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Extreme conditions in a dissolving air nanobubble
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Numerical simulations of the dissolution of an air nanobubble in water have been performed taking into account
the effect of bubble dynamics (inertia of the surrounding liquid). The presence of stable bulk nanobubbles is not
assumed in the present study because the bubble radius inevitably passes the nanoscale in the complete dissolution
of a bubble. The bubble surface is assumed to be clean because attachment of hydrophobic materials on the bubble
surface could considerably change the gas diffusion rate. The speed of the bubble collapse (the bubble wall speed)
increases to about 90 m/s or less. The shape of a bubble is kept nearly spherical because the amplitude of the
nonspherical component of the bubble shape is negligible compared to the instantaneous bubble radius. In other
words, a bubble never disintegrates into daughter bubbles during the dissolution. At the final moment of the
dissolution, the temperature inside a bubble increases to about 3000 K due to the quasiadiabatic compression.
The bubble temperature is higher than 1000 K only for the final 19 ps. However, the Knudsen number is more
than 0.2 for this moment, and the error associated with the continuum model should be considerable. In the final
2.3 ns, only nitrogen molecules are present inside a bubble as the solubility of nitrogen is the lowest among the
gas species. The radical formation inside a bubble is negligible because the probability of nitrogen dissociation
is only on the order of 10−15. The pressure inside a bubble, as well as the liquid pressure at the bubble wall,
increases to about 5 GPa at the final moment of dissolution. The pressure is higher than 1 GPa for the final 0.7 ns
inside a bubble and for the final 0.6 ns in the liquid at the bubble wall. The liquid temperature at the bubble wall
increases to about 360 K from 293 K at the final stage of the complete dissolution.

DOI: 10.1103/PhysRevE.94.013106

I. INTRODUCTION

Air bubbles in water are very frequently formed in the
sea, lakes, rivers, and any kinds of water on the earth [1,2].
They are formed by liquid surface waves as well as by
rain drops and waterfalls. After the formation, many bubbles
disappear at the liquid surface by buoyancy. Many other
bubbles completely dissolve into the water before reaching
the liquid surface [3]. The situation is the same for air bubbles
in water in a liquid container in a laboratory. When the
bubble size is smaller, the probability of complete dissolution
into water is higher as the time for complete dissolution
is shorter [4,5]. Such tiny air bubbles could be created by
acoustic or hydrodynamic cavitation [5–7]. Machines such
as microbubble and nanobubble generators are commercially
available [8]. Tiny bubbles less than 1 μm in diameter
are called nanobubbles or ultrafine bubbles [9–13]. Many
nanobubbles completely dissolve in water because the time
for complete dissolution is usually shorter than the time for
reaching the liquid surface by buoyancy.

The time for complete dissolution of a gas bubble into
liquid has been calculated by the Epstein-Plesset theory [4,5].
According to the theory, it is 77.8 μs for an air bubble in water
saturated with air when the initial bubble radius is 100 nm. In
the theory, however, the effect of bubble dynamics (the effect of
the inertia of the surrounding liquid) is completely neglected.
Although there are several theoretical and experimental studies
on the dissolution of a bubble, the effect has been completely
neglected [14–26].
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It has been suggested by some researchers that OH radicals
are created at the final moment of the dissolution of a
gas bubble into water [3,13]. In acoustic and hydrodynamic
cavitation, on the other hand, a bubble initially expands due
to the decrease in liquid pressure by ultrasound or by some
hydrodynamic motion. Then a bubble violently collapses,
which is called the Rayleigh collapse [5,27]. The violent
collapse is due to the inertia of the surrounding liquid as
well as the geometry of a spherical collapse. In this case,
the temperature and pressure inside a bubble increase to
several thousand Kelvin and several hundred atmospheres or
more, respectively [27–29]. The extreme conditions inside
a bubble are confirmed by the spectra of sonoluminescence
which is the light emission associated with the violent bubble
collapse [27,30]. Due to the extreme conditions, OH radicals
are created through the dissociation of water vapor inside
cavitation bubbles [31–36]. There have been many numerical
studies on the Rayleigh collapse and the creation of OH
radicals inside a collapsing bubble [29,33,37–41]. The direct
comparison between the experimental and numerical results is
possible for a single-bubble system in which a single bubble is
trapped near the pressure antinode of a standing ultrasonic
field in partially degassed water [32,33]. The theoretical
model by the authors for numerical simulations has been
validated from the studies of single-bubble sonoluminescence
and sonochemistry which is chemistry associated with the
violent bubble collapse under ultrasound [33,42]. For the
Rayleigh collapse, the expansion of a bubble by the decrease
in liquid pressure by ultrasound or by some hydrodynamic
motion is required [5]. In the simple dissolution of an air bubble
into water, it has been widely believed that the bubble collapse
is not violent as assumed in the Epstein-Plesset theory [4,5]. In
the present paper, we have performed numerical simulations
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of the simple dissolution of an air bubble into water taking
into account the effect of bubble dynamics (the inertia of the
surrounding liquid). When a bubble completely dissolves into
water, the bubble radius inevitably passes the nanometer scale.
Thus, the presence of stable nanobubbles, which is still under
debate [9–12,43–45], is not assumed in the present study.

II. MODEL

The model of bubble dynamics used in the present numer-
ical simulations has been described in Refs. [29,33,46–48].
It has been validated from studies of single-bubble sonolu-
minescence and sonochemistry [33,42]. There is only one
important modification in the model in the present study, that
the effect of the gas (air) diffusion from the interior of a bubble
into the surrounding water is taken into account by Eq. (1).
Here, the bubble surface is assumed to be clean because the
attachment of hydrophobic materials to the bubble surface
could considerably change the gas diffusion rate [45].

dni

dt
= −4πR2Di

(cs,i − c∞,i)

R
, (1)

where ni is the number of molecules inside a bubble for the gas
species i(i = N2, O2, or Ar), t is time, R is the instantaneous
bubble radius, Di is the diffusion coefficient of the gas species
i in the liquid, cs,i is the saturated concentration of the species i

in the liquid at the bubble wall, and c∞,i is the concentration of
the gas species i in the liquid far from a bubble. In the Epstein-
Plesset theory, Eq. (1) is analytically solved without taking into
account the effect of the inertia of the surrounding liquid [4,5].
In Eq. (1), it is assumed that the gas concentration profile is
in a steady state and that the liquid medium is quiescent. A
non-steady-state concentration profile results in the higher rate
of gas diffusion. On the other hand, movement of the liquid
medium results in the lower rate of gas diffusion due to the
shell effect [7]. Thus, the two effects may roughly compensate.
Although the compensation may not be perfect, Eq. (1) is a
standard equation of the gas diffusion from the interior of a
bubble because it has been used in the Epstein-Plesset theory.
Thus, Eq. (1) is used in the present study although further
studies are required on the deviation from Eq. (1).

The diffusion coefficients in liquid water are calculated as a
function of the liquid temperature at the bubble wall by using
the following equation.

Di = Bie
− �Ei

RgTL,i , (2)

where Bi and �Ei are the preexponential constant and the
activation energy, respectively, for the gas species i; Rg

is the gas constant (=8.31 J/mol K); and TL,i is the liquid
temperature at the bubble wall. Bi and �Ei for each gas species
are listed in Table I [49].

The saturated gas concentration (cs,i) of the species i in the
liquid is calculated by the Henry’s law constant. The equations
for the Henry’s law constants as a function of temperature are
given in Appendix A. The saturated gas concentration at the
bubble wall is calculated by Eq. (3).

cs,i = 103ρL,iNApg

KH,iMH2O

(
ni

nt

)
, (3)

TABLE I. Bi and �Ei in Eq. (2) for the diffusion coefficient of
each gas species in liquid water [49].

Bi (m2/s) �Ei (J/mol)

N2 7.9 × 10−6 1.963 × 104

O2 4.2 × 10−6 1.838 × 104

Ar 10.6 × 10−6 2.064 × 104

where ρL,i is the instantaneous liquid density at the bubble
wall [47], NA is the Avogadro number [= 6.02 × 1023 (/mol)],
pg is the instantaneous pressure inside a bubble, KH,i is the
Henry’s law constant of the gas species i at the instantaneous
liquid temperature (TL,i) at the bubble wall, MH2O is the
molecular weight of H2O (=18 g/mol), ni is the instantaneous
number of molecules of the gas species i inside a bubble,
and nt is the instantaneous total number of molecules inside a
bubble. The gas concentration (c∞,i) far from a bubble in the
liquid is calculated by Eq. (4).

c∞,i = 103ρL,∞NAp0

KH,i,∞MH2O
ri, (4)

where ρL,∞ is the ambient liquid density, p0 is the ambient
static pressure (=1 atm = 1.013 × 105 Pa), KH,i,∞ is the
Henry’s law constant of the gas species i at the ambient liquid
temperature (T∞), and ri is the molar ratio of the gas species
i in air (rN2 = 0.78, rO2 = 0.21, rAr = 0.01). The values of
the gas concentration (c∞,i) far from a bubble are as follows:
0.55 mol/m3 for N2, 0.29 mol/m3 for O2, and 0.015 mol/m3

for Ar. The solubility is the lowest for N2 as the solubility
of each gas species at each gas pressure of 1 atm at 20 °C
is as follows: 0.71 mol/m3 for N2, 1.39 mol/m3 for O2, and
1.53 mol/m3 for Ar.

In the present numerical simulations, it is assumed that
a bubble completely disappears when the total number of
molecules inside a bubble is smaller than 1. In the model of
bubble dynamics, the following effects are taken into account:
nonequilibrium evaporation and condensation of water vapor
at the bubble wall, thermal conduction both inside and outside
a bubble, and temporal variation of the liquid temperature at
the bubble wall. The physical properties in liquid water at the
bubble wall are calculated as a function of temperature and
pressure at the bubble wall such as the liquid density, sound
velocity, saturated vapor pressure, thermal conductivity of the
liquid, latent heat of evaporation, viscosity, surface tension,
Henry’s law constants, diffusion coefficients of gases, and heat
of solution of gases. The equations are given in Refs. [47,50]
except Henry’s law constants, diffusion coefficients of gases,
and heat of solution of gases given in this paper. The equations
for the heat of solution of gases are given in Appendix B. The
dependence of the saturated vapor pressure (p∗

v ) on the bubble
radius is also taken into account using Eq. (5) although the
effect is negligible because at the final stage of the bubble
dissolution there is no water vapor inside a bubble as seen
later [51].

p∗
v = p∗

v0e
(− 2σVmL

RRgTL,i
)
, (5)

where p∗
v0 is the saturated vapor pressure at a flat liquid surface

as a function of temperature [47], σ is the surface tension, VmL

013106-2



EXTREME CONDITIONS IN A DISSOLVING AIR NANOBUBBLE PHYSICAL REVIEW E 94, 013106 (2016)

is the molar volume of liquid water (=1.8 × 10−5 m3), and R

is the instantaneous bubble radius.
The sound velocity (c) in the liquid at the bubble wall is

calculated by the following equation [50,52].

c =
√

7.15(pB + B)

ρL,i

, (6)

where pB is the liquid pressure at the bubble wall, B is
the constant used in the modified Tait equation of state for
the liquid water (B = 3.049 × 108 Pa), and ρL,i is the liquid
density at the bubble wall.

The dependence of the surface tension (σ ) on the bubble
radius is taken into account by the Tolman equation [Eq. (7)]
with the Tolman length of δ = −0.05 nm [53–56].

σ

σ0
= 1(

1 + 2δ
R

) , (7)

where σ0 is the surface tension at a flat liquid surface which
is a function of the liquid temperature at the bubble wall
[47].

Bubble dynamics is described by the modified Keller
equation (modified Rayleigh-Plesset equation) in which the
effects of the compressibility of the liquid and evaporation or
condensation of water vapor at the bubble wall are taken into
account [47].(

1 − Ṙ

c
+ ṁ

cρL,i

)
RR̈ + 3

2
Ṙ2

(
1 − Ṙ

3c
+ 2ṁ

3cρL,i

)

= 1

ρL,∞

(
1 + Ṙ

c

)
[pB − p0] + m̈R

ρL,i

(
1 − Ṙ

c
+ ṁ

cρL,i

)

+ ṁ

ρL,i

(
Ṙ + ṁ

2ρL,i

+ ṁṘ

2cρL,i

− R

ρL,i

dρL,i

dt
− ṁR

cρ2
L,i

dρL,i

dt

)

+ R

cρL,∞

dpB

dt
, (8)

where Ṙ = dR
dt

, c is the sound velocity in the liquid at the
bubble wall [Eq. (6)] [50,52], ṁ is the rate of evaporation
of water vapor at the bubble wall (negative value means
condensation), R̈ = d2R

dt2 , ρL,∞ is the liquid density far from
a bubble (=9.982 × 102 kg/m3), p0 is the ambient static
pressure, and m̈ = dṁ

dt
. The equation to calculate the rate of

nonequilibrium evaporation (ṁ) is given in Ref. [29]. pB is
estimated by Eq. (9).

pB = pg − 2σ

R
− 4μṘ

R
, (9)

where pg is the gas pressure inside a bubble, σ is surface
tension [Eq. (7)], and μ is the viscosity of the liquid as
a function of liquid pressure and temperature at the bubble
wall [47]. pg is calculated by the van der Waals equation of
state inside a bubble.(

pg + a

v2

)
(v − b) = RgT , (10)

TABLE II. The van der Waals constants of each gas species [57].

ai (J m3/mol2) bi (m3/mol)

N2 1.370 × 10−1 3.87 × 10−5

O2 1.382 × 10−1 3.186 × 10−5

Ar 1.355 × 10−1 3.201 × 10−5

H2O 5.537 × 10−1 3.049 × 10−5

where v is the molar volume, a and b are van der Waals
constants, Rg is the gas constant, and T is the temperature
inside a bubble. The molar volume is calculated as follows.

v = NAV

nt

, (11)

where V is the bubble volume, and nt is the total number of
molecules inside a bubble. The van der Waals constants are
calculated by the following equations.

a = 1

nt

(
nN2aN2 + nO2aO2 + nAraAr + nH2OaH2O

)
, (12)

b = 1

nt

(
nN2bN2 + nO2bO2 + nArbAr + nH2ObH2O

)
, (13)

where nN2 , nO2 , nAr, nH2O are the number of molecules of
N2, O2, argon, and H2O, respectively, inside a bubble, and
aN2 , aO2 , aAr, aH2O are the van der Waals constants of N2, O2,
argon, and H2O, respectively. The van der Waals constants for
each gas species are listed in Table II [57].

Temperature is assumed to be spatially uniform inside a
bubble except in the thermal boundary layer near the bubble
wall. This assumption has been validated under many condi-
tions of the Rayleigh collapse by direct numerical simulations
of the fundamental equations of fluid dynamics [58]. In the
present study, the temperature inside a bubble is calculated by
solving the following equation [46].

E = nN2

NA

∫ T

0
CV,N2 (T́ )dT́ + nO2

NA

∫ T

0
CV,O2 (T́ )dT́

+ nAr

NA

∫ T

0
CV,Ar(T́ )dT́ + nH2O

NA

∫ T

0
CV,H2O(T́ )dT́

−
(

nt

NA

)2
a

V
, (14)

where E is the thermal energy of a bubble, NA is the Avogadro
number, and CV,N2 (T́ ), CV,O2 (T́ ), CV,Ar(T́ ), CV,H2O(T́ ) are the
molar heat capacities at constant volume of N2, O2, argon, and
H2O, respectively, at temperature T́ . The integration of the
molar heat capacity of each gas species with temperature is
described in Appendix C [59]. The derivation of Eq. (14) is as
follows [46]. The internal energy (E) of a bubble is a function
of temperature (T ) and volume (V ) of a bubble for the van der
Waals gas. Thus

dE =
(

∂E

∂T

)
V

dT +
(

∂E

∂V

)
T

dV . (15)
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From the definition of molar heat capacity at constant
volume, the following relationship holds.(

∂E

∂T

)
V

= nN2

NA

CV,N2 (T ) + nO2

NA

CV,O2 (T ) + nAr

NA

CV,Ar(T )

+ nH2O

NA

CV,H2O(T ). (16)

For the van der Waals gas, the second term in Eq. (15) is
nonzero [51].(

∂E

∂V

)
T

= T

(
∂p

∂T

)
V

− pg =
(

nt

NA

)2
a

V 2
. (17)

Inserting Eqs. (16) and (17) into Eq. (15) and integrating
the first term by temperature from 0 (K) to T (K) and
the second term by volume from infinity to V , one obtains
Eq. (14).

The thermal energy of a bubble (E) is estimated by using
Eq. (18).

�E = −pg�V +
∑

i

ei�ni + 4πR2 103NA

MH2O
ṁeH2O�t

+ 4πR2κ
∂T

∂r

∣∣∣∣
r=R

�t, (18)

where �E is the change of the thermal energy in a small time
(a time step) �t , �V is the change of the bubble volume,
ei is the energy carried by a molecule of the gas species i,
�ni is the change in the number of molecules of the gas
species i inside a bubble, the summation is for all the gas
species, MH2O is the molecular weight of water (= 18 g/mol),
eH2O is the energy carried by an evaporating or a condensing
water molecule, κ is the thermal conductivity of the gas, and
∂T
∂r

|r=R is the temperature gradient at the bubble wall inside
a bubble ( ∂T

∂r
|r=R = (TB−T )

lth
is assumed, where TB is the gas

and vapor temperature at the bubble wall, lth is the thickness
of the thermal boundary layer near the bubble wall inside
a bubble. lth is assumed as nλ, where n = 7 and λ is the
instantaneous mean free path of a gas molecule inside a bubble
[33,60,61]).

The energy carried by a molecule of each gas species is
given as follows [48].

eN2 = 1

NA

∫ TB

0
CV,N2 (T́ )dT́ , (19)

eO2 = 1

NA

∫ TB

0
CV,O2 (T́ )dT́ , (20)

eAr = 1

NA

∫ TB

0
CV,Ar(T́ )dT́ = 3RgTB

2NA

, (21)

eH2O = 1

NA

∫ TB

0
CV,H2O(T́ )dT́ . (22)

The thermal conductivity (κ) is calculated by the following
equation [62].

κ = 0.5

[∑
i

xiκi +
{∑

i

(
xi

κi

)}−1]
, (23)

where xi is the mole fraction of the gas species i inside
a bubble, and κi is the thermal conductivity of the gas
species i at temperature T . The thermal conductivity of each
gas species as a function of temperature is described in
Appendix D [62].

The continuity of energy flux at the bubble wall is given by
the following equation.

κL

∂TL

∂r

∣∣∣∣
r=R

= κ
∂T

∂r

∣∣∣∣
r=R

+ ṁ
103NA

MH2O

(
L + eH2O

)

+
∑

i

[
dni

dt
(ei − �Hi)

]
, (24)

where κL is the thermal conductivity of liquid water, ∂TL

∂r
|r=R

is the temperature gradient in liquid water at the bubble wall,
L is the latent heat of evaporation or condensation of water,
the summation is for all the gas species (i = N2, O2, and Ar),
dni

dt
is the rate of the change in the number of molecules of the

species i given by Eq. (1), and �Hi is the heat of solution of
the gas species i into water (Appendix B). Using Eq. (24), the
liquid temperature (TL,i) at the bubble wall is calculated. The
equations to calculate TL,i and TB are given in Refs. [29,47].

On the right side of Eq. (18), the first term is pV work
done by the surrounding liquid to a bubble. The second term
is the energy decrease due to the gas diffusion out of a bubble.
The third term is the energy exchange due to nonequilibrium
evaporation or condensation of water vapor at the bubble wall.
The last term is the energy exchange due to thermal conduction
between the interior of a bubble and the surrounding liquid.

In order to see the degree of gas rarefaction inside a bubble,
the Knudsen number (Kn) is numerically calculated as a
function of time [63].

Kn = λ

R
, (25)

where λ is the instantaneous mean free path of a gas molecule
inside a bubble, and R is the instantaneous bubble radius. The
mean free path (λ) is calculated by the following equation [51].

λ = V√
2σ́ nt

, (26)

where σ́ is the cross section of a molecule in the bubble and is
assumed as σ́ = 0.4 × 10−18 m2.

In order to see whether the quantum effect is present inside a
nanobubble, the de Broglie wavelength (λdB) of a gas molecule
is also calculated as a function of time [51].

λdB = h

mv̄
, (27)

where h is the Planck constant (=6.626 × 10−34 J s), m is the
mass of a gas molecule (=4.65 × 10−26 kg for a N2 molecules),
and v̄ is the mean speed of a gas molecule given by the
following equation [51].

v̄ =
√

8kBT

πm
, (28)

where kB is the Boltzmann constant (=1.38 × 10−23 J/K), and
T is the temperature inside a bubble in Kelvin.

In order to see whether thermal equilibrium is achieved
inside a bubble, the mean free time (tmf ), which is the average
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FIG. 1. The result of the numerical simulation for the dissolution of an air nanobubble into water saturated with air as a function of time for
about 75.4 μs. The initial bubble radius is 100 nm. (a) The bubble radius (R). (b) The number (ni) of molecules of each gas or vapor species
inside a bubble with logarithmic vertical axis.

time between collisions of a gas molecule inside a bubble, is
also calculated as a function of time [51].

tmf = λ

v̄
. (29)

The density (ρg) inside a bubble is calculated by the
following equation.

ρg = 10−3
(
nN2MN2 + nO2MO2 + nArMAr + nH2OMH2O

)
ntv

,

(30)

where MN2 , MO2 , MAr are the molecular weight of N2,
O2, and Argon, respectively (MN2 = 28, MO2 = 32, MAr =
40 g/mol), and v is the molar volume.

In order to study the shape stability (or instability) of a bub-
ble, the amplitude of the nonspherical component of the bubble
surface is numerically calculated in the simulations [64–66].
When the amplitude of the nonspherical component exceeds
the instantaneous mean bubble radius, a bubble would dis-
integrate into daughter bubbles. A small distortion of the
spherical surface is described by R(t) + an(t)Yn where R(t)
is the instantaneous mean bubble radius at time t , Yn is a
spherical harmonic of degree n, and an(t) is the amplitude of
the nonspherical component. The dynamics for the amplitude
of the nonspherical component an(t) is given by

än + Bn(t)ȧn − An(t)an = 0, (31)

where the overdot denotes the time derivative (d/dt),

An(t) = (n − 1)
R̈

R
− βnσ

ρR3
−

[
(n − 1)(n + 2)

+ 2n(n + 2)(n − 1)
δ

R

]
2μṘ

R3
, (32)

and

Bn(t) = 3Ṙ

R
+

[
(n + 2)(2n + 1) − 2n(n + 2)2 δ

R

]
2μ

R2
, (33)

where βn = (n − 1)(n + 1)(n + 2), and δ is the thickness of
the thin layer where fluid flows,

δ = min

(√
μtch

2π
,
R

2n

)
, (34)

where tch is the characteristic time.

III. RESULTS AND DISCUSSIONS

A numerical simulation is performed for the dissolution
of an air nanobubble into water saturated with air. The initial
bubble radius is 100 nm. According to the simulation, the
time for the complete dissolution is 75.36 μs (Fig. 1). It is
slightly shorter than that estimated from the Epstein-Plesset
theory (77.8 μs) due to the bubble dynamics (the inertia of the
surrounding liquid).

Surprisingly, the temperature inside a bubble (T ) increases
up to about 3000 K at the final moment of the bubble dissolu-
tion [Fig. 2(a)]. This is due to the quasiadiabatic compression
of a bubble. The pV work done by the surrounding liquid
slightly overwhelms the energy loss due to thermal conduction
[Fig. 2(b)]. The energy loss due to the gas diffusion into the
surrounding liquid does not considerably influence the bubble
temperature because the temperature is determined by the
thermal energy per molecule. The quasiadiabatic compression
means that the bubble compression is not an ideal adiabatic
process but there is considerable thermal conduction between
the bubble interior and the surrounding liquid. The duration
of the high temperature is very short. The temperature is
higher than 1000 K for only 19 ps [Fig. 2(a)]. However, at
this stage, the Knudsen number is more than 0.2 [Fig. 2(c)].
The number of molecules inside a bubble is less than 11.
Thus the error associated with the continuum model should be
considerable at this final moment of the bubble dissolution. As
the de Broglie wavelength is two orders of magnitude smaller
than the bubble radius, the quantum effect would be negligible
inside a nanobubble even near the final moment of the bubble
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dissolution [Fig. 2(c)]. For much lighter gas species such as
H2, however, some quantum effect would be possible inside a
nanobubble such as discrete values of temperature and pressure
because the de Broglie wavelength is much longer.

The maximum bubble wall speed reaches about |dR/dt | =
90 m/s. According to the present numerical simulation, the
bubble wall speed temporally fluctuates during the final
moment of the bubble collapse due to some computational
error whereby negligibly tiny pulsation of a bubble sets in
during the dissolution process. This is the reason why there is a
tiny fluctuation in the liquid pressure (pB) at the bubble wall in
Fig. 2(d). However, the computational error does not influence
the conclusions in the present paper. On the other hand, the
computational error significantly affects the magnitude of the
acoustic energy radiated from a bubble, which is not discussed
in the present paper.

Surprisingly again, the liquid pressure at the bubble wall
increases up to about 5 GPa at the final moment of the
bubble dissolution. In a quiescent liquid model such as the
Epstein-Plesset theory, the liquid pressure at the bubble wall
is kept constant (1 atm) even at the final moment of the bubble
dissolution. Due to the bubble dynamics (the inertia of the
surrounding liquid), however, the liquid pressure significantly
increases according to the present numerical simulation. As
the pressure inside a bubble is higher than the liquid pressure
at the bubble wall due to surface tension, the pressure inside a
bubble also increases up to about 5 GPa at the final moment.
The pressure is higher than 1 GPa for the final 0.7 ns inside a
bubble and for the final 0.6 ns in the liquid at the bubble wall.

According to the present numerical simulations, the ampli-
tude of the nonspherical component of a bubble is always much
smaller than the instantaneous mean bubble radius [Fig. 2(e)].
Thus it is expected that the bubble shape is kept almost
spherical during its dissolution. In other words, a bubble never
disintegrates into daughter bubbles.

The liquid temperature (TL,i) at the bubble wall increases
up to about 358 K (85 °C) at the final moment of the bubble
dissolution [Fig. 2(f)]. The liquid temperature at the bubble
wall is higher than 30 °C (50 °C) for the final 53 ps (7 ps).
In equilibrium, these liquid temperatures and pressures at the
bubble wall at the final moment of the bubble dissolution
correspond to the solid state (ice) of water [67]. Further
studies are required on whether transient, high-pressure so-
lidification of water takes place near the bubble wall. If such
solidification occurs, the gas diffusion into the surrounding

water would be stopped, and a rebound of a bubble would be
observed.

Initially, about 76% of the bubble content is N2 molecules in
mole fraction [Fig. 1(b)]. In the last 2.3 ns of the dissolution, the
bubble content becomes only N2 molecules as the solubility
of N2 is the lowest among the gas species, although only
the last 255 ps is shown in Fig. 2(g). The increase of the
liquid temperature to 85 °C is insufficient for the dissociation
of liquid water. Thus the only possible radical formation is the
dissociation of N2 molecules inside a bubble (Eq. (35)).

N2 + N2 → N + N+N2. (35)

The rate constant is given by Eq. (36) [68].

k = 6.1 × 10−9T −1.6e−113 200/T
(
m3 molecule−1 s−1

)
, (36)

where k is defined by − d[N2]
dt

= k[N2]2; [N2] is the con-
centration of N2 molecules in (molecules/m3), and T is
temperature in K. Equation (36) may result in some error
for the temperature below 6000 K because the dissociation
of N2 molecules usually takes place above 6000 K. The rate
(dNN/dt) of N atom production is given by Eq. (37).

dNN

dt
= 2k[N2]2V, (37)

where V is the bubble volume in m3. The total number (NN)
of N atoms produced is given by Eq. (38).

NN =
∫

dNN

dt
dt. (38)

The result of the numerical simulations is shown in
Fig. 2(h). The production of N atoms is negligible because
NN is only on the order of 10−15. It is due to the lower bubble
temperature (3000 K) than that required for the dissociation
of N2 molecules (6000 K) as well as the small number of
molecules inside a bubble and the very short duration of the
high temperature inside a bubble.

However, the mean free time of gas molecules inside a
bubble is about 0.1 ps at this moment [Fig. 2(i)]. It would
be sufficiently small for the equilibrium of the translational
motion of gas molecules because the number of collisions
necessary to provide equilibrium distributions from strongly
perturbed thermodynamic states of an assembly of particles is
on the order of 10 for the translational motion [69,70]. It would
be insufficient for the equilibrium of rotational and vibrational
motion because the number of collisions necessary for them

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
The result of the numerical simulation as a function of time for the last 255 ps of the complete dissolution of an air nanobubble into
water. The condition is the same as that in Fig. 1 (t = 0 in this figure corresponds to t = 75.361 μs in Fig. 1). (a) The bubble radius (R) (dotted
line) and the temperature (T ) inside a bubble (solid line). (b) Temporally integrated pV work, energy loss due to thermal conduction and that
by gas diffusion. (c) The Knudsen number (Kn) and the de Broglie wavelength (λdB) relative to the bubble radius (R). (d) The pressure (pg)
inside a bubble and the liquid pressure (pB ) at the bubble wall. (e) The amplitude of the nonspherical component of degree n = 2 relative to
the instantaneous mean bubble radius. The initial a2 is assumed as 1 nm with da2/dt = 0. (f) The liquid temperature (TL,i) at the bubble wall.
(g) The number (nN2 ) of N2 molecules inside a bubble. (There is no other gas and vapor species inside a bubble at the final 2.3 ns.) (h) The
rate of N atom production (dNN/dt) and the total number (NN) of N atoms production. (i) The mean free time (tmf ) of gas molecules inside a
bubble. (j) The density (ρg) inside a bubble. (k) The thermal conductivity (κ) of gas inside a bubble. (l) The diffusion coefficient (Di) of gas in
liquid water. (m) The liquid density (ρL,i) at the bubble wall and that (ρL,∞) far from a bubble. (n) The sound velocity (c) in the liquid water
at the bubble wall and that (c0) far from a bubble. (o) The surface tension at the curved bubble surface (σ ) and that at a flat surface (σ0) as a
function of the liquid temperature (TL,i). (p) The viscosity (μ) of the liquid water at the bubble wall and that (μ0) far from a bubble.
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is on the order of 103 and 105, respectively. Thus the error
associated with Eq. (36) would be considerable.

The density inside a bubble increases up to about
690 kg/m3, and slightly drops at the final moment of the
bubble dissolution due to the dramatic increase in temperature
[Fig. 2(j)]. The density is about 86% of that of liquid nitrogen
at the boiling point at 1 atm (807 kg/m3 at 77 K). As the
pressure inside a bubble is several orders of magnitude higher
than the critical pressure of N2 (3.39 × 106 Pa), N2 inside a
bubble is in a supercritical state (the critical temperature of N2

is only 126 K.).
The thermal conductivity (κ) of the gas inside a bubble

suddenly increases at the final moment because the tempera-
ture suddenly increases [Fig. 2(k)]. The diffusion coefficients
of gas species in liquid water also suddenly increase at the
final moment because the diffusion coefficients exponentially
depend on the inverse of the liquid temperature (TL,i) at the
bubble wall which suddenly increases [Eq. (2)]. Although only
N2 molecules are present inside a bubble at the final moment,
the diffusion coefficients of the other gases are also shown in
Fig. 2(l). The liquid density (ρL,i) at the bubble wall is about
25% higher than that far from a bubble at the final moment
because of the high pressure (pB) of the liquid at the bubble
wall [Fig. 2(m)]. The liquid density slightly drops just before
the complete dissolution because of the sudden increase in the
liquid temperature (TL,i) at the bubble wall. The sound velocity
(c) in the liquid water at the bubble wall increases up to about
5400 m/s as the liquid pressure at the bubble wall increases
to about 5 GPa [Fig. 2(n)]. The tiny fluctuation in the sound
velocity in Fig. 2(n) is due to the numerical error mentioned
before. Near the final moment of the bubble dissolution, the
Tolman equation results in the considerably higher surface
tension (σ ) than that at a flat surface (σ0) [Fig. 2(o)]. The drop
of σ0 at the final moment is due to the increase in the liquid
temperature (TL,i) at the bubble wall. The viscosity (μ) of the
liquid at the bubble wall decreases considerably as the liquid
temperature (TL,i) at the bubble wall considerably increases
[Fig. 2(p)].

IV. CONCLUSION

Bubble dynamics simulation has been performed for the
dissolution of an air bubble into water saturated with air.
The presence of stable nanobubbles is not assumed because
the radius of any bubble passes the nanoscale during the
complete dissolution of the bubble. The bubble surface is
assumed to be clean because the attachment of hydrophobic
materials to the surface could considerably change the gas
diffusion rate. For the initial radius of 100 nm, an air bubble
completely dissolves into water in 75.36 μs according to the
present numerical simulation. It is slightly shorter than that
estimated from the Epstein-Plesset theory (77.8 μs) due to
the bubble dynamics (the inertia of the surrounding liquid).
The shape of a bubble is kept nearly spherical during the
dissolution as the nonspherical component of the bubble
shape is negligible compared to the instantaneous bubble
radius. In other words, a bubble never disintegrates into
daughter bubbles. Surprisingly, the temperature inside a bubble

increases to about 3000 K at the final moment of the complete
dissolution due to the quasiadiabatic compression of a bubble.
The bubble temperature is higher than 1000 K only for about
19 ps. However, at this moment, the Knudsen number is more
than 0.2 and the error associated with the continuum model
should be considerable. The pressure inside a bubble as well as
the liquid pressure at the bubble wall increases to about 5 GPa.
The pressure is higher than 1 GPa for the last 0.7 ns inside a
bubble and for the last 0.6 ns in the liquid at the bubble wall.
The liquid temperature at the bubble wall increases up to about
85 °C at the final moment. As a result, physical properties of
the liquid water at the bubble wall, such as density, sound
velocity, surface tension, and viscosity, considerably change.
The bubble content becomes only N2 molecules at the final
2.3 ns because the solubility of N2 is the lowest among the gas
species. In spite of the extreme condition inside a bubble, the
radical formation is negligible because the probability of N2

dissociation is only on the order of 10−15.
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APPENDIX A: HENRY’S LAW CONSTANTS

The equations for the Henry’s law constants (KH,i) are
assumed as follows as a function of temperature which are
valid only near the room temperature.

For N2 [71],

ln

(
KH,N2

109

)
= 58.190 472 − 86.321 29

τ
− 24.798 08 ln τ,

(A1)
where the Henry’s law constant (KH,N2 ) is expressed in Pa,
τ = T (K)

100 , and T is the temperature in Kelvin. In the calculation
of the saturated gas concentration at the bubble wall, T = TL,i .
In the calculation of the gas concentration far from a bubble,
T = T∞ = 293.15 K.

For O2 [72],

ln

(
KH,O2

109

)
= 55.017 904 − 83.912 36

τ
− 23.243 23 ln τ.

(A2)
For argon [73],

ln

(
KH,Ar

109

)
= −5.339 034 + 5.448 711 × 103

T

− 1.026 654 × 106

T 2
, (A3)

where T is in Kelvin.

APPENDIX B: HEAT OF SOLUTION OF GASES

The equations for the heat of solution (�Hi) of gases are
assumed as follows as a function of temperature which are
valid only near the room temperature.
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For N2 [71],

�HN2 = 1

NA

(−8.632 129 × 103Rg + 2.479 808 × 10RgTL,i)

(
J

molecule

)
, (B1)

where NA is the Avogadro number [=6.02 × 1023 (/mol)], Rg is the gas constant (=8.31 J/mol K), and TL,i is the liquid
temperature at the bubble wall in Kelvin.

For O2 [72],

�HO2 = 1

NA

(−8.391 236 × 103Rg + 2.324 323 × 10RgTL,i)

(
J

molecule

)
. (B2)

For argon [73],

�HAr = 1

NA

(
5.448 711 × 103Rg − 2.053 308 × 106Rg

TL,i

)(
J

molecule

)
. (B3)

APPENDIX C: MOLAR ENERGY

From the formulas of specific heat for each gas species in Ref. [59], the molar energy, which is the integration of molar heat
capacity at constant volume with temperature, is approximately given by the following equations.

For N2,
For temperatures between 250 and 775 K,∫ T

0
CV,N2 (T́ )dT́ = [44.412 25 + 0.174 037 95(T − 250) + 1.814 444 × 10−5(T − 250)2] × 4.186 × 28

(
J

mol

)
. (C1)

For temperatures between 775 and 1500 K,∫ T

0
CV,N2 (T́ )dT́ = [140.783 235 + 0.197 647 828(T − 775) + 2.1369 × 10−5(T − 775)2] × 4.186 × 28

(
J

mol

)
. (C2)

For temperatures above 1500 K,∫ T

0
CV,N2 (T́ )dT́ = [295.31 + 0.226 288(T − 1500)] × 4.186 × 28

(
J

mol

)
. (C3)

For O2,
For temperatures between 250 and 775 K,∫ T

0
CV,O2 (T́ )dT́ = [38.886 + 0.153 255 36(T − 250) + 3.4379 × 10−5(T − 250)2] × 4.186 × 32

(
J

mol

)
. (C4)

For temperatures between 775 and 1500 K,∫ T

0
CV,O2 (T́ )dT́ = [128.820 83 + 0.190 835 536(T − 775) + 1.508 933 × 10−5(T − 775)2] × 4.186 × 32

(
J

mol

)
. (C5)

For temperatures above 1500 K,∫ T

0
CV,O2 (T́ )dT́ = [275.107 924 + 0.211 023 4(T − 1500)] × 4.186 × 32

(
J

mol

)
. (C6)

For H2O (vapor),
For temperatures between 250 and 775 K,∫ T

0
CV,H2O(T́ )dT́ = [83.358 98 + 0.325 982 09(T − 250) + 6.616 16 × 10−5(T − 250)2] × 4.186 × 18

(
J

mol

)
. (C7)

For temperatures between 775 and 1500 K,∫ T

0
CV,H2O(T́ )dT́ = [272.735 36 + 0.400 238 9(T − 775) + 7.953 117 × 10−5(T − 775)2] × 4.186 × 18

(
J

mol

)
. (C8)

For temperatures above 1500 K,∫ T

0
CV,H2O(T́ )dT́ = [604.712 13 + 0.512 462 7(T − 1500)] × 4.186 × 18

(
J

mol

)
. (C9)
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FIG. 3. The molar energy assumed in the present simulation for
each gas species as a function of temperature.

For argon, the molar heat capacity is assumed to be
independent of temperature as 3Rg/2 where Rg is the gas
constant (=8.31 J/mol K) [59]. Thus its integration is simply
given by the following equation.∫ T

0
CV,ArdT́ = 3RgT

2

(
J

mol

)
. (C10)

Numerically calculated integration of the molar heat capac-
ity is shown in Fig. 3 as a function of temperature.

APPENDIX D: THERMAL CONDUCTIVITY
OF GASES AND VAPOR

From the experimental data in Ref. [62], the thermal
conductivity of each gas species and vapor is estimated by
the following equations as a function of temperature T in
Kelvin.

For N2,

κN2 = 5.225 73 × 10−5T + 1.008 538 × 10−2

(
W

m
K

)
.

(D1)

For O2,

κO2 = 6.447 887 × 10−5T + 7.221 126 8 × 10−3

(
W

m
K

)
.

(D2)

For argon,

κAr = 3.5887 × 10−5T + 6.812 77 × 10−3

(
W

m
K

)
. (D3)

For H2O (vapor),

κH2O = 9.967 213 × 10−5T − 1.1705 × 10−2

(
W

m
K

)
.

(D4)
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