38) will exist with infinitely many solutions by
properly selecting w4 and 4. In particular, if we set

Wy = Wyl — K12 — M13,
H23 = W13 + Op2 — W1,
Ha = K12 — (13 + Op3 — Op2,
Ompa = —2/L13 + O — Oz + O3, (38)

the dissipative condition will be satisfied even for arbitrary (i,
and [413.

In order to validate that the above ideas can be extended into
complex networks, here we calculate the dynamical evolution
of an 18-node SF network [Fig. 8(c)]. Quantum sharing within
the network is measured and analyzed by a network-averaged
fidelity defined as

Zj<k ]:jk

F(N) = c?

(39
Here Fj; is the fidelity of nodes j and k, and C,ZV is the
combination number. Under this definition, that F(/N) tends
to 100% means that the fidelity between any two nodes tends
to 100% .

In Fig. 9(a) we show the evolution of network-averaged
fidelity. It can be seen that F(N) > 99% is always tenable,
and time-averaged fidelity can achieve F = 99.53% under
the same parameters. Furthermore, the best result of quantum
state sharing between two nodes can achieve 7 = 99.99%, and
correspondingly, the worst synchronization effect between two
nodes in this network can also ensure successful state sharing
with F > 98.5%.

Now we focus on varying network structure. We consider
joining two new nodes into the network one after another
[corresponding to blue dashed box in Fig. 8(b)]. When new
nodes are added, the network parameters will be adjusted to
satisfy synchronization conditions under the new structure. In
the general case, only the nodes that are directly connected
with the new joining node need to be adjusted since the SF
network requires new nodes to be added on the basis of the
original structure. In Fig. 9(b) we exhibit that new nodes are
not synchronized with other nodes when they are in the free
evolution, and the fidelities between the new node and other
nodes in the network remain at a lower value. Once a node
accesses into the network [i.e., #/1000 = 5 in Fig. 9(b)], it will
synchronize with other nodes rapidly, and the corresponding
fidelity will continue to rise until it reaches almost 100%. For
other nodes in the network, average fidelity shows that the
new node will not affect the original synchronization effect
although average fidelity decreases when new nodes just access
into the network. We can also get the same conclusion by
studying the synchronization measure of oscillators. As shown
in Fig. 9(c), S. between a new node and any other nodes
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FIG. 9. (a) Network-averaged fidelity (black dark) and its local
time average value (yellow pale). (b) Fidelities between two nodes
when the network structure varies. (¢) Quantum synchronization
measures when the network structure varies and the time interval
corresponds to the green box in (b). Here the initial state of each
cavity field is vacuum state and other initial conditions are all random,
and all the other parameters are the same as in Fig. 2.

has a significant improvement and finally stabilizes at 0.25,
roughly. To summarize, we can ensure that the state-sharing
processing can also work even if the network structure is
varying. Finally, we plot the entanglement measures to further
illustrate the nonclassical effect of the field in each node, shown
in Fig. 10(a), and to show that F(co) — 100% can always be
achieved, even when starting evolution from an arbitrary initial
state, shown in Fig. 10(b).
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FIG. 10. (a) Entanglement measures of the quantum states in each
cavity. (b) Initial state dependency of fidelity. Here the initial states of
cavity fields are respectively selected as random coherent mix states.
All the other parameters are the same as in Fig. 2.
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VI. DISCUSSION

Here we give a brief discussion of the feasibility of
quantum synchronization in a complex network, including
the experimental feasibility of a coupled optomechanical
array and the solvability of network synchronization con-
ditions corresponding to Eq. (34). In our simulations, we
select the same dimensionless parameters adopted in Mari’s
work, and they can meet the experimental requirements of
most optomechanical systems. In a membrane (nano-object)
optomechanical system especially, the parameter bounds are
W /(2m) = 134 kHz, mes = 40 ~ 150ng, y =4 kHz, and
k = 157kHz [65-68]. Correspondingly, g ~ ¥ < « is also a
common coupling intensity in recent research into optome-
chanical systems [6,14,15,42,43]. In addition, phonon cou-
plings between charged oscillators are also widely discussed
in research on oscillator synchronization and optomechanical
array [6,15].

In summary, we have proposed and analyzed a quantum
state-sharing process in a complex quantum network. The
quantum channel of this state-sharing process is based on
quantum synchronized oscillators, and it will keep a strong
quantum correlation in Markovian dissipation for a long time.
In particular, we have discussed two typical complex networks
to illustrate the effectiveness of our state-sharing process. An
SW network can be regarded as independent communication
between nodes in a network, and the state sharing occurs
in linear motifs. Correspondingly, an SF network describes
an information diffusion process, and all nodes need to be
synchronized simultaneously in the network. By analyzing
quantum synchronization, we find that linked nodes can
directly achieve synchronization in an SW network, but the
whole network can be synchronized only if the nodes are
locally regulated to satisfy given synchronization conditions.
In this case, F — 100% can be achieved in both SW and SF
networks, and basically it is not influenced by the environment.
For an SW network, a node can connect (disconnect) other
nodes at any time without affecting the other links; for an SF

J

o0 o0
Hgj = / (wej — wlj)c;r'(wcj)cj(wcj)dwcj +/ (wp; — wmj)d;(wbj)dj(a)bj)dwbj
—oQ —0o0

and

0 1
H;j = i/ dwcjg(wcj)[a}cj(wcj) - ajcj(a)cj)] + i/

oo
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network, external nodes can join the network at any time to
obtain the same quantum state. These two properties ensure
that our scheme is effective for QIP in complex network.
Furthermore, we have also given a brief discussion of the
experimental feasibility of our scheme.

We think some open aspects are worth being further
investigated. For example, an unknown synchronous quantum
state can be used to encrypt quantum states in the quantum
state transfer process. Moreover, transmission of a continuous
variable signal in a synchronized optomechanical system was
discussed in Ref. [15]. Because the synchronization and state
sharing are both effective in SW and SF networks, we think
the scheme for quantum synchronization and state sharing
discussed in our work can exhibit potential application values
in communication networks.
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APPENDIX A: DEDUCTION OF QUANTUM LANGEVIN
EQUATIONS AND INPUT OPERATORS IN THE
HEISENBERG PICTURE

In this Appendix, we will give the details of the deduction of
quantum Langevin equations and input operators. We consider
the point-to-point system coupling to an optical environment
and an oscillator environment respectively. Similarly to previ-
ous works, the quantum environments are regarded as Boson
thermal reservoirs, and the reservoirs are further assumed to
consist of many oscillators with closely spaced frequencies
and annihilation (creation) operators. Then the Hamiltonian of
the system can be expressed as Hyyg = H + Zj(HEj + Hpj),
where H is the system Hamiltonian corresponding to Eq. (11),
and

(AD)

]

dwbjg(wbj)[bj‘dj(wbj) - bjd;(a)bj)] (A2)

are, respectively, the energies of the quantum environments (reservoirs) and the coupling between the quantum system and
quantum environment with a rotating-wave approximation. The operators in the above expressions satisfy the following relations:

[ej(@e).cl (@] = 8(ae; — ). [dj(wn).di(@))] = 8wy — o)),

(He)ej@) =0, (dl(wp)d;(@}))) = np(@s)d(ws; — o)),

(A3)

if the optical environment is set to zero temperature but the oscillator reservoirs have a finite temperature 7. Here n, is the
thermal phonon number satisfying the Boltzmann distribution n;(wp;) = [exp(iwy;/kpT) — 117"
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With the full Hamiltonian H, dynamics of the jth system can be obtained with the following Heisenberg equations in the
Heisenberg picture:

o0
iy = 118 +ig®] + bplay + E — [ dojg(on)esan).
—0Q0
: . Ci@) . . . Wij ' *©
b; = {—la)mj[ ’2 :|}bj + lga;aj +iubs_; — lTjCj(t)b} —/ dawy;g(wy;) dj(wp;),
—oQ
Cilwej) = —i(wej — wij)c(we) + glwej)aj,
dj(wp;) = —i(wp; — wpj)d(wp;) + glwp)b;. (A4)

Solving the bath operators in Eq. (A4), we have

t
Cj(wcj’t) = e*l(wcf*wlj)(lfto)cj(wcj’to) +g(0)cj)/ dt/eft(wc,-7w1‘,')(17;')aj(t/)’

dj (@) = P 4 (y, 1) + gl) f i’ e =), (A3)

corresponding to an input process (¢ > fo). Substituting these solutions into the system operators in Eq. (A4), we obtain
a; = [iA; +ig®l +bpla; + E

— [00 dwcjg(wcj)efi(wq*a)//)(t—to)cj(wcj’to) _ /oo dwcjg(a)cj)z ft d[/efi(wc;f*wzj)(tft’)aj(t/) (A6)
—00 —00 oy
and
b = {—iwmj[l + szt)“bj +igata; +ipbs_; —l—C ()b
o0 o0 t
— f dawy; g(wp;)e om0 (@, 19) — f dawy; g(wp;)* / dt' e @n=em)t=0p (1), (A7)
—00 —00 I0)

We first consider the optical parts. Here we assume that the coupling intensity between environment and system is a flat spectrum
without frequency dependence. So g(w.;) can be replaced as a constant, and it does not need to occur in the integrand. By
denoting g(w.; > = k/m, Eq. (A6) can be rewritten as

o] t
aj =[iA;+igbt +bpla; + E — \/g / dweje™ @i e (i, 10) — 2K / dr's(t —t"a;(t). (A8)
—00

4]

) ) 1 1
by using the relation | dwe™0~") = 278(1 — 1'). Notice that [, f(1)8(t — ') = 5 W@ — 1) = 5 f)forty <t <t
and then Eq. (A8) can be further simplified as

aj = [~k +iA; +igbl +bjla; + E +2kall", (A9)

by defining the input operator
al' = ——— dweje” @m0 e (@ 1o). A10
J el B (@) to) (A10)

Similarly, we can also simplify Eq. (A7) as

. Ci(t Wi .
bj = {—7/ - i“)mj|: ,2( )]}bj + iga}aj +inbs-j — iT’Cj(t)bj. +/2yb', (A1)
and the corresponding input operator is
. 1 © .
b = ~ dwyje™ @i en)i=0) g (ay,: 1) (A12)
—00

Substituting Eqs. (A10) and (A14) into Eq (A3), we can obtain
(@™ (al@)) =0,
(i (all" (1)) = 8,;6(t —
(BB ) = T8 8 — 1),
(b)) = (i) + 1878 — 1), (A13)
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and the thermal connection functions are
(@ 0alt@) + althal" 0) = 85,8 — 1),
(BT @) + BB () = Qi) + 188 — 1)

Equations (A11) and (A9) are exactly the same as the quantum Langevin equations used in the main text and (A14) is the
corresponding second correlation functions. Now let us reexamine the above derivations; the only approximation we adopted is
regarding varied coupling coefficient as a constant, which results in that the noise operator can correspond to a white noise with
correlation function §(¢ — t"). The delta function makes integral-differential Heisenberg equations lose their integral terms. In
this case the dynamical properties of the system no longer depend on its past history from ¢ = £, to ¢’. This process can be said
to be Markovian, and the quantum environments under this approximation will not have the memory effect.

(A14)

APPENDIX B: PARAMETERS IN QUANTUM LANGEVIN EQUATIONS

The concrete form of the coefficient matrix S in the main text is

—K —Fl 0 0
F] —K 0 0

0 0 —K —Fz

0 0 r, —x
§= 0 0 0 0
2gRe[A)]  2gTm[A] 0 0
0 0 0 0

0 0 29Re[Ay]  2gIm[A,]

—2gIm[A] 0 0 0
2gRe[A] 0 0 0
0 0 —2gIm[A,] 0
0 0 2gRe[A>] 0 B1)

-Y W1 0 -
—om[14+Cj(0] -y 2 0

0 —n =4 Wm2

Iz 0 —wwll+C;®O] -y

which contains the information of the mean value. Here I'; = A; + 2gRe[B;].
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