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Monte Carlo simulation of evaporation-driven self-assembly in suspensions of colloidal rods
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The vertical drying of a colloidal film containing rodlike particles was studied by means of kinetic Monte
Carlo (MC) simulation. The problem was approached using a two-dimensional square lattice, and the rods
were represented as linear k-mers (i.e., particles occupying k adjacent sites). The initial state before drying
was produced using a model of random sequential adsorption (RSA) with isotropic orientations of the k-mers
(orientation of the k-mers along horizontal x and vertical y directions are equiprobable). In the RSA model,
overlapping of the k-mers is forbidden. During the evaporation, an upper interface falls with a linear velocity of
u in the vertical direction and the k-mers undergo translation Brownian motion. The MC simulations were run
at different initial concentrations, pi , (pi ∈ [0,pj ], where pj is the jamming concentration), lengths of k-mers
(k ∈ [1,12]), and solvent evaporation rates, u. For completely dried films, the spatial distributions of k-mers
and their electrical conductivities in both x and y directions were examined. Significant evaporation-driven
self-assembly and orientation stratification of the k-mers oriented along the x and y directions were observed.
The extent of stratification increased with increasing value of k. The anisotropy of the electrical conductivity of
the film can be finely regulated by changes in the values of pi , k, and u.
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I. INTRODUCTION

Vertical drying is an effective evaporation driven self-
assembly (EDSA) technique for the organization of colloidal
particles in thin films [1]. The EDSA technique has recently
been applied to the fabrication of novel functional nanoma-
terials, such as photonic colloidal crystals [2]. The EDSA
processes can be complicated by the formation of a skin layer
at the top of the film and the formation of irregular structures
and vertical nonuniformities [3]. The different mechanisms of
film formation during dry coating processes have recently been
reviewed [4]. Particle arrangement in the films is mainly con-
trolled by evaporation, particle sedimentation, and diffusion
processes. To minimize particle sedimentation a controlled
temperature gradient has been employed [5]. The relationship
between evaporation and particle diffusion processes can be
characterized by the so-called Péclet number (denoted as
Pe), which is the ratio of diffusive time τD = L2

y/D (D is
a diffusion constant of the particle) and the evaporative time
τE = Ly/u (Ly is the initial thickness of the film, u is the
linear rate of evaporation) [1]:

Pe = τD/τE = Lyu/D, (1)

where diffusion of the particles is more significant (i.e. at
high D, Pe � 1), a uniform structure of film is expected.
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In the opposite case, when evaporation dominates over
diffusion (i.e., at high u, Pe � 1), a vertical nonuniformity
of the film is expected. For large Péclet numbers, the theory
predicts Pe1/2 scaling in the spatial gradient of the density
profile [6].

Particular interest has been paid to simulations of EDSA
during the vertical drying of colloidal films. A kinetic three-
dimensional (3D) Brownian dynamics have been applied to
simulate the vertical drying of 4000 spherical latex particles
dispersed in water [7]. Latex particles were modeled as
spheres that interact via the DLVO potential with various
surface charge densities. Random spatial distribution and
heterocoagulation for small and large differences in the
surface potentials between the binary mixed latex particles
was observed, respectively. A kinetic 3D MC simulation
study of the structure of films filled with 3000 colloidal hard
spheres during solvent evaporation has also been performed
[3]. The study revealed the formation of ordered hexagonal
and tetragonal domains and random packing at low and high
evaporation rates, respectively. The MC models of latex film
formation through evaporation deposition have included the
effects of interparticle and particle-surface interactions [8] and
size polydispersity of the particles and solvent evaporation
rate [9]. At low evaporation rates, the formation of films with
relatively low porosity and small surface roughness has been
observed [9]. Dynamic stratification in drying films of col-
loidal mixtures of large and small colloidal particles in water
has been studied using 3D Langevin dynamics simulation and
by experiment [10]. During the drying, the larger particles
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concentrated at the bottom and the smaller ones concentrated
at the top. A segregation mechanism accounting for the
presence of a gradient in osmotic pressure was proposed.
A hybrid simulation method based on the combination of
classical numerical resolution (using finite differences) and
cellular automata methods has been applied to study latex
film formation during vertical drying [11]. Different regimes
leading to homogeneous or heterogeneous drying were tested.
The distribution of monodisperse latex particles was found to
depend on a combination of diffusion, convection, and particle
deformation. A linear increase of particle concentration gradi-
ent with Péclet number, Pe, was observed although the effect
of increased Pe was partially hindered in systems with strong
repulsive interaction between the particles.

Particle shape anisotropy plays an important role in the
drying of a colloidal suspension [12]. The phenomenon of
EDSA and the ordering of anisotropic particles have been
experimentally investigated [13]. The EDSA of hematite nano-
ellipsoids with an aspect ratio 2 and 5 tunable surface charge
has been studied [14]. Orientational self-organization of parti-
cles has been observed for highly repulsive particle-particle in-
teractions. For weakly charged particles, a disordered structure
was obtained. Studies of the drying of colloidal suspensions
containing model rodlike silica particles (with aspect ratios
ranging from 4 to 15) have revealed parallel orientation of
the silica rods in several layers close to the contact line [15].
Special interest has been paid to the behaviors of thin films
obtained by drying colloidal suspensions of carbon nanotubes
(CNTs) in experimental investigations (for a review, see
Ref. [16]). The transparent and electrically conductive films of
CNTs are of particular interest in the production of electrodes
for supercapacitors, thin film transistors, fuel cells, and
battery applications. The presence of EDSA in aqueous CNT
suspensions on glass substrates has been reported [17–20].
The EDSA technique has been applied to produce large-area,
ordered thin films of CNTs [21–23]. In aqueous suspensions
of CNTs, isotropic-to-liquid crystalline phase transitions have
been observed during water evaporation [22,23]. The mor-
phology and coverage of the films could controlled by careful
modulation of the CNT and surfactant concentrations.

However, in spite of the great progress which has taken
place in experimental investigations of the EDSA phenomenon
for anisotropic particles, the theory and computer simulations
of such processes have never previously been discussed in
the literature. In earlier studies computer simulation was
extensively applied to investigate percolation, jamming, and
electrical conductivity of films filled with sticks (continuous
problem) [24–26] and by k-mers (lattice problem) [27–35].
For conducting anisotropic particles, the particular interest
lies in the impact of particle aspect ratio on the electrical
conductivity and morphology of the films. In most cases,
the computational problems require very large resources to
be solved and the two-dimensional (2D) systems for lattice
problems were generally analyzed in previous studies.

This paper analyzes EDSA for the vertical drying of 2D
colloidal films containing linear k-mers by means of a kinetic
MC simulation. The initial state before drying was produced
using a model of random sequential adsorption (RSA) on
a square lattice with isotropic orientations of the k-mers.
During the drying, the k-mers undergo translation Brownian

motion. For completely dried films, the spatial distributions of
the k-mers and the electrical conductivity in the vertical and
horizontal directions were analyzed.

The rest of the paper is constructed as follows. In Sec. II,
the technical details of the simulations are described, all
necessary quantities are defined, and some test results are
given. Section III presents our main findings. Section IV
summarizes the main results.

II. COMPUTATIONAL MODEL

In the kinetic MC simulation, an RSA model was used to
produce an initial homogeneous distribution of rods in the film
[36]. In the RSA model, overlapping with previously placed
k-mers is strictly forbidden. The problem was treated on a 2D
square lattice of size Lx × Ly , and the rods were represented
as linear k-mers (i.e., particles occupying k adjacent sites) with
a length of k ∈ [2,12]. The periodic boundary conditions were
applied along the horizontal x axis.

The initial concentration was changed within pi ∈ [0,pj ],
where pj is the jamming concentration. The jamming con-
centration pj corresponds to the state when no one additional
k-mer can be placed because the presented voids are too small
or of inappropriate shape. The values of pj for different values
of k have recently been calculated in a thermodynamic limit
[37], our estimations of pj for a particular lattice size are
presented in Table I. Isotropic orientations of the k-mers (the
orientations of k-mers along the horizontal x and vertical y

directions are equiprobable) was assumed. Vertical drying of
the colloidal film was performed along the y axis.

The Brownian diffusion of k-mers was simulated using
the following kinetic MC procedure (see Appendix B). We
considered fairly dense systems. In this case, rotational
diffusion is impeded, especially for large values of k. This
is the reason why only translational diffusion was taken into
consideration in our simulation. At each step, an arbitrary
k-mer was chosen and a shift along either the longitudinal (‖)
or the transverse (⊥) axis of the k-mer on one lattice unit was
randomly attempted. The probabilities of translational shifting
of the k-mers along the different directions f‖ and f⊥ were
assumed to be proportional to the corresponding coefficients
of diffusion, D‖ and D⊥.

For a rough approximation, the values of D‖ and D⊥
obtained for oblate spheroids were used [38]. One can obtain
the following equations for the evaluation of f‖ and f⊥ (see
Appendix C for details):

f‖ = (2 − 4k2)G(k) + 2k2

(5 − 6k2)G(k) + k2
, f⊥ = 1 − f‖, (2)

where G(k) = k ln (k + √
k2 − 1)/

√
k2 − 1.

These equations give slightly different probabilities for a
diffusion along the longitudinal or transverse axes, f‖ � f⊥.
For example, for k = 2 and k = 12, we have f‖ ≈ 0.534
and f‖ ≈ 0.594, respectively. One time step of the MC
computation, which corresponds to an attempted displacement
of all the k-mers in the system, was taken as the MC time unit.

During drying, the liquid evaporates, and the upper interface
falls with a linear velocity of u in the vertical direction
[Fig. 1(a)]. Short-range repulsion forces between the upper
interface and the k-mers were assumed, and diffusion motions
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FIG. 1. Examples of k-mer configurations (a) at the initial mo-
ment before drying and (b) in the process of drying at different values
of the relative thickness of the film h = Ly/L

i
y : h = 0.56 (tMC ≈

1.1 × 105), h = 0.23 (tMC ≈ 2.0 × 105), and h = 0.12 (tMC ≈ 2.3 ×
105). Li

y = 256 is the initial size of the film in the vertical direction,
Lx = 256, k = 8. The concentration of k-mers at the initial moment
is pi = 0.05, and the evaporation rate is u = 10−3. Horizontal k-mers
are shown in blue, vertical k-mers are shown in red, empty sites are
shown in white.

were allowed only inside the film. The drying was stopped
when some k-mers or some parts of the k-mers are located
above the interface. At the final state, the concentration of
k-mers in the film was large enough to essentially reduce the

diffusion inside the film. In the absence of k-mers the total
duration of liquid evaporation is Ly/u.

The relationship between the “computational” values uc, Lc
y

and the real physical values ur , Lr
y can be established using

the equations

ur = ucd/τB (3)

and

Lr
y = Lc

yd, (4)

where d is the real physical size (diameter) of the monomer
(one lattice unit) and

τB = d2/4D = 3πηd3/4kT (5)

is the Brownian time, i.e., the time required for particle
displacement over a distance d. Here D = kT /(3πηd) is the
Stokes-Einstein diffusion coefficient of the monomer, kT is the
thermal energy, and η is the viscosity of evaporating liquid. The
diameter of the monomer (one lattice unit) can be estimated
from

d =
√

4kT

3πη

uc

ur
. (6)

In particular, for the evaporation of water at T = 303 K
(ur ≈ 3.76 × 10−7 m/s [39], η ≈ 0.8 × 10−3 Pa · s), and a
lattice size in the vertical direction of Lc

y = 256 one can obtain
d ≈ 24 nm and Lr

y ≈ 6 μm for uc = 10−4, and d ≈ 80 nm
and Lr

y ≈ 20 μm for uc = 10−3. In “computational” units the
Péclet number defined in Eq. (1) can be represented as

Pe = Lr
yu

r/D = 6Lc
yu

c. (7)

Hereinafter all “computational” values will be referred to
without the upper index c.

Figure 1 presents an example of the k-mer configurations
at the initial moment before drying (a) and in the process
of drying at different values of the relative thickness of the
film h = Ly/L

i
y , where Li

y is the initial size of the film in
the vertical direction. The drying resulted in decreasing film
thickness, Ly , and increasing k-mer concentration inside the
film, p.

The initial concentration pi affects the final thickness of
the dried film hf and the final concentration of the k-mers
within the film pf . Figure 2 presents examples of the pf

versus pi dependence along with the final drying patterns
at different values of pi for k = 8 and u = 10−3. For the
presented example at small values of pi (<0.2) a significant
compaction of the k-mers within the film with pf > pi is
observed. However, at pi > 0.4 the compaction is practically
absent and (pf ≈ pi).

The profiles of the k-mer density, p(y), and the order
parameter, s(y), in the vertical direction were evaluated for
the films. The order parameter was defined as

s = ny − nx

nx + ny

, (8)

where nx and ny are the number of k-mers oriented along the
x and y axes, respectively. Here the case s = 0 corresponds to
an isotropic distribution of the k-mers, s > 0 corresponds to a
preferential orientation of k-mers along the y axis, and s < 0
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FIG. 2. Example of the final concentration, pf , versus the initial
concentration, pi , of the k-mers. The patterns of the dried films at
different pi and h are also shown. Li

y = 256, Lx = 256, hf = Ly/Lx

is the final relative thickness of the dried film, k = 8 is the length of
the k-mers, and u = 10−3 is the evaporation rate. Horizontal k-mers
are shown in blue, vertical k-mers are shown in red, empty sites are
shown in white.

corresponds to the preferential orientation of k-mers along the
x axis.

The effects of k-mer length and the drying conditions
on the electrical conductivity, σ , of the films were also
studied. For calculation of the electrical conductivity σx

or σy , two conducting buses were applied to the opposite
sides of the lattice in the corresponding y or x directions.
The electrical conductivity was calculated between these
buses. Different electrical conductivities of the bonds between
empty sites, σm, filled sites, σp, and empty and filled sites,
σpm = 2σpσm/(σp + σm) were assumed. We put σm = 1 and
σp = 106 in arbitrary units. The Frank-Lobb algorithm was
applied to evaluate σx and σy [40]. Note that σx and σy

are the transverse or longitudinal electrical conductivities
in a direction perpendicular or parallel to the direction of
film drying, respectively. In the calculations, the logarithm
of the effective conductivity was averaged over different
runs.

In the present work, almost all calculations were performed
using Lx = 256, Ly = 256 and u = 10−4–10−3. The total MC
time required for one drying run, tMC (in MC time units) can
be evaluated as

tMC = (1 − hf )Li
y/u, (9)

where hf is the final relative thickness of the dried film. This
equation gives tMC � 2.56 × (105–106). A scaling analysis of
pf at a fixed value of Li

y = 256 and at different values of k and
Lx was performed. Figure 3 illustrates examples of the scalings
of the pf values. The difference between the approximated
value of pf in the limit of the infinite system pf (Lx → ∞)
and pf (Lx = 256) was of the order of several percents for

FIG. 3. p∗
f = pf (Lx)/pf (Lx = 256) versus the 1/Lx dependen-

cies at k = 2 and k = 8. The empty and filled symbols correspond to
pi = 0.05 and pi = 0.3, respectively. Here Li

y = 256, and the data
were averaged over 100 runs.

u = 10−3 and of the order of 10%–15% for u = 10−4. For
each given value of k, pi , and u, the computer experiments
were repeated from 100 to 1000 times, and the data were
averaged.

III. RESULTS AND DISCUSSION

A. Brownian motion driven self-assembly
in the absence of drying

The RSA process produces a non-equilibrium state that can
be reorganized in the course of the Brownian motion of the
k-mers. Figure 4 presents examples of the k-mer patterns at the
initial moment (tMC = 0, upper row) and after 106 MC steps
(tMC = 106, bottom row) in the absence of evaporation, i.e., at
u = 0. The concentration of k-mers was close to the maximum
jamming concentration for the given value of k [37]. At the
initial moment at tMC = 0, the deposited k-mers tend to align
parallel to each other, and typical stacks of the horizontally (x
stacks) and vertically (y stacks) oriented k-mers are observed.
These stacks can be represented as squares of size ≈k × k.
The jamming state consists of the x and y stacks and the voids
between them. These observations are fully consistent with
previously published data [28,37,41]. For randomly oriented k-
mers (at s = 0) infinite connectivity (i.e., percolation) between
the similar x or y stacks has not been observed [37]. However,
a percolation of the similar stacks (x or y) can be observed for
partially oriented systems.

The differences between the patterns at the initial moment
and after 106 MC steps (Fig. 4) evidenced the presence of a
dynamic spatial reorganization of the system of k-mers. In a
course of Brownian motion, the horizontal and vertical stacks
separate from one another, and typical coarsening is observed.
With long times, the extent of coarsening becomes much larger
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(b)

(a) k=4 k=8 k=12

FIG. 4. Examples of k-mer patterns (a) at the initial moment, tMC = 0, and (b) after 106 MC steps, tMC = 106, for k-mers of different
lengths. Ly = 256, Lx = 256, k is the length of the k-mers, and evaporation is absent (u = 0). Concentration of k-mers corresponds to the
jamming state: p ≈ 0.8 (k = 4), p ≈ 0.75 (k = 8), and p ≈ 0.72 (k = 12) (Table I). Horizontal k-mers are shown in blue, vertical k-mers are
shown in red, empty sites are shown in white.

than the size of the k-mers. Moreover, the horizontal stacks pre-
dominantly concentrate near the boundaries, whereas the ver-
tical stacks predominantly concentrate in the bulk of the film.

Figure 5 presents examples of the order parameter profiles
[Eq. (8)] in the vertical direction, s(y), after 106 MC steps for
k-mers of different lengths. The fluctuation of s(y) between
negative and positive values increases with increasing length
of the k-mers. For example, at k = 8, the profile in Fig. 5
reveals fluctuations reflecting interleaving of the stacks of
k-mers oriented in the horizontal and vertical directions. The
observed localization of the x stacks near the boundaries
evidently reflects the nonperiodical boundary conditions in
the vertical direction.

For characterization of the degree of segregation, it is
useful to introduce the number of intercontacts of k-mers of
different orientations, n. For example, each site in a vertical
(or horizontal) k-mer can contact n � 2(1 + 1/k) sites in the
horizontal (or vertical) k-mers. Complete phase separation
corresponds to an absence of contacts between the vertical
and horizontal k-mers, i.e., n → 0.

Figure 6 presents the relative number of contacts n∗ = n/ni

(here, ni is the initial number of contacts at tMC = 0) versus the

MC time tMC for different length of k-mers. The initial number
of contacts, ni (see inset to Fig. 6), decreases with increasing
length of k-mer. The kinetics of the changes of n were different
depending on the value of k. For k = 2 and k = 3, the value of
n increases, for k = 3, the value of n goes through a maximum
at tMC ≈ 100 and for k � 4 the value of n decreases with time
tMC . It is interesting that for k ∈ [2,6], the value of n stabilizes
at some level for tMC ≈ 106. However, for longer k-mers the
value of n continues to decrease at tMC � 106. Therefore,
for longer k-mers, the Brownian motion driven self-assembly
requires a longer time for dynamic equilibration. Moreover,
the number of contacts between k-mers with different
orientations in dynamic equilibrium structures significantly
decreases with increasing k.

It is interesting that different anomalies in the properties
of k-mer systems have previously been observed in their
dependence on the length of the k-mers. For example,
the jamming concentration decreases monotonically when
approaching the asymptotic value of pj = 0.66 ± 0.01 at large
values of k, and the percolation threshold pc is a nonmonotonic
function of the length k, with a minimum at a particular
length of the k-mers (k ≈ 13) [29,32,37]. Several problems
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FIG. 5. Examples of the order parameter profiles in the vertical
direction, s(y), after 106 MC steps (tMC = 106) for k-mers of different
lengths. Ly = 256, Lx = 256, k is the length of the k-mers, and
the evaporation is absent (u = 0). The concentration of k-mers
approximately corresponded to that for the jamming state [37].

related to the self-organization of k-mers have been previously
discussed [42–47]. Dynamic Monte Carlo simulations using
a deposition-evaporation algorithm for the simulation of
dynamic equilibrium of the k-mers have been applied [42].
For long k-mers (k � km), two entropy-driven transitions as a

FIG. 6. Relative number of contacts between the vertical and
horizontal species, n∗ = n/ni (ni is the initial number of contacts
at tMC = 0), versus the MC time tMC for different length of k-mers.
Lx = Ly = 256. All concentrations of k-mer corresponded to the
jamming state [37]. Inset: The initial number of contacts at tMC = 0
versus the value of k.

(a)

(b)

FIG. 7. Final concentration pf versus initial concentration pi for
k-mers of different length and evaporation rate of u = 10−4 (a) and
u = 10−3 (b). Lx = 256, Li

y = 256, hf = Ly/L
i
y is the final relative

thickness of the film.

function of density p were revealed: first, from a low-density
isotropic phase to a nematic phase with an intermediate density
at pin, and, second, from the nematic phase to a high-density
disordered phase at pnd. On a square lattice, km = 7. A
lattice-gas model approach has been applied to study the phase
diagram of self-assembled k-mers on square lattices [43]. It
has been observed that the irreversible RSA process leads to an
intermediate state with purely local orientational order and, in
the equilibrium model, the nematic order can be stabilized for
sufficiently long k-mers [47]. For example, for k = 7, pin ≈
0.729 [47] and pnd ≈ 0.917 [46]. Thus, the observed Brownian
motion driven self-assembly in the absence of drying can
reflect an entropy-driven transition to the high-density
disordered phase with separation of the horizontally (x stacks)
and vertically (y stacks) oriented k-mers.

B. Evaporation driven self-assembly

To account for the Brownian motion driven self-assembly
that was revealed, we can expect a rather complex mechanism
of evaporation driven self-assembly for the systems under
study. During the drying, the thickness of the film and
the concentration of k-mers inside it continuously increase
with the time. An initial concentration pi affects the final
concentration of k-mers within the film pf and the final
thickness of the dried film Ly = Li

ypi/pf .
Figure 7 presents the final concentration pf versus the

initial concentration pi dependencies for k-mers of different
lengths and evaporation rate of u = 10−4 (a) and u = 10−3

(b). The final concentration pf goes through a minimum at
a particular concentration of pi = pmin

i . The value of pmin
i

decreases with increasing k and rate of evaporation u. The
presence of such a minimum reflects the competition between
evaporation driven self-assembly and jamming restrictions in
a high-density disordered phase. At a relatively large pi (at
pi > 0.7 for u = 10−4 and pi > 0.3 for u = 10−3), the value
of pf almost coincides with pi , i.e., at high initial density
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FIG. 8. Examples of k-mer patterns at the end of drying for k-
mers of different lengths. (a) k = 4, hf = 0.24, (b) k = 8, hf = 0.27,
(c) k = 12, hf = 0.29. Lx = 256, Li

y = 256, hf = Ly/L
i
y is the final

relative thickness of the film, k is the length of k-mers, and u = 10−4

is the evaporation rate. The horizontal k-mers are shown in blue,
vertical k-mers are shown in red, empty sites are shown in white.

the evaporation driven densification of the film is practically
absent.

Figure 8 presents examples of the k-mer patterns at the end
of the drying for k-mers of different lengths for the particular
case of u = 10−4 and pi = 0.2. Here, the stratification of
the stacks of k-mers oriented in the horizontal and vertical
directions is evident. The horizontal x stacks are localized
dominantly near the upper and lower boundaries. Moreover,
the density p(y) and order parameter s(y) profiles inside
the dried films of k-mers (Fig. 9) evidence the presence of
noticeable oscillations in both the p(y) and s(y) functions. An

increase in the initial concentration pi results in a decrease in
the density profiles p(y) [Figs. 9 a) and 9(c)]. In some cases,
reduction in density near the upper boundary are observed
that may reflect the effect of the roughness of the film. For
k = 2 the density oscillations were absent and the profiles
p(y) were relatively uniform. In the drying regimes, as used,
the Péclet numbers estimated from Eq. (7) are Pe ≈ 0.154
at u = 10−4 and Pe ≈ 1.54 at u = 10−3. For a relatively
rapid evaporation rate (u = 10−3) and a high initial density
(pi = 0.3) [Fig. 9(c)] a spatial gradient in the density profile
and the formation of a denser layer near the upper boundary
(crust) can reflect a larger Péclet number. The upper crust
consists predominantly of horizontal x stacks with a negative
order parameter [Fig. 9(d)]. Crust formation has been typically
observed during the drying of colloidal suspensions [48]. For
longer k-mers the most nonuniform structure of the dried films
is observed at small initial concentrations pi . For example for
k = 12 and pi = 0.05 the vertical y stacks with a positive
order parameter are predominantly localized in the center of
the film [Figs. 9(b) and 9(d)] where the density of the film is
maximal [Figs. 9(a) and 9(c)].

Figure 10 presents the electrical conductivity of a dried
film σ versus the initial concentration pi for k-mers of
different lengths and at evaporation rates of u = 10−4

(a) and u = 10−3 (b) in different directions. The open and
filled symbols correspond to the horizontal (x) and vertical (y)
directions. It is remarkable that, at small initial concentrations
(pi < 0.05–0.1), the electrical conductivity σx exceeds the
value of σy , whereas at larger values of pi the opposite behavior
is observed. The effects were greatly affected by the length of
the k-mers. For example, with k = 2 at a large value of u[u =
10−3; Fig. 10(b)] and pi in the interval between ≈0.2 and
≈0.5 percolation is observed only along the x direction. Such
anisotropy of electrical conductivity may reflect the different
connectivity, stratification, and densification of the stacks of
k-mers oriented in the horizontal and vertical directions.

(a)

(b)

(c)

(d)

FIG. 9. Profiles of k-mer density p(y) (upper) and order parameter s(y) (lower) inside dried films for different initial densities pi and
lengths of k-mers and at evaporation rates of u = 10−4 (a,b) and u = 10−3 (c,d). Lx = 256, Ly = 256.
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(a)

(b)

FIG. 10. Electrical conductivity of a dried film σ versus initial
concentration pi for k-mers of different lengths and evaporation
rate of u = 10−4 (a) and u = 10−3 (b). The open and filled symbols
correspond to the horizontal (x) and vertical (y) directions. Lx = 256,
Li

y = 256.

IV. CONCLUSION

A 2D model of the vertical drying of a colloidal film
containing rodlike particles (k-mers, k ∈ [1,12]) was studied
by means of kinetic Monte Carlo simulation. The initial state
before drying was produced by using an algorithm of random
sequential adsorption (RSA) with isotropic orientations of the
k-mers. The simulations were performed at different initial
concentrations of the k-mers, pi , and values of solvent evapo-
ration velocity, u. The chosen drying conditions corresponded
to relatively low Péclet numbers: Pe ≈ 0.154 at u = 10−4

and Pe ≈ 1.54 at u = 10−3. During the evaporation, k-mers
undergo translation Brownian motion, the film thickness
continuously decreases, and the density of the k-mers inside
the film increases. In the completely dried films, the spatial
distributions of k-mers and the electrical conductivity in the
vertical and horizontal directions were analyzed.

A significant stratification of the stacks of k-mers oriented
along the horizontal and vertical directions was observed. The
stratification increases for longer k-mers and for larger initial
concentrations. Our analysis has shown that the observed evap-
oration driven self-assembly can include Brownian motion
driven self-assembly of the k-mers. Even in the absence of
drying, entropy-driven processes of separation of the stacks
with different orientations were observed. Meanwhile, the
horizontal stacks predominantly concentrated near the bound-
aries, whereas the vertical stacks predominantly concentrate
in the bulk of the film. The development of the drying
process influences Brownian motion driven self-assembly
by changes in the k-mer concentration and the addition of
structural nonuniformity in the vertical direction. As a result,
the observed evaporation driven self-assembly can be rather
different in its dependence on the values of k, pi , and Pe.
For example, at k = 2 and Pe ≈ 1.54 the formation of an
upper crust of horizontal x stacks with a negative order

parameter was observed. For longer k-mers (k = 12), the
formation of a more dense layer of vertical y stacks inside
the center of film was observed. A rather intriguing behavior
of the electrical conductivity of dried films was observed.
Films with significant anisotropy of electrical conductivity
in the horizontal and vertical directions can be obtained. The
anisotropy can be finely regulated by changes in the values
of pi , k, and u. Such anisotropy of electrical conductivity
evidently reflects the different connectivity, stratification, and
densification of the stacks of k-mers oriented in the horizontal
and vertical directions. We believe that obtained results for
the considered lattice 2D model can be useful for qualitative
predictions in realistic 3D experiments with vertically drying
systems containing anisotropic particles.
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APPENDIX A: JAMMING CONCENTRATIONS

TABLE I. Estimations of jamming concentrations for the lattice
size L = 256.

k pj k pj

2 0.906 8 0.748
3 0.846 9 0.736
4 0.814 10 0.731
5 0.788 11 0.726
6 0.769 12 0.726
7 0.758

APPENDIX B: ALGORITHM

1: repeat
2: {One Monte Carlo step}
3: for i = 1 to number of k-mers to be shifted
4: Randomly select a k-mer
5: Randomly select a shift direction
6: if The shift direction coincides with the orientation

of the k-mer probability of shift ← f‖
7: else probability of shift ← f⊥
8: end if
9: Try to shift the k-mer in the chosen direction by one

lattice site with the given probability
10: {k-mer cannot leave the film.}
11: {Substrate is impenetrable for k-mers.}
12: {Contacting with the upper boundary k-mer cannot

be shifted upward.}
13: {k-mers cannot pass through each other.}
14: end for
15: Move upper boundary of the film to a new position

according evaporation rate
16: until Some k-mers or some parts of the k-mers are located

above the interface. {Drying is finished}
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APPENDIX C: EVALUATION OF THE PROBABILITIES
OF DIFFUSIVE MOTION ALONG DIFFERENT

DIRECTIONS f‖ and f⊥

The probabilities of translational shifting of k-mers along
the different directions f‖ and f⊥ were assumed to be
proportional to the corresponding coefficients of diffusion,
D‖ and D⊥. For prolate ellipsoids of revolution (spheroids)
with two semiaxes of equal length b and a long semiaxis of
length a, the translational diffusion coefficients parallel (D‖)
and perpendicular (D⊥) to the main symmetry axis are given
by

D‖ = kBT

8πηa

(2 − r2)G(r) − 1

1 − r2
, (C1)

D⊥ = kBT

16πηa

(2 − 3r2)G(r) + 1

1 − r2
, (C2)

where r = b/a < 1 is the aspect ratio, kB is the Boltzmann
constant, T is the temperature, η is the viscosity, and G(r) =

ln ((1 + √
1 − r2)/r)/

√
1 − r2 [38]. In the limiting case of

spherical particles (r → 1, b = a), these diffusion coefficients
are equal to the well-known Einstein-Stokes formula

D⊥ = D‖ = kBT

6πηb
. (C3)

In our model, a k-mer can be considered as a prolate
ellipsoid of revolution with two equal semiaxes of length
b = 1/2 and a long semiaxis with a length of a = k/2. In this
case, the orientation of the k-mer coincides with the orientation
of the long semiaxis of the ellipsoid and the aspect ratio
r = 1/k. We suppose that the probabilities f‖, f⊥ of k-mer
shift along (‖) and perpendicular (⊥) of the k-mer orientation
are proportional to the corresponding diffusion coefficients
of the prolate spheroid f‖ = cD‖, f⊥ = cD⊥, where c is a
normalization factor. The relationship

f‖ = D‖
D‖ + D⊥

(C4)

yields (2).
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