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Collective couplings: Rectification and supertransmittance
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We investigate heat transport between two thermal reservoirs that are coupled via a large spin composed
of N identical two-level systems. One coupling implements the dissipative Dicke superradiance. The other
coupling is locally of the pure-dephasing type and requires to go beyond the standard weak-coupling limit by
employing a Bogoliubov mapping in the corresponding reservoir. After the mapping, the large spin is coupled to
a collective mode with the original pure-dephasing interaction, but the collective mode is dissipatively coupled to
the residual oscillators. Treating the large spin and the collective mode as the system, a standard master equation
approach is now able to capture the energy transfer between the two reservoirs. Assuming fast relaxation of the
collective mode, we derive a coarse-grained rate equation for the large spin only and discuss how the original
Dicke superradiance is affected by the presence of the additional reservoir. Our main finding is a cooperatively
enhanced rectification effect due to the interplay of supertransmittant heat currents (scaling quadratically with
N) and the asymmetric coupling to both reservoirs. For large N, the system can thus significantly amplify current
asymmetries under bias reversal, functioning as a heat diode. We also briefly discuss the case when the couplings

of the collective spin are locally dissipative, showing that the heat-diode effect is still present.
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I. MOTIVATION

The study of radiative effects in two-level systems has a
long history. Here, the spin-boson model [1] takes a very
prominent role. Originating from the interaction of a two-level
atom with the electromagnetic field [2], it is often used as
a toy model in many other contexts. Not surprisingly, it has
become a canonical model to explore fundamental methods
of open systems [3-5] and effectively arises in a rather large
number of physical systems and effects, including, e.g., the
dynamics of light-harvesting complexes [6], detectors [7], and
the interaction of quantum dots with generalized environments
[8].

Ideally, one aims at a reduced description taking only the
finite-dimensional spin dynamics into account. However, when
the number of spins is increased, the curse of dimensionality—
the exponential growth of the system Hilbert space with its
size—usually inhibits investigations of large spin-boson mod-
els. When additional symmetries come into play—e.g., when
the spins have the same splitting and couple collectively to
all other components—simplified descriptions are applicable.
Collective effects may for example dramatically influence the
dephasing behavior of the environment, leading to phenomena
such as super- and subdecoherence [9,10]. Furthermore, they
play a significant role in the modeling of light-harvesting
complexes [11-14]. Perhaps one of the clearest manifestations
of collective behavior is Dicke superradiance [15]. Here, the
collectivity of the coupling between N two-level atoms and a
low-temperature bosonic reservoir induces an unusually fast
relaxation. When the atoms couple independently, the time
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needed for relaxation does not depend on N. For a collective
coupling, however, the relaxation time scales as 1/N and the
maximum radiation intensity scales as N> [16]. A setup in
which the collective coupling approximation is well justified
can be obtained by confining the two-level atoms in a region
much smaller than the wavelength of the electromagnetic
field, but such collective couplings may also be engineered
for instance using trapped ions [17] or optomechanical setups
[18].

Transient superradiant phenomena have been investigated
from many perspectives both theoretically [8,19,20] and
experimentally [21,22]. Our present study is motivated by the
fact that in certain regimes the transient superradiance can
be turned into a stationary supertransmittance—a stationary
current scaling with N>—when two collective weakly coupled
reservoirs [23] or a combination of weak collective dissipation
and driving [24,25] are considered. Superradiance has been
studied also in the context of single excitation transport
[26-29].

Naturally, when reservoirs of the same nature are coupled
with the same operators to the system [23,30], general sym-
metry arguments suggest that, under reversal of the thermal
bias, the heat current will simply revert its sign. By contrast,
when the reservoirs are coupled with different operators to the
system, one may notice asymmetries in the heat currents under
bias reversal. Typically, these are not very pronounced [31] and
are often expected to average out when multiple systems are
used in parallel. When the absolute value of the current is
significant in one nonequilibrium configuration but is strongly
suppressed under temperature exchange, one effectively im-
plements a heat diode [32-35]. The ideal heat diode would
display a very large heat conductivity in one bias configuration
and a complete suppression in the opposite.
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We show that by implementing distinct collective couplings
to source and drain reservoirs of different nature, asymmetries
in the heat conductance can be strongly amplified in the large-
N regime.

We present the model in Sec. II below, where, in particular,
we also discuss the mapping to a collective reservoir mode in
Sec. II B and possible implementation scenarios in Sec. ITC.
For consistency, we also briefly recall the main features of
superradiant decay in Sec. II D. Then, we derive the quantum-
optical master equation and discuss its thermodynamic proper-
ties in Sec. III. We obtain a coarse-grained description for the
large spin dynamics and investigate the modification of Dicke
superradiance in Sec. IV A and the resulting heat currents
between the reservoirs in Sec. IV B. In this paper, by reservoirs
of different nature we mean that one is a standard heat bath
made of a collection of harmonic oscillators, while the other
reservoir is structured: it can be described by a single mode
strongly coupled to the spin ensemble and at the same time
coupled to an independent heat bath. The coupling between
the single mode and the spin ensemble can be locally of pure
dephasing or dissipative type. We will mainly consider the
pure-dephasing case since it is more tractable analytically.
Nevertheless, also the case of dissipative coupling is discussed
in Sec. V, showing that the main result of our paper, namely
the cooperative rectification effect, still applies. A summary of
our results is given in Sec. VL.

II. MODEL
A. Hamiltonian

Our model is described by the total Hamiltonian H =
Hg + H; + Hp, which we decompose in a standard way into
a system, an interaction, and a reservoir (bath) contribution,
respectively. The system Hamiltonian is described by a large
spin that is collectively (i.e., also via large-spin interactions)
coupled to a harmonic oscillator,

Hs:%JZ+AJZ®(a+aT)+QaTa, (1)

where w( denotes the level splitting of the large spin, €2 repre-
sents the splitting of the harmonic oscillator, and XA represents
the coupling between them. The large spin operator can be
implemented by considering N identical two-level systems
described by Paqli matrices, such .that Jepyre = Z,N: ,o! Iy
Both the large spin and the harmonic oscillator are coupled to
separate reservoirs H; = HI’ + HE, where

H1’ =J; Z(hkrbkt + hlttbli-t)’

k
Hf =a) hibi+a'y bl
k k

where the hy, denote the bare emission or absorption
amplitude for mode & in reservoir v. As the by, modes couple in
a direction that is transverse to the large spin Hamiltonian, we
will in the following call the associated reservoir the transverse
reservoir, and the other reservoir the longitudinal reservoir.
The reservoirs are modeled as noninteracting oscillators

Hy =Y oublbu, Hy=Y owblbu. ()
k k
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which will be assumed to remain at thermal equilibrium states
in the subsequent analysis.

Our system is thus completely defined in terms of the
Hamiltonians in Egs. (1)—(3). The reader mainly interested
in our results for this system may directly proceed to Sec. III.
However, in Sec. II B below, we demonstrate that our model
arises when the large spin is directly coupled to a longitudinal
reservoir by treating a collective reservoir degree of freedom
as part of the system. Furthermore, we provide some hints
about a possible physical implementation in Sec. II C and also
review the Dicke model dynamics arising in the limit A — 0
in Sec. IID.

We would like to stress that the main findings of our paper
are recovered also when the coupling to the bosonic mode is
implemented by a locally dissipative interaction instead of a
locally purely dephasing interaction, i.e., substituting AJ, —
AJ, in Eq. (1), as discussed in Sec. V. Moreover, we remark
that, even when considering only the large spin as the system,
the single bosonic mode together with its coupling (2) to its
heat bath (3) represents a structured reservoir which is non-
Markovian by construction. Indeed, the single bosonic mode
is dynamically evolving in our model and will adapt to the
state of its connected heat bath.

B. Explicit Bogoliubov mapping

Thinking of the large-spin operators as implemented by
identical two-level atoms that couple collectively to photons
and phonons, respectively, it seems more in line with tradi-
tional approaches to consider them to be directly coupled to
two reservoirs. That is, the total Hamiltonian is now given by
H = Hg + H; + Hg. We note that in this section, we mark
all contributions that are different from the presentation in the
previous section with a tilde. Specifically, now the system is
only described by the large spin

Hg = —J, “)
which is directly coupled to two reservoirs H; = H T+ H¢,

Hlt =/ ® Z(hkzbkt + hlttbltt)’
k

H =7, ® Z(fluf’u + HZZE}';A
k

(&)

The tworeservoirs Hp = HY + H are described by otherwise
noninteracting oscillators

k k

Starting from such a setup, we note that, since the interaction
Hamiltonian of the longitudinal reservoir commutes with the
system Hamiltonian [Hg, H[] = 0, the longitudinal reservoir
and the large spin system will not directly exchange energy.
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Naively, one might then be tempted to believe that the model
cannot support stationary heat currents from one reservoir
to the other. Nevertheless, a direct exchange of energy
between the reservoirs is possible as the individual interaction
Hamiltonians do not commute [H¢, H 1’ 1 # 0. This effect is,
however, of higher order and thus beyond the reach of a
naive master equation approach. Generally, an interaction that
appears to be locally of the pure-dephasing type as the second
of Egs. (5) need no longer preserve the energy of the system
when further interactions are added.

We do now consider a Bogoliubov transformation of the
longitudinal reservoir modes

b =uwna+ Y wwbee )
k'>1

to new bosonic operators a and by, with transformation
coefficients uy yet to be determined. We have written these
new operators without a tilde symbol as we will demonstrate
in the following that they correspond to the operators used in
Sec. ITA. We note that provided we start off with K modes
in the longitudinal reservoir, we will thus separate one mode
a from the corresponding reservoir where only K = K — 1
modes—often called residual oscillators—remain. Requiring
the new operators to fulfill the bosonic commutation relations
yields the equation

* *
(Skq = UpiUy, + Zukkruqk,. (8)
k'>1

Normally, Bogoliubov transformations are applied to diag-
onalize a quadratic Hamiltonian. In contrast, here we only
intend to change the form of the coupling. Specifically, we
require that the large spin should only couple to the collective
degree of freedom described by mode a and that the part
of the Hamiltonian describing only the residual oscillators is
diagonal, i.e.,

Af + A = J.0a+ 2% +a Y hibl, +a' > by
k>1 k>1
+ Za)k@bzzbk( + Qa'a. 9)
k>1

Inserting the transformation (7) and comparing with the
desired form above, we find that it gives rise to two further
constraints,

0= Zﬁuukk' . Vk, > 1,
k

:VE.,q > 1.

(10)

~ *
Wby = E Ol Uiy
3

Once we fulfill Egs. (8) and (10), the coupling between the
longitudinal reservoir and the large spin will be mediated by
the collective coordinate a. These conditions can be written as
the problem of diagonalizing a hermitian matrix. Defining the
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vectors

Ui Uik
Wwiy=1:1 Wen=| [

fl*
1 10

~ 2 ~: ?
Y, Zk |Pgel h“[‘V y
we see that Eq. (8) can be satisfied by orthonormality of
the vectors |W;). Furthermore, the first of Egs. (10) can be
written as orthogonality between |H) and all but the first

previously defined vectors (H| Wy~ ;) = 0. Finally, by defining
the hermitian matrix

|H) = (1)

Wi

B=(01-|H){H)|) 1 —[H)(H]),

S
>
o~

(12)

we see that we can simultaneously satisfy Egs. (8) and (10)
when choosing the |W;) as eigenvectors of the matrix B.
By construction, |W;) = |H) is already one eigenvector with
eigenvalue 0. The remaining eigenvectors are then for k > 1
given by B|W;) = wi|Wy). As the matrix B is hermitian, such
a mapping can always be found and is exact. The Hamiltonian
then assumes the form of Eq. (9) with the explicit relations

h
A= théukl 2l wl

V Zk |hkl|

3
Q= Zwuuklukl_z"w"“ ol -0, (13)
Zk|hké|

Vk>1.

= \*

Z ~ * .
]’lkg = a)krguk,luk/k N
I

We therefore note that Hg + Hf + Hy = Hs + Hf + Hj,
which exactly maps the total Hamiltonian of Egs. (4)—(6) into
the total Hamiltonian of Egs. (1)—(3). We also note that in the
strong-coupling limit /1, — oo, the renormalized frequencies
Q and wy, as well as the renormalized couplings A, remain
finite.

In what follows, we assume that the above mapping to a
collective mode has been performed and we will therefore con-
sider Eqgs. (1)—(3) as the starting point of our considerations.
Figure 1 illustrates the effect of the applied mapping.

After transformation, we note that the coupling to both
reservoirs is dissipative already to lowest order in the tunneling
rates,

Ti@) =21 Y |hl*8( — o) — T,
k

Te(w) =21 Y |hiel*8( — o) — T,
k

(14)

i.e., it does not commute with the system Hamiltonian (1).
By contrast, before the transformation the energy exchange
between the reservoirs was a higher-order effect. Similar
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FIG. 1. Sketch of the described mapping procedure. Top: In the
original system—compare Eqs. (4)—(6)—the large spin is directly
coupled to a transversal reservoir (via J,, left and green) and
a longitudinal reservoir (via J,, right and orange). Middle: The
Bogoliubov transformation applied on the longitudinal reservoir
allows one to separate a collective degree of freedom (described by
the oscillator mode a, center-right and yellow) from the longitudinal
reservoir, leading to renormalized coupling strengths and energies;
compare Eqgs. (1)-(3). Bottom: After the transformation, we apply a
new decomposition into system and reservoirs (solid, colored), which
allows one to explore the limit of strong A, while both reservoirs are
considered in the continuum limit with the respective couplings I';
and I'y to the transversal and the residual longitudinal reservoirs—cf.
Eq. (14)—being treated perturbatively.

mappings are frequently used in the literature to treat strong-
coupling limits. When they only involve position operators,
the collective mode is then called reaction coordinate [36-38],
but also mappings to different lattice topologies exist [39].
The new reservoirs will be assumed to remain at their
local thermal equilibrium states throughout and we will
investigate the dynamics of the system subject to these two
environments. Now, a master equation treatment may cover the
effects of a strong coupling A and may therefore also predict
stationary currents between the two reservoirs. By contrast,
for a vanishing coupling A = 0 the model is split into two
independent components, where the large spin coupled to the
transversal reservoir represents the usual Dicke model with
its well-known superradiant behavior. We will use this Dicke
regime as a benchmark test for our model; compare Sec. II D.

C. Implementations

In the previous section, we have seen that a collective
reservoir mode may always be introduced at the price of
obtaining renormalized energies and couplings. It remains
to motivate why the coupling between the two-level systems
and the reservoirs should be identical, such that large-spin
operators arise, and the system can be treated in the simple
angular momentum basis.

One way of achieving collective couplings as in Eqs. (1)—(3)
would be their effective engineering in a quantum simula-
tor [18,40-42]. However, collective couplings also naturally
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arise when the distance between the two-level systems is much
smaller than the wavelength of the reservoir modes with which
they interact. A most natural example for this situation is
a Bose-Einstein condensate of two-level systems, where all
atoms occupy the same quantum state and therefore see no
difference in their interaction with additional systems. Indeed,
it has recently been experimentally possible to implement the
collective J, operator arising in the Dicke model by placing a
Bose-Einstein condensate in a cavity [43].

Another possible scenario could be when the two-level
systems are represented by identical ions in a trap inside a
cavity. Here, the two internal states would be represented
by electronic degrees of freedom, and the photons in the
surrounding cavity would assume the role of the transversal
reservoir. Collectivity of the transversal coupling could then be
achieved when the physical distance between the ions is much
smaller than the diameter of the cavity. The other bosonic
modes would correspond to the ions’ motional degrees of
freedom in the trap potential as is usually done in current
experiments [44]. Specifically, the collective vibrational mode
could represent the single longitudinal mode a in Eq. (1). Then,
the residual longitudinal reservoir would consist of the other
vibrational modes of the ions (relative motion).

In reality, we note that phonons can be expected to couple
not only along the longitudinal direction, i.e., in Egs. (1)
and (5) one would rather expect couplings of the form
J.®[...] > (n-J)®][...] with normal vector n. We expect
our model to be valid when the dephasing resulting from the
longitudinal component 7, of their coupling dominates the
dynamics [9]. Moreover, in Sec. V we also consider the case
of a coupling in the x direction (n = e, ). Furthermore, even
when these conditions for collectivity are not strictly fulfilled,
collective couplings may nevertheless arise in an effective
picture, when interactions between the two-level systems are
much stronger than the perturbations induced by the reservoirs.
Such an effective picture could arise similar to Sec. II B, but
now involving mappings between spin operators only, which
may not necessarily obey the same simple algebra as the large
spins.

D. Superradiance for . = 0

The original Dicke Hamiltonian
Hp = Hs + H} + H} (15)

isrecovered as an isolated part of the total system when 1. — 0.
For Hp it is known that, when all spins are prepared in the
most excited state and the temperature of the reservoir is
small, B;wp > 1, the two-level systems will decay collectively,
resulting in a sharply localized flash of radiation with a
maximum intensity scaling as N> and a width scaling as
1/N [15,16].

At finite temperatures, the master equation for the spin
system is given by [23,45]

. .| wo 1
p=—i|l>Jp|+Tin Jipl- — E{J—J+,p}

1
+ I +nz)[J,OJ+ - §{J+J,P}], (16)
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where ', =27 Zk |hk,|28(a)o — wy;) denotes the bare ab-
sorbtion and emission rate and n, = (¢#“ — 1)~! is the
Bose-Einstein distribution of the transversal boson reservoir
with inverse temperature §;, evaluated at the system transition
frequency wy. Furthermore, we have used the collective ladder
operators J1 = (J; £1iJy)/2. We can clearly identify the terms
accounting for the closed spin evolution (commutator) and for
the emission (ocI';(1 + n;)) or absorbtion (o< I';n;) of bosons
by the large spin. The ratio of these rates yields the simple
Boltzmann factor since n,/(1 +n,) = e #®_ such that this
master equation obeys the usual detailed balance relation,
which leads to thermalization at finite reservoir temperatures.
In particular, in the standard Dicke limit (n, — 0) it predicts
the collective decay from the most excited state m = +N /2
into the ground state m = —N/2.

To diagonalize the spin part of the Hamiltonian we recall
the angular momentum eigenstates (the length of the angular
momentum is fixed j = N/2 and will be omitted)

J.|m) = 2m|m), a7

where m € {—%, —%+1,...,+% — 1,+%}. On these
eigenstates, the Jy operators act as

N/(N
Julm) = \/3(3 + 1> —mmEDmE1).  (18)

We can use these relations to represent the master equa-
tion (16) as a simple rate equation in the spin energy eigenbasis
Im) (with P,, = (m|p|m)),

P, = —[Cin, M} +T(1 +n)M, 1P,
+ FtntMy;Pm—l + (1 + nt)M,:ermH ,

. N(N
M= 3(3 + 1) —m(m %+ 1). (19)

The coherences between different energy eigenstates will
(if initially present at all) evolve independently and simply
decay (as is often the case for the standard quantum-optical
master equation). However, we note that the matrix elements
M entering the transition rates scale quadratically with the
number of two-level systems N, which is the formal reason
for the superradiant decay into the vacuum state.

III. MASTER EQUATION

In this section, we will now consider the case of finite
coupling (A # 0) between large spin and longitudinal boson.

A. Transition rates

We treat the large spin and the longitudinal boson mode as
the system defined by the parameters wy, A, and €2 in Eq. (1).
Provided that the spectrum of the system is nondegenerate
(at least between admitted transitions), the quantum-optical
master equation [16,46] becomes a rate equation connecting
only the populations in the system energy eigenbasis Hg|a) =
E,|a). For an interaction Hamiltonian of the form H; =
Y . A ® B, with system operators A, and reservoir operators
B, respectively, the rates from eigenstate b to eigenstate a are
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formally given by [46]

Yabab = Y _ Yap(Ep — Ed){alAglb){al ALIB)*,  (20)
of
where

V(@) = / e Ty Bo (1) By g )d @)

are Fourier transforms of the reservoir correlation functions
(bold symbols denote the interaction picture throughout).
Since the reservoir state

e Pe(He—peNe) e~ Pi(Hi—Ni)

= 22
OB Z ® Z (22)

is atensor product of the thermal individual reservoir states, the
temperatures enter the reservoir correlation functions yug(),
whereas the collective coupling properties enter the matrix
elements of the system coupling operators A,.

Specifically, we can identify in our interaction Hamil-
tonian (2) the coupling operators A| = J,, Ay =a, A3 =
al, Bi = Y (hubi + hibl), By = Y, hiebre, and By =
Dk h:eb,te. Consequently, the Fourier transforms of the non-
vanishing correlation functions become

(@) = O (+w)[l + n,(+w)]
+O(—w) (—w)n(—w),
y3(@) = O(Ho)(Fo)[l + n(+w)l,
yn(@) = O(—o)l'((—w)n(-w), (23)

where I, p(w) =27 )", Ihk,/g|25(w — wyy¢) denotes the spec-
tral coupling density of transversal and longitudinal reservoirs,
O(w) is the Heaviside step function, and
1
ebvlo—pw) — 1

ny(w) = (24)
is the Bose distribution of reservoir v € {¢,£} with inverse
temperature B, and chemical potential 1, < 0. In this paper,
we will consider the case of vanishing chemical potentials
uy, =0, but results expressed in terms of n,(w) will also
hold for finite chemical potentials (used to effectively model
interactions between bosons).

B. Energy eigenbasis

To obtain the eigenbasis of (1), we find it useful to employ
the polaron transformation [47]

1B AT LA
U=¢""", B=—a'— —a, (25)
Q Q
which—since B = —B is anti-Hermitian—acts unitarily on

the operators. It is straightforward to show the following
relations:

A* 3
UaU' =a-=J, Uad'Ul=d" — Z .,
(26)

ULLU = J.e™B, UJ_U = J_e28.

Consequently, the polaron transformation can be used to
effectively decouple spin and polaron mode
|A1°

FISZUH_S‘UT:%JZ—?JZZ—FQQTG. (27)

032135-5



SCHALLER, GIUSTERI, AND CELARDO

The eigenstates |71Tn7) = f;) ® |n7) of Hg are tensor products
of the conventional angular momentum eigenstates (17) and
the Fock states |n), where we note that the conventional
relations for creation and annihilation operators hold in the
polaron basis, e.g., allny = Vn+1n+1). Consequently, the
eigenstates |n,m) of Hg can also be labeled by the spin quan-
tum number m € {—N/2,...,+ N/2} and the occupation
number of the longitudinal boson mode n € {0,1,2, ...} and
have energies

A2
E,, = Qn+ wgm — 46m . (28)

C. Matrix elements

The matrix elements in the transition rates (20) can also
be conveniently evaluated using the polaron transformation.
For example, the collective spin flip operator—recalling that
Jy = Jy + J_—becomes

o~ —_— 2
|(n,m|Asn'm") ) = [(n,m|U T U ' m'))|

— — 2

= |(m|(Jre™E + Hoe)ln',m')|
_ .~ 2B 51 2

= 6m’,mfljwm |(I’L|€+ |I’l/>|

~ _ —~ 2
+ 8wt M [(nle 2B ()7, (29)

and it is visible from the definition of B in Eq. (25) that for
finite A this reservoir triggers transitions between any n and
n’ but only between neighboring m and m’ = m £ 1. Further-
more, it is straightforward to see that ), |2 |* =
> |(n]e*2B fn\’/)|2 = 1. Therefore, the absolute value of this
matrix element can be interpreted as a conditional probability
distribution spreading the original rate (for A = 0, admitting
only n’ = n) over different occupation eigenstates n’; see also
Fig. 2.

Whereas for small A the matrix element is centered around
n’ =n, it becomes for large A more likely that also the
bosonic occupation number changes. We furthermore note the
asymmetry of the distribution, which however is reduced when
An < n. The fact that for stronger couplings there is a dip at
the origin can be qualitatively understood by realizing that
e*?8 is a displacement operator [2].

By contrast, the other coupling operators only allow for the
creation or annihilation of one quantum of the longitudinal
boson mode, respectively

2
|(n,m| Agln'm')|* =

—— A e~
(n,m|(a — §JZ>|n’m’)
= Smm’sn’,nﬂ(n + 1)
4m?)\2

+ Smm’ann’ 7 P

— A —
(n,m| (aT — §JZ) [n'm’)

4m2)\2
Q2

2
2
[(n,m|As|n'm’)|” =

= (Smm’(sn’,nfln + 5mm/3nn’ (30)
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FIG. 2. Matrix element | {n|e*2? |n/+\A/n) |2 for different coupling
strengths (vertically shifted for clarity). For small A (top, black and
grey), mainly transitions changing only the spin angular momentum
quantum number are allowed. As X increases (middle: red and orange;
bottom: dark and light green), the matrix element also allows for
transitions between distant occupation states. All distributions are
normalized to 1, such that the plotted quantity can be interpreted as
a conditional probability distribution. Tick marks on the vertical axis
correspond to steps of 0.1. Other parameters: n = 10.

Here, A only enters the diagonal contribution, which is
irrelevant as it does not change the dynamics of the rate
equation.

In total, the resulting rate equation

an = Z an,n’m/ P (31)
n'm’

is of standard form, namely additive in the dissipators
Womme = Weor o+ Wi . where for (n,m) # (n',m’)
we have for the (positive) transition rates—cf. Eq. (20)—from
(n’',m’) to (n,m) the expressions

2

W = Yi(Ewm — Enn)l(nm|Ay|n'm') 7,

nm,n'm

4 2
WS e = V23(Eymr — Ey)l(nm| Az|n'm’)|

+ Y32(Emr — Enn)l(nm|Agln'm')[*. (32)

The diagonal entries W um :—Z(n,m,) L) Worm'
follow from trace conservation. We see that
ln,m|A|n';m")|* = |(n',m'|Ayln,m)|>  and also that
l(n,m|As|ln’'m’)|* = |(n'm’|As|n,m)|*, such that Egs. (23)
imply the usual local-detailed balance relations

W(t) 0
n ' B (Eyty —Enm) '’ Be(Eyy —Enm)

wo ¢ oo 7€ - (33)
n’'m'’,nm n'm’,nm

We note that this property enables one to formulate a
consistent thermodynamic picture of these rate equations,
including positivity of the entropy production rate in a far-
from-equilibrium regime (8; # B¢) and the existence of a heat
exchange fluctuation theorem [48]. The general structure of
the rate equation is depicted in Fig. 3.

Any numerical simulation of the resulting rate equation [49]
will have to cut the a priori infinitely large bosonic Hilbert
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n=1 n=2 n=3

n=2~0

FIG. 3. Graph representation of allowed transitions between the
n,m-parametrized eigenstates (green circles) of Hg for N = 2. Black
arrows in horizontal direction represent transitions triggered by
the longitudinal reservoir; compare Eq. (30). The other (red) lines
represent transitions triggered by the transversal reservoir; compare
Eq. (29). For finite A, these also admit diagonal transitions changing
both m and n (dashed red, background), whereas for » — 0, only
the vertical transitions (solid red) remain. The basic idea of coarse
graining is to obtain effective rates (bold arrows) between mesostates
(shaded regions) formed by lumping together the different Fock
states for a given spin quantum number, physically motivated by
fast horizontal equilibration I', 3> I',. Whereas the transition rates
in the original system obey local detailed balance relations (33),
the coarse-grained rates will not; cf. Eq. (40) and the discussion in
Sec. IITF.

space of the system. With such a cutoff, the total dimension
required by the rate equation scales as N Ny, but in particular
for too small cutoff values, the dynamics can be altered as,
e.g., the bosonic commutation relations cannot be fulfilled at
the cutoff. One can in principle check for the influence of such a
cutoff numerically by demonstrating convergence of results in
dependence of the cutoff size N.. For steady state calculations
the influence of the cutoff will be negligible when the highest
considered occupation eigenstates are hardly populated. In
particular when one of the reservoir temperatures is large,
one may however require a large boson cutoff Ny, making
full-scale simulations in this regime difficult. It is therefore
important to stress that the coarse-graining procedure, that
we introduce in Sec. IIIE below, leads to an approximate
description that does not require any cutoff, as all bosonic
eigenstates are taken into account. We will then be able, within
the range of validity of the coarse-grained picture, to obtain
reliable numerical results also for large reservoir temperatures.

D. Energy currents

When the rate matrix is additively decomposable into
the reservoirs v, i.e., when the transition rates from energy
eigenstate j to energy eigenstate i are decomposable as W;; =
>, Wi(j”), we can directly infer the (time-dependent) energy
currents from the system into reservoir v by multiplying the
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occupation P; with the reservoir-specific transition rate Wi(jv)
and the corresponding energy difference (E; — E;). Summing
over all initial states and all allowed transitions then yields the
energy current into reservoir v,

1t = (E; — EDW,.) P;(t) 2 > (E; - E)WP;.
i,j i,j

(34)

Here, we have deliberately chosen the convention that the
current counts positive when the system injects net energy
into the reservoir, and negative otherwise.

E. Coarse graining

We can define the reduced probability of being in spin
eigenstate m by summing over the different occupation
configurations,

Pu=Y_ Pun. (35)
n
Then, we can formally write its time derivative as
By = S| W B 36)
m’ nn' ‘ me

where we see that the set of P, does not obey a closed
Markovian evolution equation, since to obtain the time-
dependent prefactors in square brackets one first has to solve
the full rate equation for the P,, probabilities. However,
in certain limits an approximate Markovian description is
possible. To motivate this approximation we identify in the
time-dependent prefactors in brackets the—in general time-
dependent—conditional probability P, of the system
being in state n’m’ provided that the spin is in state m’. When
parameters are now adjusted such that the longitudinal mode
equilibrates much faster than the large spin, we can replace
the time-dependent conditional probability by its stationary
equilibrated value [50],

Pn’m’

’

i Pn/m’lm” (37)

m
which in general depends on both states n’ and m’. In general,
the resulting coarse-grained rates

Wmm/ = Z an,n’m’ _n’m/lm’ (38)

between mesostates m’ and m will implicitly depend on the
coupling constants and temperatures of all reservoirs through
the conditional steady-state probability P, . This also
holds for an additive decomposition of the total rate matrix
Wompwm = ZV W,(”';)’n,m,. Therefore, in a coarse-grained de-
scription, the reservoirs will not simply enter as independent
additive contributions, and furthermore, the coarse-grained
rates need not obey detailed balance by construction % #*
P Ew—En).

Specifically, we note that in our case the conditional proba-
bilities Pnrm/‘m/ = e PR — ¢=P? are just the thermalized
probabilities of the longitudinal oscillator mode in contact with
its own reservoir. They are well approached when I'y > T;.
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The approximate coarse-grained rates only describe transitions
between the large spin eigenstates,

W = Z van,n/m’einlﬁig[1 - 67,3,_79]. (39)

nn'

‘We note that the rates due to A, and A3 will not contribute to
the coarse-grained ones W,ff,l, = 0, since they do not induce
transitions between different mesostates m and m'; see Eq. (30)
and Fig. 3. For the other rates however, a contribution remains,
such that we can write

Wmm’ = 8m’,m71M,; Z yll(En’m’ - Enm)

nn'

fad —~ 2 _
x |(nle™B[n)|"e " PR — 7P

"i_(sm’,erljur;r Z yll(En’m’ - Enm)

nn’

x |(nle 2By Ce B — PR (40)

where we have used Eq. (29). We stress again that, unless the
temperatures of both reservoirs are equal, the coarse-grained
rates will not obey a conventional detailed balance relation.
Instead, we find a more general relation; see Sec. IIIF.
With introducing the net number of bosons exchanged with
the longitudinal boson reservoir 7 = n — n’ (we will in the
following use the overbar to indicate that 77 can assume negative
values) and defining the coarse-grained spin energy as

AP,
E, = wom — 4Em s 41

we can rewrite the approximate coarse-grained rates as

+00
Wmm’ = 8m’,m—1Mn; Z yll(Em—l - Em - Qﬁ)aﬁ
n=—00
400
+3m’,m+1M; Z yll(Em+1 - Em - Qﬁ)aﬁ (42)
n=—00

Above, we have introduced a normalized distribution with

;j'ioc a7 = 1 by using

(o]
~ ~2 _ —_
an =Y Sunwl(nle?P )| "e PO — e 9

nn’'=0

ii/2
_ -tnp/@asmy (L
ny
82

x T =z V ne(l+ny) ), (43)
where J;(x) denotes the modified Bessel function of the first
kind. In the second line, we have explicitly evaluated the matrix

element and performed the summation.
The coarse-grained rates depend on both S, (through o)

and B, (through y;;(w)). Despite these sophisticated rates, the
structure of the approximate coarse-grained rate equation now
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FIG. 4. Level spectrum (41) for N = 8. For finite coupling
strength, the level spectrum (symbols) is no longer equidistant. Since
a transition from the m = +N /2 state (right-most) to the ground
state m = —N /2 (left-most) is only allowed along the connected
states (dotted lines), the level renormalization may seriously affect the
Dicke superradiance and even block the process. Other parameters:
wy = Q.

has a simple tridiagonal form

Pm = _[V(Em - Emfl)Mn: + V(Em - Ein+1)Mer_]Pm

+ V(Em+1 - Em)M,::Pm-H
+ y(Emfl - Em)Mn: mely
+0o0 +00
y@ =Y ya@= Y yule— Qi) (44)
n=—00 n=-—00

with dimension N 4 1. We see that in contrast to the original
superradiance master equation (19), the level spectrum (41) is
no longer equidistant, but the scaling of the matrix elements
with the spin length N will persist. This also implies that
the most excited spin state is not necessarily the one with
m = +N/2, see Fig. 4.

Although it is only valid in the limit where the longitudinal
mode equilibrates much faster than the large spin (I'; > I'),
the advantages of the coarse-graining procedure are obvious.
The numerical effort is significantly reduced as the rate matrix
describing both the large spin and the longitudinal phonon
mode has dimension O{N N} and is fully occupied, whereas
the coarse-grained rate matrix is only N-dimensional and
tridiagonal. Furthermore, a bosonic cutoff is not necessary
in the coarse-grained description and a thermodynamic inter-
pretation is still possible, provided that the generalized KMS
relations (45) are correctly taken into account.

F. Nonequilibrium dynamics

The temperatures of transversal and longitudinal reservoirs
may be different, giving rise to nonequilibrium stationary
energy currents between the reservoirs. To evaluate the total
energy exchanged with both reservoirs one could of course
numerically evaluate the high-dimensional rate equation with
a suitable cutoff of the longitudinal boson mode. Especially
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at large longitudinal temperatures, however, this may be
computationally difficult.

To obtain the thermodynamics of the coarse-grained rate
equation, it is helpful to note that the standard Kubo-Martin-
Schwinger (KMS) relations of transversal and longitudinal
correlation functions imply a nonstandard [51,52] KMS-type
relation between the different terms in the sum

Vii(—w) — H yi(—w — Q’il) — e+ﬂmQ€_ﬂ’(u}+ﬁQ). (45)
y-a(tw)  a_z yn(+o+ Q)

Naturally, at equilibrium B, = B; we recover the usual KMS
relation, the coarse-grained rates obey detailed balance, and
the stationary state of the coarse-grained rate equation (44) is
just the canonical equilibrium one.

For different temperatures, relation (45) is consistent with
the interpretation that processes described by the term y;; (w)—
representing a net change of —® in the system’s energy via
the exchange of 77 bosons with the longitudinal mode—must
be accompanied with an energy transfer of 72 into the longi-
tudinal reservoir and a transfer of w — 72 into the transversal
reservoir. We can quantify for each process the fractions of the
system’s energy change that are transferred into longitudinal
and transversal reservoirs, respectively. Formally, we can then
compute for a rate equation of the form P, =} P2 Wi(;)Pj
the stationary energy currents into both reservoirs via

I =33 AETTWD P (46)

ij 7
Specifically, we do this for each transition term in the rate
equation (44),

Py = —[y(En — En-1)M,, + y(Ep — Eni1)M,[1P,,

+ > YalEmir — En)M,} Py

+ Z )/fl(Enz—l - Em)M,; Pm—la (47)

to calculate the currents into reservoirs £ and ¢ via

L) =YY AQya(Ems1 — En)M,} Pyia(t)
+ ) > iQya(Enet — En)M,, Py (1),
I50) = )Y (Eni1 = En — 1)

X Vi(Ems1 — Em)M;L_Perl(t)
+ Z Z(Emfl - Em - ﬁQ)

X Vﬁ(Em—l - Em)M,; Pm—l(t)~ (48)

Before proceeding, we mention a few properties of the
steady-state currents Iﬁ/ f = lim; s o0 Ié/ ’(t), obtained by let-
ting P, (t) — P,. First, in equilibrium (8, = B, = B), both
currents must vanish individually. Formally, this is enforced
by the KMS relation (45). Second, the steady-state currents
must compensate as the total energy is conserved 15 = —1.
Third, the second law of thermodynamics actually implies that
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(Be — B)I: > 0 in all parameter regimes (heat always flows
from hot to cold). Finally, we also stress that a necessary (but
not sufficient) condition for a finite current is that all stationary
probabilities must be strictly smaller than 1 (if only one state is
occupied P; = 1, there are no transitions between two states
and thus no stationary current).

In our results section, we explicitly confirm that the currents
obtained from the coarse-grained rate equation (47) and
from the high-dimensional rate equation (31) coincide in the
appropriate limit I'y > T,.

Finally, to perform calculations, we will parametrize the
spectral coupling density in Eq. (23) with an ohmic form and
exponential cutoff w, [8],

I'(w) = Twe™ /. (49)

Here, I'; regulates the coupling strength to the transversal
reservoir and the cutoff expresses the fact that for any realistic
model the spectral coupling density should decay in the
ultraviolet regime.

G. Weak-coupling limit

The observation that the two reservoirs no longer enter
additively in the coarse-grained description does not come
unexpected, as an additive decomposition typically requires
the weak-coupling limit between system and reservoir. By
contrast, in our setup the large spin may be strongly coupled to
the longitudinal boson mode. To check for consistency, we will
therefore briefly discuss the limit of small A. We can use the

fact that near the origin we have J;(x) = 2‘#‘;‘, + Ofx111+2}
to expand the correlation function in the dissipator as
4P
y(@) = yn(w) + o [y (@ + Q)ng
+ (e — Q)1 +ne) — yn(@)(1 + 2ny)]

+OfIxY). (50)

Clearly, the original Dicke superradiance model is consistently
recovered at A — 0. As expected, we obtain an additional
dissipator of order |A|?>. What at first sight comes a bit
unexpected is that the additional dissipator does not solely
depend on the thermal properties of reservoir ¢ but also on
reservoir ¢ (through yy;). It is also proportional to the product
of I';(w) and |A|%. This however is fully consistent with our
initial model, since the interaction mediated by the A coupling
is of pure-dephasing type for the large spin. Therefore, if
applied alone (I';(w) — 0), it should not affect the dynamics
of the angular momentum eigenstates at all but can only induce
dephasing of coherences between different angular momentum
eigenstates.

IV. RESULTS
A. Equilibrium: Superradiant decay

For vanishing coupling A = 0, it is well known that at
zero temperature, the quadratic scaling of the matrix elements
leads to superradiant decay toward the ground state with a
maximum intensity scaling as N? and consequently a width
of the peak scaling as 1/N. We can reproduce these findings
in the appropriate limits (not shown). In this section, we want
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to investigate how the decay dynamics is influenced by the
presence of the longitudinal mode and therefore consider
the case that both reservoirs are at zero temperature, or at
least temperatures sufficiently low that excitations entering
the system from the reservoir can be safely neglected, n, =
n; =0.

The scaling of Dicke superradiance also reflects in the
passage time towards the ground state. At zero temperature,
the probability distribution for the passage time to the ground
state is defined by

d
P(t) = EP—N/Z([)- 61V

Provided the ground state is the stationary state associated
with a given initial state, it is straightforward to check that it is
normalized, fooo P(t)dt =1, and positive, P(t) > 0. We will
be interested in the mean passage time and its width, which
requires us to evaluate

o0
(") = / " P(t)dt (52)
0
for n = 1 and n = 2. For a rate matrix of the form
0 Lp
0 —Lip Lo
£= | (53)

—Ly;

the first and second cumulants of the passage time distribution
assume the simple form

()= 4y
= — 4+ — 4+ ...,
Ly Lo (54)
(€)= (1) = — + — +
T — (T = — —_— ..
L}, L}

Without longitudinal boson coupling A =0, we have
L= Ft(a)o)MfNﬂ, Ly = F,(a)o)MfN/ZH, and so on—cf.
Eq. (19)—such that we can obtain the mean passage time and
its width for the original Dicke limit analytically,

2[y + Wo(N + 1)]

(r) = T )
H(@o)(N + 1)

[12y + 72N + 1) + [2W(N + 1)
—6(N + DWW (N + DI/[3TH(wo)(N + 1)°],
(55)

where y & 0.577 216 denotes the Euler constant and W, (x) the
polygamma function. We see that for large N the mean passage
time roughly scales as (t) & 2y + In N)/[[";(wo)N] and the
width as /(t2) — (1) ~ 7 /[v/3NT:(wy)]. That means that
to obtain a sharply determined passage time one requires
very large N, e.g.,, to obtain a width ten times smaller
than the mean one requires N = O{107} two-level systems.
For infinite N, the passage time is very well determined
and—despite the stochastic nature of the rate equation—the
system relaxes nearly deterministically towards the ground
state with a negligible temporal error.

These findings would be qualitatively similar if we start
from the middle of the spectrum (e.g., at m =~ 0) instead. In

(t%) — ()?
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FIG. 5. Plot of the dimensionless mean passage time (I, t) vs
system size N for different coupling strengths when both reservoirs
are at the same low temperature, 8 = 8, = ;. The dynamics of the
original superradiance scenario (dotted brown) is hardly changed
when instead of starting at m = 4N /2 we do initially prepare the
system at m = —1/2 (solid black)—apart from an obvious speedup
by a factor 2. When the coupling strength A is increased, the
presence of additional decay channels (compare the dashed lines
in Fig. 3) first increases the relaxation speed (dashed red and
dash-dash-dotted green). However, beyond a critical system size N
an exponential slowdown of relaxation (increase of the passage time)
occurs (dash-dotted blue and dash-dot-dotted orange). This is due to
the renormalization-induced increase of the excitation energies above
the ground state (compare, e.g., the orange curve in Fig. 4), which due
to the finite bandwidth w, finds no support in the correlation function.
Other parameters: wy = 2, Q2 = 10, 0. = 109.

fact, to investigate how the additional boson mode influences
the relaxation behavior to the ground state at low temperatures
we have to take the level distortion in Fig. 4 into account.
When preparing the system in the state m = +N /2 we may
not see any relaxation toward the ground state as a trivial effect
of the level renormalization. To ensure that we only observe
unidirectional relaxation we therefore constrain ourselves to
odd N and prepare the system initially in the state m = —1/2.
The results are displayed in Fig. 5. One can see that at first finite
couplings A aid the relaxation process, since the passage time
becomes shorter. However, above a critical coupling strength
the passage time increases again for larger system sizes N.
This is due to the finite bandwidth w, of the spectral coupling
density (49): The excitation energy above the ground state
AE = wo + 4%(N — 1) becomes so large, |AE| > w,, that
the bosonic correlation function has no support and the last
steps above the ground state occur extremely slowly, with the
visible effect on the passage time.

B. Nonequilibrium: Steady state heat current and rectification

When we consider different temperatures in both reservoirs,
this will induce a steady state heat current from hot to
cold across the system. This simply means that trajectories
where the system absorbs energy from the hot reservoir
and afterwards emits energy into the cold reservoir become
more likely than trajectories where the net flow of energy
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is opposed. The total energy is conserved, which at steady
state implies that we need to consider only the energy current
into the longitudinal boson reservoir Iy =1 [ }’5 (we
have of course confirmed this equality). As heat currents are
driven by transitions between energy eigenstates, this means
that to obtain a nonvanishing current, the system should not
reside in a pure state. Equations (34) and (48) imply that to
calculate a current, we first have to evaluate the stationary
probabilities, which can for large matrices be numerically
unstable. Therefore, we provide an analytical formula for
tridiagonal rate matrices in Appendix A.

1. Weak-coupling current

We parametrize the inverse temperatures as

1 _ —
Be= 5B+ A8+ VB + AR,
B = %[5 — AB+/B*+ ABY]

and plot the energy current through the system versus Ag for
a fixed inverse average temperature B. Trivially, as a conse-
quence of the second law we expect for AB > 0 (implying
for the temperatures 7, < 7;) that the current entering the
longitudinal reservoir is positive Iz > 0 and for A < 0 we
consequently expect I < 0.

To drive the system into a regime where the stationary
current is mainly carried by large matrix elements M= and
thus scales quadratically with the size N, we essentially have
to populate the states with m =~ 0 as these contribute most to the
current; compare Eq. (48). For our model, such a configuration
is best approached when all populations are approximately
equally occupied: For weak-coupling strengths A we can
approximate E,,y; — E,, ® wo such that the summation in
the current from the equipartition assumption simply yields a
quadratic factor ) _,, Mjf P,+1 = N(N + 2)/6. From Eq. (48)
we then obtain that the current will scale quadratically with N
in this regime,

(56)

N(N +2
I — > @)ya(+wp) + m(—wo)]%. 57)

Such an equipartition regime can be expected at large average
temperatures, and to see a significant current we do at the same
time require a large temperature difference. Transferred to our
variables in Eq. (56) this means we have to consider small
B and large AB. Figure 6 indeed shows a quadratic scaling
of the current with N in the regime where the populations
are approximately equal (positive AB). The thin dotted line
for N = 64 also demonstrates the quality of the analytic
approximation (57). Most interesting however, we observe that
for large temperature differences, under temperature inversion
(AB — —APp) the populations are no longer equally occupied
and simultaneously the absolute value of the current drops
drastically. This is related to a configurational blockade,
where the coarse-grained system relaxes to a pure state (see
caption of Fig. 6). Thus, at large temperature differences the
system effectively implements a heat diode [32,33,53] with
a rectification efficiency that is controllable by N. Since for
AB > 0 the current scales quadratically and for A <« 0 it
does not, this effect can be controlled by increasing the number
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FIG. 6. Plot of the dimensionless steady state energy current
vs dimensionless inverse temperature difference for weak coupling
A =0.12 and large average temperatures B2 = 0.01. The top
horizontal axis converts into dimensionless temperature differences
BAT = B(T; — T,). The top leftinset shows the stationary occupation
of the energy levels for N = 64, where the top curve denotes the
ground state and the bottom curve the most excited state (at AB/8 = 0
we have the Gibbs distribution at B). Finally, the two density plots
(white corresponds to zero, red to respective maximum) display the
stationary state occupation P, of the full rate equation (31) for
N =16, Noy =40, and T', = 10°T", at AB/B = —100 (left) and
AB/B = +100 (right). For the density plots, m ranges from —N /2
(top) to +N /2 (bottom), n ranges from 0 (left) to N, (right). When

the levels are approximately equally occupied (AB/B ~ 0, and right
density plot), the quadratic scaling of the matrix elements around
m = 0 carries over to the stationary current as predicted in Eq. (57)
(thin dotted line for N = 64). In contrast, for AB/B <« 0, the system
dominantly resides in the lowest mesostate (inset and left density
plot), and the current is consequently strongly suppressed. In total,
the system may therefore be used as a heat diode. In contrast, the
current for N = 1 (dashed grey, scaled by 10° for visibility) is
also asymmetric but does not display significant rectification. The
symbols (for N = 32 only) indicate currents derived using the full
rate equation (31) with a maximum occupation of the longitudinal
boson mode Ny € {5,10,20,40,80,160,320} (orange arrows) and
I, = 10°T,. With increasing cutoff N, the full master equation
current (symbols) approaches the coarse-grained one (orange curve),
where convergence is much faster when the longitudinal temperature
is low: For large longitudinal temperatures 7, (left), 320 bosonic
modes barely suffice to ensure convergence, whereas for small
temperatures 7 (right), roughly ten modes suffice. Other parameters:
BT, =0.01, wy = Q, A = 0.1Q, w. = 10Q.

of two-level systems N. For a small negative thermal bias the
occupations of higher levels drop only mildly (implying a finite
current) whereas for A « 0 essentially just the ground state
is occupied (inset). This also results in a negative differential
thermoconductance [34,54-56].

Finally, we would like to stress that we can compare
the current from the coarse-grained rate equation (48) with
the one computed from the exact master equation when
[y > I',. This requires us to take a sufficient number
of maximum bosonic occupations into account, requiring
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FIG. 7. Similar to Fig. 6, but for a lower average temperature
B = 0.1. An equipartition of levels is not reached, and the current
does not scale quadratically with N. Nevertheless, rectification is still
present. Color codes and other parameters have been chosen as in
Fig. 6.

potentially large computational resources. The symbols for
Ny € {5,10,20,40,80,160,320} in Fig. 6 demonstrate that
convergence for the current is reached in either regime (also
demonstrating validity of the coarse-graining approximation),
but it is significantly slower when the temperature of the
longitudinal boson reservoir is large (negative AB). This
is somewhat expected, since for large temperatures many
longitudinal boson mode excitations have to be taken into
account. Consistently, we see in the bottom left density plot of
Fig. 6 that the occupation for the state | — N /2, + N¢y) is not
negligible for the chosen cutoff value N = 40.

The maximum bosonic cutoff can be reduced when one
lowers the average temperature. Indeed, we see in Fig. 7 that for
N = 16 (left density plot) fewer bosonic modes are occupied.
However, the reduction of the average temperature (increase of
B) also has the effect that the levels in the conducting direction
are no longer equipartitioned, such that the current is reduced
and no longer scales quadratically in N.

When we further decrease the average temperature, com-
pare Fig. 8, the currents are further reduced. Furthermore, in
the conducting direction it does not even rise monotonically
with N.

2. Strong-coupling current

An ideal heat diode should have a large current in the
conducting direction and should faithfully block the current
when the direction is reversed. It is therefore reasonable to
probe the strong-coupling regime, as increasing A should
naively also increase the current. However, we note that for
our model this is only partially true, as the increased level
renormalization will also reduce the energy current. In fact,
previous investigations have found a suppression of transient
superradiance in the strong-coupling limit [57]. We also find
an analogous behavior in the stationary regime.

For stronger couplings, the heat-diode capability is in prin-
ciple even enhanced and also present for smaller temperature
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FIG. 8. Similar to Figs. 6 and 7, but for an even lower average
temperature S22 = 1.0. No quadratic scaling is observed, the current
is significantly suppressed. Furthermore, the current for AB/B > 0
does not even rise monotonically with N, but rectification is still
present. Color codes and other parameters have been chosen as in
Fig. 6.

differences, since the stationary state becomes rapidly pure
for ABQ < 0 and thus effectively inhibits transport; see the
inset of Fig. 9. However, we also observe that for ABQ2 > 0 the
quadratic scaling of the current does not hold over the complete
range of N. In fact, the current is for large N (in the figure for
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FIG. 9. Plot of the dimensionless energy current between the
reservoirs vs dimensionless temperature difference for strong cou-
pling A = 0.8 Q and large average temperature Q2 = 0.01. The level
renormalization prohibits for large N the equipartition of levels (inset
for N = 64) for all nonequilibrium regimes and thus destroys the
quadratic scaling of the current. For small N and A > 0 it grows
approximately linearly with N but for larger N it is even reduced
and above N = 64 suppressed completely. Nevertheless, for finite
N the quality of heat rectification is improved in comparison to the
weak-coupling limit as for negative AS all but the ground state are
exponentially suppressed, which directly affects the current. Color
coding and other parameters chosen as in Fig. 6.
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N = 32and N = 64) even further suppressed, which limits the
throughput capability of the heat diode. This is a consequence
of the level renormalization, which destroys the previously
observed equipartition of all energy levels (see inset). We note
that in the strong-coupling limit, the current in conductance
direction is carried by two noncommunicating regions in phase
space (compare right density plot). The mesostates withm ~ 0
are hardly occupied and do not contribute to the current.
Instead, the system is rather concentrated close to the ground
state. Nevertheless, due to the strong coupling a significant
current is produced for finite N.

When we lower the average temperature (increase ) as
in the weak-coupling regime, the total current is strongly
suppressed without substantial changes in heat rectification
properties (not shown). These regimes are therefore less useful
for heat diode application purposes.

We note that the diode effect requires Iy > I'; (as one may
have expected from the violation of the detailed balance rela-
tion due to coarse graining) and that one of the temperatures is
small in comparison to the system energy scales (to concentrate
the populations at the boundaries of the phase space).

V. GENERALITY OF THE HEAT-DIODE EFFECT

The pure-dephasing character of the interaction between
the large spin and the collective mode facilitates the analytic
diagonalization of our system but also leaves open the question
of what are the fundamental prerequisites to produce the heat
diode behavior. In the previous sections, we have identified
a configuration blockade mechanism as being responsible
for the blockade of the heat current in one direction. This
picture is well confirmed in the density plots in Figs. 6-9.
However, a configuration space similar to Fig. 3 should
arise in any bipartite system with couplings that connect
to the individual constituents locally (on the level of the
Hamiltonian). Whenever the coupling to one reservoir is much
stronger than that to the other reservoir and also than the
coupling between the constituents, we will obtain a similar
scenario: The heat current will be suppressed when the strongly
coupled reservoir is hot and the weakly coupled reservoir is
cold. The supertransmittant amplification of the current in the
throughput direction affects the quantitative performance of
the heat diode.

To confirm this hypothesis, we have replaced the internal
coupling in Eq. (1) by a dissipative one, AJ, — AJ,. Then, the
system Hamiltonian implements the closed Dicke model [15],
which is a well-known toy model for a quantum-critical sys-
tem [58—60]. The model can be mapped to coupled harmonic
oscillators by employing a Holstein-Primakoff transformation,
amenable to further simplifications in the large-N limit.
However, to compare with our previous calculations we are
interested in the finite-N limit, where a numerical approach
is advisable (the spectral corrections due to first-order pertur-
bation theory in A have no effect on the rate equation). The
new Hamiltonian defines a new energy eigenbasis (computed
numerically for a finite bosonic cutoff N.), within which we
derive a rate equation similar to Egs. (31) and (32). Here, the
only difference is that the eigenstates and eigenvalues have to
be obtained numerically and are therefore characterized by a
single index and not as before by angular momentum m and
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model, where in Eq. (1) AJ; — AJ,, without any coarse-graining
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Color coding and other parameters chosen as in Fig. 6.

boson occupation n. This also implies that a coarse-graining
procedure is not straightforward, such that the full model has to
be solved numerically (as was done for the symbols in Fig. 6).
The results depicted in Fig. 10 show that the rectification effect
is still present and very pronounced, confirming our conjecture.

VI. CONCLUSIONS AND PERSPECTIVES

We have studied nonequilibrium physics in an ensemble of
N identical two-level systems asymmetrically coupled with
two different reservoirs. One is a standard heat bath, while
the other reservoir is structured, with a single bosonic mode
coupled collectively to the ensemble of N two-level systems
and also to its own heat bath. By taking the evolution of the
single bosonic mode dynamically into account, we can model
the strong-coupling limit with that reservoir. We mainly con-
sidered the case where the coupling with the standard reservoir
is dissipative (transversal coupling) while the coupling with
the structured reservoir is assumed to be purely dephasing
(longitudinal coupling). We showed that our results also apply
to the case in which both couplings are locally dissipative, but
one reservoir is still structured. For large coherence lengths in
the reservoirs, the coupling is collective and the ensemble of
two-level systems behaves as a single large spin.

From the technical point of view, we mention that in the
limit where the coupling between the longitudinal boson mode
and its reservoir is much larger than the coupling of the large
spin to the transversal reservoir, we can approximately coarse
grain the dynamics by considering a reduced master equation
for the large-spin eigenstates only. This comes with the
advantage of a tremendously reduced numerical complexity
while maintaining the possibility of a thermodynamic interpre-
tation. In Appendix B we demonstrate that the coarse-grained
description generally applies when the longitudinal mode is
forced to remain in a thermal state.
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Our main results can be thus summarized as follows:

Superradiance. In usual investigations of superradiance
only the coupling with the transverse reservoir is considered.
There, the system starts from the largest angular momentum
state (corresponding to all two-level systems inverted). While
the system relaxes to the ground state, it passes through
superradiant states which emit radiation with an intensity
proportional to the number of atoms squared N2. We have
investigated the fate of superradiance in an equilibrium envi-
ronment, where both the longitudinal and transverse reservoirs
were held at zero temperature. For strong longitudinal coupling
strength and/or large system sizes N, superradiance can be
strongly affected by the presence of the longitudinal bath.
While the presence of an additional decay channel may in
some parameter regimes enhance the relaxation speed, the
longitudinal reservoir also induces obstacles to superradiance,
essentially due to modifications in the system energy levels:
First, the conventional largest angular momentum state is for
large system sizes and/or strong couplings no longer the ener-
getically most excited state. This implies that to relax toward
the true ground state, the system would have to tunnel through
a huge energy barrier, leading to an exponential suppression of
relaxation and thereby a complete superradiance blockade in
this regime. We have circumvented this problem by choosing
an initial state that in principle enables a fast relaxation toward
the true ground state. Second, one observes that the energy
distance between the low-energy states can become very large
for large couplings and/or large system sizes. Depending on
the details of the reservoirs (technically expressed by their
spectral coupling densities), they may not be able to absorb
such large energies, which may also strongly suppress the final
stages of superradiance.

Rectification and supertransmittance. We also investigated
the nonequilibrium dynamics by keeping the reservoirs at
different temperatures. This gives rise to a stationary heat
current through the system. Now, depending on the stationary
state the system assumes, the current can display very different
scalings with the system size N. While the current from a
hot transverse reservoir to a cold longitudinal reservoir is
supertransmittant (i.e., scales as N2 in the weak-coupling
regime), for the opposite thermal bias the current is strongly
reduced and becomes almost independent of N. This effec-
tively implements a heat diode, with a rectification factor that
can be tuned by changing the system size N. The essential
features needed to obtain the heat diode effect in a generic
system are discussed in Sec. V.

Our setup constitutes a proof of principle of how extremely
large rectification factors can be achieved by exploiting col-
lective couplings with thermal reservoirs. We have argued that
our model could be used to describe trapped ions collectively
coupled to a thermal photon field and a phonon field. Since
rectification allows energy transfer from the hot photon field
(transverse) to the cold phonon field (longitudinal), these
findings could inspire the design of a device able to efficiently
absorb energy from sunlight (that corresponds to a black-body
radiator with high temperature of ~ 6000 K) and convert
it efficiently (due to supertransmittance) into heat stored in
a phonon reservoir. In the absence of sunlight, the inverse
process would be strongly suppressed, such that the total
device would be a very suitable energy harvester. We expect
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our findings to apply to transport through bipartite systems
with highly asymmetric couplings, and the design of such
devices is an appealing avenue of further research.
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APPENDIX A: STATIONARY STATE

To calculate the heat current, we first need to calculate the
steady state of the rate equation. Numerically, we have found
that the determination of the null space is not always stable.
Therefore, we determined the null space of a rate matrix by
computing the adjugate matrix via the transpose of the cofactor
matrix. In the case of a tridiagonal rate matrix

(M)ij = 8jip1miivt + 8 i—1mii—1 — 8;j(mi_y; +miy;)
(A1)

with dimension (N + 1) x (N + 1) this calculation simplifies
considerably. One can then check that the steady state is given
by (we use M = N + 1 for generality)

5 [Tl meia [ TS mj ] A2)
S [Tl mai [ TS my ]
where k € {1, ... ,M}.

APPENDIX B: ALTERNATIVE DERIVATION OF THE
COARSE-GRAINED RATE EQUATION

Here, we will show that we can also obtain the coarse-
grained rate equation (44) from a model where the longitudinal
boson is not coupled to an independent reservoir, i.e., where
the total Hamiltonian simply reads

H = %JZ + J,(ha + 2*a") + Qa'a

+ 00> b+ hip) + Y axblbe. (B
k k

To treat the model within a master equation approach, we
consider only the large spin as the system, and to treat the
strong-coupling limit, too, we use the polaron transforma-
tion (25). With Eq. (26), we conclude that under a polaron
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FIG. 11. Putting the longitudinal boson mode in a thermal state
in the polaron frame (right, Appendix B) leads to the same evolution
equation as coupling it to a separate continuous bosonic reservoir (left,
main paper) and then assuming that the longitudinal boson degrees
of freedom relax to their equilibrium state much faster than the large
spin, such that a reduced coarse-grained Markovian description only
in terms of the large spin eigenstates applies.

transformation, the Hamiltonian transforms according to

AR
UHU' = %JZ - %Jzz—i—ﬂafa +Za)kb,tbk
k

+ (et + J_e )Y by + hib)).  (B2)
k

Thus, the coupling between spin and longitudinal mode goes
away at the expense of a dressed spin-boson coupling.

We note that we can derive a master equation with standard
methods that is perturbative in /h; but nonperturbative in A.
In doing so, we will put both the longitudinal boson mode
and the bosons in thermal equilibrium states with inverse
temperatures B, and §;, respectively [51,52]. Since the polaron
transformation is nonlocal between large spin and longitudinal
mode, simply placing the boson mode in a thermal state
does not correspond to a simple thermal state in the original
frame. Instead, its state becomes conditioned on the large spin
state [46]. Here, we will show that the resulting rate equation
is identical to the one obtained in the main paper via coarse
graining (44); see also Fig. 11.

Evidently, the eigenenergies of the system Hamiltonian
in Eq. (B2) are given by (41), and with identifying the
coupling operators as A} = J,, B] = et?B > (b + th}:),
Ay =J_,and B, = e B Y, (hiby + h,’gb,t), we can set up a
rate equation for the evolution of populations in the spin energy
eigenstates. To do so, we have to evaluate the matrix elements
of the system coupling operators—using Eqgs. (18)—which
imply that only two reservoir correlation functions have to be
found to evaluate the rate from energy eigenstate b to energy
eigenstate a,

Yab.ab = Y12(Ep — Eg)|{alJ_|b)|?
+ya1(Ep — EQl{alJ1|b) . (B3)

Consequently, we calculate the reservoir correlation func-
tion for the reservoir coupling operators

B = e8> " (iby + hib)), (B4)
k
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which enter the correlation functions in the form (bold symbols
indicate the interaction picture)

(B*(1)BT) = CE(1)Ci(1),CF (1) = (e2BMe728),

0
C,/(1) = % / I (—o)n,(—w)e “Tdw

1 +o00 )
+ — / (o)l + ni(+w)]e " do.
2 0
(BS)

At this state it is already evident that the resulting rates will
not be additive in the two reservoirs.
The longitudinal contributions can be written as

CZ(T) — e—(4\x|2/92)[[1—cos(szr)]cmh(@)ﬂ' sin(Q7)]
C;(t) = C/ (1) = Cy(n), (B6)

and it is visible that these do not decay to zero at infinity. One
might be tempted to consider this as problematic with regard
to the Markovian approximation. However, the longitudinal
correlation function always enters in product form with the
transversal correlation functions, such that the total correlation
function always decays. To interpret their action in a more
physical way we rewrite the correlation functions as

Ci(7) = o~ QI /QA+2n0)—nee O —(14n)e™7] (B7)
where n;, = [¢#¢ — 1]7!. We can easily check their KMS
relations Cy(t) = C¢(—7 — if8¢). We can compute the Fourier

transform of the longitudinal mode correlation function by
formally expanding in powers of ¢/,

Ye(w) = /Cz(t)e”“”dt

00 9 qm+m’
= 2o 3 417
- =

m,m’'=0

n L+ ne™
X e —

S[w — (m' — m)
m!m'!

+00
— 27Te—(4|)»|2/92)(1+2m) Z 8w — 1K)

n=—00

1 /2 A2
x( +’”) Jﬁ<8| | \/W(l-i-nz)), (B8)

ny 92

where 7,(x) denotes the modified Bessel function of the first
kind.

The bosonic contribution has standard form and also obeys
a KMS condition of the form C,(t) = C,(—1 — if;).

The full Fourier transform of the correlation function is
given by

y(Ho) = ]Cz(f)Cz(f)eﬂ‘”df, (B9)

and we note that we can represent these also by convolution
integrals of the separate Fourier transforms

1
y(w) = . f Ye(w — @)y (@)dd. (B10)
T
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Inserting Eq. (B8) eventually yields

+00
y@) = Y i), vi)=dyie—iQ),

n=—00

(B11)

where y11(w) is defined in Eq. (23) in the main paper.
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Inserting these results in Eq. (B3), we find that the resulting
rate equation is identical with Eq. (44) in the main paper.

Independent calculations have shown that coarse-graining
approaches also exist for previously treated electron-phonon
models [36,51,52] (not shown).
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