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Explicit symplectic algorithms based on generating functions for charged particle dynamics
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Dynamics of a charged particle in the canonical coordinates is a Hamiltonian system, and the well-known
symplectic algorithm has been regarded as the de facto method for numerical integration of Hamiltonian systems
due to its long-term accuracy and fidelity. For long-term simulations with high efficiency, explicit symplectic
algorithms are desirable. However, it is generally believed that explicit symplectic algorithms are only available
for sum-separable Hamiltonians, and this restriction limits the application of explicit symplectic algorithms
to charged particle dynamics. To overcome this difficulty, we combine the familiar sum-split method and a
generating function method to construct second- and third-order explicit symplectic algorithms for dynamics
of charged particle. The generating function method is designed to generate explicit symplectic algorithms for
product-separable Hamiltonian with form of H(x,p) = p; f(x) or H(X,p) = X;g(p). Applied to the simulations
of charged particle dynamics, the explicit symplectic algorithms based on generating functions demonstrate

superiorities in conservation and efficiency.
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I. INTRODUCTION

Dynamics of charged particle in external or self-consistent
electromagnetic fields plays a fundamental role in plasma
physics, accelerator physics, astrophysics, space physics, and
other branches of physics. One of the key components of
first-principle-based particle simulations is the algorithm for
advancing charged particles, which is an active research topic.
The dynamics of a charged particle with the Lorentz force
in the canonical coordinates (X,p) is a canonical Hamiltonian
system,

dz _ J'VH(Z) :
dr '
B {‘f,— = [P — gAM)], 0
= T
@ =—aVem + L(5) —qA).
where Z = (x”,p7)7 is a six-dimensional vector,
0 -7
=i )
is the canonical symplectic matrix, and
1
H(Z) = 7—[p — JAMI* + ¢6(x) (2)

is the Hamiltonian function. For canonical Hamiltonian system
Z=J"'VH@Z), ZecR*, L) =12, (3)

it is well known that symplectic algorithms conserve the
symplectic structure exactly and globally bound the energy
error by a small number [1-14]. They have become the de facto
standard for numerical integration of Hamiltonian systems
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with important applications in nonlinear dynamics, astro-
physics, plasma physics, accelerator physics, and quantum
physics. Recently, symplectic and geometric algorithms have
been developed for noncanonical particle dynamics [15-28]
and the infinite-dimensional particle-field systems [29-43]
in plasma physics and accelerator physics. Root searching of
implicit algorithms often require more computation resource
than explicit algorithms. To improve the efficiency and
accuracy of long-term simulations for systems with a large
number, e.g., 10°, of degrees of freedom, it is sometimes
desirable to have explicit symplectic algorithms available.
Splitting method has been proven to be an effective tool in con-
structing explicit symplectic algorithms [22,24,38,39,44-48].
The basic procedure is to decompose original system into
solvable subsystems possessing the same geometric structure,
then compose the geometric subalgorithms together to obtain
the desired algorithms [13,44,49]. It is well known that for a
Hamiltonian whose p-dependence and x-dependence can be
separated as summands in a summation as follows:

H(Z) = f(p)+8(X). 4)

the splitting method can generate explicit symplectic algo-
rithms of any orders [5,7]. The familiar leapfrog algorithm
is an example of this method. We will call the form in
Eq. (4) sum-separable and refer to this well-known splitting
method as sum-split method. It is generally believed that if a
Hamiltonian is not sum-separable as in Eq. (4), general explicit
symplectic algorithms do not exist [11,13,14,44,47,50,51]. For
dynamics of charged particle, sum-split method loses efficacy
and cannot be applied directly to construct explicit symplectic
algorithms, because the Hamiltonian Eq. (2) is not sum-
separable. An explicit noncanonical symplectic algorithm has
been developed by He et al. using sum-split method for charged
particle dynamics in the noncanonical coordinates [25,37,40].
However, it requires numerical integration of the magnetic
field along given paths, which can be nontrivial for certain
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complicated magnetic fields. In this paper, different from He’s
splitting algorithm, we combine the familiar sum-split method
with a generating function method to construct explicit sym-
plectic algorithms for dynamics of charged particles, which do
not require numerical integration of the magnetic field.

The generating function method has been well developed
to construct symplectic methods for a Hamiltonian system
Eq. (3) [4,13,14]. It is well-known that there are four types
of generating functions, i.e., Fi(x,X), F>(P,x), F3(p,X), and
F4(p,P), for constructing canonical transformation (p,X) —
(P,X) [52]. However, in order to apply the generating
functions to construct near-identity transformation for nu-
merical algorithms, the first type of generating function
S1(P,x) and the second type of generating function S,(p,X)
are more suitable [4,13,14]. For the purpose of designing
algorithms, a mixed kind of generating function in the form of
S3((P+ p)/2,(X 4+ x)/2) have also been used [4,13,14]. The
symplectic Euler method and midpoint method are included
in this family. Generally speaking, symplectic methods based
on all three types of generating functions are usually implicit.
However, for product-separable Hamiltonians in the form of

H(Z) =pi f(x), ®)
or
H(Z) =x;8(p). (6)

explicit symplectic algorithms with accuracy of order 2 and
3 can be constructed by applying the first type of generating
function and the second type of generating function, respec-
tively. Here, p; is the ith component of the vector p, and f(x) is
a scalar function of x. And x; is the ith component of the vector
x, and g(p) is a scalar function of p. Product-separable means
that the x-dependency and p-dependency can be separated
as factors in a production. For dynamics of charged particle
governed by Eq. (1), we sum-split the Hamiltonian Eq. (2) into
five parts, two of which can be solved exactly. The other three
parts are in the form of Eq. (5) and admit explicit symplectic
algorithms based on the generating functions. Then combining
the exact solution flows and explicit symplectic subalgorithms
in various manners, explicit symplectic algorithms of different
orders can be constructed.

The paper is organized as follows. In Sec. II, symplectic
algorithms based on generating functions are introduced,
and for the Hamiltonian systems with the forms of Egs. (5)
and (6), explicit symplectic algorithms are given. In Sec. III,
we construct explicit symplectic algorithms of order 2 and 3
for charged particle dynamics based on generating functions.
Numerical experiments are provided, and the superiority of
the explicit symplectic algorithms relative to nonsymplectic
Runge-Kutta methods and implicit symplectic methods is
demonstrated in Sec. IV.

II. SYMPLECTIC METHOD BASED
ON GENERATING FUNCTION

Symplectic methods based on generating functions have
been well developed and applied in numerical simula-
tions [4,13,14]. A generating function F satisfying PTdX —
p’dx = dF generates a canonical transformations (p,x) >
(P,X), and in general there are four types of generating
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functions [52]. However, to obtain near-identity canonical
transformations, the first type of generating function S;(P,x),
the second type of generating function S,(p,X), and a mixed
type S3((P + p)/2,(X+x)/2) have been used. They are
determined by

X7dP + pTdx = dPTx + S (P,x)),

P'adX +x"dp = d(p" X — $:(p.X)),

X—-xTdP+p)—P—p) dX+x)
=2d(S3((P +p)/2.(X +x)/2)), 7

respectively, and the corresponding symplectic algo-
rithms have been constructed [4,13,14]. The symplectic
method based on the mixed type of generating function
S3((P + p)/2,(X + x)/2) involves both old and new variables,
and is usually implicit. Here, we construct symplectic methods
based on the first type of generating function S;(P,x) and
second type of generating function S,(p,X). The symplectic
methods based on generating functions of the first type can be
written as

ptl = p" — VG X", Ar),

Xll+1 — qn + VpG(pn+l,Xn,At), (8)
with the generating function
G(p.x.1) =1G1(p.X) + °Go(p.X) + °G3(p.X) + -+, (9)
where

Gl(p’x) = H(p’x)v

1/0HO0H
Ga(p.x) = 3 %3_X (p,x),

Gapx) — | 9°H (9H 2+82H8H8H
’X = | — — _—
3P 6| ap* \ ox dpox dp 0x
N 9°H (9H\’
ax2 \ 9p ’
...... . (10)
Utilizing the truncated series,
Gp.x,0) =Y 1'Gi(px). (1)

i=1

we obtain a symplectic method of order r [4,13,14]. The
symplectic methods based on generating functions of the
second type can be constructed similarly. Both types are
usually implicit for general Hamiltonian systems. However,
for product-separable Hamiltonian with the form of Eq. (5) or
Eq. (6), second- and third-order symplectic algorithms based
on generating functions can be constructed explicitly. Let’s
take Hamiltonian Eq. (5) as an example to demonstrate the
explicit symplectic methods based on the generating functions.
The corresponding second-order generating function of the
first type is

2 df
G(p.x,t) =1tp; f(X) + Epia—f(X). (12)
X;
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Then the explicit symplectic method of order 2 based on the
first type of generating function is

2
Pt =p Pf'H[Athf(X )+ —tV (af fx ”))]

2
N
0
=X AL + - af F&. (13)
For the product-separable Hamiltonian in the form of Eq. (6),
explicit symplectic algorithms can be constructed similarly
utilizing the second type of generating functions.

III. EXPLICIT SYMPLECTIC ALGORITHMS
FOR CHARGED PARTICLE DYNAMICS

In this section, we will use the methods given in Sec. II to
construct explicit symplectic algorithms for charged-particle
dynamics determined by Eq. (1). It was commonly believed
that this system does not admit any explicit symplectic
algorithm, because the Hamiltonian given by Eq. (2) is not
sum-separable. Now, we show how to construct explicit
symplectic algorithms for it using the generating-function
method and the familiar sum-split method. We sum-split the
Hamiltonian function into five parts as

H(X,p):H1+H2+H3+H4+H57 (14)
where
I, q> 2
2m 2m
Hy = —LA® (p1,0.0)" = LA, 0p1,
m m
q T T q
H4 = ——A(X) (O,PZ:O) = __AZ(X)p21
m m
Hs = —LA®T0.0.p0" = —Lasps. (15
m m

The corresponding subsystems generated by these sub-
Hamiltonians are

dx 1

g .= la = P

1 .= d_p _ 0
dt —
dx

5, = {E =0,

A 2

@ =5 A - qVom).

J

n+1 Athl(x ’y ,Z )
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7=~ Ax,0,0)7,
S3 = d
® = 1(2) (11,00,
& = —1(0,A2(x),0)7,
Sa=1, aA\T T
& =1L(5%) 0.p2.0)",
& = —1(0,0,A5(x),)",
S5 1= dp o roa\T . (16)
@ =£(5%) 0.0.p3)".

For subsystems S; and S, exact solutions can be computed
explicitly as

Pi(1) = {X(t) = X0+ 15;Po,

p(?) = po,
(17)
) = {x(t) = Xo, X ,
P = p) = po — 1L (22)T A [y, —q1V(x0).

The sub-Hamiltonians of the remaining three subsystems S3,
S4, and Ss are all product-separable as in Eq. (5). Let’s take the
subsystem S5 associated with the sub-Hamiltonian H3(p,x) =
—% p1A1(x) as an example to demonstrate our method. In
terms of Cartesian components, the subsystem S is

dx __ q
de — 44 (x),
dpi __ q aAlp
L di — m ox P
Spi= T (18)
dt — m dy P1s
dps _ g 9A;

dt _mazpl'

The symplectic method of order 2 based on generating function
can be obtained,

p't! =p" — VLG X", A,
Xn+l = x" + VpG(pn-H,Xn,At), (19)

where the truncated generating function of order 2 is

Ar?
G(p,x,At) = AtH;(p,x) + T(VPH3 - Vi H3)(p,x),

At? g% dA
= — AL pIAX) + S py A0, (20)

Thus, the second-order symplectic methods for S5 is

LA,y ") AL (e yr 2,

n+1 n+1 g 9A, _ A2 g% aAl A Azz PALCPA T on oo
At __ pl - pl +pl [Atm ax 2 m? ox ox Al Gxax]('x Y2 )’ (21)
3T n+1 n n+1 q dA; A2 g% A, 9A, AZZ 2 92A, n \,n n
Py =py i AL - LT - A |6y,
n+1 n n+1 q 0A; _ A% q2 0A; 0A, A_tzq_ °A no\n n
Ps3 =P3 +p1 [Atm 0z 2 m? ox oz 2 mzAlaxaz](x Yz )’

which is an explicit method, but not symmetric. For subsystems
S4 and Ss, second-order explicit symplectic methods v, and

SA’ are constructed similarly. Composing the exact solutions
and the symplectic numerical flows of the five subsystems, we
obtain the following explicit symplectic method for charged

particle dynamics with the accuracy of order 1,

\I-’lAtnglAtO(pzAlol//fto 4Ato SAZ. 22)

(

To improve the accuracy of explicit symplectic algorithms
based on generating function, one of methods is to compose
! and its adjoint (W}, )* = (! ,,)~!, and obtain

) A2 A2 A2 A2 A2 AL/2\ %
("IJAz) =9 0@, "oy oy, "o ( )

5 5
S o () () o () Y
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FIG. 1. Convergence rate of the energy error for four symplectic
methods. It verifies that W3, is indeed a second-order method and
W3 is a third-order method.

which is symmetric, i.e., [(\Ilit)/]* = (\I/i[)’. The symmetric
numerical algorithms are of even order, so (¥3,) is at
least second order. However, for the subnumerical solutions
At/ 2,(i = 3,4,5), their adjoints are not explicit, neither is

v A
At
P

(\Ili,),. To construct explicit algorithms, we replace (Y
by ¥;"/* in Eq. (23), and obtain

2 At/2 At/2 At/2 At/2
\IJAt:‘/’l/O‘Pz/ Ow3/0 4/

OwSA[ o 4Az/z o 3At/2 o %A;/z o ‘PIAI/Zv (24)

which is also of order 2. The proof is given in the Appendix.
Since all the subalgorithms preserve the canonical symplectic
structure, W), and W3, preserve the canonical symplectic
structure naturally. Of course, it is possible to increase the
accuracy of the numerical methods by various composi-
tions [13,44]. For example, a third-order algorithm can be
obtained by the following composition method using W3,

\I"Zt = \IJZAt © “IJZAt © \IIL?AN (25)

where a = ﬁ and b =1 —2a. To numerically verify
the orders of W%, and W3 , we now apply W3, W3, the
second-order implicit midpoint method and a fourth-order
implicit symplectic method to simulate the dynamics of
charged particle in the magnetic field of a tokamak (see next
section). Here, the fourth-order implicit symplectic method
is generated by symmetric composition of the second-order
implicit midpoint method. The relative errors of Hamiltonian
as functions of time step Ar for these methods are plotted
in Fig. 1, which verifies that W3, is indeed a second-order
method and W3, is a third-order method.

IV. NUMERICAL EXAMPLES

To numerically test the explicit symplectic algorithms
developed, we simulate the dynamics of a 3.5 MeV « particle,
which is a product of D-T fusion, in the magnetic field of
a tokamak. We will compare the second-order explicit sym-
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FIG. 2. Two-dimensional tokamak geometry with circular con-
centric flux surfaces.

plectic (ES2) method W3, developed with the second-order
implicit symplectic midpoint (IS2) method and the forth-order
nonsymplectic Runge-Kutta (RK4) method. Numerical results
will demonstrate the superb properties of explicit symplectic
methods in terms of accuracy, efficiency, and preserving
energy over long-term simulations.

The axisymmetric tokamak geometry is illustrated in Fig. 2.
A model vector potential of the magnetic field is

Bor? R\ RyB
=B (B KB,

BoRyz
2R

€R, (26)

where R = /x2 + y? is the major radius coordinate, Ry is the
major radius, By is the magnetic field on axis, the constant g is
the safety factor, and ¢ = arctan(i) is the toroidal coordinate
of the torus. In this example, we take Ry = 3m and By = 1T
with g = 2.

The initial position and velocity of the o particle are
Xo = (3.15,0,0)m and vy = (0.016,0.04,0)c, where c is the
speed of light, and the simulation time-step is set to be
At = 0.2x1078s. Displayed in Fig. 3 is the comparison of
transit orbits calculated by the nonsymplectic forth-order
Runge-Kutta (RK4) method, second-order implicit symplectic
midpoint (IS2) method, and the explicit second symplectic
(ES2) algorithm W3, It is expected that the orbit consists of a
fast, small-scale gyromotion due to Lorentz force, and a slow,
large-scale transit motion induced by the inhomogeneity of the
magnetic field. In Fig. 3, the small circles of a few centimeters
are the fast gyromotion, and the large circles about half a meter
in size in the RZ plane is the large-scale transit dynamics.
Figure 3(a) shows that the orbit obtained by the nonsymplectic
RK4 method after 1.998x 107 time steps is not accurate any
more, while the orbits calculated by the IS2 method in Fig. 3(b)
and ES?2 algorithm W3, in Fig. 3(c) are accurate for all time
steps and form closed transit orbits. The long-term energy
by nonsymplectic method gradually decreases without bound
due to numerical errors. On the contrary, for the symplectic
integrators, the energy errors are bounded by a small number
for all time. This fact is clearly demonstrated in Fig.3(d),
where normalized energy for the three algorithms are plotted.

To illustrate the efficiency of the explicit symplectic
algorithms developed, the CPU time used by the three methods
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FIG. 3. Simulations of long-term dynamics of a 3.5 MeV « particle in a tokamak. The initial orbits are plotted using blue lines, and the
orbits after 1.998x 107 steps are plotted using red lines. (a) Numerical orbit obtained by a nonsymplectic RK4 method. (b) The orbit obtained
by the IS2 method. (c) The numerical orbit by the ES2 method W2,. (d) The normalized energy H/ H, of three methods are plotted as functions

of simulation time step.

for calculating the charged particle dynamics is listed in
Table 1. The numerical calculation consists of 10° time steps,
and is carried using on a Inter Core i5-4200U CPU. It is clear
that the ES2 algorithm \Ilit is much more efficient than the
IS2 algorithm.

V. CONCLUSION

In this paper, we have constructed explicit symplectic
algorithms for dynamics of charged particle by combining
the familiar sum-split method with a specially designed gen-
erating function method. The newly developed algorithms are
expected to significantly extend the applicability of symplectic
algorithms to physics problems that contain a large number
of degrees of freedom and require accuracy, fidelity, and
efficiency of long-term dynamics, such as the classical particle-
field system described by the Vlasov-Maxwell equations [53].

TABLE I. CPU time used by the three algorithms for charged
particle dynamics in a tokamak.

RK4 1S2 ES2

CPU time 324s 34465 1212s
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APPENDIX

We will prove the explicit algorithm \Ilit given by Eq. (24)
is a second-order method for the Hamiltonian

Hx,p) = i[p — A®]* + ¢(x). (A1)

To simplify the notation, we have taken m = 1 and ¢ = 1.
There are three steps in the proof.

Step 1: To prove ;% o 2 o Y2 o Y P oy P is a
numerical method of order 2 for the sub-Hamiltonian system
with Hamiltonian

H'(x,p) = —p1A;(X) — p2A2(X) — P3A;3(x). (A2)
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Since %Ai,- , 1 = 1,2,3, is numerical method of order 2 for Hamiltonian system generated by H>; = —p;A;(X), it can be rewritten
as
9A;
—Ae: A[z LA e
0.0 iCi 0x 3 0 .0
(x7, =7+ At + — i | + O(At x,p), A3
where e; is the unit vector in the ith Cartesian direction. The composition method pr’/ 2 4A 72 SA’ o 1//4A oS 3A /2 can be

obtained using the iterations step by step as follows:

1//Az/z At/2 o SAt o 4Ar/z o 1//3Al/2(xo,p0)

Ae A2 (AN e
<I+7<p1V1A11>+T<aXIV )+ o) Jy oy oy oy P p)

11

Ajer — Avey ag A2 A2,0 0
1 A
( 3 <szAz+p1VAl +O(Ar) a0 ovs TP
At (%‘:llAe |+ 22 2A2e2+2gf;21A2) g g1

0
o (X P)
8 Z,‘:] Vii + 2V21 : 4

o At —Alel—A2e2—2A3e3 At/2 At/2, 0 .0
- (” > <P2VA2+P1VA1 T 2p,vA; ) T OB ° ¥ (L)

5 A_t2 BAl A]e] —|— 2A202 =+ 2 Azel + 4 A'; wAt/z . ¢A’/2(x0 po)
Zizl Vii + 4V33 + 4V32 + 4V3 + 2V21 ¢ : ’

_ At —Aje; —2A5e;, — 2A5e; 3 At/2 0.0
_<1+ > <2p2VA2+p1VA1+2p3VA3 + O(Ar) x".p")

Ar? aA‘Ale + 43 AA +43AA3 I
x°,p%

_I_

_I_ R
8 \Vii +4Vy +4Vss + 4V32 +4V3; +4Vy +4Vo3

2 AN
= (1 + At( _AT ) + A < ox ) + 0(At3)>(x0 P (Ad)
- 0A 2\ 9T (9ANT AT e
(5)p/ 2 \(@) () p— (22), Ap
where V;; = p; %VA —pjA; V . This shows that the ;"% o ;"/* o Y2 o yri"/? o y3"/? is of order 2.

At/ZOwAt/Z At/ZOw Ol//At/ZowAt/Z At)2

Step 2: To prove ¢, o, '” is of order 2 for the sub-Hamiltonian system with

Hamiltonian
H?(x,p) = —p1A1(X) — P2Ax(X) — P3AK) + 3A°(X) + (). (A5)
As proved in Step 1, the iteration y5"* o ;"% o Y2 0 Y% 0 ¥/ is of order 2, and
03 (x",p°) = [ At( 0 )}(xo,po). (A6)
(2)'A+ Ve

The following calculation shows that @At/z o 1//A'/2 1//4At/2 o 1//5A’ o wfl/z o wft/z o wzm/z has accuracy of order 2,
g02At/2 o W3Al/2 ° 1/fAt/z ° wm o wAr/Z IﬁAl/z At/z(x(),po)

_ _ﬂ 0 A1/2 At/2 At)2 12 At/2
[ Sy e st

—A ,
[I + At<(%)rp B l((%)TAJ’_ V¢)> + O(At )] A /2(x0,p0)
ax 2 Ix

A_tz A At/z(x 0)
2 \(2)(2) p — () AP+ V.u(BDA + V.1 0A *
- [1 + At( AT _,f: T ) + 0(At3)](x0,p0)
(%) P—(5) A—-Vo
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2

) (R

H) p
Ar?

Step 3: To prove ¢./ <p2At/2 Moy M

Eq. (A1). The iteration <p1

Arx0 p¥) = (1 + At(S))(XO,pO).

Combining with the second-order iteration g;"/* o y3"/? 0 Y2? 0 Y2 0 Y% 0 3% 0 @)

Az/2 wm/z

2 A2 A2
V=9 " op,

- (1 + Az(l&))ﬁ’/z
) (1 : At((%)Tp -

2 0
2 -V (S +0)p—-A) -

which shows that W3, is a second-order method.

Az/2 1/jAt/Z At

At/2 At/2 A
V3T oy / oYy’

p—A

Ar? RA
+— «’,p")
(22)7(22) p — (22) Ap + Ve (5)A + VirpA

0
7?<4%f«%fA+vw>‘”’

At/2 At/2 At/2 At
A2 B2 A2 A

O%Az/zo%m/zo%m/z At/2

0 ..0
<%f«%fA+vmyX**
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(AT)

3 , T o@ is of order 2 for the Hamiltonian

(A8)
(/2 proved in Step 2, we obtain

Ar 2 At)2
o ¢

x,p%

() - 2)p-a) - Ve

+0<At3>><x°,p°>+ ( )(x‘%p%
(%)TA—W) 2 \(2) (2) p+ (L) p-Ap

(A9)
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