
PHYSICAL REVIEW E 94, 063203 (2016)

Dynamic properties of the energy loss of multi-MeV charged particles traveling
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The energy loss of multi-MeV charged particles moving in two-component warm dense plasmas (WDPs) is
studied theoretically beyond the random-phase approximation. The short-range correlations between particles are
taken into account via dynamic local field corrections (DLFC) in a Mermin dielectric function for two-component
plasmas. The mean ionization states are obtained by employing the detailed configuration accounting model.
The Yukawa-type effective potential is used to derive the DLFC. Numerically, the DLFC are obtained via
self-consistent iterative operations. We find that the DLFC are significant around the maximum of the stopping
power. Furthermore, by using the two-component extended Mermin dielectric function model including the
DLFC, the energy loss of a proton with an initial energy of ∼15 MeV passing through a WDP of beryllium
with an electronic density around the solid value ne ≈ 3 × 1023 cm−3 and with temperature around ∼40 eV is
estimated numerically. The numerical result is reasonably consistent with the experimental observations [A. B.
Zylsta et al., Phys. Rev. Lett. 111, 215002 (2013)]. Our results show that the partial ionization and the dynamic
properties should be of importance for the stopping of charged particles moving in the WDP.
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I. INTRODUCTION

To realize the ignition and high-energy gain in inertial
confinement fusion (ICF), more and more efforts have been
devoted to investigating the physical properties involved in
the ICF [1–9]. The problem of the energy loss of protons and
α-particles produced via fusion reactions (such as D + 3He →
α + p) in dense plasmas is of considerable significance for
understanding and controlling the implosion dynamics to en-
sure successful ICF. Many theoretical models for the stopping
power have been developed. The first classical theoretical
model on this issue may have been proposed by Bohr [10],
followed by Bethe using perturbative quantum-mechanical
calculations [11]. Later, more elaborate approaches beyond
the perturbation theory were also developed [12–25]. For
instance, the dielectric function model under the random-phase
approximation (RPA) [12,13] has been widely used to describe
the stopping power of plasmas to charged particles. To take into
account the effects of collisions, the RPA dielectric model has
extended the Mermin dielectric model [15] via the relaxation-
time approximation. Furthermore, an extension of the con-
ventional Mermin model incorporating both static local-field
corrections (SLFC) Gαβ(k,ω = 0) with α,β = e or i [18] has
been suggested in Ref. [22]. The influences of the electron-ion
(e-i) dynamic collision frequency (DCF) and electron-electron
(e-e) dynamic local field corrections (DLFC) on Thomson
scattering in plasmas has been discussed via an extended
one-component Mermin model [24]. Recently, the stopping
power of hydrogenlike plasma has been studied via the moment
method and the extended Mermin model, but local-field
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corrections were not introduced to the classical dielectric func-
tion of ions [25]. Molecular-dynamics simulations [26] have
also been employed to simulate the classical charged-particle
stopping power in weakly coupled deuterium-tritium (DT)
plasmas. The simulations were compared with those obtained
from Boltzmann and Lenard-Balescu kinetic equations [27]
and fully convergent theories [19,21] to establish the validity
of present models.

At present, ion stopping in cold matter is relatively well
understood, with abundant experimental data [28] and several
available simulation codes [29–31]. Nazarov et al. have also
developed a rigorous formula for the stopping power of solids
for slow ions. In their theoretical formula, the effects of dynam-
ical correlation are included through the exchange-correlation
kernel of time-dependent density-functional theory [32,33].
However, ion stopping in ionized plasmas is far from being
understood because of various theoretical and experimental
challenges. Only a few experimental data have been collected.
Recently, the stopping of ions produced in the nuclear reactions
in weakly coupled hot dense plasmas has been measured
quantitatively on the OMEGA laser facility [34], and the
experimental results generally support the predictions of the
Brown-Preston-Singleton (BPS) [21] and Li-Petrasso (LP)
models [19]. This experiment indicates that both the BPS
model and the LP model are suitable for weakly coupled
plasmas, in which the stopping power may be assumed as
a summation of binary collisions. Another experiment on the
stopping power of protons in a warm dense plasma (WDP) of
beryllium (Be) with solid density and an electron temperature
of ∼32 ± 15 eV [35] cannot be perfectly explained by the
BPS model and the LP model. Dielectric response, in contrast,
should be a good way to understand the properties of WDP,
including the stopping power of WDP on the charged particles.
This is because the WDP are strongly influenced by several
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physical properties (e.g., the effects of particle screening,
electron degeneracy, and correlations between electrons and
ions). Under the RPA and average-atom frames [16,17,20,23],
the analysis in Ref. [35] indicated the importance of the partial
ionization [36,37] and the bound-free electron transitions [38]
for the stopping of charged particles in the WDP. Additionally,
the dynamic characteristics [39–41], the strong correlation
effect between component particles [42,43], as well as the
unique transport properties [44,45] in the WDP are also very
different from those in the weakly coupled hot dense plasmas.
These unique physical properties will certainly give rise to
remarkably different behaviors of the charged particles moving
in the WDP.

The influences of DCF and DLFC on the charged-particle
stopping in WDP of Be has not been considered in the current
literature. However, the dynamic properties in this regime
should also be remarkable for the stopping of particles. Due to
the importance from the perspectives of both basis physics and
potential applications of Be in the fields of ICF, it is interesting
and timely to provide a theoretical analysis of the dynamic
properties of energy loss of charged particles traveling in the
WDP of Be. Therefore, from this aspect, we present in this
paper a theoretical investigation on this problem based on the
dielectric function models. The extended Mermin dielectric
function (EMDF) model containing the DCF and DLFC may
provide a reliable method applied to this issue.

The detailed configuration accounting model and the
average-atom model are used to determine the mean ionization
state, and the Yukawa-type effective potential is also employed.
We find that the DLFC is significant around the maximum of
the stopping power. Furthermore, by using the two-component
EMDF, the energy loss of a proton with an initial energy of
∼15 MeV passing through a WDP of Be with an electronic
density around the solid values ne ≈ 3 × 1023 cm−3 and with
temperature around ∼40 eV is estimated numerically. The
numerical result is reasonably consistent with the experimental
observations [35]. However, the theoretical stopping power
under the RPA frame does not agree with the experimental data.
Our results show that the partial ionization and the dynamic
properties should be of importance for the stopping power of
charged particles moving in the WDP.

The text is organized in the following fashion. In Sec. II
we present the extended two-component Mermin dielectric
function model for the stopping of charged particles in WDP.
Section III contains a detailed investigation of the dynamic
properties of the energy loss of a proton moving in the WDP.
For comparison, the static results of the stopping power are also
illustrated. Numerical results for the energy loss of a proton
moving in a WDP of Be are also presented and discussed in
this section. A brief summary and conclusions are given in
Sec. IV.

II. THEORETICAL MODEL DESCRIPTION

Based on the concept of relaxation time, one can easily
get the Mermin dielectric function for degenerate electrons
[15]. For degenerate plasma, the Fermi distribution func-
tion is used to get the dielectric function. In the classical
limit, the Maxwell-Boltzmann statistics may be applied, and
thus the Fermi distribution function will be replaced by

the Maxwell-Boltzmann distribution function. Therefore, the
Mermin dielectric function should still be valid for the classical
ions. The generalization of the Mermin dielectric function to
a multicomponent plasma is straightforward. One has to sum
up the polarization functions of all components of the system
[46–48]. Considering the mixing rule [46,47], the Mermin
dielectric function of multicomponent plasmas is generalized
into

εM (k,ω) = 1 +
∑
α=e,i

[ω + iνα(ω)]{εα[k,ω + iνα(ω)] − 1}
ω + iνα(ω) εα[k,ω+iνα (ω)]−1

εα(k,0)−1

,

(1)

where να(ω) is the DCF with να=e(ω) ≡ ν(ω) for electrons and
να=i(ω) = (me/mi)1/2ν(ω) ≡ ν ′(ω) for ions. Under the Born
approximation scheme, the DCF ν(ω) is expressed as

ν(ω) =
∫ ∞

0
dk U (k)

εe(k,ω) − εe(k,0)

iωω2
p

, (2)

where ωp = (nee
2/me)

1/2
is the electron plasma frequency,

and U (k) = ni

6π2m2
e
k6V 2

ei(k)Sii(k), with Vei(q) = − 4π〈Z〉e2

k2εe(k,0) be-
ing the screened e-i interaction potential and Sii(k) being the
i-i static structure factor. Here, εα(k,ω) is the RPA dielectric
function for the free plasma component α.

Furthermore, these models may still be deficient in de-
scribing the WDP, whose densities are approximated as
solid density and whose temperatures are around tens of eV.
The reason is that the effects of particle screening, electron
degeneracy, and correlations between electrons and ions in
the WDP become of importance. These correlations can be
described via the DLFC Gαβ(k,ω). The DLFC can be directly
introduced in the RPA dielectric function in the following form
(e.g., for electron plasma):

ε̃e(k,ω) = 1 − 1 − εe(k,ω)

1 + [1 − εe(k,ω)]Gee(k,ω)
. (3)

The expression for the dielectric function of ion plasmas,
i.e., ε̃i(k,ω), is easily obtained by considering the DLFC
Gii(k,ω). Additionally, the EMDF ε̃M (k,ω) including the
DLFC for multicomponent plasmas could be obtained by
changing εα(k,ω) in Eq. (1) as ε̃α(k,ω). We will not show the
expression of ε̃M (k,ω) for the sake of brevity. The advantage of
EMDF ε̃M (k,ω) is that it can be easily deduced into the static
limit by taking Gαα(k,ω → 0) and ν(ω → 0). It is also suitable
for the plasmas, especially the WDP, at any degeneracy. Both
static and dynamic results could be obtained self-consistently.
Therefore, the EMDF model provides more accurate calcula-
tions for the observable quantities in experiments, such as the
energy loss of charged particles moving in the plasmas.

Several approximative approaches to the DLFC have been
proposed in the literature [18,22,24,39,49]. In this work, we
employ the approach developed by Hong and Lee [49]. It
advocates a smooth interpolation between the two SLFCs at
ω = 0 and ω = ∞ presented by

Gαα(k,ω) = Gαα(k,0) + [Gαα(k,∞) − Gαα(k,0)]Gα(k,ω),

(4)
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where α = e,i, and

Ge(k,ω) = G0(k)
εe(k,0) − εe(k,ω)

εe(k,ω) − 1
+ ω2[1 − εe(k,0)]

ω2
p

, (5)

Gi(k,ω) = G0(k)
εi(k,0) − εi(k,ω)

εi(k,ω) − 1
+ ω2πmi

k2 + κ2
i

, (6)

with G0(k) = [ �
2k4[1−εe(k,0)]

4menee2 − 1]
−1

for free electrons while

G0(k) = 1
2 for classical ions. In our derivations, the Yukawa

effective interaction potential [50–54] is used, and the explicit
expressions for the SLFCs Gαα(k,0) and Gαα(k,∞) are shown
in Appendix B.

The stopping power for a pointlike ion with charge Zp and
mass mp traveling with velocity vp through the plasmas is
written as [55]

dE

dx
= 2Z2

pe2

πv2
p

∫ ∞

0

dk

k

∫ ω+(k)

ω−(k)
dω

(
ω − �k2

2mp

)
Im[ε(k,ω)]−1

e−�ω/T −1
,

(7)

where ω±(k) = �k2/2mp ± kvp. It is clear that the stopping
power depends on the dielectric function of background
plasmas. From this formula, one can compare the stopping
power given by the different dielectric functions. Following
the method in Ref. [55], a general formula of the stopping
power based on the dielectric function theory could be obtained
within any type of interaction potentials. Here, the screening
effect is taken into account by the dielectric function presented
in Eq. (7). In particular, in our calculations, the screening
effect of the Yukawa potential is also included in the EMDF
via the DLFC, which is a straightforward generalization of
the model derived by using the Coulomb potential [56].
The Yukawa potential has been variously employed to study
the collective excitations [52,53] and the stopping power of
plasmas [57–61]. For instance, based on the Yukawa potential,
an analytical dielectric function model for the energy loss of
charged particles moving over a two-dimensional dusty plasma
has been developed, and the theoretical results obtained from
this model are well consistent with the molecular-dynamics
simulations [59–61]. Our formula shown here may be applied
to the stopping power of solids for slowly injected ions,
since the correlation effects should be of importance in an
interacting electron gas, which has been studied by using the
time-dependent density-functional theory [32,33].

III. RESULTS AND DISCUSSIONS

Before discussing the energy loss of a multi-MeV proton
passing through a WDP of Be, let us first discuss the mean
ionization degree of an average ion 〈Z〉 for Be. Numerical
calculations based on two different models, namely a detailed
configuration accounting model [37] and an average-atom
model [36], have been performed. The effect of pressure
ionization is considered in both models. The results show that
the degree of ionization for Be based on these two models
is almost identical. Typical results of the mean ionization
degree 〈Z〉 for ρBe = 1.85 g/cm3 obtained by a detailed
configuration accounting model are presented in Fig. 1(a).
The mean ionization state is 〈Z〉 = 2 when the temperature

FIG. 1. (a) The mean ionization degree 〈Z〉 of an average ion,
(b) the number densities of electrons, and (c) the chemical potential as
a function of temperature of Be at solid density of ρBe = 1.85 g/cm3.

is less than 10 eV, and it is almost fully ionized (〈Z〉 > 3.9)
when the temperature is greater than 800 eV. Correspondingly,
the uniform number density of electrons ne is shown in
Fig. 1(b). We find that the number density of electrons is
ne ≈ 2.5 × 1023 cm−3 when the temperature is less than 10 eV,
and it increases gradually to ne ≈ 4.8 × 1023 cm−3 when the
temperature is increased to more than 800 eV. The electron
chemical potential μ is obtained by the charge-neutrality con-
dition that 〈Z〉ni = (2meT )3/2

2π2�3 F1/2(μ), with Fδ(η) = ∫ ∞
0

xδdx
e(x−η)+1

being the δth-order Fermi integral. The chemical potential
gradually decreases with increasing temperature; see Fig. 1(c).

The results of DCF ν(ω) as a function of the frequency
ω are shown in Fig. 2. Figure 2(a) is for the WDP of Be
with an electron number density ne = 1023 cm−3 and three
different temperatures T = 1, 10, and 100 eV, while Fig. 2(b)
is for the WDP of Be with a temperature T = 10 eV and
three different densities ne = 1023, 1024, and 1025 cm−3. In
Fig. 2, the solid curves denote the real part of DCF, and the
dotted curves denote the imaginary part of DCF. In all the
calculations, the mean ionization degree 〈Z〉 is considered via
a detailed configuration accounting model. The DCF decreases
with increasing both temperature and electron density.

The imaginary part of DCF Im ν(ω) is connected to the
real part of DCF Re ν(ω) by a Kramers-Kronig relation so that
Im ν(ω) = ∫ ∞

−∞
dω′
π

Re ν(ω′)
ω−ω′ . The account of this imaginary part

is essential for obeying both the f -sum rule and the perfect
screening sum rule [25]. Loosely speaking, the real part of
ν(ω) leads to a broadening of the plasmon at k = 0, and
the imaginary part produces a shift in the plasmon. In the
high-frequency limit ω → ∞, the real part of ν(ω) vanishes
and the DCF is approximated as a pure imaginary quantity.
The derivations of the high-frequency limit of DCF are shown
in Appendix C. In the static limit ω → 0, the imaginary
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FIG. 2. Real part (solid curves) and imaginary part (dotted curves) of the DCF ν(ω) as a function of the frequency ω. (a) is for the Be plasmas
with electron density ne = 1023 cm−3 and temperatures T = 1, 10, and 100 eV, and (b) is for the Be plasmas with temperature T = 10 eV and
electron densities ne = 1023, 1024, and 1025 cm−3. Mean ionization degree 〈Z〉 is considered in all calculations.

part of ν(ω) vanishes and the real part of ν(ω) tends to
the SCF. In the static limit, νS ≡ ν(ω → 0) in Eq. (2) is
determined by the generalized static Lenard-Balescu model
νS = ∑

α να,S(ω = 0). Here, να,S(ω = 0) = να0 ln �eα , where

να0 = 8m2
eq

2
αe2

3π�3mα
, with qα being the effective charge of component

α. The Coulomb logarithm ln �eα can be obtained by consid-
ering the SLFC. For instance, ln �ei can be approximated as
(for Coulomb scattering) ln �ei = ∫ ∞

0 dk 1−Gei (k)
k|εe(k,0)|2 W (k), where

W (k) = {1 + exp [T (Ek/2 − μ)/E2
F ]}−1

and Gei(k) is the e-i
SLFC [42,43]. Similar expressions could also be obtained
via non-Born-approximated treatments for static Coulomb
scattering [62].

Now let us turn to discuss the properties of LFC. The
short-range correlation effects between particles are taken into
account via the LFC. We first perform the self-consistent cal-
culations for the SLFC. For this purpose, we self-consistently
solve Eqs. (3) and (B3)–(B5). The numerical simulations need
quite a large dynamic range in k in order to describe the full
variation of Gee(k,0) and Gii(k,0). The present calculations
used 217 points in k, which should be large enough. In Fig. 3, we
exhibit the e-e SLFC Gee(k,0) and the ion-ion SLFC Gii(k,0)
for WDP of Be at electron density ne = 1023 cm−3 and three
different values of temperature T = 10, 50, and 100 eV. We
can see from Fig. 3 that the SLFC Gee(k,0) and Gii(k,0)
vanish at low momentum k and increase to unity at high
momentum. When the temperature is low, SLFC oscillates out
of several times the electron sphere radius ae = (3/4πne)1/3,
while the oscillation phenomena disappear with increasing
temperature. For example, the first two peaks of Gii(k,0) are
clearly observed when the temperature T = 10 eV; see the
thin black curve in Fig. 3. The high-frequency limit of DLFC,
i.e., Gee(k,∞) and Gii(k,∞), is obtained following from the
analytical expression (B1). From the above formulas, we see
that if one numerically gets the SLFC Gαα(k,0), it is easy to
get the DLFC via interpolation expressions for Gee(k,ω) and
Gii(k,ω), such as Eq. (4). Therefore, the results of DLFC will
not be shown for the sake of brevity.

Furthermore, the dielectric function ε̃M (k,ω) containing
DLFC and the DCF can be easily calculated. The SLFC and
the SCF could also be employed in the extended Mermin
dielectric function. Although there exist some drawbacks,

various studies indicate that the DLFC method is in good
agreement with other methods in wide ranges of plasma
density and temperature, such as the hydrodynamic model
[63] and the moments method [25].

By using Eq. (7), we obtain the stopping power of a proton
moving in the WDP of Be with electron density ne = 2.78 ×
1023 cm−3 and temperature T = 40 eV. The corresponding
mean ionization degree 〈Z〉 = 2.26 and chemical potential
μ = −6.56 eV are used in the calculations. Figure 4 represents
the typical results of stopping power (in units of MeV/μm) as
a function of the velocity of projected proton vp, normalized
to the electron thermal velocity v̄e = (3T/me)1/2. To clearly
show the contributions from the electron component and the
ion component, respectively, we display the electron part of
the stopping power dEele/dx in Fig. 4(a), and the ion part
of the stopping power dEion/dx in Fig. 4(b). For comparison,
the RPA results are shown; see the black open circles in
Fig. 4. The blue squares denote the results obtained from the

FIG. 3. Electron-electron SLFC Gee(k,0) (thick curves) and ion-
ion SLFC Gii(k,0) (thin curves) as a function of the kae for Be
plasmas at three different temperatures T = 10, 50, and 100 eV
and electron density ne = 1023 cm−3. In the calculations, the mean
ionization degree and chemical potential of Be plasma shown in Fig. 1
were used.
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FIG. 4. Proton particle moving the WDP of Be. The stopping
power splitting into separate (a) electron component dEele/dx and
(b) ion component dEion/dx are plotted vs particle velocity vp (in
units of thermal velocity of electron v̄e). Different inverse dielectric
function models, including the RPA model (black open circles), the
Mermin model with DCF ν(ω) (blue solid squares), and the EMDF
with both DCF ν(ω) and DLFCs Gαα(k,ω) with α = e,i (red open
stars) were considered. The temperature of Be plasma is chosen as
T = 40 eV, and the electron density is ne = 2.78 × 1023 cm−3.

Mermin dielectric function model εM (k,ω) within the DCF
ν(ω). Results obtained from the EMDF model ε̃M (k,ω) within
both the DCF ν(ω) and the DLFC Gαα(k,ω) are plotted by the
open red stars. Compared with the RPA result for the electron
part [see Fig. 4(a)], we observe distinct differences induced
by the DCF and the DLFC in the EMDF model. In particular,
around the maximum stopping, compared with the RPA result,
the difference is significant when the short-range correlation
effects are considered for the DLFC in the EMDF model,
almost ∼20%. As mentioned above, the Yukawa potential is
used in the present calculations of the DLFC, including in
the EMDF model. It can be easily reduced to the DLFC of
the bare Coulomb interaction [56] by setting the screening
length κα = 0. The departure of the EMDF model from the
RPA model arises mainly from the DLFC rather than the
Yukawa potential taken into account in the model. Another
advantage of the Yukawa potential employed herein is the
remarkable reduction in the computational amount since the
Yukawa potential is a short-range potential.

The EMDF model indicates that a significantly reduced
stopping will give rise to a range enhancement for the
DLFC. This is important for ICF ignition. In other words,
this uncertainty is critical for the prediction of charged-
particle heating in fusion plasmas since vp � v̄e holds for
most of the deposition range of the charged particle [21,48].
Other transport coefficients and relaxation behaviors of WDP,

FIG. 5. Same as Fig. 4, but the SCF νS and SLFCs Gαα(k,0) with
α = e,i were used in the Mermin model and the EMDF model. Other
parameters are the same as those in Fig. 4.

where the dynamic properties become of importance, may
also be remarkably affected. The advanced progress in ion-
stopping experiments on the PHELIX laser facility at GSI
Helmholtzzentrum für Schwerionenforschung in Darmstadt,
Germany [48,64], and the OMEGA laser facility at the
University of Rochester, USA [34,35], enables an experimental
investigation of the discrepancies of different stopping power
models in such a WDP. Thereby, we hope this finding can be
tested in future experiments.

At higher velocities, Mermin results tend to the same
values of RPA results. For the ion part of the stopping power,
the differences between different models is indistinct in our
calculations; see Fig. 4(b). The maximum stopping induced
by ions is close to zero point of velocity due to the larger mass
of the proton with respect to the mass of the electron.

Furthermore, we also calculate the stopping power by
the Mermin model within SCF νS and SLFC Gαα(k,0). The
corresponding results are shown in Fig. 5. The other parameters
in this figure are the same as those used in Fig. 4. Differing from
the dynamic case, the SCF is no longer a complex function of ω

but just a real value, νS = 12.8 fs−1, in the calculations. There
are at least two points that should be noticed: (i) In the static
case, the Mermin stopping power is close to the RPA result;
see the blue squares in Fig. 5. The e-e static collision becomes
unimportant for heavier matters, such as Fe, Au, and so on,
while it is pronounced in a plasma composed of light elements,
such as H, He, Be, and so on [65]. The e-e SCF produces
an enhancement of stopping power before the maximum, but
the differences between including or not including the e-e
collision is not clear. This is because the effect of the e-e
collision becomes distinct if the e-e SCF is compared with the
plasma frequency. In the present calculation, νee,S/ωp is 0.12.

063203-5



FU, WANG, LI, LI, KANG, AND ZHANG PHYSICAL REVIEW E 94, 063203 (2016)

FIG. 6. Stopping power dEele/dx obtained from the Mermin
model (black curve) and the EMDF model (red stars) with DCF ν(ω)
and DLFC Gee(k,ω). The temperature of Be plasma is T = 100 eV,
and the electron density is ne = 4 × 1023 cm−3.

Thereby, the differences induced by e-e collisions are weak in
the stopping power. (ii) If the SLFC are taken into account in
the EMDF model, a departure from the RAP stopping power
becomes visible around the maximum value; see the red stars in
Fig. 5. This indicates that the short-range correlations between
plasma component particles should be considered in the warm
dense regime. However, the modification induced by SCF and
SLFC is weaker than that induced by the dynamic ones in
Fig. 4. Therefore, the dynamic properties in the WDP may be
more important and more significant.

Presently, the WDP with electron density around solid
values ne ∼ 1023 cm−3 and temperatures from 10 to 100 eV
is interesting for ICF studies. The exact determination of
the plasma condition (density and temperature) is still a
challenge in the present ICF-related experiments. For example,
in Ref. [35] the temperature data are estimated to be 32 eV with
a large uncertainty of ±15 eV, the electron density is around
∼1023 cm−3, and the corresponding mean ionization gives
〈Z〉 = 2.28+0.42

−0.27, which is consistent with our calculations
in Fig. 1. If the temperature is as high as 100 eV, we find
〈Z〉 = 3.2 and ne ≈ 3.8 × 1023 cm−3. The electron part of
the total stopping power for this plasma condition obtained
from the Mermin model and the EMDF model within DCF
and DLFC is shown in Fig. 6. It is clear that when the DLFC
is introduced into the model, the stopping power is strongly
modified at the moderate velocity regime, i.e., 3 < vp/v̄e < 9.
At higher velocity, both results tend to agree with the RPA
result. In addition, similar to the above Figs. 4(b) and 5(b),
the DLFC-induced modification to the ion part of the stopping
power is weak under the present plasma conditions. Thus we
do not show the corresponding results for the sake of brevity.

To obtain the energy loss, however, one can first obtain the
deposition length by integrating the inverse of the stopping
power over the energy deposited, L(Ei,Ef ) = − ∫ Ei

Ef

dx
dE

dE,
where Ei is the initial energy and Ef is the final energy of the
particle. For our formulas shown above, we have

L(Ei,Ef ) = −
∫ Ei

Ef

[
dEele

dx
+ dEion

dx

]−1

dE, (8)

and 
E = |Ef − Ei |.

Choosing the experimental condition shown in
Ref. [35], i.e., Ei = 15 MeV, L = 532 μm, ne = 2.78 ×
1023 cm−3, T = 40 eV, and 〈Z〉 = 2.26, and using the EMDF
model within DCF and DLFC, we estimate that the final
energy of a proton passing through the WDP of Be is about
Ef ≈ 12.2 MeV. Thus, the energy loss is 
EEMDF ≈ 2.8 MeV.
This result is reasonably consistent with the experimental
data as well as the theoretical results reported in Ref. [35].
Within the same parameters, the Mermin model without
DLFC yields 
EMermin ≈ 3.1 MeV, and the RPA model yields

ERPA ≈ 3.13 MeV, which may overestimate the energy
loss. The result of the static EMDF model within SCF and
SLFC is close to that of the Mermin model. Furthermore,
we also estimate the contribution of the free-electron part of
the stopping power via L(Ei,Ef ) = − ∫ Ei

Ef

dx
dEele

dE, and we

obtain 
Efree
EMDF ≈ 2.65 MeV corresponding to the extended

one-component Mermin model. Therefore, consistent with
the results in Ref. [35], the partial ionization and the dynamic
properties are important for the stopping of charged particles
moving in the WDP. Different approximations of the DLFC
[18,22,24,39,49] may yield different numerical results, but it
is clear to us that the DLFC in the presence of EMDF induce
an enhancement of energy deposition of charged particles.

Additionally, we also calculate the energy loss by using the
BPS stopping power model. According to the BPS method
[21], the stopping power of nonrelativistic particles moving
through a fully ionized plasma for Coulomb interaction in-
cludes three parts: (i) the classical short-distance contribution,
(ii) the classical long-distance contribution, and (iii) the
quantum correction to the classical part. In the BPS model,
the electrons and ions are considered classical particles that
obey the Maxwell-Boltzmann distribution. We find that, for
a fully ionized plasma, 
EBPS ≈ 1.6 MeV if all three parts
are included in the calculations, and 
Ec

BPS ≈ 3.5 MeV if the
quantum correction to the classical part is not considered in the
calculations. These results are far from the experimental data
and the EMDF result, which indicates that the BPS model is not
suitable for the WDP. This is because that BPS model is only
suitable for the weakly coupled plasmas, while the WDP of Be
considered herein is located at the moderate coupling regime,
i.e., �e = e2

(3/4πne)1/3T
≈ 0.3. However, the EMDF model is

suitable for plasma systems in a wide coupling range and
any degeneracy. Finally, we point out that the EMDF model
including the DCF and DLFC also agrees with other models,
such as the average-atom local density approximation model
[16,17,20,23], the moments method [25], the full-conserving
dielectric function model [66], and so on. Therefore, our results
shown in this work should be reasonable.

IV. CONCLUSION

In this paper, we have studied theoretically the energy
loss of multi-MeV charged particles traveling in the WDP
with degenerate electrons and nondegenerate ions. The mean
ionization degree has been considered by the detailed config-
uration accounting model and the average-atom model. The
stopping power model we employed is based on the plasma
dielectric functions. We focused on the dynamic properties of
the stopping of a proton moving in the plasmas. Therefore,

063203-6



DYNAMIC PROPERTIES OF THE ENERGY LOSS OF . . . PHYSICAL REVIEW E 94, 063203 (2016)

beyond the RPA model, the short-range correlations between
plasma component particles are taken into account by DLFC
in an EMDF for two-component plasmas. The Yukawa-type
effective potential has also been employed to derive the DLFC.
The DLFC were obtained by numerically self-consistent
iterative calculations. Our results show that, compared with
the RPA result, the DLFC introduced in the EMDF model give
rise to a significant difference around the maximum stopping,
almost 20%. However, the modification by the SLFC is weak
enough to be ignored. As part of the progress of the advanced
laser facilities, these uncertainties between different models
may be tested experimentally in the future. Furthermore,
by using the two-component EMDF within DLFC, we have
estimated the energy loss of a proton with an initial energy of
Ei = 15 MeV passing through a WDP of Be with solid density
and temperature around T = 40 eV. The numerical result is
reasonably consistent with the experimental data [35]. The
results in this work indicate that the partial ionization and the
dynamic properties are important for the stopping of charged
particles moving in the WDP.
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APPENDIX A: DERIVATIONS FOR THE RPA
DIELECTRIC FUNCTION

The dielectric function model under the RPA [12] is given
by

εe(k,ω) = 1 + V (k)

4π3

∫
dq

f (k + q) − f (q)

�ω − (Ek+q − Eq)
, (A1)

where V (k) denotes the Fourier transform of the interaction
potential, Ek = �

2k2/2me is the kinetic energy of electrons,
with me the electron mass and � the Planck constant,
and f (k) = {1 + exp [(Ek − μ)/T ]}−1 represents the Fermi
distribution function, with μ being the chemical potential
of plasma and T the temperature (in units of eV) of the
system. Considering the Yukawa effective interaction potential
Vee(r) = e2

r
e−κer , with κe the electronic inverse screening

length, the RPA dielectric function for the free electrons can
be derived as

εe(k,ω) = 1 + 2k2
F

πaBk
(
k2 + κ2

e

) [g(α+) − g(α−)], (A2)

where kF = (3π2ne)
1/3

is the Fermi wave vector,
aB = �

2/mee
2 is the Bohr radius, and g(α±) =∫

xdx
exp [(x2EF −μ)/T ]+1 ln α±+x

α±−x
, with EF being the Fermi

energy, and α± = ω+iν(ω)
kvF

± k
2kF

, with vF = �kF /me being
the Fermi velocity. The classical RPA dielectric function for
ions is written as

εi(k,ω) = 1 + A(k)

[
1 + ω

kv̄i

ϕ(z)

]
. (A3)

Here, v̄i = (3T/mi)1/2 is the thermal velocity of ions, with mi

the ion mass, and ϕ(z) = ∫ +∞
−∞

ds√
π

se−s2/2

s−z
, where z = ω/kv̄i .

A(k) = Vii (k)q2
Di

4π〈Z〉2e2 , where Vii(k) = 4π〈Z〉e2

k2+κ2
i

with κi the ionic

inverse Yukawa screening length, and q2
Di = 4πni〈Z〉2e2/T is

the Debye screening wave vector, with 〈Z〉 the mean ionization
degree and ni = ne/〈Z〉 the ion density.

APPENDIX B: SLFC Gαα(k,∞) AND Gαα(k,0)

In the derivations of the DLFC, the Yukawa potential
[50–54] Vαα(r) = (Zαe)2

r
e−καr , where κα is the inverse screen-

ing length, is employed to describe the effective interaction
potential between plasma species. The Yukawa potential is
considered as a screened Coulomb potential. The Yukawa
screening length reduces to either the Debye-Huckel law or
the Thomas-Fermi distance in the limiting cases of classical
and degenerate electron fluid, respectively [51]. For κα = 0,
one recovers the bare Coulomb interaction potential model. If
a bare Coulomb interaction potential is used in the theoretical
model, the effects of bound electrons may be neglected,
and thus the bare Coulomb interaction model may yield
insufficient information on dynamic properties (such as DLFC
and dynamic structure factors) for most warm dense matter
systems created experimentally. To describe appropriately the
warm dense matter, we must consider the quantum behavior
of the electrons and strong interactions between the plasma
species. Based on these considerations, the Yukawa potential
approximation may be a good choice for the derivation of
DLFC. By using the recurrence-relation technique and con-
sidering the Yukawa effective interaction potential Vαα(k), the
lowest dynamical extension of the DLFC could be introduced
[49]. One can get the high-frequency limit of DLFC as follows:

Gαα(k,∞) = V 0
αα(k)

nαVαα(k)

∫ ∞

0
dq q2[1 − Sαα(q)]hα(q,k),

(B1)

where V 0
αα(k) is the pure Coulomb potential of species α, and

Sαα(q) is the static structure factors for species α. The form
factor hα(q,k) in Eq. (B1) is written as

hα(q,k) = 1

8π2

[
3− (2aqak)2−3

(
a2

q+1
)2

3a2
k

(
a2

q + 1
) +

(
a2

q−a2
k+1

)2

4a3
kaq

× ln
(aq+ak)2+1

(aq−ak)2+1

]
, (B2)

with aq = q/κα and ak = k/κα . This expression (B1) is a
generalization of the SLFC developed by Pathak and Vashista
[56]. Our formulas could be easily reduced to the case of
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the bare Coulomb interaction, which has been developed by
Pathak and Vashista [56]. The SLFC at ω = 0 used in our
formulas is obtained by self-consistently solving the following
equations [67]:

Gee(k,0) = 1

ne

∫
d3q

(2π )3

q · k
q2

[1 − See(k − q)], (B3)

See(k) = 1

neVee(k)

∫ ∞

0

dω

π

Im [εe(k,ω)]−1

e−�ω/T − 1
. (B4)

Furthermore, the ion-ion SLFC can be derived as the following
form:

Gii(k,0) = 1

εe(k,0)
− T

niVii(k)

[
1

Sii(k)
− 1

]
. (B5)

In addition, the SLFC could also be obtained by self-
consistently solving the Ornstein-Zernike (OZ) equations in
Fourier space and the correlated hypernetted-chain closure
(HNC) in real space [42,43]. Substituting Eqs. (B1)–(B5) into
Eq. (4), one can easily get the DLFC.

APPENDIX C: HIGH-FREQUENCY LIMIT OF DCF

Moreover, the high-frequency limit of the RPA dielectric
function for electrons (A2) is presented as

εe(k,ω → ∞) = 1 − ω2
p

ω2
− ω4

pγ (k)

ω4
− · · · , (C1)

where

γ (k) = 3F3/2(η)

meT −5/2E3/2
F

k2

ω2
p

+ �
2

4m2
e

k4

ω2
p

. (C2)

Here, we have used the relation

g(α± → ∞) =
∑

δ=1,3,5,...

Fδ/2(η)

δαδ±(EF /T )δ/2+1 . (C3)

Similarly, the RPA ionic classical dielectric function can be
reduced to

εi(k,ω→∞) = 1 − ω2
ip

ω2
− 3T k2

mi

ω2
ip

ω4
− 15T 2k4

m2
i

ω2
ip

ω6
− · · · ,

(C4)

where ωip = (〈Z〉me/mi)1/2ωp is the ionic plasma frequency.
As a consequence, in the high-frequency limit ω → ∞, the
real part of ν(ω) vanishes and the DCF is approximated as a
pure imaginary one, so that

ν(ω → ∞) = i

(
ν1

ω
+ ν3

ω3
+ ν5

ω5
+ · · ·

)
, (C5)

where

ν1 = 1

ω2
ep

∫ ∞

0
dk U (k)[εe(k,0) − 1], (C6)

ν3 =
∫ ∞

0
dk U (k), (C7)

ν5 = ω2
ep

∫ ∞

0
dk U (k)γ (k), (C8)

with U (k) = ni

6π2m2
e
k6V 2

ei(k)Sii(k).
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[52] G. J. Kalman, Z. Donkó, P. Hartmann, and K. I. Golden, Strong
Coupling Effects in Binary Yukawa Systems, Phys. Rev. Lett.
107, 175003 (2011).

[53] J. Vorberger, Z. Donko, I. M. Tkachenko, and D. O. Gericke,
Dynamic Ion Structure Factor of Warm Dense Matter, Phys.
Rev. Lett. 109, 225001 (2012).

[54] K. N. Dzhumagulova, R. U. Masheyeva, T. Ott, P. Hartmann,
T. S. Ramazanov, M. Bonitz, and Z. Donkó, Cage correlation
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