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Granular core phenomenon induced by convection in a vertically vibrated cylindrical container
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A mixture of 13X molecular sieve (13XMS) particles and glass particles with identical diameters is placed in
a cylindrical container. Under vertical vibration, heavier glass particles tend to cluster and are wrapped inside the
convection of 13XMS particles, resulting in the granular core phenomenon. The vibration frequency f strongly
influences particle convection and particle cluster modes. By contrast, the effect of the dimensionless acceleration
amplitude � can be neglected. For different f ranges, the granular core is classified as center-type and ring-type
cores. For the center-type core, heavy particles are distributed as an approximate zeroth-order Bessel function of
the first kind in the radial direction and an exponential function in the height direction. For the ring-type core, the
concentration of heavy particles follows the power-series function in the radial direction. A granular transport
model is then established based on heavy-particle movements under steady state to analyze the effect of vibration
parameters and granular convection on density segregation.
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I. INTRODUCTION

Granular materials, which comprise discrete solid par-
ticles, exhibit unique types of behavior, such as particle
segregation [1–6], convection [7–13], and clustering [14–16],
when externally excited. This phenomenon is due to the
dissipation of kinetic energy during inelastic collision [17,18].
The granular segregation behavior of two or more kinds of
particles under vertical vibration has been widely studied but
is not completely understood [19–21]. Segregation may appear
in particle species with different material properties, such as
size [22], density [23], and restitution coefficient [24].

Size segregation is known as the Brazilian nut (BN) effect
when large particles rise to the top; by contrast, in the reverse
effect, called the reverse BN (RBN) effect, large particles
sink to the bottom. Percolation [25] and convection [26] are
representative mechanisms used to explain size separation.
Williams [27] first reported percolation, which explains that
small particles descend to voids created by the upward move-
ment of large particles. Knight et al. [9] studied experimentally
the convection mechanism and reported that large particles
are transported upward by convection and trapped at the top.
At this point, the particles cannot be brought down by the
thin downward stream of the convective flow. Notably, only
mild convection rates result in size separation because strong
convections can enhance mixing [28].

The density segregation of binary mixtures has been a
subject of research. Some studies found that the binary
mixture separates along the vertical direction. Breu et al. [29]
experimented with a variety of granular materials to study the
transition from the BN effect to the RBN effect. Burtally [30]
and Biswas et al. [31] investigated equal-size glass-copper
systems and found that heavy copper powder rises to the bed
top, whereas light glass powder sinks to the bed bottom at low
vibration frequencies. However, at high vibration frequencies,
the mixture separates into the sandwich configuration, with
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copper powders distributed at the middle of the bed, in which
interstitial gas among the particles plays a decisive role. Shi
et al. [32] found that light particles tend to rise and form a pure
layer at the top of the granular bed, with a mixture of heavy
particles and some light particles at the bottom of the bed; these
particles form a partially segregated state. Through molecular
dynamics simulation, Lim [33] showed that lighter particles
tend to rise to the top of the granular bed and form a layer
above the heavy particles. Besides BN, RBN, and sandwich
segregation, several studies reported that clusters can form in
the granular bed [16,23,34–36]. Yang [23] indicated that two
convection cells exist in a vibrated system and heavy particles
concentrate near the cell centers. According to the simulation
performed by Majid and Walzel [36], vibration parameters and
container geometries significantly influence convection. Hsiau
and Chen [34] investigated the effect of container geometry on
density segregation. At the low filling layers, heavier particles
migrate to the bottom of the bed. For the high filling layers,
the bulk convection motion is the main mechanism that affects
segregation; in this case, heavier particles accumulate in the
convection center.

This paper studies density segregation under vertical vi-
bration. An equal-size binary mixture of 13X molecular sieve
(13XMS) and glass particles is tested in three-dimensional
(3D) vibration cylinders. Heavy glass particles cluster as
two types, namely, center-type and ring-type cores, under
different vibration conditions. The density concentration is
also analyzed along the cylinder radius and height. A granular
transport model is then established based on heavy-particle
movements to study particle distribution and determine the
physical relation between convection and segregation.

II. EXPERIMENTAL SETTINGS

A schematic illustration of the proposed experimental
system is presented in Fig. 1: A 20-cm-high plexiglass
cylindrical container (inner diameter D = 100 mm) is fixed on
the platform and receives the excitation of vertical vibration
from below. A Brüel & Kjær standard vibrating system
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FIG. 1. Schematic presentation of the device: 1, CCD camera;
2, cylindrical container and corresponding cylindrical coordinate
system; 3, feedback probe; 4, fixing bolt; 5, horizontal balance plate
fixed above the vibrator; 6, standard LDS vibration apparatus; 7, fixed
base on the plane floor; 8, switching device; and 9, control systems
on the computer.

(instrumental model No. LDS-PDA1000L) is applied to
generate sinusoidal vibration in the form of z = A sin(2πf t),
where A and f are the vibration amplitude and frequency,
respectively. The vibration parameters are modified using
terminal software of a personal computer connected to the
apparatus. A charge-coupled-device (CCD) camera is fixed
above the cylinder to record particle motion on the top free
surface. The binary particle mixture is composed of spherical
13XMS and glass particles with the same diameters, dyed
yellow and blue, respectively. The physical properties of the
two kinds of particles are listed in Table I. The bulk density
ρb is the ratio of the total mass of single-particle piles to the
volume that these particles occupy, including the voids. The
filling ratio � is the ratio of the material density to the bulk
density of the same kind of particle.

We test the binary particle system in the 3D cylindrical
container, which is exposed to vertical vibration from below.
The vibration parameters are as follows: f varies from 20 to
80 Hz with 2-Hz intervals, whereas � varies from 2.0 to 4.0 at
0.2 intervals. The granular mixture finally reaches the steady
state and is unaffected by the initial packing of the mixture.
The system exhibits a stable distribution after the vibration
starts for 50 s.

When the system reaches the steady state, we record particle
motion from the top side of the free surface of the particle
mixture using a CCD camera (Fig. 1). Based on the continuous
images from the 200 frames/s CCD recordings, we observe
the motions of the two kinds of particles on the top free surface.
Furthermore, we investigate the inner distributions of the two
kinds of particles in the steady state in the 3D cylinder. To
achieve this goal, we select particles by carefully using a tiny

scoop and tweezers in every layer of about the height of the
particle diameter along the z axis. We obtain photographs of
each cross section and group the two kinds of particles for
separate weight measurements as described previously [13].

III. EXPERIMENTAL RESULTS

A. Convection and segregation

We randomly mix 300 g of glass particles and 200 g of
13XMS particles and then place the mixture in a 10-cm-diam
cylinder. We then vibrate the particle mixture at f = 25
and � = 4.0, where � is the dimensionless acceleration
amplitude � = A(2πf )2/g, with g the gravity acceleration.
Figures 2(a) and 2(c) show the top surface and the side of
the bed, respectively. Particles move upward on one side of
the container wall [Fig. 2(c)] to the top free surface and the
bulk particle flow transfers to the other side [Fig. 2(a)]. The
particles move downward along the opposite side [Fig. 2(c)].
This process is designated wall-roll convection. This kind of
convection with an inclined surface was also observed in a
2D container by Evesque and Rajchenbach [37]. The inner
distributions of the two kinds of particles are also assessed
in each divided horizontal cross section. Schematic views
of the vertical divisions are shown in Fig. 2(e). The vertical
layers are labeled z1−z14 from the bottom to the top and the
particle distribution on each vertical layer is shown in Fig. 2(f).
Heavy particles (in blue) cluster at the center of the lighter
particles (in yellow) on the upper parts of the division views,
particularly from z4 to z12. Figure 2(h) provides a schematic
vertical sectional view when wall-roll convection appears. The
13XMS particles are distributed mainly on the bottom and on
the layer adjacent to the sidewall as well as on the top free
surface, whereas glass particles are mainly distributed at the
center of the mixture. We label the two sides of the cylinder
outside wall sides A and B, respectively, according to the
inclined direction of the slope. The 13XMS particles move
upward from the bottom of side A to the top free surface,
bounce along the slope, and shift downward to the bottom of
side B, forming a circulation. Glass particles possess a larger
material density and their motions are slow and confined inside
the convection flow of 13XMS particles. Therefore, the cross
sections exhibit a center-type core of glass particles [Fig. 2(f)].

Figures 2(b) and 2(d) show the top surface and the side of
the bed at f = 70 Hz and � = 4.0, respectively. Particles rise
from the center of the top free surface and then flow to the
periphery [Fig. 2(b)]. Once the particles reach the sidewall,
they move downward along the lateral walls [Fig. 2(d)]. This
process is referred to as center-roll convection. Heavy particles
cluster in the shape of a ring near the sidewall on each layer
[Fig. 2(g)]. Figure 2(i) displays a schematic vertical sectional
view of center-roll convection. The 13XMS particles move
upward from the axial center of the cylindrical container, then

TABLE I. Physical properties of the two kinds of particles selected in our experiment.

Material Diameter d (mm) Material densityρm(g/cm3) Bulk densityρb(g/cm3) Filling ratio �

13XMS 8.00 ± 0.10 0.75 ± 0.05 0.42 ± 0.05 0.56 ± 0.10
glass 8.00 ± 0.05 3.06 ± 0.05 1.71 ± 0.05 0.56 ± 0.05
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FIG. 2. (a) and (b) Particle movements on the top free surface. (c) and (d) Particle movements on the sidewalls. (e) Schematic views of the
vertical divisions. (f) and (g) Distributions of particles on each cross section, with13XMS particles in yellow and glass particles in blue. (h) and
(i) Schematic views of the vertical section under two types of convection. The black arrow shows the moving direction of 13XMS particles.
The vibration conditions are (a), (c), (f), and (h) f = 25 and � = 4.0 and (b), (d), (g), and (i) f = 70 and � = 4.0.

bound down along the heap to the sidewall, and slowly relocate
downward along the sidewall. Afterward, the particles join the
upstream flow at the bottom, forming center-roll convection.
Glass particles slowly cluster in the form of the ring-type core,
as shown in the cross section [Fig. 2(g)].

The distribution of particles in the steady state is linked with
the convection mode; heavy particles (glass particles) tend to
cluster and are wrapped inside the flow of the light particles
(13XMS particles). We designate the cluster of heavy particles
inside the light-particle convection flow a granular core. The
granular core phenomenon can also be noted at different inner
diameters (80, 100, and 120 mm) of the cylinder container.
Furthermore, the granular core phenomenon can be observed
for various initial filling heights of the two kinds of particles.
In this article we focus on the mixture of 200 g of 13XMS
particles and 300 g of glass particles in containers with an
inner diameter of 100 mm.

Granular convection varies with changes in vibration
parameters (� and f ). Accordingly, particle segregation and
mixing also change, as shown in the phase diagram in Fig. 3.
Particle convection and segregation are mainly influenced by
the vibration frequency f and are slightly affected by changes
in � (Fig. 3). At low vibration frequencies (f < f1, A1), the
two kinds of particles are both fluidized and the binary particle
system tends to mix. At high frequencies (f > f4, A3), the
two kinds of particles almost vibrate upward and downward
together and their relative positions remain constant. The
binary particle system shows a similar solid state. When f1 <

f < f2, the particle mixtures exhibit wall-roll convection (B)
and separate as a center-type core [Figs. 2(a), 2(c), 2(f),
and 2(h)]. When f3 < f < f4, the particle mixtures show
center-roll convection (C) and separate as a ring-type core
[Figs. 2(b), 2(d), 2(g), and 2(i)]. When f2 < f < f3, the
convection mode changes from wall-roll convection to center-
roll (A2) convection and the two kinds of particles tend to mix.

B. Particle distribution

Particle distribution is studied to understand the granular
core phenomenon with the two different types of segregation.

We fix � = 4.0 and only vary the vibration frequency f

because the effect of � is not significant. When 20 Hz <

f < 40 Hz, wall-roll convection appears with a center-type
cluster of glass particles. At 50 Hz < f < 70 Hz, center-roll
convection and a ring-type cluster of glass particles are
obtained.

When the system reaches the steady state, we stop the
vibration. Particles in every divided vertical layer [z1 − z12

in Fig. 2(c)] are selected by a scoop and tweezers and when
we take out the particles on the upper layer, the distribution of
the remaining particles is not affected. The masses of the two
kinds of particles in each layer are weighed to study vertical
distribution. The images of each horizontal cross section of
each layer are processed to study the radial distribution of
the particles. For a binary mixture of particles that differ in
density, the subscript i denotes each species (i = H represents
heavy particles, herein for glass particles, and i = l represents

FIG. 3. Phase diagram of particle convection and segregation: ×,
mixed state; �, center-core segregation; •, ring-core segregation; A1,
fluidized system; B, wall-roll convection; A2, transitional state from
wall-roll to center-roll convection; C, center-roll convection; and A3,
solid state.
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FIG. 4. Radial divisions in the horizontal cross sections for the (a)
circle-type and (b) ring-type granular cores. Numbers 1–8 represent
the rings from the mass center to the outside wall.

small particles, herein for 13XMS particles). The masses of
the two kinds of particles on the j th layer are denoted by mH,j

and mL,j . The particle sizes of the two kinds of particles are
almost the same and their densities are denoted by ρH and ρL,
respectively. Hence, the heavy-particle number concentration
in each vertical layer ϕz can be defined as

ϕz =
mH,j

ρH

mH,j

ρH
+ mL,j

ρL

. (1)

Afterward, the images of each horizontal section on layers
z1−z12 are processed to obtain the radial distributions of heavy
particles. The two kinds of particles are differentiated by color
(Fig. 4). Heavy particles correspond to glass particles (blue)
and light particles correspond to 13XMS particles (yellow).
The red ring defines the container margin. The coordinates
of the center of the circular cross section are set at O(0,0).
All the coordinates of the blue pixels can be recorded as

(x1,y1),(x2,y2), . . . ,(xn,yn), where n is the total number of
pixels on the layer. Thus, the mass center Mj of heavy particles
on the j th layer (Xj,Yj ) can be calculated as follows:

Xj =
(∑n

k=1 xk

n

)
j

, Yj =
(∑n

k=1 yk

n

)
j

. (2)

Each cross section is divided into eight rings from the mass
center of heavy particles to the wall. The distance between
two adjacent rings is fixed at 7.3 mm in the 100-mm-diam
container. The glass particle mass center deviates from the bed
center; hence, waning rings exist near the bed wall (Fig. 4).
The pixel numbers of the two kinds of particles in each ring
(rings 1–8) are counted. The subscript (i,j ) (i = 1,2,3, . . . ,8;
j = 1,2,3, . . . ,12) denotes the ith ring on the j th layer. The
pixel number in each ring at the vertical layer is labeled nH,(i,j )

for heavy particles and nL,(i,j ) for light particles. The heavy-
particle number fraction can be calculated as

ϕ(i,j ) = nH,(i,j )

nH,(i,j ) + nL,(i,j )
. (3)

Figure 5(a) shows the particle distributions at f = 25 Hz
and � = 4.0 for the wall-roll convection, whereas Fig. 5(b)
shows those at f = 70 Hz and � = 4.0 for center-roll convec-
tion. In these cases, r = 0 and zj = 0 represent the mass center
of heavy particles and the bottom of the bed, respectively.
Figures 5(c) and 5(d) indicate the ϕz along the bed height,
where ϕz = ∑

ϕ(i,z), with i = 1−8. The value of ϕz is small
and changes in ϕ along the radius are not constant at layers
z1−z3. The bottom of the granular bed is dominated by light
particles, whereas the heavy particles are widely dispersed.
On the upper layers (z4−z12), ϕz increases. At the top layer
of the granular bed (z12), heavy particles are unconfined and

FIG. 5. Heavy-particle distribution for (a), (c), and (e) f = 25 Hz and � = 4.0 and (b), (d), and (f) f = 70 Hz and � = 4.0.
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FIG. 6. Plot of ϕav versus r under different f .

randomly distributed. At layers z4−z11, ϕ along the radial
direction shows a regular distribution. Therefore, we average
ϕ from layers z4−z11 to estimate the radial distribution,
given that ϕav = ∑

ϕ(i,z) and z = 4−11. The averaged radial
distribution with its standard error is shown in Figs. 5(e)
and 5(f). For the wall-roll convection at f = 25 Hz and
� = 4.0, ϕav decreases from the mass center to the outer walls.
This result indicates that heavy particles are distributed mainly
at the mass center of the cluster. For the center-roll convection
at f = 70 Hz and � = 4.0, ϕav is small in the mass center,
increases to a peak, and then drops at the wall. This finding
implies that heavy particles are distributed on a ring around
the mass center on each circular cross section.

C. Granular core

In our experiments, the effects of f on the separation
patterns are studied and the average radial distribution of glass
particles in the two frequency ranges of wall-roll convection
and center-roll convection when � = 4.0 in the phase diagram
(Fig. 3) is shown in Figs. 6(a) and 6(b). From the curves of
the center core of glass particles under wall-roll convection in

Fig. 6(a), ϕav decreases from the mass center to the wall. In
Fig. 6(b) ϕav increases to reach the peak in the middle position
of r before decreasing at the wall. In the two frequency ranges,
there are heavy-particle cores at different positions: In the first
condition, the granular core is at the center and in the second
condition, the granular core is between the mass center and
the wall.

From the curves above we can only know the trend of the
particle number density from the heavy-particle mass center to
the wall. To quantify the position of the heavy-particle core and
show its position in the radial direction, we define �lj as the
distance between the heavy-particle mass center Mj (Xj,Yj ) at
the layer zj and the bed center O(0,0). The expression for �lj is

�lj =
√

X2
j + Y 2

j . (4)

In this case, (Xj,Yj ) is the coordinate of Mj . We further
define �l as

�l = 1

8

j=11∑
j=4

�lj (5)

FIG. 7. (a) Cross-sectional views at layer z10 under different f . The plot at 25–40 Hz shows the circle-type core of glass particles, whereas
that at 50–70 Hz shows the ring-type core. (b) Curves of �l under different frequencies.
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to estimate the deviation of the granular core to the container
bed center because �lj changes with layer position. If �l

equals zero, the mass center of the granular core is located
at the container central axis. From the cross-sectional views
in Fig. 7(a) as well as the curve of �l for different f , we
can find that for the two types of granular cores, when f =
25 and 70 Hz, the heavy particles are distributed relatively
symmertrically in the cross sections and in other cases the
granualar core center deviates more significantly from the axis
center.

IV. PHYSICAL MODEL

When there are only 13XMS particles in the granular bed,
these particles form the same convection patterns as the binary
particles mixtures in the two frequency ranges [Figs. 8(a)
and 8(b)]. After the heavy particles are added into the mixture
they join the upflow of the light particles and then reach the
top free surface. Once the heavy particles are carried down
along the wall, as shown in Fig. 8(c), they are supported by
light particles from below as well as by the pressure from
the flux of light particles from the top surface down along
the wall. The outer layer of particles is more compact than the
inner layer, which can be traced from the experimental studies
of packing fraction by Wildman et al. [38], which reported
a sudden increase in the packing fraction near the wall. In
addition, the velocity of heavy particles is much smaller than
that of the light ones. After the collision between neighboring
particles, the direction of the resultant forces on the heavy
particles points to the inner looser layer, so the heavy particles
are squeezed from the outer layer, then move into the loosely
packed region, taking the place of the light particles there,
and then are constrained by the light-particle flow. So when
the system reaches the steady state, the heavy particles mainly
distribute in the inner circle of the convection flow. In the
z axis direction, the heavy particles flow in the direction of
convection. In the r direction, there is particle exchange in
this direction, as shown in Figs. 8(d)–8(f), and heavy particles
in the inner cluster particle will go to the outer layer due to
the movement imposed on them and at the same time heavy
particles in the outer layer will also be squeezed inside. To

FIG. 8. Particle convection pattern in (a) and (b) the single-
particle system, (c) the force of heavy particles added into the system,
and (d)–(f) the cross-sectional views of radial exchange of heavy
particles under steady state.

FIG. 9. Sketch of the controlled volume for jr and jz under the
polar coordinate system in the cylindrical container.

describe the exchange of heavy particles in the radial direction
in the steady state, we apply a form similar to diffusion, which
is the result of the integrated effect of heavy-particle movement
in the radial direction.

We note that heavy particles clustered in the bed are closely
linked with convection modes, which are affected by vibration
conditions. In our experiment, we mainly investigate the effect
of f . The particle transport model is set up with heavy particles
as the object. The transport equations are then solved when the
granular bed reaches the steady state.

From the experiment results we know that the convection
mode varies for different f , which was also reported in former
experiments in the 2D granular bed [12]. To simplify the
physical model, supposing the convection roll is symmetric, for
the first condition of convection, the center of convection roll
is the axial center and for the second condition of convection
roll, the convection is symmetric along the radial direction.
According to the assumption, the particle flow is in the radial
and vertical directions jr and jz, respectively, as shown in
the cylindrical controlled volume in Fig. 9. Given this mass
conservation, the transport of equations in the steady state can
be described as

1

r

∂

∂r
(rjr ) + ∂

∂z
(jz) = 0. (6)

When the system reaches the steady state, the flow of heavy
particles in the vertical direction is carried by light particles.
The expression for jz can be written as jz = uzϕ, where
uz is the vertical velocity of particles in the granular bed.
The experimental results of Knight et al. [9] demonstrated
the exponential decrease of uz from the top free surface into
the granular bed, and the radial dependence of the velocity
can be approximated by either a hyperbolic cosine function or
modified zeroth-order Bessel functions. In our experiment, we
suppose the expression of uz as

uz = Cz(s
2 − r2), (7)

where Cz = emz(m > 0); r and z are the particles’ coordinates
along the radius and height, respectively; m is the parameter
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influenced by particle convection; and s is the radius position
at uz = 0. Moreover, 0 � s < R0, where R0 is the radius of
the bed. When s = 0, the velocity profile corresponds to wall-
roll convection; when r = 0, uz = 0. The expression (11) is
similar to that proposed by Knight et al. [9] when 0 < s < R0,
because the granular bed shows a center-roll convection. The
upward velocity changes in the radial direction. At the radial
position where r = s, uz is zero. At 0 < r < s, uz > 0 and
the particles rise from the bed bottom to the top. At s < r <

R0, uz < 0 and the particles sink. When s = 0, no particle
flow is observed at the center (r = 0), because uz = 0. When
0 < r < R0, the direction of the flow is a single-roll convection
on one side of the container. Therefore, uz can obtain two
convection modes by changing s, in particular, wall-roll and
center-roll convections.

The flow of heavy particles in the vertical direction in
the steady state is induced by convection in the granular
bed. The particles perform a random walk along the radial
direction because of random collisions, as observed from the
sidewall (some particles move inside, whereas some exit after
the collision). This process in the radial direction caused by
velocity fluctuations can be described in the form of diffusion
as jr = −Dr∂ϕ/∂r , where Dr is the diffusion coefficient. In
dense granular systems of monodisperse or bidisperse particles
differing only in density, the diffusion coefficient Dr scales
as γ d2, where γ is the share rate and d is the particle
diameter [6,39,40]. Fan et al. [41] reported that Dr scales
as γ d2 only at high shear rates. However, when the shear rate
is below the critical value, the coefficient Dr is independent
of γ d2. In our study the diffusion in the radial direction is
induced by shear generated by convection flow. Under the
vibration condition (f , �), the shear rate is small; thus we
simplify the diffusion coefficient Dr and set the variable as
constant.

According to the supposition and analysis above, the
expressions of jr and jz show the relationship between particle
flow and heavy-particle number concentration. By substituting
the expressions in the transport equation, we achieve the
heavy-particle number concentrations.

The transport equation is therefore given by

−1

r

∂

∂r

(
rDr

∂ϕ

∂r

)
+ ∂

∂z
(uzϕ) = 0. (8)

The boundary conditions for the two types of granular core
distribution are the same: Both have to be fitted in the mass
conservation of the system. The integral of ϕ with respect to
r equals ϕz. Furthermore, the integral of ϕz with z refers to
the total amount of heavy particles with respect to all particle
amounts in the granular bed:

∫ R0

0 ϕ rdr∫ R0

0 rdr
= ϕz,

∫ z12

0
ϕzdr = Cϕ

∫ z12

0
dr, (9)

where Cϕ is the volume fraction of heavy particles in the
granular bed. To get the specific solution to the equation
corresponding to the experimental conditions, for the ring-type
core, we give the heavy-particle number fraction at the wall
for a different height ϕ(r=R0) = f (z).

By using the separation variables ϕ(r,z) = R(r)H (z), we
define expression (8) as

1

r
DrHR′ + DrHR′′ − (s2 − r2)R

(
∂Cz

∂z
H + CzH

′
)

= 0,

(10)

rR′ + r2R′′

r2(s2 − r2)R
=

∂Cz

∂z
H + CzH

′

HDr

= k, (11)

where k is the proportional coefficient and the separated
functions for R give

r2R′′ + rR′ + kr2(r2 − s2)R = 0. (12)

The heavy-particle concentration is always finite in the
cylinder, thus the value of k should be above zero. We let
k = λ4 > 0. For the wall-roll condition, s = 0 and the solution
for Eq. (12), where r2R′′ + r2R′ + λ4r4R = 0, is

R = J0
(

1
2 (λr)2

)
. (13)

For the ring-roll convection, s �= 0 and the solution for
Eq. (16), where r2R′′ + r2R′ + λ4r2(r2 − s2)R = 0, can be
described using the power series R = �∞

n=0anx
n, where x =

1
2 (λr)2. We give the first three terms of R by substituting the
power series in the partial equation as follows:

R = a0 + qa0
1

2
(λr)2 + q2a2

0 − a0

4

1

4
(λr)4

+ q3a2
0 − 5qa0

36

1

8
(λr)6, (14)

where q = (λs)2/2.
The separated function for H can be rewritten as

∂Cz

∂z
+ CzH

′

H
= kDr. (15)

By substituting the expression Cz = emz in Eq. (15), we
solved the equation as

H = exp

(
kDr

m
e−mz − mz

)
. (16)

The solution to Eq. (12) for the wall-roll convection can
therefore be described as

ϕ(r,z) =
∞∑

n=1

AnJ0

(
1

2
(λnr)2

)
exp

(
−λ4

nDr

m
e−mz − mz

)
.

(17)

To simplify expression (17), we used the first term of the
series as approximate value:

ϕ(r,z) = A1J0

(
1

2
(λ1r)2

)
exp

(
−λ4

1Dr

m
e−mz − mz

)
. (18)

The expression of ϕ for the center-roll condition can be
given as

ϕ(r,z) = A1

(
a0 + qa0

1

2
(λr)2 + q2a2

0 − a0

4

1

4
(λr)4

+ q3a2
0 − 5qa0

36

1

8
(λr)6

)
exp

(
−λ4Dr

m
e−mz − mz

)
.

(19)
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FIG. 10. Theoretical data of ϕ plotted against r under vertical layers zj for (a) f = 25 Hz and � = 4 and (b) f = 70 Hz and � = 4.

The theoretical curves of ϕ under the two granular core
conditions are plotted in Figs. 10(a) and 10(b). The ex-
perimental results of 25 and 70 Hz in the two convection
modes are relatively symmetric in the granular bed. Results
from the solution of the physical model agree in Figs. 10(a)
and 10(b) with the experimental results in Figs. 5(a) and 5(b).
Heavy particles are mainly distributed on the upper part of
the granular bed. For the center-type core under wall-roll
convection when f = 25 Hz, heavy particles dominate the

center of the circular section and drop to almost zero at
the sidewall. For the ring-type core under the center-roll
condition, the heavy-particle concentration reaches a maxi-
mum at r = 3.7 cm under each vertical layer. The center of
the circular section and the sidewalls is dominated by light
particles.

According to expression (18) and the condition of ϕz in
expressions (9), the theoretical ϕz under wall-roll convection
can be described as

ϕz =
∫ R0

0 ϕ rdr∫ R0

0 rdr
=

∫ R0

0 A1J0
(

1
2 (λ1r)2

)
exp

(− λ4
1Dr

m
e−mz − mz

)
rdr∫ R0

0 rdr
= B1 exp

(
−λ4

1Dr

m
e−mz − mz

)
, (20)

where B1 is the coefficient determined by the integral of R(r). To compare the theoretical ϕav from layers zj = 4−11 with the
experimental data, we calculate ϕav as

ϕav = 1

8

z=11∑
z=4

ϕ = 1

8

z=11∑
z=4

A1J0

(
1

2
(λ1r)2

)
exp

(
−λ4

1Dr

m
e−mz − mz

)
= C1J0

(
1

2
(λ1r)2

)
, (21)

where C1 is a function of Dr and m. Similarly, the expressions of ϕz and ϕav for the center-roll convection can be expressed as

ϕz = B1 exp

(
−λ4

1Dr

m
e−mz − mz

)
, (22)

ϕav = C1

(
a0 + qa0

1

2
(λr)2 + q

2
a2

0 − a0

4

1

4
(λr)4 + q3a2

0 − 5qa0

36

1

8
(λr)6

)
, (23)

where ϕz should fit Eq. (9) and Cϕ = 0.272 for the binary
mixture of 300 g of glass particles and 200 g of 13XMS
particles. The ϕz with the function of z for different frequencies
(f = 25 and 70 Hz) are plotted in Fig. 11(a). The shape
of the curves remain the same. The two curves also show
that more heavy particles are distributed on the upper part
of the granular bed when f increases. This result agrees
with previous findings [13]. When f increases, the energy
imported into the bed E decreases in accordance with the
relationship between the energy and the vibration conditions
in the studies of Xie et al. [2], where E ≈ �2/f 2. In such a
relation, energy is inversely proportional to the square of f .
The energy imported into the bed decreases with increasing

f . The convection intensity decreases because of the decrease
in imported energy. More heavy particles are also trapped
in the upper part of the granular bed. The radial trends
of ϕav for different f are different for the two convection
modes [Figs. 11(b)]. The convection in the vertical direction is
assumed to be uz = Cz(s2 − r2). For the wall-roll convection,
s = 0 and the value of ϕav reaches its peak at r = 0 from
the theoretical solutions; at this position the vertical velocity
equals zero and the concentration of the heavy particle is
almost zero at the sidewall. For the center-roll convection,
s �= 0 and the curve of ϕav reaches its peak around r = 3.7 cm;
the position where uz = 0 is r = 4.0 for the 70-Hz condition.
By comparing the two convection modes, we find that the
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FIG. 11. Theoretical curves and experimental data of ϕz versus z and ϕav versus r when f = 25 and 70 Hz.

position of the heavy-particle core in the radial direction is
linked with the convection velocity field, whereas the diffusion
in the radial direction affects the clustering extent. The heavy
particles tended to cluster in the radial range where the vertical
velocity is small.

V. CONCLUSION

By vertically vibrating equal-size granular mixtures in
cylinders, heavy particles can cluster and exhibit two types of
clustering for vibration parameters. The vibration frequency
f strongly influenced particle convection and particle cluster
modes, whereas the dimensionless acceleration amplitude Г
only showed minimal effects. At � = 4.0 in our experiments,
the particle mixtures showed a wall-roll convection and heavy
particles clustered as a center-type core at 20 Hz < f < 40 Hz.
With increasing f , the deviation of the center-type core center
and the bed center increased and the core moved to the bed
wall. The particle mixtures displayed a center-roll convection
and separated as a ring-type core at 50 Hz < f < 70 Hz. With
increasing f , heavy particles were separated completely and

the center of the ring-type core gradually shifted to the center
of the bed. The heavy-particle distribution was found to be
closely linked with convection modes and the velocity field
in the granular bed. Given the symmetric condition of the
physical model, we compared the results of 25 and 70 Hz
in experiments. The heavy-particle distribution along the bed
height satisfied the exponential functions under center-type
and ring-type cores. However, the heavy-particle distribution
in the radial direction of the two types of clusters differed.
For the ring-type core, the radial distribution followed the
first-order Bessel function of the first kind, whereas for the
center-type core, the radial distribution was simplified using
the first three terms of the power series.
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