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The Na* current in nerve and muscle membranes may be described in terms of the activation variable m(t)
and the inactivation variable h(¢), which are dependent on the transitions of S4 sensors of each of the Nat
channel domains DI to DIV. The time-dependence of the Na® current and the rate equations satisfied by m(z)
and h(¢) may be derived from the solution to a master equation that describes the coupling between two or
three activation sensors regulating the Na™ channel conductance and a two-stage inactivation process. If the
inactivation rate from the closed or open states increases as the S4 sensors activate, a more general form of
the Hodgkin-Huxley expression for the open-state probability may be derived where m(t) is dependent on both
activation and inactivation processes. The voltage dependence of the rate functions for inactivation and recovery
from inactivation are consistent with the empirically determined expressions and exhibit saturation for both

depolarized and hyperpolarized clamp potentials.
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I. INTRODUCTION

The opening and subsequent inactivation of Na™ channels
and the activation of K* channels generate the action potential
in nerve and muscle membranes [1]. The time-dependence of
the Na™ current in the squid axon may be described in terms
of the expression m(t)*h(t), where the activation variable m(z)
and inactivation variable A(z) satisfy the rate equations

dm_ )
E—am_(am'i'ﬁm)mz (1)
dh b 5
E—Olh—(ah'i'ﬂh), ()

and «,,,, B, @i, and By, are voltage-dependent rate functions for
activation and inactivation transitions within the membrane.

The Hodgkin-Huxley (HH) description of the Na* current
is equivalent to an eight-state master equation where three
independent voltage sensors may activate and open the
channel, and independent inactivation may occur from each of
the closed or open states [2—4]. Although this master equation
is not consistent with the measurement of an almost zero
Na™ current during repolarization of an inactivated channel,
by assuming that the backward inactivation rate to the open
state is zero but the recovery rate to closed states increases
as the S4 sensors deactivate [5], and that inactivation is a
two-stage process where the rate functions satisfy microscopic
reversibility, the model provides a good description of the
recovery from inactivation, and the Na® current during a
depolarizing clamp [6].

In this paper, it is shown that the Hodgkin-Huxley ex-
pression for the Na® current and the rate equations for
activation and inactivation may be derived from a master
equation, which describes the coupling between two or three
activation sensors regulating the Na™ channel conductance and
a two-stage inactivation process. For a Na™ channel with two
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independent activation sensors, where the deactivation rate
during repolarization is slower between inactivated states than
between closed or open states, only four of the terms of the
solution to a six-state master equation for a depolarizing clamp
contribute to the open state O(t), which may be expressed as
m(t)*h(t). Assuming that the inactivation rate from the open
state is larger than the rate from closed states [7], the time-
course of entry into the inactivated state and the recovery from
inactivation may be approximated by biexponential functions,
in agreement with kinetic data from Na™ channels [6]. The
voltage dependence of the rate functions for inactivation and
recovery from inactivation have a similar form to empirical
expressions for Na™ channels [1,5], and in particular, the
exponential variation exhibits saturation for both depolarized
and hyperpolarized clamp potentials.

II. VOLTAGE CLAMP OF A Nat CHANNEL WITH TWO
ACTIVATION SENSORS

The Na™ channel protein is composed of four domains DI
to DIV, each containing an S4 segment with positively charged
residues at every third position [3]. Based on voltage clamp
fluorometry, it has been shown that, in response to membrane
depolarization, the transverse motion of the charged S4
segments of the Na™ channel domains DI to DIII is associated
with activation, whereas the slower movement of DIV S4 is
correlated with the binding of an intracellular hydrophobic
motif that blocks the flow of ions through the inner mouth of
the pore [8]. This may occur for small depolarizations when the
ion channel is usually closed (closed-state inactivation) or for
larger depolarizations when the S4 segments of the domains
D1 to D3 are activated (open-state inactivation).

However, during repolarization of an inactivated Na%t
channel, the OFF gating charge has a fast component which
may be attributed to the motion of the DI and DII S4 segments,
and a slow component, the “immobilized” portion, that is
generated by the conformational changes of the DIII and DIV
S4 segments [9,10]. For an inactivation modified mutant of
the human heart Na™ channel, it has been estimated that the
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FIG. 1. State diagram for Na® channel gating where horizontal
transitions represent the activation of two voltage sensors (DIII and
either DI or DII) that open the pore, and vertical transitions represent
the two-stage inactivation process of the DIV voltage sensor and the
inactivation motif.

DIV S4 sensor contributes approximately 30% to the OFF
charge, and approximately 20% may be attributed to the DIII
S4 sensor, which is only immobilized when the inactivation
gate is intact. The slow component of the OFF gating charge
has the same time course as the Na' channel recovery from
inactivation, and therefore, the rate-limiting step is the motion
of the DIV S4 sensor and not the unbinding of the inactivation
gate [11].

In order to account for the effect of double-cysteine mutants
of S4 gating charges on the ionic current of the bacterial
Na® channel NaChBac, it has been proposed that at least
two transitions are required during the activation of each
voltage sensor [12]. This conclusion is consistent with an
earlier result that cross-linking a DIV S4 segment from the
extracellular surface inhibits inactivation during membrane
depolarization, whereas cross-linking the same segment from
the inside inhibits activation of the Na™ channel, and therefore,
the DIV S4 sensor translocates across the membrane in two
stages [13,14]. The measurement of currents for wild-type
and charge-neutralized mutant Na™ channels gives additional
support to the conclusion that the activation of the DIV S4
sensor is correlated with ion channel inactivation [6].

In this section, we assume that the activation of two voltage
sensors regulating the Na* channel conductance (DIII S4 and
the S4 segment of either the DI or DII domains) is coupled
to a two-stage inactivation process (see Fig. 1), and therefore,
the kinetics may be described by a master equation where the
occupation probabilities of the closed states Cy, C», Aj, and
Aj, the open states O and A3, and the inactivated (or blocked)
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states Bj, B;, and Bj are determined by

dC
— = (@ +a0)Ci0) + feCr) + fu (D). ()
dC,
e —(atiz +ap + Bc)Ca(t) + acCi(2)
+ BoO(t) + Bin Ax(2), @
do
o= apCo(t) — (Bo + ai3)O(t) + BizAsz(t),  (5)
dA,
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dA,
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+ 82 B2(t) + ax1 A1(2) + BarAs(1), @)
dA;
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+8i3B3(t) + a a2 As(2), ®)
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d_tl = yi1A1(t) — (ag1 + 8;1)B1(t) + B1B2(t), (9)
dB>
e VinAs(t) + ap1 B1(t) + BpaBs(t)
— (ap2 + Bp1 + 8i2) Ba(1), (10)
dB
—7 = VnAs() +amBat) — (Bra+ 83)B(0). (1)

The master equation may be derived from a Smoluchowski
equation applied to the resting and barrier regions of an energy
landscape for each of the S4 sensors in the domains DI to
DIV [15,16]. The translocation of the S4 segment through
the gating pore for Na™ (or K*) channels requires sufficient
energy to overcome several barriers that are dependent on the
Coulomb force between positively charged residues on the S4
sensor and negatively charged residues on neighboring helices,
the dielectric boundary force, the electric field between internal
and external aqueous crevices, and hydrophobic forces [17]. It
is assumed that the transition rates for each stage of inactivation
are dependent on single-barrier activation, and therefore, are
proportional to exp(-U) where U is the voltage-dependent
height of the barrier [18]. However, if the Na't channel S4
sensors of the DI, DII, or DIII domains are activated in two
stages, the HH rate functions «,, and $,, may be approximated
by two-state expressions [19].

In order to simplify the solution of Egs. (3) to (11), it is
initially assumed that

ik =1, Bik = Bits Vik = Vit (12)
for each k, and to ensure that the Nat current recovers
from inactivation when the S4 sensors that regulate Na™
conductance deactivate, it is further assumed that

8;1 > 82 > 63~ 0. (13)

From microscopic reversibility or the principle of detailed
balance, the product of the transition rates in the clockwise
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and anticlockwise directions are equal [3], and we may write

*B1 a1 Qc

St = AL = —C
"Bsi Ba Bc

(07:%) o A2 do
dp—2 = 22 =22 (14)
ZBr Baz  Bo

where 8,1 = 8;2/8;1 < 1 and 83, = §;3/8;2 < 1.

Assuming that the first forward and backward transitions for
inactivation are rate limiting (8;; >> §;x and y;x > oy, fork =
1to 3) [19,20], and that 8;; + ik, for each k, is greater than the
activation-deactivation rate functions a4y, Ba1, @42, Baz [6],
the occupation probabilities A, Ay, and Az rapidly attain a
quasi steady state before the relaxation of the closed, open,
and inactivated states (see Fig. 2):

o;1Cy +6;1B
R (15)
B + v
i2C 62 B
Ay ~ 0622—4-22’ (16)
Bi2 + vi2
@30 + 485383 (17)
Bis + vi3

and therefore, Egs. (3) to (11) may be reduced to a six-state
master equation (see Figs. 3 and 4):

dC
d_tl = —(p1 +ac)Ci(t) + BcC2(t) + o1 B1(¢), (18)
dC
—7 = acCi) ~ (@0 + fe +pICa0) + Bo O(1) + 02 B0,
(19)
do
T apCa(t) — (Bo + p3)O(t) + 03B3(1),  (20)
dB,
= p1C1(t) — (g1 + 01)B1(t) + Bp1 B2(1),  (21)
dB,
e p2Ca(t) + ap1 Bi(t) — (g2 + Bp1 + 02)Ba(1)
+ Bp2B3(2), (22)
dBs
o =M O(t) + ap2Bx(t) — (B2 +03)B3(¢),  (23)

where the derived forward and backward rate functions for
inactivation p; and o are, in general, voltage dependent
[21-23]:

QikYik

P N ———, (24)
Bir + ik
SirBi
o A Oubix_ 25)
Bix + Yik

The rates p; and o; are dependent on the ratio Bix/vik
and either «o;; or &;, and therefore, are generally small
relative to the activation-deactivation rate functions despite
the large value of B;; + yik. For a 15-state master equation
for a Nat channel [6], Bix + yix, for each k, is greater than
the activation-deactivation rate functions oy;,B4; for each
J» and therefore, may be approximated by a ten-state gating
model. If the conditions B > &;x and y; > «;y for each k
are not satisfied, the inactivation of the Na® current during
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FIG. 2. During a depolarizing clamp potential for a Na™ channel,
the occupation probabilities A, Ay, and Aj (see Fig. 1) determined
from the numerical solution of a nine-state master equation, rapidly at-
tain a quasi-steady state (dashed line) when y;;, = 20.1 and B, (V) =
3.4exp(—2.3V/25) are sufficiently large, and the rate functions
are oe,-k(V) =1 for each k, 8,1(‘/) = 25, 8,2(\/) = 000458,1(‘/),
3;3(V) = 005512(‘/)9 Qc = 20, ﬂC = ,Bnn Qo = Uy, ﬂO = zﬁmv
a1 =oac, Par = Bc, a2 =00, Par=Po, ap =3ac, Bp =
0.01358¢, agr = 3o, Bgr =0.158p (ms™), and o, = 0.1(V +
25)/(1 — exp[—(V +25)/10]), B, = 4exp[—(V + 50)/18] are the
HH rate functions for Na™ channel activation, where V = —10 mV
and the resting potential is —50 mV. However, if the inactivation
rates are reduced by an order of magnitude to y;; = 2.0 and B (V) =
0.34 exp(—2.3V/25), the occupation probabilities A;(t), A,(¢), and
A;(t) (dotted red line) are not constant during the relaxation of the
closed, open, and inactivated states.

a depolarizing clamp potential may be biexponential. From
the assumptions of Egs. (12) and (13), the inactivation rate
is not state dependent (px = p; for each k), the recovery
rates o7 > 0, > 03 & 0, and therefore, from the microscopic
reversibility conditions in Eq. (14),

Bpiac < Beagi, (26)
Brroo < Boop. 27

The nonzero eigenvalues of the characteristic equation for
Eqgs. (18) to (23) are A; = —w; for j =1 to 5, where w;
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FIG. 3. During a depolarizing clamp potential for a Na™ channel,
the solution of a nine-state master equation for y;;, = 20.1, B (V) =
3.4 exp(—2.3V /25) for each k (dashed line), and y;, = 2.0, i (V) =
0.34 exp(—2.3V /25) (dotted red line), may be approximated by the
solution of the corresponding six-state master equation (solid line)
when y;; and B; (V) are sufficiently large, and A;, A,, and A; are
constant during the relaxation of the closed, open, and inactivated
states (see Fig. 2).

may be approximated by the roots wyr and wi¢ of the cubic
polynomials F(w) and G(w), defined such that w;r < wyp <
w3r, and w6 < wyg < w3 (see Fig. 5 and Eq. (Al) of the
Appendix) and where

F(w) = @ — fio* + fro — f3, (28)
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FIG. 4. The nine-state system for Na* channel gating in Fig. 1
may be approximated by a six-state system when S;; > §; and
Yik > oy, for k = 1to 3, and B + yix is greater than the activation-
deactivation rate functions o4y, Ba1, @42, and Ba; Where p, and oy
are derived rate functions for a two-stage Na™ inactivation process,
defined in Eqgs. (24) and (25).
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FIG. 5. The voltage dependence of w; = —A;, j = 1 to 5 (solid
lines), where A ; is a nonzero eigenvalue of the characteristic equation
of the six-state master equation for Na* channel gating, may be
approximated by w1r < war < w3r (dotted lines), and w6 < wig <
w3 (dashed lines), the roots of the cubic polynomials F(w) and
G(w), and w; = oy, + B = wic + wiF, Where the rate functions are
o (V) =1,y4(V) = 20.1, Bir (V) = 3.4 exp(—2.3V/25), foreach k,
8;1(V) =125, 8;p(V) =6i3(V) =0, ac =2, Bc = Bm, 2o = Qp,
Bo :1 2B, a1 = 3ac, Bp1 = 0.0135B¢, apy = 3o, B2 = 0.156¢
(ms™").

i =a0+ Bo+ac+ Bc+p1+p2+p3
f2 = (Bc + p2)(Bo + p3) + p3co
+ (¢ + pi)(@o + Bo + Bc + p2 + p3) — acPe.
3 = aops(ac + p1) + (Bo + p3)(p2ac + p1Bc + p1p2),
(29)
and
G =’ - g10” + gr0 — g3, (30)
g1 = ap1 + Bp1 +ap2 + Bp2 + o1,
& = api(ap2 + Bg2) + Be1Br2 + 01(Br1 + a2 + Br2),
83 = 01B51Bp2- (31

For a depolarizing potential, we may define w; X wyr,
W42 X wyg, for k = 2,3, whereas for a hyperpolarizing po-
tential, wy X wig, wrt2 = wir. If By, is the rate of inactivation
and o, is the rate of recovery from inactivation, it may be
shown from the characteristic equation (see Appendix) that
w) = oy + B X wig + w1, Where

wig = —2— (32)
WrGW3G

op = —5 . (33)
WrFW3F

If o1, Bi1, i1 are, in general, exponential functions of V,
the rate of inactivation,
_ il
1+ Ba/va’
has an exponential voltage dependence for small clamp
potentials but saturates for a larger depolarization when «; is

weakly dependent on voltage (see Fig. 6 and the Appendix) [1].
In this section, it is assumed that the activation sensors

Br ~ w1F = pi (34
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FIG. 6. Voltage dependence of the HH Na® channel
inactivation rate functions B, = 1/{1 + exp[—(V + 20)/10]} and
oy, = 0.07 exp[—(V + 50)/20] (dashed lines) may be approximated
by the expression in Eq. (34) and by the smaller root of
Eq. (35) (dotted red lines), derived from a master equation for
a six-state system where activation and two-stage inactivation
are interdependent, and the rate functions are defined in Fig. 5.
The HH Na' channel activation rate functions o, = 0.1(V +
25)/{1 —exp[—(V + 25)/10]}, B, = 4exp[—(V +50)/18] and
&, + B (dot dashed lines) may also be approximated by
two stage expressions ., = 2.3exp[0.32(V + 50)/25]/{1 +
8.37exp[—1.3(V + 50)/25]}, B = 4.2exp[—0.77(V + 50)/
181{0.077 + 8.37 exp[—1.3(V + 50)/25]}/{1 4 8.37 exp[—1.3(V +
50)/25]}, and &2 + B2 (solid lines) [19].

are independent and oc = 20, ¥o = Ay, Bec = Bm, Bo =
2B, [2], where «,, and B, are HH rate functions for Na™
channel activation, and may be approximated by two-stage
expressions (see Fig. 6) [19]. If the DIII S4 sensor is the
slowest to deactivate (851 < Bg2) [10,11], wic and w,g are
solutions of the equation (see Appendix)

w* — w(ap + B +01) +018p1 =0, (35)

and the rate of recovery from inactivation o, ~ w;¢. For the
rate functions of Fig. 5, o, & o when Bg| > o], whereas
for Bp; < o7 the rate of recovery for inactivation «;, =~ fp].
From the microscopic reversibility conditions of Eq. (14),
we may assume that Sp; o B¢ and ap; o« @¢ and therefore,
a,(V) and B,,(V) have a similar voltage dependence for small
hyperpolarizing potentials, which is consistent with the HH
determination of the rate functions [S,,(V) ~ 57a,(V)] [1].

If the Na™ channel is depolarized to a clamp potential V
from a large hyperpolarizing holding potential, the solution of
Egs. (18) to (23) for o1 > 0, > 03 & 0, when o7 is small, may
be approximated by the solution of the corresponding master
equation, for which oy > 07,03 = 0,

Ci(t) = kiCis + Z5_1kj1 Crjexp(—w;t),  (36)
Co(t) = k1Coy + Eizlkj+lc2j exp(—w;t), 37

O(t) = k105 + Z)_ k110 exp(—w;1), (38)
By(1) = ki Bis + £)_ kj41 Bijexp(—w;r),  (39)
By(1) = ki Bag + 7_ kjs1 Bojexp(—w;t),  (40)
Bs(t) = ki B3, + 2]5':1kj+lB3j exp(—w;t), (41)
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where
k' = %3_(Cjs + Bjs) + O, + By, (42)
Cis = 01B1Bs2Eo,
Cos = 01B1Bs20c(Bo + p1),
O; = 01B8p1Bp20c0,
Bis = Bp1Bs2f3,
Bys = Bpa(ap1 +01) f3 — p101B8p2Eo,

B3y = apy(apr +01) f3 — pio1aprEg + p1o1acaoBpi,
(43)

Eo = prop + (Bo + p1)(Bc + p1), f3 is defined in Eq. (29),
the amplitudes of the terms for each state are dependent on

Cij = E(wj)), 44)
Coj = —ac(wj — Bo — p1), (45)
Oj = 0Uclp, (46)
F(w;)
B, = ——%, 47
o]
Byj = [—p101E(w)) + (0; — a1 — o) F(w))],
o181
(48)
B .
By, = _ p1acao +dpy 21’ (49)

w; — Bp2

and, as p; = p; for each k (see Appendix),

E(w) = o* — w(ao + Bo + Bc +2p1) + prao
+(Bc + p1)(Bo + p1). (50)

Applying the initial conditions [C;(0) =1 and C»(0) =
0(0) = B1(0) = B>(0) = B3(0) = 0], the parameters k;,j =
2 to 6 may be determined from the solution in Egs. (36)
to (41). For a depolarizing potential, ws =~ wrg, ws = W3¢
and therefore, from Egs. (28) and (47), assuming that the
difference between the roots of F(w;) and G(w;) is sufficiently
large, |F(@2)|,|F(w3)| K |F(w4)|,| F(ws)| and | Bal,| Bis| K
| Bral,|Bys| for each k. Therefore, to satisfy the initial condi-
tions, ks,k¢ ~ 0 and

_ 1 =kio1Bp1Bprwrws

ky = R 51)
27 (02— o) — w1) (
1—k
ky = — 101,331,332601603’ (52)
(w2 — w1)(w3 — w2)
1—-%
ky = 10181 Bp2wi (53)

T (w3 —o)(ws — @)

That is, each term of the open state probability in Eq. (38)
with eigenvalue A = —wy4 X —wpg Or —ws X —w3; has an
amplitude close to zero. If it is assumed that p; = p, = p3 and
the two activation sensors are independent, the roots of Eq. (28)
are wir = P1, W2F = &y + B + p1, 035 = 2(0ty + Bu) + 01
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(see Appendix) and
O(t) ~ m(t)*h(t), (54)
mt) = am"‘T’”ﬁma — expl—(an + BD,  (55)
h) = an + B expl—(an + ﬂh)t]_ (56)
ap + B

When the recovery rates o; > 0, > o3 are chosen to
satisfy microscopic reversibility, and o,,03 are sufficiently
small, it may be shown from the numerical solution of the
six-state master equation that O(t) = m(t)*h(¢) is still a good
approximation, where m(¢) and h(¢) are defined in Eqgs. (55)
and (56), and are derived from the analytical solution of
the corresponding master equation with o, = o3 =0 (see
Fig. 7). It may also be shown from Eqs. (36) and (37) that
Ci(t) =~ [1 — m()*h(t) and Ca(r) ~ 2m(H)[1 — m(6)]h(2), as
the amplitude k;,C;; and k;1Cy; for j =4,5 are close to
zero, even though the magnitude of Cy; and C5; increase with
membrane depolarization.

The inactivated state probability B;(¢) in Eq. (41) has the
largest contribution from the term with the slowest relaxation
rate w;, with smaller contributions from the other terms,
including those with eigenvalues —ws and —ws because,
although ks,kg ~ 0, |B34| and |Bss| in Eq. (49) are corre-
spondingly large. However, following the rapid decay of the
terms with the largest relaxation rates, the probability for the
inactivated state B3(#) may be approximated by a biexponential
function, and therefore, consistent with the experimental
determination of the time-course of the development of fast
inactivation in Na™ channels [6,24] (see Fig. 8).

Assuming that the time-dependence of the Nat chan-
nel open state probability is described by the solution of
a phenomenological master equation, as well as the HH
expression m(t)?h(t), the conditions for model reduction,
|F(w)|,|F(w3)| < |F(wg)l,|F(ws)| for depolarizing poten-
tials, provide constraints upon the choice of empirical
activation-deactivation rate functions. If w, ~ w4 and w3 ~ ws
for a weakly coupled model of Nat channel activation and
inactivation, these conditions are not satisfied and therefore,
the terms with eigenvalues —w4 and —ws have a nonzero
amplitude and also contribute to the time-dependence of O(¢).

When the Na' channel is hyperpolarized to a clamp
potential V from a large depolarizing holding potential, the
solution of Egs. (18) to (23) for o1 > 07,03 = 0 is given by
Egs. (36) to (41), where k; and the stationary solution are
defined in Eqgs. (42) and (43), and for j = 1 to 5

018B1B8p2E(w))

C; = Fl)) , 67
Co — _a1BeiBrrac(@; — o — p1) (58)
2] - F(Q)j) ’
0, = APrPrcorc (59)
F((,()j)
Byj = —Bs1Bs2s (60)
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FIG. 7. During a depolarizing clamp potential for a Nat chan-
nel, from the numerical solution of a six-state master equation
that satisfies microscopic reversibility (see Fig. 4), the open-state
probability O(t) (solid line) ~m(t)>h(t) (dashed, dotted, or dot-
dashed), C;(¢) (solid line) ~[1 — m(t)]*h(t) (dashed, dotted, or
dot-dashed), and C,(¢) (solid line) ~2m(t)[1 — m(t)]h(t) (dashed,
dotted, or dot-dashed), where m(t) and h(t) are solutions of rate
equations for activation and inactivation in Egs. (55) and (56),
derived from the analytical solution of the master equation with
0, =03 =0, and the rate functions are «; (V) =1, yu(V)=
20.1, B (V) =3.4exp(—2.3V/25) for k=1 to 3, §; (V) =2.5,
3i2(V) = 0.00458;1(V), 8i3(V) = 0.058;2(V), ac = 2aty, Bc = Bu,
Qo = Uy, ,80 = zﬁma ap = 30‘Cs ﬁBl = 0013513Cv gy = 30{0’
Bpr = 0.15B0, oy, = 0.1(V + 25)/{1 — exp[—(V +25)/101}, B =
4exp[—(V + 50)/18] (ms™).

pro1E(wj)

By = ,332<— Fla))
J

+(,()J'—0631—01), (61)

_ p1o1acoBpiBer + ap F(w)) By
F(wj)(w; — Bp2)

Bs; = . (62)

and E(w) is defined in Eq. (50).
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FIG. 8. During a depolarizing clamp potential for a six-state mas-
ter equation for Na* channel gating, the probability of the inactivated
state B;(¢) (solid line) determined from the numerical solution of
a master equation (see Fig. 7), may be approximated by the bi-
exponential function 0.85 — 0.95 exp(—0.247) + 0.1 exp(—2.6¢) for
V = —30 mV, and by the triexponential 0.98 — 1.04 exp[—0.7¢] —
0.36 exp(—3.0¢) + 0.42 exp(—4.9¢) for V = —10 mV, derived from
the analytical solution of the corresponding master equation with
oy =03 =0.

For the nonzero eigenvalues, A; = —w; for j = 1to 5, of
the characteristic equation [see Eq. (A1) of the Appendix],
w1 = o + fp X w16 + wiF and

Wi N WG, Wr42 N WkF (63)

for k =2,3 (see Fig. 5). Applying the initial conditions
[C1(0) = C2(0) = O(0) = B1(0) = B>(0) =0 and B3(0) =
1], and assuming that the difference between the roots
of F(w;) and G(wj) is sufficiently large, from Egs. (28)
and (59), [F(w4)|,|F(ws)| < [F(@2)|,|F(ws)], and hence
[Ca4| > |C2l,|Ca31,1Cas] and |O4l,| Os| >> | O2],| O3]. There-
fore, to satisfy the initial conditions, ks,ks =~ 0 and

1
ky = — , 64
g (02 — w)(w3 — 1) (6
1
kz = , 65
T (w2 — w1) (@3 — @) (63)
ks = ! (66)

(w3 — o) (@3 — @)

Assuming that oc = 20, 0o = 0w, Bc = B, Bo = 2Pm»
and that the DIII S4 sensor is the slowest to deactivate (851 <
Bg2) [10,11], from Eq. (36), we may write

ﬂ 2
Ci(t) = (m) |:1 —exp(—a)lz‘)

» (l n w1{1 — exp[—(w2 — w1)t]}>:|’ 67)

Wy — Wi

where the relaxation rates for biexponential recovery w; and w;
are solutions of Eq. (35) (see Fig. 5), and the relative amplitude
of the w; and w, components is w;/w;.

When the recovery rates o) > o, > 03 & (0 are chosen
to satisfy microscopic reversibility, it may be shown from
the numerical solution of the six-state master equation that
the time course of the first closed-state probability during

PHYSICAL REVIEW E 94, 052407 (2016)

= =130 mV ==~ -
0.2 = -100 mV = =
0
0 1 2 3 4 5 6

FIG. 9. During a hyperpolarizing clamp potential for a six-
state master equation for Na® channel gating, the first closed-state
probability C(¢) (solid line) determined from the numerical solution
of a master equation (see Fig. 7), may be approximated by the bi-
exponential function 1.0 — 1.58 exp(—0.86¢) + 0.58 exp(—2.5¢) for
V = —100 mV, and by 1.0 — 2.2 exp(—2.5¢) + 1.2 exp(—4.6¢) for
V = —-130mV [see Eq. (67)], derived from the analytical solution of
the corresponding master equation (o, = o3 = 0).

the recovery from inactivation may be approximated by
the biexponential expression in Eq. (67), where the relative
amplitude of the w; and w, terms is in agreement with the
kinetics determined from Na' channels [6,24] (see Fig. 9).
However, for large negative potentials, w; =~ Bp; > w; = oy,
and Eq. (67) reduces to the HH expression C(¢) = [B,, /(o +
B)1?[1 — exp(—w:1)]. For a weakly coupled master equation,
the conditions |F(w4)l,|F(ws)| < |F(wy)|,|F(ws3)| are not
satisfied and therefore, the terms with eigenvalues —w4 and
—ws also contribute to Cy (7).

When the Na' channel conductance is regulated by the
activation of three voltage sensors in the DI, DII, and DIII
domains, and coupled to a two-stage inactivation process
where o] > 0, > 03 > o4 ~ 0 are chosen to satisfy micro-
scopic reversibility (see Fig. 10), it may be shown from
the numerical solution of the master equation during a
depolarizing clamp potential, that O(t) ~ m(t)*h(t) where
m(t) and h(t) are defined in Egs. (55) and (56), and «;
and B, are approximated by the smallest roots of two

Q1 Oe2 Qo
Cq Cs, Cs 0
Be Bez Bo

O1||P1 02|02 03|03 O4||P4

Op1 (06:}] Qg3
B, B, B; By

Br1 Br2 Br3

FIG. 10. State diagram for Na* channel gating where horizontal
transitions represent the activation of DI, DII, and DIII voltage sensors
that open the pore, and vertical transitions represent a two-stage Na*
channel inactivation process, with derived rate functions p; and oy
defined in Eqgs. (24) and (25).
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1
0.8 V= 60mV =-=
V = -10 mv .-
. 0.6 V = =20 mV == =
L
© 0.4
0.2
0 =
0 1 2 3 4

FIG. 11. During a depolarizing clamp potential for an eight-state
system for Na™ channel gating, from the numerical solution of a mas-
ter equation that satisfies microscopic reversibility (see Fig. 10), the
open-state probability O(t) (solid line) ~m(t)*h(t) (dashed, dotted,
or dot-dashed), where m(¢) and h(z) are solutions of rate equations for
activation and inactivation in Egs. (55) and (56), derived from the ana-
lytical solution of the six state master equation, and the rate functions
are (V) = 1,y (V) = 20.1, B (V) = 3.4 exp(—2.3V /25) fork =
1 to 4, §;1(V)=2.5, 8;2(V) = 0.00456;1(V), i3(V) = 0.056;2(V),
8i4(V) = 0.056;3(V), oty = 0.1(V 4 25)/{1 — exp[—(V + 25)/10]},
ﬁm = 4exp[—(V + 50)/18], Oc| = 3(1,71, ﬂc] = ﬁm, Ocy) = 2(1,77,
B2 =2Bm, o = A, Bo =3B, ap = 3aci, Bpi = 0.01358¢1,
agy = 3ace, Bra = 0.15Bc2, aps = 3o, Bz = 0.1580 (ms™).

quartic polynomials and may be determined from Eqs. (34)
and (35) (see Fig. 11). Similarly, during a hyperpolarizing
clamp potential, if Bg; < Bp2,8p3 [10,11], the numerical
determination of the time-dependence of the first closed-state
probability may be approximated by a more general form of
Eq. (67) (see Fig. 12)

3
Ci(t) = <ﬂ—’”) [1 — exp(—wit)

am+,3m
1 — exp[—(wz — w))t
X<1+0)1{ exp[—(w> 601)]}>]’ 68)
Wy — Wi
1
0.8
—~ 0.6
£
0 0.4
- ~130mV ----
0.2 - -100 mV — —
0
0 1 2 3 4 5 6

FIG. 12. During a hyperpolarizing clamp potential for an eight-
state system for Na® channel gating, from the numerical solution
of a master equation (see Fig. 11), the first closed-state probability
C4(2) (solid line) may be approximated by the biexponential function
1.0 — 1.6 exp(—0.86¢) 4 0.6 exp(—2.55¢) for V = —100 mV, and by
1.0 — 2.3 exp(—2.5¢) + 1.3 exp(—4.6¢) for V = —130 mV, based on
Eq. (68) and the numerical determination of w; and w, from the
matrix of coefficients of the master equation.
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where w; and w; are the relaxation rates for biexponential
recovery from inactivation, and the relative amplitude of the
terms is consistent with experimental values [6,24].

III. MASTER EQUATION MODEL OF A Na* CHANNEL
WITH A STATE-DEPENDENT INACTIVATION RATE

In this section, we consider the effect of an increase in
the inactivation rate as the S4 sensors activate (o < py <
p3) [5,6,9], on the time-dependence of m(¢) and h(t). If it is
assumed that the DIV S4 rate functions satisfy oy = o1, yix =
y;1 for each k, and

Bi1 > Bia > Bz, (69)

the derived inactivation rate functions p; and oy in Egs. (24)
and (25) are dependent on the closed, open, or inactivated state.
In order to satisfy microscopic reversibility, we may write

apr _oar _ ocPi

So— =

Bsi  Ba BB

apy  0a  aoPin

B2 Bar  BoBi’

and therefore, from Eq. (13), the rate functions satisfy the
inequalities Eqgs. (26) and (27).

The nonzero eigenvalues of the characteristic equation,
Eq. (Al), are A; = —w; for j =1 to 5, where @; may
be approximated by the roots wyr and wyg of the cubic
polynomials F(w) and G(w) (see Fig. 13 and the Appendix),
and assuming that the activation sensors are independent
(ac =200 and Bp =2Bc) and wir = A|f, woF = ap +
Bc + Asp, asr = 2(ap + Bc) + Asp are the roots of F(w)

(70)

83 (71)

25

20

15

10

w (V) (ms™1)

\\‘_/_'_

0
-200 -150 -100 -50 0 50
vV (mV)

FIG. 13. The voltage dependence of w; = —1;, j = 1to 5 (solid
lines), where A ; is a nonzero eigenvalue of the characteristic equation
of a master equation for a six-state system with state-dependent
Na™ inactivation, may be approximated by @, < wyr < w3y (dotted
lines), and w;g < wyg < w3 (dashed lines), the roots of the cubic
polynomials F(w) and G(w) computed numerically, w; = o, + B, ~
w6 + wr and the rate functions are based on those determined
for Navl.4 channels [6], a; (V) =2.1, yu(V) =249, for k =
1 to 3, B (V) = 80exp(—2.4V/25), Bir(V) = 40exp(—2.4V /25),
Biz(V) = 2exp(—2.4V/25), 81 (V) =exp(—0.2V/25), (V)=
8i3(V) =0, ac=149exp(0.5V/25), oo = T7.45exp(0.5V/25),
ﬂc =0.8 CXp(—OQV/ZS), ﬂo = 16CXP(—09V/25), g = 40[6‘,
Br1 = 0.01B¢, ap = 50, g2 = 0.05p (ms™).
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35
30
25

(ms™)

20
15

rate

10

5

0
-200

-100 -50 0 50
V (mV)

-150

FIG. 14. The voltage-dependence of the roots wir < wrr < W3F
of F(w) determined numerically (dotted lines) may be approxi-
mated by the expressions A r, g + Bc + Azr, and 2(xp + Bc) +
Asp (dark gray lines), where Ajr, A,p, and Ajzp are given in
Egs. (A9), (A12), and (A13), and the voltage dependence of the roots
w16 < wig < w3 of G(w) (dashed lines) may be approximated by
the expressions A, &gz + Br1 + Asg, and ap; + Bpr + Asg (light
gray lines) where Ag, Ayg, and Az are given in Eqgs. (73), (74),
and (75), Ag =2 and the rate functions are defined in Fig. 13.
The inactivation rate B, ~ Ar = 2.1/{1 4+ exp[—(V + 15)/10]},
and therefore, has a similar voltage-dependence to the HH Na‘t
channel-inactivation rate function for the squid axon [1].

in Eq. (28), the rate of inactivation for a depolarizing potential
is B, &~ A (see Fig. 14), where

_agpp3+2a0Bcpr + Bep
(o + Bc)?

Arr ) (72)

which reduces to Eq. (34) when the inactivation rate is not
dependent on the closed or open state. Therefore, the voltage
dependence of B, has contributions from the inactivation
rate p; for each k, as well as the activation-deactivation
functions o and B¢ . However, most of the voltage dependence
derives from py, and this is supported by the reduced voltage
dependence of the time constant for inactivation in the charge-
neutralized mutant Na™ channel DIV-CN [6].

For a hyperpolarizing potential, assuming that w¢ = A
< wyg = apy + Bp1 + Asg K w36 = ap1 + Bp2 + Azg are
the roots of the polynomial G(w) in Eq. (30), it may be
shown that the rate of recovery from inactivation o, ~ Ajg
(see Appendix), where

-~ o1B81BB2
(ap2 + Be1 + Aog) g1 + B2 + Azg)’

D, —,/D? —4D,
~ (74)

(73)

Ajg

Ao & s
26 7
A3 ~ o1 — Ajg — Ay, (75)
— 018182

A (76)

(a2 + Bri + Ag) ot + Bra+ 01 — Ag)’

Dy = ap1 + B2 — a2 — Bp1 + 01, D2y = ap1Bp2 — ap1Bp
—apPpr — Aig(ap1 + Bp2) + 0182, and the value of the
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parameter Ag is chosen so that A~ Ag. If apl, A K
Bg2, Eq. (73) reduces to
a ~ 0181 ’ (77)
apy + Bp1 + Az

and may be approximated by an exponential function of V
when Bp; < apr + Ay [1], whereas for more negative po-
tentials, there is a gradual increase of o, toward the saturation
value oy, in accord with the rate of recovery for inactivated
Na' channels in hippocampal neurons (see Fig. 14) [5].
The recovery rate o; is only weakly voltage dependent for
hyperpolarizing potentials as f;; > y;1, and therefore, most
of the voltage dependence of «;, derives from the activation
and deactivation functions between inactivated states. For the
charge-neutralized mutant Na™ channel DIV-CN, the voltage
dependence of B;1(V) is reduced so that 8;1(V) < y;; and
o1 < 8;1, but the voltage dependence of oz, and Bp; are not
affected, and therefore, the expression for ¢, in Eq. (77) is in
accord with the DIV-CN data describing a slow recovery from
inactivation [6].

The solution of the master equation, Egs. (18) to (23),
for o1 > 07,03 =0 and p; < py < p3, is given by Egs. (36)
to (41), where the stationary solution is

Cis = 01B1Bs2Eo,

Cos = 01B1Bs20c(Bo + p3),

O; = 01Bp1Bp20c 0,

Bis = Bp1Bs2f3,

By = Bpaapr + 01) f3 — p1o1Bp2Eo,

B3y = aps(ap) +01) f3 — pro1apa Eg + p301Bp10c0,
(78)
Ey = E(0) = psap + (Bc + 02)(Bo + p3), f3 is defined in

Eq. (29), and the amplitudes of the terms of each state are
dependent on

Ci; = E@)), (79)
Coj = —ac(w; — Bo — p3), (80)
0; = acao, @1)
By =~ (82)

ol

1
Byj = ——[—-p101E(w;) + (w; —ap; — o) F(w;)], (83)
o181

p3acao + apr By
w; — Bp2

where E(w) = w* — (2o + Bo + Bc + p2 + p3)w + (Bc +
02)(Bo + p3) + @pp3 (see Appendix).

If the Nat channel is depolarized to a clamp potential V
from a large hyperpolarizing holding potential, the parameters
kj,j =2 to 6 may be determined from the solution in
Egs. (36) to (41), and applying the initial conditions [C1(0) = 1
and C»(0) = 0(0) = B;(0) = B,(0) = B3(0) = 0], it may be
shown that ks,k¢ =~ 0 and k»,k3,k4 are given by Egs. (51)
to (53). If p1 < p» < p3, and the recovery rates o) > 0y > 03

By = — , (84)
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are chosen to satisfy microscopic reversibility, where o,,03
are small, it may be shown from the numerical solution of the
master equation that O(z) ~ m(t)?h(t), where h(t) is defined
in Eq. (56), and the activation variable is dependent on both

1
0.8
30.6
o 0.4
0.2
0
0 1 2 3 4 5 6

1
0.8

V= 60mV ---

5 0.6 V = -10 mV

— V = -40 mV =—-—
' 0.4
0.2
0

0 1 2 3 4 5 6

1
0.8

V= 60mvV ---

L 0.6 V = -10 mV

— V = -40 mV =—-—
o 0.4
0.2
0

FIG. 15. During a depolarizing clamp potential for a six-state
system with state-dependent inactivation, from the numerical so-
Iution of a master equation that satisfies microscopic reversibility,
the open-state probability O(¢) (solid line) ~k; O, + Zizlk‘/#lo‘,’
exp(—wjt) ~ m(t)*h(t) (dashed, dotted, or dot-dashed), C;(t)
(solid line) ~k,Cs + E;zlkj+]C1j exp(—wjt) (dashed, dotted, or
dot-dashed), and C,(t) (solid line) =~k;Cyp + Ef:lijCz j
exp(—w;t) (dashed, dotted, or dot-dashed), where m(t) and h(t) are
solutions of rate equations for activation and inactivation in Egs. (A8)
and (A14), derived from the analytical solution of the corresponding
master equation with o, = 03 =0, and the rate functions are
based on those determined for Nav1.4 channels [6], a; (V) = 2.1,
yi(V) =249, for k=1 to 3, B;;(V)=80exp[—2.4V/25], B
(V) =40exp[—2.4V/25], Bis(V)=2exp[—2.4V/25], &61(V)=
exp(—0.2V/25), 8;2(V) = 0.0058;1(V), 8;3(V) = 0.28;2(V), ac =
14.9exp[0.5V /25], ap=7.45exp[0.5V /25], Bc=0.8exp[—0.9V/
25], ﬂo = 16€Xp[—09V/25], g = 40lc, ﬂ3| = Oolﬂc, gy =
500, B2 = 0.0580 (ms™!).
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t (ms)

FIG. 16. During a depolarizing clamp potential for a 15-state
master equation model of a Na® channel with three activation
sensors and an opening step [6], the open-state probability O(r)
(solid line) ~a exp(—w;t)[1 — exp(—wqt)]*® (dashed, dotted, or dot-
dashed), where w; =0.26 ms™!, w, =2.5 ms™!, w, = w, — o,
a=0.18 for V= —40 mV, w; = 1.13 ms™!, w, = 4.34 ms™',
ws = 0.93(w; — w;),a =0.95forV=-20mV,and w; = 2.26 ms™!,
wr, =225 ms™!, w, = 0.89(w, — wy), a = 0.91, for V =60 mV,
where w;, w,, and a are determined from a numerical solution of the
master equation, and w, /(w, — w;) is a parameter.

activation and inactivation rate functions (see Fig. 15 and the
Appendix)

m(t) = w0t Bt A A{1 exp[—(ap + Bc + A)t]}, (85)
ao(p2 +2p3) + Bc o1+ p2)

A =

2o T fe 3B. (86)
The HH expression for the open state during membrane
depolarization also applies to strong coupling models where
the probability of inactivation from a closed state is small,
and inactivation generally occurs after activation and opening
of the channel [3]. In the case of a Nat channel with three
cooperative activation sensors, the HH description of the
time-dependence of the open state O(t) = m()3h(r) is still
a good approximation if there is a separate opening step that
follows the activation of the voltage sensors [6] (see Fig. 16).

Wy, x
Wy O
0.5 W3 o
O
- 0Q . ®
m
—
+
v -0.5
-1ix X
x
-40 -30 -20 -10 0 10 20
vV (mV)

FIG. 17. During a depolarizing clamp potential, the probability
of the Na' channel inactivated state Bs(f) of a six-state master
equation [see Eq. (41)] has the largest contribution from the terms
with relaxation rates w; and w,, and the amplitude k;, B3; ~ 0 for
Jj > 3 (see Fig. 15).
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FIG. 18. During a depolarizing clamp potential for a six-state
system for Nat channel gating, the probability of the inactivated
state B;(¢) (solid line) determined from the numerical solution of a
master equation that satisfies microscopic reversibility, may be ap-
proximated by the biexponential function 0.98 — 1.0 exp(—0.12¢) +
0.02 exp(—7.0t) for V= —40mV, and by 0.996 — 1.23 exp(—1.37) +
0.23 exp(—8.0¢t) for V= —10mV, derived from the analytical solution
of the corresponding master equation (see Fig. 15).

Assuming that the inactivation rate p3 from the open state
is larger than the rates p; and p, from closed states [7], from
Eq. (41) the amplitude k;B3; ~ 0 for j = 4,5 and

o B3y exp(—wit)
o+ B (w2 —wi)ws —w)
Bs; exp(—wzt)

(2 — o1)(@3 — @)

Bs(t) ~

+ a3 exp(—wst),

where Bs; and Bj; are defined in Eq. (84), and the amplitude
as of the w3 term is small, and therefore B;(f) may be
approximated by a biexponential function (see Figs. 17
and 18), where the ratio of the amplitude of the w; and w, terms
is similar to experimental values for Nav1.4 channels [6]. From
the numerical solution of a 15-state model of Nat channel
gating during a depolarizing clamp potential, the inactivated

FIG. 19. During a depolarizing clamp potential, the probability
of the (open) inactivated state B(¢) (solid line) determined from the
numerical solution of a fifteen state master equation for Na* channel
gating [6], may be approximated by the biexponential function
0.999 — 1.36 exp(—0.69¢) + 0.37 exp(—3.2¢) for V = —30 mV, and
by 1 — 1.32exp(—1.31¢) 4+ 0.32 exp(—7.2¢) for V= —10 mV.
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= -180 mV = - - -
0.2 V = -150 mV = =
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FIG. 20. During a hyperpolarizing clamp potential for a six-state
system with state dependent Na' inactivation, from the numerical
solution of the master equation that satisfies microscopic reversibility,
the first closed-state probability C,(f) (solid line) may be approx-
imated by the biexponential function 0.996 — 1.16 exp(—0.747) +
0.16 exp(—7.1¢t) for V= —150 mV, and by 1.0 — 1.51 exp(—2.61) +
0.51 exp(—8.47) for V= —180 mV [see Eq. (67)], derived from the
analytical solution of the corresponding master equation (see Fig. 15).

state probability is a sum of exponential terms but may be
approximated by a biexponential function for physiological
times (see Fig. 19).

For the six-state model of Nat channel gating, it has been
assumed that the DIII sensor is the slowest to deactivate, and
therefore, the time course of recovery from inactivation is
given by Eq. (67) (see Fig. 20). However, by comparison,
for a 15-state master equation model of the Nat channel, the
deactivation rates between inactivated states are equal and,
thus, the first closed-state probability during a hyperpolarizing
clamp potential has contributions from several exponential
terms but may also be approximated by a biexponential
function (see Fig. 21) [6].

FIG. 21. During a hyperpolarizing clamp potential, the first
closed-state probability C(¢) (solid line) determined from the numer-
ical solution of a 15-state master equation for a Nat channel [6], may
be expressed as a sum of exponential terms, but is approximated by the
biexponential function 0.91 — 1.3 exp(—1.24¢) 4 0.4 exp(—4.2¢) for
V =—-110mV, and by 0.99 — 1.42 exp(—3.55t) + 0.43 exp(—11.7¢)
for V= —150 mV.
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IV. CONCLUSION

Hodgkin and Huxley described the time-dependence of
the Na™ current in the squid giant axon membrane during
a depolarizing clamp, in terms of the expression m(t)3h(t)
where the activation variable m(f) and inactivation variable
h(t) satisfy rate equations [1]. An alternative description of
the Na™ current in nerve and muscle membranes is provided
by a master equation for coupled channel activation and
inactivation processes where the backward inactivation rate
to the open state is small, but the recovery rate to closed states
increases as the activation sensors in the domains DI, DII, and
especially DIII, deactivate. This model accounts for the small
Na™ current during repolarization of an inactivated channel,
the saturation of the rate of recovery from inactivation for large
hyperpolarized potentials, and the delay in the time-course of
the recovery from inactivation [5]. If inactivation of the Na™
channel is a two-stage process, the model can also account for
the kinetics and voltage dependence of Na™ inactivation for
wild-type and mutant channels [6].

In this paper, we consider the coupling between two voltage
sensors that regulate the Na®™ channel conductance and a
two-stage inactivation process, where the first forward and
backward inactivation transitions are rate-limiting, ensuring
that the inactivation decay during a depolarizing voltage clamp
is exponential. As the Na*t current following inactivation is
close to zero until the S4 sensors of the DIII, and either DI or
DII domains deactivate, we have assumed thato; > 0y > 03 ~
0.If o, and o3 are small, the eigenvalues of the reduced six-state
master equation that satisfies microscopic reversibility are
approximated by the solutions of the characteristic equation
for o1 > 07,05 = 0. Therefore, the slowest relaxation w; is
determined by the inactivation rate p; when the inactivation
rate is uniform between states, and by a linear combination of
P1, P2, and p3, when the inactivation rate increases with S4
activation, where the exponential voltage dependence of py,
for each k, saturates for a large depolarizing potential [1].
For a hyperpolarizing clamp of the Nat channel, the rate
of recovery from inactivation is dependent on the backward
inactivation rate o to the first closed state, as well as the rate
functions of the DIII S4 sensor between inactivated states.
The voltage dependence of the derived rate functions for
inactivation and recovery from inactivation have a similar
form to empirical expressions for Na™ channels in the squid
axon [1], hippocampal neurons [5], and Nav1.4 channels [6].

For a hyperpolarizing clamp potential, as the recovery rate
o] > 0y > 03 ~ 0, it may be assumed that the deactivation rate
functions between closed and open states are greater than those

J

—(ac + p1) Bc 0
ac —(@o + Bc + p2) Bo
M= 0 ao —(Bo + p3)
P1 0 0
0 P2 0
0 0 03
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between inactivated states (8o > Bg2,Bc > Bg1), in order to
satisfy microscopic reversibility. Therefore, the closed-state
terms with eigenvalues of the characteristic equation that are
determined by the roots of the polynomial F(w) have an
amplitude that are close to zero, and as the DIII S4 sensor
is the slowest to deactivate (85, < Bg2) [10,11], the time-
dependence of the recovery from inactivation is biexponential,
and therefore, in agreement with the kinetic data from Nav1.4
channels [6].

For a depolarizing clamp of a Na™ channel, assuming
that Bp > Bp» and B¢ > Bpi, each term of the open-state
probability with eigenvalue A = —w, where @ approximates
the roots wy¢ and wsg of the polynomial G(w), also has an
amplitude close to zero. A further simplification is possible
when it is assumed that the activation sensors are independent
(e =2p,B0 = 2B¢) and it may be shown that the time-
dependence of the open state O(t) = m(t)*h(t). When the rates
8i» and §;3 are small, the analytical solution provides a good
approximation to the numerical solution of the corresponding
master equation that satisfies microscopic reversibility, and the
HH expression for the open-state probability is still valid for
larger values of §;; and §;3, comparable to those determined
for phenomenological master equation models of the Na™
channel. Assuming that the inactivation rate from the open
state is larger than the rate from closed states, the time-
dependence of the probability for entry into the inactivated
state has the largest contribution from the w; and w, terms and,
therefore, may be approximated by a biexponential function,
as described experimentally for Na™ channels [6].

In most nerve membrane Nat channels, the activation of
three voltage sensors regulate the Na* channel conductance,
and by application of similar constraints on the activation and
deactivation rate functions for inactivated and closed states, the
time-dependence m(t)>h(t) of the Na™ current may be derived
from the solution to an eight state master equation for coupled
activation and inactivation, and is also a good approximation
when there is a separate opening step that follows the activation
of cooperative sensors. For models of the Na™ channel where
the inactivation rate from the closed or open states increases
as the S4 sensors activate, a more general form for the HH
expression for the open state probability may be derived where
m(t) and h(t) are dependent on both activation and inactivation
processes.

APPENDIX

The Jacobian matrix of the six-state system of Eqgs. (18)
to (23) is

o1 0 0
0 1o} 0
0 0 03
—(apy +071) Ba1 0
ap1 —(ap2 + Bp1 + 02) B2
0 ap? —(Bp2 + 03)
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Assuming that the recovery rate o;,03 =0, and that the
solution is a sum of terms of the form exp(A?), where A = —w
is an eigenvalue, the characteristic equation is

F(0)G(w) — o1[p1 E(w)R(w) + pracPp1S(@)] =0, (AD)
where F(w) and G(w) are given by Eqgs. (28) and (30), and
E() = — (a0 + Bo + Pc + p2 + p3)o
+(Bc + p2)(Bo + p3) + p3o,
R(w) = o® — (Bs1 + g2 + Br2)w + Br1Br2.
S(@) = o = (Bo + Br2 + p3)w + Bp2(Bo + p3)
+a0Bp2p3/ P2

The constant term of Eq. (Al) is zero, and hence A =0 is
an eigenvalue. The nonzero eigenvalues of the characteristic
equation for Egs. (18) to (23) are ; = —w; for j =1 to0 5,
and assuming that the difference between the roots of F(w)
and G(w) is sufficiently large, the magnitude of the o term
in Eq. (Al) is small relative to either F(w) or G(w), and
w; may be approximated by the roots of Eqgs. (28) and (30),
defined such that wir < wrr < w3r, and w1 < Wi < Wi
(see Figs. 5 and 13). From Eq. (A1), as the coefficient of w is

approximately f3g2 + /283,
w1ww3waws X f382 + f283, (A2)
and therefore,
o) ~ /3 & f2 &
WIFW3F WIGW3G W FW3F WGW3G

(A3)

where g, & wygwsg and f> & wyrwsp. If By is the rate of
inactivation and «;, is the rate of recovery from inactivation,
w) = oy, + B & wig + wip. To ensure that the Nat current
recovers from inactivation when the S4 sensors that regulate
Na*t conductance deactivate, it may be assumed that oy >
0y > 03 ~ 0 and therefore, to satisfy microscopic reversibility,
from Egs. (26) and (27), Bpiac < Becapr and Bprap <
Boag. If the Nat channel is depolarized to a clamp potential
V from a large hyperpolarized holding potential [C;(0) = 1
and C,(0) = O(0) = B1(0) = B,(0) = B3(0) = 0], the solu-
tion of Egs. (18) to (23) for 0y > 07 > 03 =~ 0, when 0,,03 are
sufficiently small, may be approximated by the solution of the
corresponding master equation for which o7 > 05,03 = 0. We
may define w; & wir, Wr+2 X wig, for k = 2,3 and therefore,
from Egs. (28) and (82), |F(@2)|,|F(w3)] < |F(w4)l,|F(ws)|
and | By, | Brs| < |Bkal,|Bis| for each k. Therefore, to satisfy
the initial conditions, ks5,k¢ ~ 0 and

ky + k3 + k4 = —ki101B81882,
kowy + kswy + kawz = 0,
kaw? + kyws + kgws = 1,
with the solution

1 — kio1Bp1 Br2wrws

ky = ,
(w2 — w1)(w3 — 1)
I — 1 — k101 Bp1 Bpowiw3
3=— ,
(02 — w)(@3 — w2)
1 — kio1Bg1Bprwiwn
ky =

(w3 — w2)(w3 — W)

PHYSICAL REVIEW E 94, 052407 (2016)

From Eq. (42),
kl_l = 212:1(6']5 + B].Y) + OS + B3Sa

and assuming that pyo; terms are small, for each k, from
Egs. (29), (31), and (78),

Cis + Cos + O = 018182l Eo + ac(Bo + p3) + acaol
~ f283,
%3 Bjs ~ g1 + o) (e + Br2) + Bs1Bsal f
~ f38,

where f, & wrrpwiF, g2 X wygwsg. Therefore,
—1
ki =~ 01B81Bprw2r3F + frw6wsc,
dclo ap

9
wrrw3F ap + By
o

an+ B
From the open-state probability in Eq. (38),

kl O.Y ~

kio1Bp1Bprwrrwsp ~

0() ~ acdo A acdo Br exp(—w1)
w3 ap + B (W —w)ws —w)  ap+ By
w3 — W1
X {1 — exp[—(wy — wy)t]
w3 — Wy
P2 expl—(ws — wm]}. (A4)
w3 — Wy

If it is assumed that p; = p, = p3, and the two activation
sensors are independent (cc = 20,00 = Up,Bc =
Bu,Bo =2B,), from Eq. (28) we may write w;r = py,
WF =y + B+ 01, 03p =200y + Bn) + o1, @oF —
WIF = W3F — OF = Oy + B, w3F — @17 = 2(t + Bw),

and
0 ~ ( o >2 o Br exp(—wit)
Oy + ﬁm op + ﬂh oy + ﬂh
2
X <amaTmﬁm> {1 — expl—(ctm + B)t1}2,  (AS)
and hence
O(t) = m(t)*h(t), (A6)
m(t) = arﬂ“%ﬂm{l —expl—(am + )]}, (A7)
h(r) = ay + By exp[—(ay + ,Bh)l]. (AS)

ap + B

It may also be shown from the closed-state probabilities in
Egs. (36) and (37) that Cy(t) = [1 — m(t)]*h(t), and C,(t) =
2m(t)[1 — m(t)]h(t). However, if p; < p» < p3, assuming that
ac =2ap, Bo =2Bc and wir X Ap, war =g + Bc +
Aop, w3p = 2(ap + Bc) + Aszp are roots of the polynomial
F in Eq. (28),

a2 p3 + 200 Bcpr + BEP:

A I~
a (@0 + Be)?

; (A9)
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A 4+ Dop 4+ Asp = p1 + p2 + p3, (A10)
o
3A1F + 2005 + Asp N ——2——(py + 202+ 3p3)
ao + Be
+ ﬂ—c(3,01 + 202 + p3),
ao + Be
(A11)
with the solution
2 2
Aop ~ ao(p2 +2p3) + Pcp1 + p2) 2Ar (AL2)
ao + Bc
— o) —
Asp ~ (o1 — p3)(@o — Bc) YA (A13)
(@o + Bc)

Defining A = Ayr — Ajf, as @w3F — W1F X 2(woF — w1F),
Eq. (A4) may be expressed as O(t) = m(t)*h(t), where h is
defined in Eq. (A8) and

oo

" T Bt A

{1 —exp[—(ap + Bc + A)tl},
(Al4)

a more general form of the HH expression for m in Eq. (A7).
If the Na* channel is hyperpolarized to a clamp potential
V from a large depolarized holding potential [C(0) =
C»(0) = 0(0) = B1(0) = B(0) = 0 and B3(0) = 1], the so-
lution of Egs. (18) to (23) for oy > 0, > 03 & 0 may be
approximated by the solution of a master equation for
which oy > 07,03 = 0, and the deactivation rate functions
satisfy Bo > Bp2,Bc > Bp1, in order to satisfy microscopic
reversibility. For a hyperpolarizing potential, we may define
wy X wrg, and wiio X wp, for k =2,3, and as wrr and
w3p are roots of F(w), assuming that the difference between
the roots of F(w;) and G(w;) is sufficiently large, from
Egs. (28) and (59), |F(w)l,|F(ws)| K |F(w2)],|F(w3)|, and
hence |Cag| > |Ca2|,|C231,1C2s] and |O4l,|O0s| > | 02],] 03]
Therefore, to satisfy the initial conditions, ks,ks ~ O,

ko + k3 + ks =0,
kowy + kzws + kg = 0,
kaw? + ksws + kgl = —1,
with the solution
1

k2 - — )
(w2 — w)(w3 — wr)
1
ky = ,
(wr — w1)(w3 — w3)
1
ks =

(w3 — o) (@3 — @)
From Eq. (36), as pr = 0 for each k, the closed-state probabil-
ity,
BcBo
BcBo + acBo +acap

01B8p1BgE(w))
F(wj)

Ci(t) ~

+ 23 1kjp (A15)

j exp(—w;jt),
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and as Bo > Bg2,Bc > Bri, we may write E(w;) ~ BcBo,
F(wj) = wij(BcPo +acBo +acap), and Eq. (AlS) be-
comes

Ci(t) ~ BcPo
BcBo +acBo + acao
% [ . 0188182 exp(—w11)
o(wy — w)(w3 — o)
0185182 exp(—ant)
(w3 — wy) (w3 — @y)
01881Bp2

w303 — 0)(@3 — w2) exP(_MI)]‘ (A16)

If it is assumed that ap, + Bp1 > 01 and wig = Ajg <
wic = apr + Bp1 + Asg K w3 = a1 + B2 + Aszg arethe
roots of the polynomial G(w) in Eq. (30), it may be shown that

~ 01B51Pp2
(ap2 + Be1 + Aog) e + Bro — D)’

D, —,/D? —4D,

Ay = 5 )

Aszg ® o) — Aig — A,

- 01P51Ps2

(a2 + Bei + Ac) g + Br + 01 — Ag)’

Aig

where Dy = agi + B2 — ap2 — Bp1 + 01, D2 =apiPpr —
ap1Bs1 — ap2Bp2 — Aig(apr + Bp2) + 0182, the value of
the parameter Ag is chosen so that Ajg & Ajg, and if
apl,Ar¢ K Bp2, We may write

01831

oy X Aig & .
apy + Bri + Ay

However, the HH rate function ¢, =~ 0 for a hyperpolarizing
potential, and assuming that the DIII S4 sensor is the slow-
est to deactivate [10,11], D) ~ Bpr > D> ~ (g — ap2 +
o] — glc)ﬂgz and therefore, Ayg ~ D,/D; = apy — apr +
o1 — A1g, A3 = apy — apy, w3 = op2 + Bp2, WiGWIG =
01B81Bp2/w3 = 01Bp1, and wig, wy are solutions of

* — w(ap + B +01) + 01851 = 0.
From Eq. (A16), as w,wr K w3, and wywyw3 = 0181882,

BcBo
BcBo +acBo +acaop

Ci(t) ~

W]

o))
X |:1 — exp(—wit) + exp(—a)zt):|,
Wy — Wi

w2 — W]

and if the two activation sensors are independent (c¢ =
20,00 = Uy, Bc = Bm,-Bo = 2Bm), we may write

5 2
Ci(t) ~ (#) |:1 — exp(—wit)

5 (1 N wi{l — exp[—(w» —wl)f]})], (A17)

Wy — Wi
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