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Mastering nonlinear flow dynamics for laminar flow control
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A laminar flow control technique based on spanwise mean velocity gradients (SVGs) has recently proven
successful in delaying transition in boundary layers. Here we take advantage of a well-known nonlinear effect,
namely, the interaction of two oblique waves at high amplitude, to produce spanwise mean velocity variations.
Against common belief we are able to fully master the first stage of this nonlinear interaction to generate steady
and stable streamwise streaks, which in turn trigger the SVG method. Our experimental results show that the
region of laminar flow can be extended by up to 230%.
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For aerodynamic bodies the total drag imposed by the
surrounding flow is dominated by skin-friction drag. As an
example, the skin-friction drag contribution of the total drag
budget of a subsonic transport aircraft amounts to more
than 50% in cruise conditions [1]. Skin-friction drag results
from fluid viscosity through the boundary layer (BL) formed
around the body as flow passes over it. Strictly speaking,
the BL flow state is either laminar or turbulent depending
on its characteristics that are determined by the surface
roughness, external disturbance level, and Reynolds number
Rex(= xU∞/ν). This nondimensional number describes the
ratio of inertial over viscous forces. Here x is the distance
relative to the point of initiation of the boundary layer, U∞
the free-stream velocity, and ν the kinematic viscosity of the
fluid. Among various skin-friction drag reduction techniques
laminar flow control is the most beneficial [2], since in the
high Rex range where both laminar and turbulent BLs can
coexist, the local skin-friction coefficient is typically an order
of magnitude lower in laminar compared to turbulent BLs.

In low background disturbance environments the domi-
nating transition scenario in BLs originates from low am-
plitude two-dimensional disturbance waves called Tollmien-
Schlichting waves (TSWs) [3–5]. These waves are the most
unstable eigenmodes to the linear stability problem [6]. Among
different laminar flow control techniques the spanwise mean
velocity gradient (SVG) method is very promising [7–22].
The physical mechanism behind the attenuation is based on
the presence of the additional spanwise turbulence production
term when spanwise periodic regions of high and low speed
flow, often denoted streamwise streaks, are generated. Using
linear stability analysis it has been shown that this extra
spanwise production term is locally of negative sign and can
together with the viscous dissipation overcome the positive
wall-normal production term, which always acts destabilizing
in a BL [12]. The attenuation efficiency of TSWs by the
SVG method is correlated to the amplitude of the streamwise
streaks for a given spanwise wavelength, and the robustness
of the streaks plays a key role in the control success, since
unstable streaks at high amplitude often lead to a breakdown
to turbulence. One way of producing streamwise streaks
involves mounting physical control devices on the surface.
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These devices have evolved with respect to their performance
and robustness of the generated streaks, from rectangular [9]
and cylindrical [10,14] roughness elements to miniature vortex
generators (MVGs) [15–18,23,24] and streamwise elongated
humps [20]. Free-stream vortices have also been proven
efficient to stabilize BL disturbances [22]. The drawback of
fixed physical control devices is that they are always present,
but there are applications where protrusive devices are not
suitable or not even allowed. Hence, a new direction would
be to seek solutions in setting up streamwise streaks with a
minimal energy input to the control system with the feature of
instantaneously being able to turn the control on and off.

The generation of streamwise streaks is a regular stage
in various transition-to-turbulence scenarios. However, a pre-
requisite for a successful application of the SVG method is to
generate streaks that are steady and stable. One of the transition
scenarios involving the generation of streamwise streaks and
known to lead to a rapid breakdown to turbulence [25], is
the scenario originating from a pair of oblique waves (POW).
The streaks are a result of nonlinear interaction between the
oblique waves [25]. As the oblique waves decay, steady streaks
are generated [26–28] and when the amplitude has grown
large, the streaks become susceptible to a secondary instability
and the breakdown to turbulence is inevitable. Now, if the
secondary instability on the streaks can be avoided, the steady
streaks may be utilized to trigger the SVG method. In the
present experimental study we take advantage of the nonlinear
POW excitation to generate steady and stable streaks by careful
tuning of the initial forcing amplitude. Our hypothesis is that
these streaks may serve as BL stabilizers via the SVG control
concept and delay transition to turbulence.

The measurements were performed in a flat plate BL in the
minimum-turbulence-level closed circuit wind tunnel at KTH
(see Ref. [29]). A sketch of the flat plate mounted horizontally
in the wind tunnel test section is shown in Fig. 1 where
the coordinate system (x,y,z) is introduced. The streamwise
velocity component is denoted by U with the small letter
u corresponding to the disturbance velocity. The external
pressure gradient along the plate was nullified by adjusting
the ceiling in the test section to obtain an ideal zero-pressure-
gradient BL for a free-stream velocity of U∞ = 6 m s−1, which
was kept constant for all the measurements.

Boundary layer disturbances were artificially introduced by
means of blowing and suction through two spanwise-oriented
disturbance slots located at xdist.

1st = 160 mm and xdist.
2nd =
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FIG. 1. Schematic of the flat plate in the wind tunnel test section.
The measurement planes consist of a horizontal and a series of cross-
sectional planes. Smoke injection slot is located at x = 180 mm.
Locations of disturbance wave generation slots are depicted in the
figure.

285 mm. The slots of 270 mm × 0.8 mm opening were made in
a plug, which is flash-mounted in the plate in order to avoid any
unintentional disturbances (see Ref. [30] where a similar slot
was used). Two measurement configurations C1 and C2 were
investigated consisting of POW excitation at the upstream and
the downstream disturbance slot as the control, respectively,
and where TSWs were consequently excited through the other
slot. Note that in some measurement cases the TSW excitation
was turned off in order to investigate the characteristics of the
streaky BL generated by POW. With respect to the disturbance
type the slots were connected via two sets of 36 tubes to either
a single (TSW) or a set of six (POW) loudspeakers driven by
sinusoidal voltage signals controlled by a computer. The single
loudspeaker, driven by the voltage signal ETSW ∝ sin(ω1t),
renders uniform sinusoidal waves in the spanwise direction
where ω1(= 2πf0) is the fundamental angular frequency
and f0 the frequency of the generated disturbance waves.
On the other hand, the set of six loudspeakers, driven by
the voltage signal EPOW ∝ sin(ω1t) cos(nπ/3), where n is
the number of the loudspeaker 1–6, render a disturbance
corresponding to the superposition of two oblique waves
with opposite spanwise propagation directions. Here the tubes
are connected sequentially to the loudspeakers in an order
that loudspeaker n is connected to tube 6(j − 1) + n where
j = 1–6. The POW spanwise wavelength is hence set to
λPOW

z = 44 mm that corresponds to the spanwise width of six

tubes. The generated POW have the initial amplitude distri-
bution APOW

initial(t,z) = APOW
0 sin(ω1t) cos(β1z), where APOW

0 is
the forcing amplitude and β1(= 2π/λPOW

z ) is the fundamental
POW spanwise wave number. For the excited disturbances
we use the nondimensional frequency F = 2πf0ν/U 2

∞ × 106

throughout this Rapid Communication.
Phase triggered single-probe hot-wire anemometry mea-

surements with temporal and spatial resolutions of 5 kHz and
0.6 mm, respectively, were carried out in cross-sectional yz

planes in the BL as well as a horizontal xz plane above the
flat plate. The horizontal plane was located at y = 1.72δ(x)
in the wall-normal direction, where δ (=√

xν/U∞) is the BL
scale. The phase triggering allows the disturbance field to be
accurately reconstructed in the linear regime from single-point
measurements. The smoke flow visualizations were recorded
by three synchronized CCD cameras (1280 × 1024 pixels
each) positioned in series in the streamwise direction. The
smoke sheet was injected through a spanwise-oriented slot of
270 mm × 0.8 mm openning in the flat plate at x = 180 mm.

The velocity field can be transformed to spatiotemporal
Fourier modes with the notation (ω,β), normalized by ω1

and β1. A graph of the dominating modes excited in oblique
transition is shown in Fig. 2(a), where only modes with positive
β are depicted due to symmetry in the spanwise direction. The
(1, ± 1) modes correspond to POW and the initial flow consists
of a standing wave pattern. The POW excite counter-rotating
streamwise vortices with (0, ± 2) modes through quadratic
nonlinearity [25], which consequently generate the streamwise
streaks with similar Fourier components through the lift-
up effect [31]. The spanwise wavelength of the streaks is
therefore λST

z = λPOW
z /2. The experimentally measured POW

and generated streamwise streaks are shown in Figs. 2(c)
and (d), respectively, as unsteady uu = U (x,z,t∗) − Ut (x,z)
and steady us = Ut (x,z) − U (x)tz disturbances. Superscripts
t and/or z denote averaged dimensions and t∗ a particular
time. The forced periodic disturbances are shown as the
unsteady disturbances, i.e., uu, at the given time t∗, in Fig. 2(c).
As the POW disturbances propagate downstream � vortices
are developed in a staggered pattern similar to the N -type
breakdown scenario [26]. The generated streaks are exhibited
as steady disturbances, i.e., us , with their high-speed regions
located at the nodal points of the standing-wave pattern.

The amplitudes of the TSW and the POW disturbances are
obtained as an integral measure over cross-sectional yz planes
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FIG. 2. (a) Graph of the dominating modes excited in oblique transition. (b) Amplitude of POW (APOW
ω1

), its subharmonic (APOW
ω1/2) and

the generated streamwise streaks (AST) for C1 (black) and C2 (gray) configurations. FPOW = 130. (c) and (d) Reconstructed unsteady uu

(instantaneous) and steady us disturbances, respectively, for C1 configuration and FPOW = 130. In (d) high-speed streaks are located at
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FIG. 3. (a) and (b) Disturbance amplitude growth curves for uncontrolled TSW (ATSW
2D ), controlled TSW (ATSW

3D ), and POW (APOW
ω1

) for C1
(a) and C2 (b) configurations. FTSW = 100 and FPOW = 130. (c) and (d) Reconstructed instantaneous unsteady disturbances uu for uncontrolled
(c) and controlled (d) cases. FTSW = 130 and FPOW = 340.

based on the local disturbance amplitude as

Adist.(x) =
∫ π

0

∫ η∗

0

Adist.
local(x,η,ζ )

U∞
dη dζ, (1)

where ζ = zβPOW
1 and η = y/δ with η∗ = 9. Depending on

the disturbance type the superscript (dist.) is replaced by
TSW or POW. For the POW disturbance the amplitude of
both fundamental (APOW

ω1
) and subharmonic (APOW

ω1/2 ) temporal
modes are investigated. Similarly, an integral measure is
defined for the streak amplitude as (see Ref. [16])

AST(x) =
∫ π

0

∫ η∗

0

|U (x,η,ζ ) − Uz(x,η)|
U∞

dη dζ. (2)

For both amplitude measures the spanwise integration is over
λPOW

z /2(= λST
z ) as the flow is symmetric in the spanwise

direction. As shown in Fig. 2(b), for both C1 and C2 config-
urations, APOW

ω1
decays, meanwhile AST grows to a maximum

streak amplitude Amax
ST . After Amax

ST the streak amplitude decays
exponentially as a consequence of viscous dissipation. The
growth of the subharmonic mode (APOW

ω1/2 ), which imposes the
secondary instability on the streaks [26], is here inhibited
by tuning APOW

0 except for a small region at the end of the
streamwise domain, and hence the streaks remain stable.

The TSW growth curves in the linear regime (i.e., with low
initial forcing amplitude) are shown in Figs. 3(a) and 3(b) for
C1 and C2 configurations, respectively, where uncontrolled
(ATSW

2D ) and controlled (ATSW
3D ) cases are plotted together with

the evolution of APOW
ω1

. Here amplitudes are normalized with
the uncontrolled TSW amplitude at branch I (BI) of the neutral
stability curve. An initial TSW-POW interaction region is
observed in the disturbance field whereafter ATSW

3D is attenuated
compared to ATSW

2D . The interaction region is based on
the location where APOW

ω1
starts to decay. The attenuation of

TSW in the horizontal xz plane is shown in Figs. 3(c) and 3(d)
where uu is plotted for uncontrolled (c) and controlled (d)
cases.

To pursue the main goal of transition to turbulence delay
the control has to be tested on nonlinear TSWs, i.e., with
high initial forcing amplitudes. This was done for a range of
individually forced FTSW in both C1 and C2 configurations.
The results are plotted in the top and bottom rows of
Fig. 4, respectively, as the disturbance energy evolution
in the F -Rex plane for both uncontrolled and controlled
cases. Figures 4(a) and 4(e) show the disturbance energy
(urms/U∞)2 evolution for the uncontrolled reference BL for
C1 and C2, respectively, where nonlinear TSWs force the
BL to breakdown to turbulence. The transition locations
corresponding to the intermittency value of γ = 0.5 are plotted
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contour plots, are indicated by white dashed-dotted lines and tick marks on the vertical axes. Branches I and II of the neutral stability curve for
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as cross symbols. The intermittency is a statistical measure
of the proportion of laminar versus turbulent flow sweeping
the hot-wire probe. Branches I and II of the neutral stability
curve for the reference BL are also plotted as dashed-dotted
and dashed lines, respectively. For C1 the controlled cases
with FPOW = 340 and FPOW = 450 are plotted in Figs. 4(b)
and 4(c) where an attenuated branch II is observed at the same
location compared to the uncontrolled case whereafter the
disturbances decay. The successful extension of laminar flow
depends on FTSW and Figs. 4(a)–4(c) show that this extension
is 125%–230% in the range FTSW = 100–130.

The effect of FPOW for a fixed FTSW = 115 is shown
in Fig. 4(d) where branch II and the transition location of
the uncontrolled case are plotted as dashed and solid lines,
respectively. Here the main conclusion is that there is an initial
TSW-POW interaction region with high disturbance energy.
This region diminishes with increasing FPOW since the POWs
then decay further upstream. The initial TSW-POW interaction
is inevitable for C2 as POWs are excited in the presence of the
TSW. For this configuration, the controlled cases with FPOW =
130 and 160 are shown in Figs. 4(f) and 4(g) where branch
II is inhibited for all FTSW. Noteworthy is that the streamwise
location of the onset of the initial interaction region is fixed and
independent of FPOW, but as FPOW is increased the extent of
the initial interaction region becomes smaller [see Fig. 4(h)].

Smoke flow visualizations with control off and control on
are shown in Figs. 5(a) and 5(b), respectively. In Fig. 5(b)
the initial TSW-POW interaction is illustrated as a secondary
instability of varicose type on the streaks at the initial stage
of their formation [see the range 550–750 mm in Fig. 5(b)].
The frequency of the varicose mode corresponds to the
TSW frequency FTSW and is damped further downstream
for the case shown in Fig. 5 since the streaks become
stable. However for FPOW < FTSW the high amplitude of the
varicose instability mode leads to transition to turbulence
[see FTSW = 145 in Fig. 4(f)] and hence to a failure of the
control method. This is believed to be associated with the
disruptive role of high amplitude TSWs on the generation of
streaks in the superimposed disturbance field for cases with
FPOW < FTSW where λPOW

x > λTSW
x . However, for FPOW >

FTSW the transition to turbulence is successfully delayed and
therefore we introduce it as the control condition. The control
was also tested successfully for high amplitude white noise
disturbances.

In the present experimental study we show that nonlinear
POWs can be used successfully as a base flow modulator for the
SVG laminar flow control method as long as FPOW > FTSW.
This eliminates the demand of constant presence of physical
devices such as roughness elements, MVGs, or surface patterns
for base flow modulations and allows the control to be
turned on and off. We show that the nonlinear dynamics
in the rapid oblique breakdown scenario can be tuned in
order to generate highly modulated stable streaks where their
amplitude and streamwise extent are solely controlled by POW
forcing frequency and initial forcing amplitude. As a result
we present a significant transition-to-turbulence delay, leading
to an extension of laminar flow by up to 230%, for highly
nonlinear TSWs in the BL. The control strategy is proven to
work for a wide frequency range and different configurations
by applying the control upstream of as well as downstream
from the TSW excitation location.
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