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In this paper we derive the non-Markovian barotropic-type and Hall-type fluctuation relations for noninteracting
charged Brownian particles embedded in a memory heat bath and under the action of crossed electric and
magnetic fields. We first obtain a more general non-Markovian fluctuation relation formulated within the context
of a generalized Langevin equation with arbitrary friction memory kernel and under the action of a constant
magnetic field and an arbitrary time-dependent electric field. It is shown that this fluctuation relation is related
to the total amount of an effective work done on the charged particle as it is driven out of equilibrium by the
applied time-dependent electric field. Both non-Markovian barotropic- and Hall-type fluctuation relations are
then derived when the electric field is assumed to be also a constant vector pointing along just one axis. In the
Markovian limit, we show explicitly that they reduce to the same results reported in the literature.
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I. INTRODUCTION

The fluctuation relations continue to be a topic of increasing
interest in the understanding of the nonequilibrium dynamical
behavior of physical, chemical, and biological systems, in
which the stochastic fluctuations play a fundamental role. This
indeed can be corroborated in the current literature where an
important number of theoretical [1] and experimental studies,
which elucidate different aspects of the fluctuation relations,
can be found. In particular, a wide and interesting discussion
was given recently in a paper by Bochkov and Kuzovlev
[2] on the concepts of the generalized fluctuation-dissipation
relations and fluctuation theorems for open and closed
nonequilibrium thermodynamic systems. In that reference
it is shown that the fluctuation theorems, Crooks relation
and Jarzynski equality (JE), are alternative formulations or
special cases of their theory reported in Refs. [2–5] and
references therein. It is also shown explicitly that the Jarzynski
[6] and Bochkov and Kuzovlev equalities supplement one
another and coincide only when the free-energy difference
�F = 0. It is worth noting that all of those interesting
discussions are given in the spirit of nonequilibrium statistical
mechanics of Markovian stochastic processes. However, a few
years ago, in a paper by Ohkuma and Ohta, the fluctuation
theorems obtained in a stochastic Markovian process could
be generalized to a non-Markovian system governed by a
generalized second-order Langevin equation with a Gaussian
colored noise and arbitrary friction memory kernel [7]. Crooks
fluctuation theorem [8], as well as the Jarzynski equality,
were extended to this non-Markovian case. Similarly, in a
paper by Mai and Dhar [9], it was proven that using also the
generalized Langevin equation (GLE) with arbitrary memory
kernel and under the action of arbitrary time-dependent driving
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force, the transient work fluctuation theorem (WFT), JE, and
Crooks theorem are valid in an exact way. Very recently, the
WFT has been extended to the case of a charged Brownian
harmonic oscillator across a magnetic field and driven out of
equilibrium by an arbitrary time-dependent applied electric
field [10]. The theorem has shown to be valid using also a
generalized Langevin equation (GLE) with arbitrary friction
memory kernel. It is also true that a considerable amount of
work related to all the above-mentioned stochastic concepts
have been established and derived within the context of a
Markovian dynamics [11–14]; only a few of them have been
explored and derived within the context of a non-Markovian
dynamics [7,9,10,15–21]. The major part of the experiments
referred to in Refs. [22–34] deal with trapped nanoparticles
surrounded by heat reservoirs. This calls our attention the very
recent experiments related again to the concepts mentioned
above. For instance, in a recent review [32], several concepts
of statistical mechanics for systems that are out of equilibrium
have been discussed from an experimental point of view. The
validity of the fluctuation theorem for the relative entropy
change occurring during relaxation from nonequilibrium
steady state is explored in Ref. [33] and the measure of the
work done by a trapped single particle which obeys the Crooks
fluctuation theorem at an effective temperature is analyzed in
Ref. [34]. In this latter case, the experiment is performed with
an optically trapped single microparticle immersed in water in
the presence of an external colored noise. On the other hand,
the fluctuation theorems for the work, power, and total entropy
change have also been confirmed theoretically for a charged
particle trapped in harmonic potentials in the presence of a
magnetic field, as can be corroborated in the works [35–40].
Also the fluctuation theorems have been proved to be valid for a
classical system in the presence of a time-reversible symmetry-
breaking field, such as an external time-dependent magnetic
field, and nonconservative forces which cannot be derived from
gradient of scalar potentials [41]. The merit of the work is to
consider the system and a heat bath as a combined system
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and showing that the fluctuation theorems are valid even when
the heat bath goes out of equilibrium during driving. Under
these conditions the fluctuation theorems are demonstrated
from both deterministic and stochastic, but Markovian, points
of view. Although there is no Hamiltonian for the combined
system due to the presence of nonconservative forces, it is
possible to define the total energy for the system and show
that the rate of change for the total energy is the same as the
rate of change of the work done by all the external forces
on the system. Additional comments of this reference will be
given after our concluding remarks. It is worth noting that,
as far as we know, the experimental confirmation of any of
the aforementioned concepts in the presence of a constant or
time-dependent magnetic field has not yet been performed,
even in the Markovian case. So those given in the Markovian
case and the present contribution suggest the execution of
similar experiments as those executed in Refs. [22–34].

In 2008 other type of fluctuation relations named
barotropic-type and Hall-type fluctuation relations were de-
rived by Roy and Kumar [38] using the standard two-
dimensional overdamped Langevin equation for noninter-
acting electrons in crossed electric and magnetic fields.
The barotropic-type fluctuation relation was derived and
established for the ratio f (x,t)/f (−x,t) and the Hall-type
fluctuation relation for the ratio f (y,t)/f (−y,t), where f (ζ,t),
with ζ = x,y, is the probability of observing a given trajectory
at (ζ,t) during the forward process and f (−ζ,t) the probability
of observing its backward counterpart at (−ζ,t). It is our
purpose in this paper to generalize both Markovian fluctuation
relations to the case of a non-Markovian system characterized
by a set of noninteracting charged particles governed by a
generalized second-order Langevin equation with arbitrary
friction memory kernel and under the action of crossed electric
and magnetic fields. The applied magnetic field is assumed as
a constant vector, usually pointing along the z axis, and the
electric field as an arbitrary time-dependent vector responsible
for the driving the system out of equilibrium. Due to this fact,
the process on the plane x-y is independent of the process
taking place along the z axis. We show that the non-Markovian
barotropic- and Hall-type fluctuation relations are obtained
from a more general fluctuation relation formulated within the
two-dimensional configuration-space x = (x,y), in which the
magnetic field plays a role. The general fluctuation relation is
thus established for the ratio f (x,t)/f (−x,t). It is also shown
in a general way that this ratio is equal to the exponential of
a time-dependent function which can be identified with the
total amount of an effective dimensionless work done on the
charged particle as it is driven out of equilibrium by the applied
time-dependent electric field. The total amount of the effective
dimensionless work is given as the sum of two contributions,
namely the effective dimensionless translational and rotational
mechanical work. As we will show, it also satisfies the Crooks
relation in a similar way as those established in Refs. [7,9,10].
Due to the initial condition, two non-Markovian barotropic-
and Hall-type fluctuation relations are derived when the
applied electric field is a constant pointing just along the x

axis. One barotropic- and one Hall-type fluctuation relation
is derived if the canonical initial distribution is used, and the
remaining two are derived when the initial condition is the
Maxwell distribution. Finally, we study the Markovian limit

in which the total amount of work has an explicit expression.
In particular, the same barotropic- and Hall-type fluctuation
relations derived by Roy and Kumar [38] are then recovered.

This work is organized as follows. In Sec. II, we introduce
and solve the phase-space GLE with arbitrary friction memory
kernel for a charged Brownian particle in crossed electric
and magnetic fields. The solution is used to calculate the
four-dimensional phase-space conditional probability density.
In Sec. III we derive, according to the above-mentioned initial
conditions, two non-Markovian fluctuation relations come
from the joint probability density f (x,t). The barotropic- and
Hall-type fluctuation relations are obtained in Sec. IV and
analyzed in the Markovian limit in order to compare them with
the results derived in Ref. [38]. Some comments are given at
the end of Sec. V. We conclude our work in Sec. VI and in
two Appendixes we present some of the explicit calculations
performed.

II. GLE FOR A CHARGED PARTICLE IN CROSSED
ELECTRIC AND MAGNETIC FIELDS

Our theoretical model is related to an electrically charged
Brownian particle of mass m = 1 and charge q embedded
in a memory thermal bath of temperature T . Additionally,
the particle is under the action of the Lorentz force F

L
=

(q/c)v × B + qE(t), where the applied magnetic field will be
considered a constant vector pointing along the z axis, that
is, B = (0,0,B), and E(t) an arbitrary time-dependent electric
field. The electric field comes from two contributions: One
is the time-dependent internal electric field Ein(t) responsible
for the internal fluctuations and the other one is the time-
dependent external electric field Eex(t) responsible for driving
the system out of equilibrium. The non-Markovian dynamics
of a Brownian particle involving memory thermal interaction
with its surroundings is in general characterized by a GLE
containing an arbitrary friction memory kernel. For the present
physical model it can be written as

ẋ = vx, (1)

ẏ = vy, (2)

ż = vz, (3)

ẍ − �ẏ +
∫ t

0
γ (t − t ′) ẋ(t ′) dt ′ − ax(t) = fx(t), (4)

ÿ + �ẋ +
∫ t

0
γ (t − t ′) ẏ(t ′) dt ′ − ay(t) = fy(t), (5)

z̈ +
∫ t

0
γ (t − t ′) ż(t ′) dt ′ − az(t) = fz(t), (6)

where � = qB/c is the cyclotron frequency per unit mass,
γ (t) is the friction memory kernel per unit mass, ai(t) are the
components of acceleration vector a(t) ≡ qEex(t), and fi(t)
are the components of the fluctuating force f(t) = qEin(t) per
unit mass. This fluctuating force has zero mean value and
satisfies the fluctuation-dissipation relation of the second kind
[42] given by

〈fi(t)fj (t ′)〉 = k
B
T δij γ (t − t ′), (7)
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with k
B

as the Boltzmann’s constant. It should be mentioned
that the validity of this relation guarantees that the stochastic
processes (4) and (5) without the accelerations ai(t) must be
stationary, as demanded by such a relation. The statement is
briefly shown in Appendix A. The stationary character of the
Eq. (6) without az(t) was shown in Ref. [43]. The solution of
Eqs. (4)–(6) for the positions (x,y,z) can be calculated using
the Laplace transforms, such that

x(t) = 〈x(t)〉 +
∫ t

0
H0(t − t ′)fx(t ′)dt ′

−�2
∫ t

0
H2(t − t ′)fx(t ′)dt ′

+�

∫ t

0
H1(t − t ′)fy(t ′)dt ′, (8)

y(t) = 〈y(t)〉 +
∫ t

0
H0(t − t ′)fy(t ′)dt ′

−�2
∫ t

0
H2(t − t ′)fy(t ′)dt ′

−�

∫ t

0
H1(t − t ′)fx(t ′)dt ′, (9)

z(t) = 〈z(t)〉 +
∫ t

0
H0(t − t ′)fz(t

′)dt ′, (10)

where for nonrandom initial conditions

〈x(t)〉 = x0 + [H0(t) − �2H2(t)]vx0 + �H1(t)vy0

+
∫ t

0
H0(t−t ′)ax(t ′)dt ′−�2

∫ t

0
H2(t − t ′)ax(t ′)dt ′

+�

∫ t

0
H1(t − t ′)ay(t ′)dt ′, (11)

〈y(t)〉 = y0 − �H1(t)vx0 + [H0(t) − �2H2(t)]vy0

+
∫ t

0
H0(t−t ′)ay(t ′)dt ′−�2

∫ t

0
H2(t − t ′)ay(t ′)dt ′

−�

∫ t

0
H1(t − t ′)ax(t ′)dt ′. (12)

〈z(t)〉 = z0 + H0(t)vz0 +
∫ t

0
H0(t − t ′)az(t

′)dt ′, (13)

with x0 = x(0), y0 = y(0), vx0 = vx(0) = ẋ0, vy0 = vy(0) =
ẏ0. The functions H0(t), H1(t), and H2(t) are, respectively,
the inverse Laplace transform of Ĥ0(s), Ĥ1(s), and Ĥ2(s),
with

Ĥ0(s) = 1

s[s + γ̂ (s)]
, (14)

Ĥ1(s) = 1

s[(s + γ̂ (s))2 + �2]
, (15)

Ĥ2(s) = 1

s(s + γ̂ (s)) [(s + γ̂ (s))2 + �2]
, (16)

and γ̂ (s) is the Laplace transform of the friction memory kernel
γ (t). The solution for the velocities (vx,vy,vz) are calculated
with the help of the functionsH0(t),H1(t), andH2(t) and their
corresponding derivatives at time t = 0. This can be done in

the following way: We evaluate Eqs. (11)–(13), as well as their
time derivatives at t = 0, in the absence of the external force.
This easily leads to the following set of equations:

vx0[H0(0) − �2H2(0)] = −vy0�H1(0), (17)

vy0[H0(0) − �2H2(0)] = vx0�H1(0), (18)

vz0H0(0) = 0, (19)

and

vx0 = vx0[Ḣ0(0) − �2Ḣ2(0)] + vy0�Ḣ1(0), (20)

vy0 = vy0[Ḣ0(0) − �2Ḣ2(0)] − vx0�Ḣ1(0), (21)

vz0 = vz0Ḣ0(0). (22)

It is easy to see from Eqs. (19) and (22) that H0(0) = 0 and
Ḣ0(0) = 1. Equations (17), (18), (20), and (21) show that
[H0(0) − �2H2(0)] = 0, H1(0) = 0, [Ḣ0(0) − �2Ḣ2(0)] =
1, and Ḣ1(0) = 0; thus H2(0) = 0 and Ḣ2(0) = 0. It is now
clear from Eqs. (8)–(10) that

vx(t) = 〈vx(t)〉 +
∫ t

0
Ḣ0(t − t ′)fx(t ′)dt ′

−�2
∫ t

0
Ḣ2(t − t ′)fx(t ′)dt ′

+�

∫ t

0
Ḣ1(t − t ′)fy(t ′)dt ′, (23)

vy(t) = 〈vy(t)〉 +
∫ t

0
Ḣ0(t − t ′)fy(t ′)dt ′

−�2
∫ t

0
Ḣ2(t − t ′)fy(t ′)dt ′

−�

∫ t

0
Ḣ1(t − t ′)fx(t ′)dt ′, (24)

vz(t) = 〈vz(t)〉 +
∫ t

0
Ḣ0(t − t ′)fz(t

′)dt ′ x, (25)

where

〈vx(t)〉 = [Ḣ0(t) − �2Ḣ2(t)]vx0 + �Ḣ1(t)vy0

+
∫ t

0
Ḣ0(t−t ′)ax(t ′)dt ′−�2

∫ t

0
Ḣ2(t−t ′)ax(t ′)dt ′

+�

∫ t

0
Ḣ1(t − t ′)ay(t ′)dt ′, (26)

〈vy(t)〉 = −�Ḣ1(t)vx0 + [Ḣ0(t) − �2Ḣ2(t)]vy0

+
∫ t

0
Ḣ0(t−t ′)ay(t ′)dt ′−�2

∫ t

0
Ḣ2(t−t ′)ay(t ′)dt ′

−�

∫ t

0
Ḣ1(t − t ′)ax(t ′)dt ′. (27)

〈vz(t)〉 = Ḣ0(t)vz0 +
∫ t

0
Ḣ0(t − t ′)az(t

′)dt ′. (28)

The process given by Eq. (6) is independent of those given
by Eqs. (4) and (5), which represent a coupled system of
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two equations in which the magnetic field plays a role. The
fluctuation relations which we are interested in arise from an
analytical study of these two latter processes. For this reason,
from now on we will pay attention only to these. Once we
have calculated the solutions of Eqs. (4)–(6), we can obtain
the conditional probability density (CPD) in the phase space
(x,u), that is, P (x,u,t |x0,u0), where x = (x,y), u = (vx,vy),
x0 = (x0,y0), and u0 = (vx0,vy0). The corresponding algebra
is given in Appendix B and we conclude that this phase-space
CPD becomes

P (R,S) = 1

4π2(FG − H 2 − I 2)

× exp

[
− (F |S|2−2HR · S−2I (R × S)z+G|R|2)

2(FG − H 2−I 2)

]
,

(29)

where each term of the exponential is explicitly given in the
same Appendix B.

III. NON-MARKOVIAN FLUCTUATION RELATION

The non-Markovian fluctuation relation for the joint prob-
ability density f (x,t) can be obtained first from the general
integration over initial conditions

f (x,t) =
∫

P (x,t |x0,u0)f (x0,u0,0) dx0 du0, (30)

where f (x0,u0,0) is an arbitrary initial distribution function
and P (x,t |x0,u0) ≡ P (R) is the configuration-space CPD,
which in turns is calculated from the marginal integration as

P (R) =
∫

P (R,S) dS. (31)

It is easy to show that

P (R) = 1

2π k
B
T F̂

exp

(
− |R|2

2k
B
T F̂

)
, (32)

where F̂ is obtained from Eq. (29) such that F = k
B
T F̂ , with

F̂ = −[H0(t) − �2H2(t)]2 − �2H2
1(t)

+ 2
∫ t

0
H0(t ′)dt ′ − 2�2

∫ t

0
H2(t ′)dt ′. (33)

According to Eqs. (B14) and (B15), the R vector can also be
written as

R = x − 〈x〉

= x − x0 − H(t)u0 −
∫ t

0
H(t − t ′)a(t ′)dt ′, (34)

where

H(t) =
(

[H0(t) − �2H2(t)] �H1(t)
−�H1(t) [H0(t) − �2H2(t)]

)
. (35)

A. Canonical initial distribution

The selection of the initial distribution is a matter of choice
and, in principle, we can propose the simplest expression
by means of choosing δ(x0)δ(u0). However, if we recall that
the system is embedded in a thermal bath at temperature T

under the action of crossed electric and magnetic fields, then
it is convenient to suggest a distribution which can take into
account also the influence of the magnetic field. Hence, we
will assume that it can be written as a product of functions
in the configuration and velocity spaces. Here we will assume
the position dependence as a Gaussian function with a width
determined by the temperature T and the magnetic field and a
δ function in the velocity u0 in such a way that

f (x0,u0,t) = γ 2
0 (1 + C2)

2πk
B
T

exp

[
−γ 2

0 (1 + C2)|x0|2
2k

B
T

]
δ(u0),

(36)

where C = �/γ0 is a dimensionless factor, with γ0 as the
friction constant. On substitution of this initial distribution
function into Eq. (30) and defining the dimensionless function
F0 = γ 2

0 (1 + C2)F̂ , we can show after some straightforward
algebra that the joint probability density becomes

f (x,t) = 1

2πσ̄ (t)
exp

(
−|x−〈x〉|2

2σ̄ (t)

)
, (37)

where the variance σ̄ (t) = k
B
T (1 + F0)/γ 2

0 (1 + C2) and

〈x〉 =
∫ t

0
H(t − t ′)a(t ′) dt ′. (38)

It must be noticed that σ̄ (t) = σ̄xx(t) = σ̄yy(t). Hence, the non-
Markovian fluctuation relation for this probability density is
established as

f (x,t)

f (−x,t)
= exp

[
2 x · 〈x〉

σ̄ (t)

]
. (39)

To understand the physical meaning contained in Eq. (39), we
show in the following that the argument of the exponential
is related to the total amount of dimensionless energy E(t)
that the particle can exchange with the memory heat bath in
the form of effective dimensionless work performed along a
single stochastic trajectory x(t) [11]. Here we understand as
an effective dimensionless work We(t) the work done by the
external electric field scaled by an arbitrary time-dependent
function. Let us thus define the dimensionless energy E(t) as

E(t) = 2 x · 〈x〉
σ̄ (t)

= 2

σ̄ (t)
x ·

∫ t

0
H(t − t ′)qEex(t ′) dt ′, (40)

where Eq. (38) has been used. Due to the algebraic structure
of expression (40) it appears to be closely related to the
mechanical work done by the external electric force, except for
the time-dependent functions σ̄ (t) and H(t). This can be seen
in the following way: Let us suppose that the time-dependent
electric field is given by Eex(t) = ϕe(t)Eex, where ϕe(t) is an
arbitrary dimensionless function of time and Eex a constant
electric field given by Eex = (Eex

x ,Eex
y ). On substitution of this

expression into Eq. (40) we obtain

We(t) = 2

σ̄xx(t)

[(
qEex

x x + qEex
y y

) ∫ t

0
ϕe(t ′)H11(t ′)dt ′

+ (
qEex

y x − qEex
x y

) ∫ t

0
ϕe(t ′)H12(t ′)dt ′

]
, (41)

where H11(t) = H22(t) and H21(t) = −H12(t) are the ele-
ments of matrix H(t) given by Eq. (35). It is clear that
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qEex
y x − qEex

x y = |x × qEex|, and thus we can write

We(t) = 
1(t)

k
B
T

qEex · x + 
2(t)

k
B
T

|x × qEex|, (42)

where


1(t) = 2γ 2
0 (1 + C2)

1 + F0

∫ t

0
ϕe(t ′)[H0(t − t ′)

−�2H2(t − t ′)] dt ′, (43)


2(t) = 2γ 2
0 (1 + C2)

1 + F0

∫ t

0
�ϕe(t ′)H1(t − t ′) dt ′, (44)

are dimensionless functions of time. As can be seen, these
functions show a dependence on both the memory heat bath
and magnetic field through the functions H0(t), H1(t), and
H2(t), which in turn represent the inverse Laplace transform
of the respective functions Ĥ0(s), Ĥ1(s), and Ĥ2(s), as shown
in Eqs. (14)–(16). It is now clear from Eq. (42) that Wt (t) ≡
qEex · x represents the usual mechanical translational work
done on the charged particle by the constant electric force, and
therefore Wt

e (t) ≡ [
1(t)/k
B
T ]Wt (t) represents what we can

call an effective dimensionless translational work. In a similar
way, the second term of Eq. (42) must be related to the usual
definition of the mechanical rotational work in the following
way: We first notice that the modulus τ ≡ |x × qEex| is the
magnitude of the torque τ = x × qEex done by the electric
force. Next we can check that the term 
2(t)|x × qEex| =
τθ (t) must be related to the rotational work as follows: Let us
suppose in a very simple case that 
2(t) ∼ �t so, if we identify
�t = θ (t), then Wr

e (t) ≡ 
2(t)|x × qEex| = τθ (t) represents
the usual mechanical rotational work done by the electric
torque. So, the term Wr

e (t) ≡ [
2(t)/k
B
T ]|x × qEex| can be

identified with what we can call the effective dimensionless
rotational work. In conclusion, the effective dimensionless
work, as given by Eq. (42), can be written as We(t) =
Wt

e (t) + Wr
e (t), where its effective character is due to the

non-Markovian dimensionless functions 
1(t) and 
2(t). On
the other hand, it can also be checked that the effective
dimensionless mechanical rotational work can be expressed
as


2(t)

k
B
T

|x × qEex| = 
̂2(t)

k
B
T

C |x × qEex| , (45)

where 
̂2(t) = 
2(t)/C. Now C |x × qEex| = (q2/cγ0) x ·
(Eex × B), which shows in an explicit way how the mag-
netic and electric fields are coupled to give a contribution.
Alternatively qC|x × Eex| = (q2/cγ0) Eex · (x × B), which is
an expression that shows the torque caused by the magnetic
field (this torque is on the x-y plane). In a general way, we
now can identify the argument of the exponential (39) as
We(t) = 2 x · 〈x〉/σ̄ (t).

Additionally, we can show that the non-Markovian effective
dimensionless work We(t) also satisfies the transient WFT,
and, similarly, it satisfies the total amount of non-Markovian
work as shown in Refs. [7,9,10] in the non-Markovian case.
To see this, we notice that the variance of the effective
dimensionless work, defined as σ 2

We
(t) = 〈W 2

e (t)〉 − 〈We(t)〉2,

also satisfies the relation σ 2
We

(t) = 2〈We(t)〉, as can easily be
corroborated. In principle, we can also formulate a fluctuation
relation for We(t), taking into account that it is a Gaussian
random variable (GRV), since x is also a GRV. Therefore, the
probability density for the effective dimensionless work We(t)
satisfies

P (We(t)) = 1√
2πσ 2

We

exp

(
− [We(t) − 〈We(t)〉]2

2σ 2
We

)
. (46)

After substituting σ 2
We

(t) = 2〈We(t)〉, we show that the non-
Markovian fluctuation relation for the dimensionless effective
work also satisfies P [We(t)]/P [−We(t)] = eWe(t), which is
very similar to the Crooks fluctuation relation except by the
term �F , corresponding to the free-energy difference between
two equilibrium states. In our case, �F = 0, consistent with
the Bohr-van Leeuwen theorem on the absence of orbital
diamagnetism in a classical system of charged particles in
thermodynamic equilibrium [10,35,37]. Quite similar expres-
sions have been derived for the non Markovian transient WFT
relation, among other such relations, in Ref. [7], in Ref. [9] for
a linear and nonlinear Brownian harmonic oscillator, and very
recently for a linear harmonic oscillator in crossed electric
and magnetic fields [10]. For the reasons given above, we can
suggest writing the non-Markovian fluctuation relation (39) in
the following way:

f (x,t)

f (−x,t)
= eWe(t), (47)

which quantifies the probability of observing a given trajectory
at (x,t) during the forward process and the probability of
observing its backward counterpart at (−x,t). We(t) is the
total amount of an effective dimensionless work done on
the charged particle as it is driven out of equilibrium by
the time-dependent electric field. It has been obtained in a
general way for a charged Brownian particle under the action
of crossed electric and magnetic fields, characterized by a
planar GLE with arbitrary friction memory kernel.

B. Maxwell initial distribution

We now consider the case for which the initial condition
is the Maxwell distribution. In this case, we have for a mass
m = 1 that

f (x0,u0,t) = 1

2π k
B
T

exp

(
− |u0|2

2k
B
T

)
δ(x0). (48)

On substitution of Eqs. (32) and (48) into (30) we now get

f (x,t) = 1

2π σ̂ (t)
exp

(
−|x − 〈x〉|2

2σ̂ (t)

)
, (49)

where now the variance is given by

σ̂ (t) = 2k
B
T

∫ t

0
H11(t ′) dt ′

= 2k
B
T

(∫ t

0

[
H0(t ′) − �2

∫ t

0
H2(t ′)

]
dt ′

)
, (50)
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but the mean vale 〈x〉 is the same as Eq. (38). Again σ̂ (t) =
σ̂xx(t) = σ̂yy(t). In this case, the fluctuation relation becomes

f (x,t)

f (−x,t)
= exp

[
2 x · 〈x〉

σ̂ (t)

]
. (51)

In a manner similar to that done before, for an arbitrary
time-dependent electric field Eex(t) = ϕe(t)Eex, with Eex as
constant, we can show that the effective dimensionless work
Ŵe(t) ≡ 2 x·〈x〉

σ̂ (t) is given by

Ŵe(t) = 
1(t)

k
B
T

qEex · x + 
2(t)

k
B
T

|x × qEex|, (52)

where


1(t) =
∫ t

0 ϕe(t ′)H11(t − t ′) dt ′∫ t

0 H11(t ′) dt ′
, (53)


2(t) =
∫ t

0 ϕe(t ′)H12(t − t ′) dt ′∫ t

0 H11(t ′) dt ′
. (54)

Again, we can define Ŵ t
e (t) ≡ (
1(t)/k

B
T )qEex · x as an

effective dimensionless translational work and Ŵ r
e (t) ≡


2(t)|x × qEex| an effective dimensionless rotational work.
The non-Markovian fluctuation relation then reads

f (x,t)

f (−x,t)
= eŴe(t). (55)

Also, we easily show that the effective dimensionless work
Ŵe(t) satisfies the Crooks relation P [Ŵe(t)]/P [−Ŵe(t)] =
eŴe(t). According to the above-obtained theoretical results,
we can conclude the following: Even when the effective
dimensionless works We(t) and Ŵe(t), given, respectively, by
Eqs. (42) and (52), depend on the details of the heat bath, each
one curiously satisfies the universal Crooks relation, because
the latter has been established in this case without the use of
the Jarzynski’s definition of the work.

IV. NON-MARKOVIAN BAROTROPIC AND HALL-TYPE
FLUCTUATION RELATIONS

It is indeed interesting to analyze an expression for We(t)
and Ŵe(t) when the electric field is just a constant for which
the dimensionless function ϕe(t) = 1. Under these conditions,
the effective work We(t) now becomes

We(t) = �1(t)

k
B
T

qEex · x + �2(t)

k
B
T

|x × qEex| , (56)

with �1(t) and �2(t) being the same as 
1(t) and 
2(t),
respectively, except that ϕ1(t) = 1, that is,

�1(t) = 2γ 2
0 (1 + C2)

1 + F0

∫ t

0
[H0(t − t ′) − �2H2(t − t ′)] dt ′,

(57)

�2(t) = 2γ 2
0 (1 + C2)

1 + F0

∫ t

0
�H1(t − t ′) dt ′ . (58)

We now consider the fluctuation relations associated to the
marginal probability densities f (x,t) and f (y,t), which are

obtained through the marginal integration of Eq. (37) over y

and x coordinates, respectively. In this case, we obtain the
quotients

f (x,t)

f (−x,t)
= eWe

x (t), (59)

f (y,t)

f (−y,t)
= eWe

y (t), (60)

where now

We
x (t) = �1(t)

k
B
T

qxEex
x + �̂2(t)

k
B
T

q2

cγ0
xEex

y B, (61)

We
y (t) = �1(t)

k
B
T

qyEex
y − �̂2(t)

k
B
T

q2

cγ0
yEex

x B, (62)

with �̂2(t) = �2(t)/C. Both expressions assume an interest-
ing form when we consider the particle as an electron q = −e,
the electric field pointing along the x axis, Eex

x = E, and
Eex

y = 0. In this case, Eqs. (59) and (60) reduce to

f (x,t)

f (−x,t)
= exp

[
−�1(t)

eEx

k
B
T

]
, (63)

f (y,t)

f (−y,t)
= exp

[
−�̂2(t)

e2EBy

cγ0 k
B
T

]
. (64)

These last non-Markovian fluctuation relations are the two
main results of our present contribution because relation
(63) is the one we can call the non-Markovian longitudinal
or barotropic-type fluctuation relation and relation (64) is
the non-Markovian Hall-type fluctuation relation. As we
will show below, they are quite similar to those obtained
in the Markovian case [38], except for the dimensionless
non-Markovian time-dependent functions �1(t) and �̂2(t),
which clearly contain the influence of both the memory effects
of the heat bath and the magnetic field, as mentioned above.
As can be seen, relation (64) comes from the effect of both
fields, the electric field along the x axis and the magnetic
field pointing along the z axis. The crossed effect produces
fluctuations along the y axis, which is a signature of the
usual Hall effect. It is also seen that relation (63) comes
from the effective dimensionless translational work, whereas
relation (64) comes from the effective dimensionless rotational
work. For the effective dimensionless work Ŵe(t), we get the
following interesting result:

Ŵe(t) = 1

k
B
T

qEex · x + �2(t)

k
B
T

|x × qEex| , (65)

where �2(t) is the same as 
2(t) but with ϕe(t) = 1, i.e.,

�2(t) =
∫ t

0 �H1(t − t ′) dt ′∫ t

0 [H0(t ′) − �2H2(t ′)] dt ′
. (66)

In a similar way, can can write

Ŵ e
x (t) = 1

k
B
T

qxEex
x + �̂2(t)

k
B
T

q2

cγ0
xEex

y B, (67)

Ŵ e
y (t) = 1

k
B
T

qyEex
y − �̂2(t)

k
B
T

q2

cγ0
yEex

x B, (68)
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with �̂(t) = �2(t)/C. Again, if we consider the particular case
for which the particle is an electron q = −e, the components of
the electric field as Eex

x = E, and Eex
y = 0, then we obtain the

non-Markovian barotropic- and Hall-type fluctuation relations
in the form

f (x,t)

f (−x,t)
= exp

(
−eEx

k
B
T

)
, (69)

f (y,t)

f (−y,t)
= exp

[
−�̂2(t)

e2EBy

cγ0 k
B
T

]
. (70)

As can be seen in these expressions, the barotropic-type
fluctuation relation is the same as that obtained by Roy and
Kumar in the Markovian case, but the Hall-type fluctuation
relation still remains dependent on the details of the heat
bath details. The algebraic structure of this dependence is
obviously more complicated than that given in the Markovian
case, because �̂2(t) contains the influence of the magnetic and
the arbitrary forms of the friction memory kernel.

Markovian fluctuation relations

The above general results can be considerably simplified
when the friction kernel is memoryless, i.e., γ (t) = γ0 δ(t),
with γ0 being the friction constant. In this case, we readily
show after some algebra that

H0(t) = 1

γ0
(1 − e−γ0t ), (71)

H1(t) = 1

b2
− 1

b2
e−γ0t cos �t − γ0

�b2
e−γ0t sin �t, (72)

H2(t) = 1

γ0b2
− 1

γ0b2
e−γ0t − γ0

�2b2
e−γ0t

− 1

�b2
e−γ0t sin �t + γ0

�2b2
e−γ0t cos �t, (73)

where b2 = �2 + γ 2
0 = γ 2

0 (1 + C2). The factor F0 = γ 2
0 (1 +

C2)F̂ is obtained from Eq. (33), which renders

F0 = (2γ0t − 3 + 4e−γ0t − e−2γ0t ) − 4e−γ0t (1− cos �t)

+ 4C2

1 + C2
(1 − e−γ0t cos �t)

− 4C

1 + C2
e−γ0t sin �t. (74)

The above time-dependent dimensionless functions become

�1(t) = 2

1 + F0

[
γ0t + 1 − C2

1 + C2
(e−γ0t cos �t − 1)

− 2C

1 + C2
e−γ0t sin �t

]
, (75)

�̂2(t) = 2

1 + F0

[
γ0t + 2

1 + C2
(e−γ0t cos �t − 1)

+ (1 − C2)

C(1 + C2)
e−γ0t sin �t

]
, (76)

and

�̂2(t) = �̂2(t)

�1(t)
. (77)

As can be seen, the first term of the right-hand side of Eq. (42),
when expressions (75) and (76) are therein substituted,
contains terms of the form qEex · x γ0t , (e−γ0t cos �t)qEex · x,
and (e−γ0t sin �t)qEex · x. The first one represents the time
increment of the work, whereas the last two correspond to the
oscillatory-modulated dissipation of the work since e−γ0t qEex ·
x is its dissipation. The second term of the right-hand side
of Eq. (42), which is the same as Eq. (45), contains terms
of the forms τ Cγ0t , (e−γ0t cos �t) τ , and (e−γ0t sin �t) τ . It
is clear that τ Cγ0t = τθ (t), which represents what we have
called the rotational work done on the charged particle by
the electric torque, whereas the last two can be identified
as the oscillatory-modulated dissipation of the rotational work.
The results given in this section allow us to analyze two
limiting cases (short- and large-time regimes) which help to
disentangle the terms in the general expression.

In the short-time regime, characterized by γ0t � 1 and
�t � 1, it can be shown that F0 → 0, �1(t) → 0, and
�̂2(t) → 0 and thus W (γ0t � 1,�t � 1) → 0. If we recall
that this regime corresponds to the ballistic regime in the
Brownian movement of the particle, then we have that
f (x,t)/f (−x,t) → 1 and hence f (x,t) = f (−x,t). In this
case, the probability of observing trajectories during the
forward processes is the same as their backward counterparts.
This can be understood in the following way: At the very
beginning (short times) of the process, the Brownian particle
does not yet feel the presence of the surrounding medium,
so it moves as a free particle in the absence of friction and
the process becomes reversible. The short-time limit is then
equivalent to consider the zero-friction case γ0 → 0. In this
limit it is also clear that f (x,t) = f (−x,t) and f (x,t) =
f (−y,t)

On the other hand, in the large-time regime γ0t 	 1, we
can see that 1 + F0 → 2γ0t , �1(t) → 1, and �̂2(t) → 1 or
�2(t) → C. Therefore,

W (γ0t 	 1) = 1

k
B
T

(qEex · x + C|x × qEex|) , (78)

but also

Wx(γ0t 	 1) = 1

k
B
T

qEex
x x + q2

k
B
T cγ0

Eex
y Bx ,

Wy(γ0t 	 1) = 1

k
B
T

qEex
y y − q2

k
B
T cγ0

Eex
x By . (79)

If we now make q = −e, Eex
x = E, and Eex

y = 0, then it is
easy to see that Eqs. (63) and (64) reduce, respectively, to

f (x,t)

f (−x,t)
= exp

(
−eEx

k
B
T

)
, (80)

which was named the longitudinal or barotropic-type fluctua-
tion relation, and

f (y,t)

f (−y,t)
= exp

(
− e2EBy

cγ0 k
B
T

)
, (81)

the corresponding transversal or Hall-type fluctuation relation
[38], as expected. These are the reasons why the fluctuation
relations (63) and (64) have been named in a similar way. It
is only in the Markovian and high-friction case that both the
effective dimensionless translational and rotational work are
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identified with the corresponding mechanical definitions of the
translational and rotational work, as see in Eq. (78).

In the case of the fluctuation relations given by Eqs. (69)
and (70), only the Hall-type fluctuation relation must be
compared with that obtained by Roy and Kumar in the high-
friction-limiting case. In the short-time regime, characterized
by γ0t � 1 and �t � 1, there is a indetermination in �̂2(t)
since �1(t) → 0 and �̂2(t) → 0. This ballistic regime can
be avoided because it corresponds to the reversible regimen
in which the particle still does not feel the presence of the
surroundings. In the large-time regime or irreversible regime
characterized by γ0t 	 1, �1(t) → γ0t and �̂2(t) → γ0t ,
but �̂2(t) → 1. In this case, the non-Markovian Hall-type
fluctuation relation (70) reduces to the same result obtained
by Roy and Kumar, as expected.

As commented in the Introduction, Pradhan [41] showed the
validity of the fluctuation relations for classical systems in the
presence of a time-reversal symmetry-breaking field, such as
an external time-dependent magnetic one, and nonconservative
forces which cannot be derived from gradient of scalar
potentials. In that paper it is shown explicitly that the concept
of the work is the same as W = ∫ τ

0 (dE/dt)dt , where E is
the total energy for the combined system (CS) and W the
work done by all the external forces on the system. What
we can see in the study of Ref. [41] is the explicit absence
of the friction force −γ0
vi which is not a function of the
position 
ri . However, this effect is taken into account when
the system is coupled to the heat bath, thus making both a
combined system. Now, we are interested in checking what
the expression of the work W is when the external magnetic
field is a constant without specifying its orientation. In this
simple case there is no interaction among particles but only
the presence of an external potential with control parameter
of the form V = −r · λ(t), with the control parameter being
λ(t) = qEex(t). Then the phase-space Newton’s second law
for the CS would be

ṙ = v, (82)

mv̇ = q

c
v × B + qEex(t) , (83)

where bold letters stand for vector quantities. It is clear
in this case that the external potential with the control
parameter contributes to the rate of change of the total energy
as dE/dt = −(∂V/∂λ) · λ̇ = r · qĖex(t). The work in this
case becomes W = ∫ τ

0 r · qĖex(t) dt , which is consistent with
the definition of the work introduced by Jarzynski [6] for
Hamiltonian systems, that is, W = ∫ τ

0 [∂H (λ(t),t)/∂t]dt =∫ τ

0 [∂H (λ(t),t)/∂λ]λ̇(t)dt , where H (λ(t),t) is the Hamilto-
nian of the system. For the system (82) and (83), the
Hamiltonian reads H (λ(t),t) = V = r · λ(t), and again W =∫ τ

0 r · qĖex(t) dt . Even more, if the independent Brownian
particles are in a harmonic potential with arbitrary drag-
ging of its minimum of the form V = (k/2)|r − λ(t)|2, the
time-dependent protocol would be λ(t) = (q/k)Eex(t). This
potential has one conservative part, (k/2)|r|2, and the other
one has the contribution of the external potential with a control
parameter of the form (k/2)[−2r · λ(t) + |λ(t)|2]. However,
its contribution to the rate of change of the total energy
becomes dE/dt = −(∂V/∂λ) · λ̇ = −k[r − λ(t)] · λ̇(t), and

the work now reads W = −k
∫ τ

0 [r − λ(t)] · λ̇(t), which is
again consistent with the definition of the work given by
Jarzynski and used in several papers [10,35–37,39]. Another
example studied in Ref. [41] to verify the Crooks relation and
Jarzynski equality is that of a Brownian motion of a particle
bounded on a ring but in the presence of a time-dependent
magnetic field. Both relations are proven to be valid using the
concept of the work given in the same paper [41].

In conclusion, the expression of the work W defined in
Ref. [41] and used to prove the validity of the fluctuation
theorems is quite similar to that defined by Jarzynski [6].
In our present contribution, the expression of the effective
dimensionless works We(t) and Ŵe(t) are not derived from
the Jarzynski’s definition [6], which is equivalent to that
derived by Pradhan [41]; they arise in a natural way from our
theoretical formulation and also satisfy the Crooks relation,
which is a curious result because the proof herein given does
not stem from Jarzynski’s work definition, which is equivalent
to that given by Pradhan. The proof also stems from the fact
that σ 2

We
(t) = 2〈We(t)〉, σ 2

Ŵe
(t) = 2〈Ŵe(t)〉, in a similar way

as done in Refs. [10,35,37,39]. Finally, we would want to
note that the generalization of the theoretical formulation of
Ref. [41] to a non-Markovian system does not seem to be
an easy task to accomplish since the problem would be then
how to incorporate the memory effects in the CS without
the explicit presence of the friction force. This problem is
beyond the purposes of our present contribution. The problem
of boundary conditions and that of a particle on a ring are
interesting problems which could in principle be studied in
the context of non-Markovian processes. However, we are not
sure how much more difficult those problems can be when
an arbitrary friction memory kernel and a time-dependent
magnetic field are taken into account.

V. CONCLUDING REMARKS

The barotropic- and Hall-type fluctuation relations derived
for a Markovian two-dimensional system of noninteracting
electrons under the action of crossed electric and magnetic
fields in a high-friction limit [38] have been generalized to
the case of a non-Markovian system of noninteracting charged
Brownian particles, also under the action of crossed electric
and magnetic fields, as given by Eqs. (63), (64), (69), and
(70). These relations have been derived from a more general
fluctuation relation (47) and (55) established within the context
of a phase-space second-order GLE with arbitrary friction
memory kernel as given by Eqs. (1), (2), (4), and (5). The
fluctuation relation (47) is derived when the initial distribution
is assumed to be a canonical one with the influence of the
magnetic field, whereas the fluctuation relation (55) is obtained
when the initial condition is the Maxwell distribution. In both
cases we have explicitly shown that the arguments of the
exponentials are related with the total amount of dimensionless
energy that the particle can exchange with the memory heat
bath in the form of effective dimensionless work [We(t) and
Ŵe(t)] done on the charged particle as it is driven out of
equilibrium by a time-dependent electric field. The effective
character of the works We(t) and Ŵe(t) is due to the presence
of the dimensionless, time-dependent functions 
1(t), 
2(t),

1(t), and 
2(t), which are dependent of the memory heat
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bath and the magnetic field, as shown in Eqs. (43), (44), (53),
and (54). Both effective dimensionless works We(t) and Ŵe(t)
have two contributions, namely an effective dimensionless
mechanical translational work Wt

e (t) or Ŵ t
e (t) plus an effective

dimensionless mechanical rotational work Wr
e (t) or Ŵ r

e (t). We
have shown that even when the effective works We(t) and Ŵe(t)
contain the details of the heat bath, each satisfies the universal
Crooks relation, although this latter one does not come from
Jarzynski’s work definition, which is equivalent to that given
by Pradhan: It arises from our theoretical formulation in a
quite natural way, which is indeed a surprising result. Even
more, an interesting result arises in the general expression
given by the effective work Ŵe(t) when the electric field
is a constant. This is because, in this case, its translational
contribution simply becomes Ŵ t

e (t) = qE · x/k
B
T and thus it

is independent of the details of the heat bath, which is not
the case of its rotational contribution as shown in Eq. (65).
In the Markovian limit there is no memory dependence but
only constant friction and a magnetic field dependence as
shown in Eqs. (75), (76), and (77). Even in this case we
can talk about the concept of the total amount of an effective
dimensionless work. In this Markovian case, but also in the
high-friction limit, the dimensionless functions have the limit
�1(t),�̂2(t),�̂2(t) → 1, and then the barotropic-type (63)
and Hall-type [(64) and (70)] fluctuation relations reduce
respectively to Eqs. (80) and (81), as expected. For an initial
canonical distribution, it is in this latter limiting case that both
the effective translational and rotational works become just
the usual mechanical work. However, if the initial distribution
is a Maxwellian one, only the rotational work becomes the
usual one, because the usual translational mechanical work
arises in natural way in our theoretical formulation. Maybe the
non-Markovian fluctuation relations established in this work,
as well as the Hall-type fluctuation relation established by Roy
and Kumar, could give some information to experimentally
calculate the transport coefficients, such as the mobility, in a
fluid with or without memory. With the present contribution
we are extending the range of applicability of the fluctuation
relations to non-Markovian systems in which the magnetic
field plays a relevant role.

Last, we have additionally complemented our work with
the fact that the processes given by Eqs. (4) and (5) without
the applied time-dependent electric field become stationary
in the large time limit if the fluctuation-dissipation relation
(FDR) of the second kind is valid. The statement is explicitly
proven in Appendix A. To the best of the authors knowledge,
the second kind of FDR for Markovian processes has been
derived generally by explicit use of microscopic dynamics [4].
However, a classical derivation of the FDR for macroscopic
non-Markovian dynamics in the presence of an external
time-dependent force field and under the action of a constant
magnetic field has not been reported elsewhere. For a classical
derivation in the presence of a time-dependent force field, but
without the presence of a magnetic field, we can refer to the
paper by Grabert et al. [44].
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APPENDIX A: THE GLE WITHOUT THE APPLIED
TIME-DEPENDENT ELECTRIC FIELD IS STATIONARY

We shown in this Appendix that the GLEs (4) and
(5) without the external electric field are stationary if the
fluctuation-dissipation relation of the second kind is valid.
To do this, we write Eqs (4) and (5) in the equivalent form,

v̇x − �vy +
∫ t

0
γ (t − t ′) vx(t ′) dt ′ = fx(t), (A1)

v̇y +�vx +
∫ t

0
γ (t − t ′) vy(t ′) dt ′ = fy(t). (A2)

The solution of these equations are again obtained via the
Laplace transform technique, yielding

vx(t) = [χ0(t) − �2χ2(t)]vx0 + �χ1(t)vy0

+
∫ t

0
χ0(t − t ′)fx(t ′)dt ′+�

∫ t

0
χ1(t−t ′)fy(t ′)dt ′

−�2
∫ t

0
χ2(t − t ′)fx(t ′)dt ′, (A3)

vy(t) = [χ0(t) − �2χ2(t)]vy0 − �χ1(t)vx0

+
∫ t

0
χ0(t−t ′)fy(t ′)dt ′−�

∫ t

0
χ1(t−t ′)fx(t ′)dt ′

−�2
∫ t

0
χ2(t − t ′)fy(t ′)dt ′, (A4)

where vx0, vy0 are the initial conditions and χ0(t), χ1(t), and
χ2(t) the inverse Laplace transform of χ̂0(s), χ̂1(s), and χ̂2(s),
respectively, with

χ̂0(s) = 1

s + γ̂ (s)
, (A5)

χ̂1(s) = 1

[s + γ̂ (s)]2 + �2
, (A6)

χ̂2(s) = 1

[s + γ̂ (s)]{[s + γ̂ (s)]2 + �2} , (A7)

with γ̂ (s) standing again as the Laplace transform of γ (t).
Following the similar algebraic steps given in Sec. II, it can also
be shown that χ0(0) = 1, χ1(0) = 0, χ2(0) = 0, χ̇0(0) = 0,
χ̇1(0) = 1, and χ̇2(0) = 0. To prove the stationary character of
Eqs. (A1) and (A2) in the large time limit we use the strategy
proposed in Ref. [43]. It assumes that the initial condition
for the velocity is a Maxwellian distribution function and
independent for each initial condition vx0, vy0, and vz0, that is,
P (vi0) = (1/

√
2π k

B
T )exp(− v2

i0/2k
B
T ), Thus 〈vi0〉 = 0 and

〈v2
i0〉 = k

B
T . Herein, for simplicity in the notation, we also

understand the average 〈· · · 〉 when it is applied to the corre-
sponding initial condition. From the solutions (23) and (24), it
can be easily verified that the correlation function 〈vx(t1)vx(t2)〉
is the same as 〈vy(t1)vy(t2)〉 and 〈vx(t1)vy(t2)〉 = 0, where

〈vx(t1)vx(t2)〉 = k
B
T χ0(t1)χ0(t2) − k

B
T �2χ0(t1)χ2(t2)

− k
B
T �2χ0(t2)χ2(t1)+k

B
T �4χ2(t1)χ2(t2)

+ k
B
T �2χ1(t1)χ1(t2)+I0 + I1+I2 − I3 − I4,

(A8)
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and

I0 =
∫ t2

0

∫ t1

0
χ0(t2 − s2)χ0(t1 − s1)

×〈fx(s1)fx(s2)〉ds1ds2, (A9)

I1 = �2
∫ t2

0

∫ t1

0
χ1(t2 − s2)χ1(t1 − s1)

×〈fy(s1)fy(s2)〉ds1ds2, (A10)

I2 = �4
∫ t2

0

∫ t1

0
χ2(t2 − s2)χ2(t1 − s1)

×〈fx(s1)fx(s2)〉ds1ds2, (A11)

I3 = �2
∫ t2

0

∫ t1

0
χ0(t2 − s2)χ2(t1 − s1)

×〈fx(s1)fx(s2)〉ds1ds2, (A12)

I4 = �2
∫ t2

0

∫ t1

0
χ0(t1 − s1)χ2(t2 − s2)

×〈fx(s1)fx(s2)〉ds1ds2. (A13)

On substitution of the fluctuation-dissipation relation given
by (7) and following the same algebraic procedure as done in
Ref. [43], we obtain the double Laplace transform of each Ii ,
giving as result

I0 = k
B
T

[
γ̂ (s)χ̂0(s)χ̂0(s ′)

s + s ′ + γ̂ (s ′)χ̂0(s ′)χ̂0(s)

s + s ′

]
, (A14)

I1 = �2k
B
T

[
γ̂ (s)χ̂1(s)χ̂1(s ′)

s + s ′ + γ̂ (s ′)χ̂1(s ′)χ̂1(s)

s + s ′

]
, (A15)

I2 = �4k
B
T

[
γ̂ (s)χ̂2(s)χ̂2(s ′)

s + s ′ + γ̂ (s ′)χ̂2(s ′)χ̂2(s)

s + s ′

]
, (A16)

I3 = �2k
B
T

[
γ̂ (s)χ̂0(s)χ̂2(s ′)

s + s ′ + γ̂ (s ′)χ̂2(s ′)χ̂0(s)

s + s ′

]
, (A17)

I4 = �2k
B
T

[
γ̂ (s)χ̂2(s)χ̂0(s ′)

s + s ′ + γ̂ (s ′)χ̂0(s ′)χ̂2(s)

s + s ′

]
. (A18)

Using now the identities (A5)–(A7) and after some algebra,
we finally show that

〈vx(t1)vx(t2)〉 = 〈vy(t1)vy(t2)〉
= k

B
T [χ0(t2 − t1) − �2χ2(t2 − t1)] . (A19)

In reality, the arguments of χ0(t) and χ2(t) must be |t2 − t1|;
however, we just consider the case t2 > t1. Equation (A19)
shows clearly that the stochastic dynamics (A1) and (A2) are
stationary at large times. For times t1 = t2 = t , Eq. (A19)
becomes 〈v2

x(t)〉 = k
B
T , which also means that the initial

Maxwellian distribution persists, as expected.

APPENDIX B: PHASE-SPACE CPD P(x,u,t|x0,u0)

Due to the fact that the processes (x,u) are Gaussian,
the phase-space CPD satisfies the Gaussian distribution

function

P (x,u,t |x0,u0) = 1

(2π )2
√

detσ (t)
exp

(
−1

2
αT σ−1(t)α

)
,

(B1)

where α is a vector such that αi = ξi − 〈ξi〉, and
σ (t) ≡ σij (t) is the variance and covariance matrix such
that σij (t) = 〈αiαj 〉 ≡ 〈[ξi − 〈ξi〉][ξj − 〈ξj 〉]〉, with ξi,j =
x,y,vx,vy . From the solutions (8) and (9) and then (23) and
(24), it is easy to see that σxx(t) = σyy(t), σvxvx

(t) = σvyvy
(t),

σxvx
(t) = σyvy

(t), σxvy
(t) = −σyvx

(t), σxy(t) = σyx(t) = 0,
and σvxvy

(t) = σvyvx
(t) = 0. If we define

F ≡ σxx(t) = 〈[x − 〈x〉]2〉,
G ≡ σvxvx

(t) = 〈[vx − 〈vx〉]2〉,
H ≡ σxvx

(t)(t) = 〈[x − 〈x〉][vx − 〈vx〉]〉,
I ≡ σxvy

(t)(t) = 〈[x − 〈x〉][vy − 〈vy〉]〉, (B2)

ththen the elements of matrix σij given in Eq. (B2) are
explicitly given by

F = 〈[x − 〈x〉]2〉

= 2

β

[∫ t

0
H0(t ′)dt ′

∫ t ′

0
H0(t ′′)γ (t ′ − t ′′)dt ′′

+�2
∫ t

0
H1(t ′)dt ′

∫ t ′

0
H1(t ′′)γ (t ′ − t ′′)dt ′′

+�4
∫ t

0
H2(t ′)dt ′

∫ t ′

0
H2(t ′′)γ (t ′ − t ′′)dt ′′

−�2
∫ t

0
H0(t ′)dt ′

∫ t ′

0
H2(t ′′)γ (t ′ − t ′′)dt ′′

−�2
∫ t

0
H2(t ′)dt ′

∫ t ′

0
H0(t ′′)γ (t ′ − t ′′)dt ′′

]
, (B3)

G = 〈[vx − 〈vx〉]2〉

= 2

β

[∫ t

0
Ḣ0(t ′)dt ′

∫ t ′

0
Ḣ0(t ′′)γ (t ′ − t ′′)dt ′′

+�2
∫ t

0
Ḣ1(t ′)dt ′

∫ t ′

0
Ḣ1(t ′′)γ (t ′ − t ′′)dt ′′

+�4
∫ t

0
Ḣ2(t ′)dt ′

∫ t ′

0
Ḣ2(t ′′)γ (t ′ − t ′′)dt ′′

−�2
∫ t

0
Ḣ0(t ′)dt ′

∫ t ′

0
Ḣ2(t ′′)γ (t ′ − t ′′)dt ′′

−�2
∫ t

0
Ḣ2(t ′)dt ′

∫ t ′

0
Ḣ0(t ′′)γ (t ′ − t ′′)dt ′′

]
, (B4)

H = 〈[x − 〈x〉][vx − 〈vx〉]〉

= 1

β

[∫ t

0
H0(t ′)dt ′

∫ t ′

0
Ḣ0(t ′′)γ (t ′ − t ′′)dt ′′

+
∫ t

0
Ḣ0(t ′)dt ′

∫ t ′

0
H0(t ′′)γ (t ′ − t ′′)dt ′′
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−�2
∫ t

0
H0(t ′)dt ′

∫ t ′

0
Ḣ2(t ′′)γ (t ′ − t ′′)dt ′′

−�2
∫ t

0
Ḣ2(t ′)dt ′

∫ t ′

0
H0(t ′′)γ (t ′ − t ′′)dt ′′

−�2
∫ t

0
H2(t ′)dt ′

∫ t ′

0
Ḣ0(t ′′)γ (t ′ − t ′′)dt ′′

−�2
∫ t

0
Ḣ0(t ′)dt ′

∫ t ′

0
H2(t ′′)γ (t ′ − t ′′)dt ′′

+�2
∫ t

0
H1(t ′)dt ′

∫ t ′

0
Ḣ1(t ′′)γ (t ′ − t ′′)dt ′′

+�2
∫ t

0
Ḣ1(t ′)dt ′

∫ t ′

0
H1(t ′′)γ (t ′ − t ′′)dt ′′

+�4
∫ t

0
H2(t ′)dt ′

∫ t ′

0
Ḣ2(t ′′)γ (t ′ − t ′′)dt ′′

+�4
∫ t

0
Ḣ2(t ′)dt ′

∫ t ′

0
H2(t ′′)γ (t ′ − t ′′)dt ′′

]
, (B5)

I = 〈[x − 〈x〉][vy − 〈vy〉]〉

= 1

β

[
−�

∫ t

0
H0(t ′)dt ′

∫ t ′

0
Ḣ1(t ′′)γ (t ′ − t ′′)dt ′′

−�

∫ t

0
Ḣ1(t ′)dt ′

∫ t ′

0
H0(t ′′)γ (t ′ − t ′′)dt ′′

+�3
∫ t

0
H2(t ′)dt ′

∫ t ′

0
Ḣ1(t ′′)γ (t ′ − t ′′)dt ′′

+�3
∫ t

0
Ḣ1(t ′)dt ′

∫ t ′

0
H2(t ′′)γ (t ′ − t ′′)dt ′′

−�3
∫ t

0
H1(t ′)dt ′

∫ t ′

0
Ḣ2(t ′′)γ (t ′ − t ′′)dt ′′

−�3
∫ t

0
Ḣ2(t ′)dt ′

∫ t ′

0
H1(t ′′)γ (t ′ − t ′′)dt ′′

+�

∫ t

0
H1(t ′)dt ′

∫ t ′

0
Ḣ0(t ′′)γ (t ′ − t ′′)dt ′′

+�

∫ t

0
Ḣ0(t ′)dt ′

∫ t ′

0
H1(t ′′)γ (t ′ − t ′′)dt ′′

]
. (B6)

To explicitly calculate the matrix elements σij (t), we take the
time derivative of each one of them and use the identities given
in Eqs. (14)–(16). After very long algebra, it can be shown that

βF = −[H0(t) − �2H2(t)]2 − �2H2
1(t)

+ 2
∫ t

0
H0(t ′)dt ′ − 2�2

∫ t

0
H2(t ′)dt ′, (B7)

βG = [
1 − �2Ḣ2

1(t)
] − [Ḣ0(t) − �2Ḣ2(t)]2, (B8)

βH = H0(t)[1 − Ḣ0(t)] − �2H2(t)

+�2[H0(t)Ḣ2(t) + Ḣ0(t)H2(t)]

−�2H1(t)Ḣ1(t) − �4H2(t)Ḣ2(t), (B9)

βI = −�H1(t) + �[H0(t)Ḣ1(t) − Ḣ0(t)H1(t)]

+�3[H1(t)Ḣ2(t) − Ḣ1(t)H2(t)]. (B10)

It can easily be corroborated that 1
2 Ḟ = H . According to above

expressions, we can obtain the matrix σ (t) = σij (t), which we
write as

σ (t) =

⎛
⎜⎝

F 0 H I

0 F −I H

H −I G 0
I H 0 G

⎞
⎟⎠, (B11)

and its inverse,

σ−1(t) = 1

FG − H 2 − I 2

⎛
⎜⎝

G 0 −H −I

0 G I −H

−H I F 0
−I −H 0 F

⎞
⎟⎠.

(B12)

Under these conditions it is now clear that the phase-space
CPD P (x,u,t |x0,u0) established in Eq. (B1) can be written as

P (R,S) = 1

4π2(FG − H 2 − I 2)

× exp

[
− (F |S|2−2HR · S−2I (R×S)z+G|R|2)

2(FG−H 2−I 2)

]
,

(B13)

where R · S is the scalar product of the vectors R = (R1,R2),
S = (S1,S2), and (R × S)z the z component of the cross
product R × S, such that

R1 = x − 〈x〉 = x − x0 − [H0(t) − �2H2(t)]vx0

−�H1(t)vy0 −
∫ t

0
H0(t − t ′)ax(t ′)dt ′

+�2
∫ t

0
H2(t − t ′)ax(t ′)dt ′−�

∫ t

0
H1(t−t ′)ay(t ′)dt ′,

(B14)

R2 = y − 〈y〉 = y − y0 − [H0(t) − �2H2(t)]vy0

+�H1(t)vx0−
∫ t

0
H0(t − t ′)ay(t ′)dt ′

+�2
∫ t

0
H2(t − t ′)ay(t ′)dt ′+�

∫ t

0
H1(t − t ′)ax(t ′)dt ′,

(B15)

S1 = vx − 〈vx〉 = vx − [Ḣ0(t) − �2Ḣ2(t)]vx0

−�Ḣ1(t)vy0 −
∫ t

0
Ḣ0(t − t ′)ax(t ′)dt ′

+�2
∫ t

0
Ḣ2(t − t ′)ax(t ′)dt ′−�

∫ t

0
Ḣ1(t − t ′)ay(t ′)dt ′,

(B16)

S2 = vy − 〈vy〉 = vy − [Ḣ0(t) − �2Ḣ2(t)]vy0

+�Ḣ1(t)vx0 −
∫ t

0
Ḣ0(t − t ′)ay(t ′)dt ′

+�2
∫ t

0
Ḣ2(t − t ′)ay(t ′)dt ′+�

∫ t

0
Ḣ1(t−t ′)ax(t ′)dt ′.

(B17)
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