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Characterizing short-term stability for Boolean networks over any distribution of transfer functions
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We present a characterization of short-term stability of Kauffman’s NK (random) Boolean networks under
arbitrary distributions of transfer functions. Given such a Boolean network where each transfer function is drawn
from the same distribution, we present a formula that determines whether short-term chaos (damage spreading)
will happen. Our main technical tool which enables the formal proof of this formula is the Fourier analysis of
Boolean functions, which describes such functions as multilinear polynomials over the inputs. Numerical simula-
tions on mixtures of threshold functions and nested canalyzing functions demonstrate the formula’s correctness.
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I. INTRODUCTION

Living systems composed of a wide variety of cells, genes,
or organs operate with uncanny synchrony and stability, as
do numerous engineered and social systems. In a series of
seminal papers, Kauffman introduced Boolean networks to
study systems composed of interdependent components that
function as one unit. This abstraction involves a network
representing connectivity and a family of Boolean functions
determining states of network nodes to model dynamic
behavior [1,2]. Boolean networks have been used to model
numerous dynamical systems, including genetic regulatory
networks [1] and political systems [3], and have received much
theoretical attention [4—12].

A Boolean network has a set of n nodes linked to each other
by a directed graph G. Each node i has a Boolean state in
{—1,4+1}, an in-degree K, and an associated Boolean function
fi i {=1,+1}¥ — {—1,41}, termed transfer function. If the
state of node i at time ¢ is x;(¢), its state at time 7 + 1 is
described by x;(t + 1) = fi(x;,(¢), . ..,x;,(¢)). For the sake of
analysis, it is common to study a randomized ensemble of
Boolean networks. The graph G is a directed Kauffman N K
network, where each each vertex i chooses K in-neighbors
uniformly at random. There is an underlying distribution
(or family) of Boolean transfer functions F. Each vertex i
independently chooses the transfer function f; from F.

A key parameter of interest is the short-term stability
of the Boolean network. Specifically, if a single node has
its state flipped, does the effect of this perturbation die out
(quiescence), does it exponentially cascade over time (chaos),
or is the system right in between (criticality)? There have
been numerous empirical and mathematical observations about
the characteristics of critical transition points in classes of
Boolean networks [4-9,11-15]. These results require F to
have specific properties, for example, that each truth table
entry is independent and identically distributed (i.i.d.), or that
functions are balanced (number of +1 and — 1 outcomes is the
same) on average.

Various natural classes of functions do not satisfy this
condition. For example, Kauffman proposed a family of
canalyzing functions, which tries to model real genetic
regulatory systems [2,4,8,16]. A canalyzing function has at
least one input and one value of that input that fully determines
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the output of the function. Previous formal analyses do
not yield characterizations of short-term stability for such
families. Threshold functions is another important class of
transfer function families, which are often used in modeling
processes such as influence cascades on social and biological
networks [17-23]. A threshold function is of the form
fxi,xo, ... xg) =sgn(}; cix; — ©), where ¢;s and © are
constants. Commonly, there is a bias towards a particular
state (for example, representing inertia or nonactivation), and
previous characterizations fail to predict the critical threshold
in such imbalanced families of threshold functions [11].
Previous work on the asymmetry between the on-off states
also emphasizes how this bias is a significant aspect of the
dynamics [24], but only studies a special subclass of threshold
functions with ® = 0 and binary weights c;.

Our main insight is to use the Fourier decomposition of
the transfer functions to give an exact formula for predicting
the short-term dynamics of Boolean networks for any fixed
distribution of transfer functions. The Fourier decomposition
represents a Boolean function (which is a discrete object) as a
multilinear polynomial over its inputs. This method was first
used in [25] to analyze the E. coli regulatory network. The
authors argue that the mutual information of a subset of nodes
relates to their importance in determining the states of other
nodes. Our analysis, however, is significantly broader and more
powerful.

We represent the asymmetry between states as a technical
quantity called the “imbalance” and prove that it evolves as a
polynomial recurrence. Using this recurrence, our main result
gives a formula that determines if a single-bit perturbation
spreads through the Boolean network. We assume that the
topology of the network is fixed (after it is drawn). All we
need from the topology is a local tree structure (as first
shown in [26] and extensively used in later results), which
is guaranteed with high probability for Kauffman N K random
graph distributions. We assume that each node receives a
transfer function from a fixed distribution. Using this formula,
we can compute critical points for families of distributions by
solving degree K polynomials (thus, it is independent of 7).

While no previous result provides such a formula, our
work is closely related to the following. Mozeika and Saad
[10,14,15] give a powerful generating function framework
for analysis of Boolean networks, but do not characterize
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short-term stability. Kahn et al. [27] introduced the notion of
influence I1(JF) on Boolean functions; an analogous notion was
proposed by Shmulevich and Kauffman [5] in the context of
Boolean networks. Seshadhri et al. [11] show that the influence
characterizes the short-term behavior for a highly restricted
class of balanced families F: On average, functions in F are
equally likely to output 41 and —1. Interestingly, they give
examples where the influence does not characterize stability
and/or chaos, thereby showing the limitation of influence for
this purpose.

Squires et al. [28] study the correlations between topology
and transfer function and give a computational approach to
study short-term dynamics. In contrast to almost all previous
work (including this result), they allow the transfer function
to depend on the node. This is much richer and arguably more
realistic, but previous techniques fail to work for this setting. In
our result, by assuming the same distribution F for all nodes,
we have uncorrelated topology from the transfer functions.

II. PRELIMINARIES

We are interested in the sensitivity of a Boolean network
state x(t) = {x1(¢)...,x,(¢)} to a small initial perturbation.
Formally, consider the following experiment. Suppose that a
Boolean network starts from state x and after 7 steps reaches
a state F,(x). Now consider another initial state, x) which
differs from x only in the ith bit. Let H; be the expected
Hamming distance between F,(x) and F,(x"), where x is
drawn from some specified (typically uniform) distribution. If
H, can be expressed as e/, then A is the Lyapunov exponent. If
A < 0, the Boolean network is quiescent; if > > 0, the network
is chaotic.

We use tools from harmonic analysis of Boolean functions,
pioneered by Kahn, Kalai, and Linial [27]. The convention
in this field is that —1 denotes TRUE and +1 is FALSE
(so multiplication in {—1,41} maps to XOR of {0,1} bits).
Consider f : {—1,+1}X — {—1,+1}, where we think of f as
one of the transfer functions. The standard representation is
as a truth table, with 2% entries in {—1,4+1}. An alternative
representation is as a linear combination of basis functions.
In the following, we use y € {—1,41}X to denote an input to
the transfer function. We use [ K] for set {1,2, ...,K}, which
denotes the input coordinates. Refer to [29] for details on the
following.

(i) Biased distributions. We use D, to denote the distribu-
tion over {—1,+1}, where the probability of 1 is (1 + p)/2. We
choose this notation because the expected value is exactly p,
the bias. Abusing notation, for y € {—1,+1}X, wesayy ~ D,
when each coordinate of y is chosen i.i.d. from D,,.

(i) Imbalance. The imbalance of the Boolean network
at time ¢, denoted by &, is Y :_, x;(¢)/n. Informally, this
measures the difference between the +1’s and —1’s in the
network. Observe that if the starting state x(0) is chosen from
D,, then §p = p.

(iii) Parity functions. For any subset S of coordinates in
[K1, [1;cs i is the parity on S. (For S = (J, we set the parity
tobe 1.)

(iv) Fourier representation. Any Boolean function f can

be expressed as f(y) = Y g4 7S [Tics yi» where F(S) are
called Fourier coefficients. This expansion represents f as a
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multilinear polynomlal over the Boolean variables yy, ..., yk.

It can be shown that £(S) = 2K >y O [1ics vi, the corre-
lation between f and the parity on S. (The Fourier coefficients
are the Walsh-Hadamard transform of the truth table.) There
are exactly 2K Fourier coefficients, one for each subset of
the K inputs. For example, consider K =2 and the AND
function. A calculation yields AND(y;,y2) = 1/2+ y, /2 +
2/2 = yiy2/2.

(v) Level sets gf coefficients, o,. Of special interest is
o, (f) = 2 c.cj=r F(C), where 0 < r < K. This is simply the
sum of coefficients corresponding to sets of size r. Note that
oo(f) = (@) = Z f(»). This is exactly the imbalance in the
truth table of f.

(vi) Influence. For any function f, the influence of the
ith variable is denoted Inf;(f) = Pr,[f(y) # f(y')] (Where
the probability is over the uniform distribution and y®
obtained by flipping y at the ith bit), and the total 1nﬂuence is
I(f) =Y, Inf;(f). We define a biased version of this quan-
tity, Inf;(f; ) = Pryep,[f(y) # f(y™)], and, analogously,
I(f;p) =) Inf;(f:p).

When taking expectations E[---], we usually provide a
subscript clarifying the randomness over which expectations
are taken. Thus, E,.p[- - -] means we are taking expectations
over y distributed according to D.

We prove a standard proposition relating the influence to
the Fourier coefficients.

Proposition 1. The value of Inf;(f;p) is equal to the
following two expressions:

() (1/HE,-p, (Lf () = fGOP);

(i) Eyon, ([ Xgor £ T 0N}

Proof. Since the probability distribution is always D,
we drop the subscript y ~D,. We have Infi(f;p)=

Prf(y) # f(y™)]. Observe that [f(y) — f(y)]> =4 if
f) # fP) and zero otherwise. Hence, 4Inf;(f;p) =

E{{f(y) — f»)]*}. We expand this expression,
4Infi(f;p) = E{Lf () — FGDI)
2
=E Zf(S) [Ty -1
JjeSs Jjes

=E1| 2 F®0i =) T] i

S>i jeS\i

2

Zf(s) [Tyt

S3i jes\i

—4E

where the penultimate step follows since for j # i, y; = y;') ,

and the final step is because |y; — y(’)| =2. |

III. MATHEMATICAL RESULTS

We can derive closed form expressions for the evolution
of §, (the expected imbalance at time 7) and H, (the expected
Hamming distance at time ¢ after a single bit perturbation).
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The evolution of §, (t > 0) is determined by the level
sets of coefficients of the transfer functions. We use o,(F) =
E /- rlo,(f)] and I(F:8) = B [1(f; )],

Theorem 1. Let the initial state x(0) be chosen from D,
(so 8o = p). Then §, evolves according to the polynomial
recurrence 8,41 = ), 0-(F)é].

An equivalent formulation of this recurrence has been
derived by the generating function method in Mozeika and
Saad [10], though their approach is completely different
(they do not show a connection to Fourier coefficients). Our
approach offers a clean description of this recurrence, since
o0,(F) can be easily computed from F.

Our main theorem shows how the damage caused by a bit
perturbation spreads.

Theorem 2. Let &y,61, ... be as given by Theorem 1. For
t < (loggn)/K, Hy = [ocpo, 1(F;8n).

In many situations, &, converges to some §*. By Theorem
1, this convergence is independent of n, the size of the
Boolean network. Thus, we can apply Theorem 2, deriving
H, =~ [I(F;§")]". The Lyapunov exponent is log, I(F;§*), so
we get a critical point at /(F;8*) = 1. Our formula gives
a provable characterization of short-term stability for any
transfer function family F.

Balanced families. We derive previous results that only held
for balanced families . In such families, the expected differ-
ence (over F) between +1°s and —1’s in the transfer functions
is exactly zero. This contains the classic random families of
Kauffman. For such a family, 0o(F) = E s~ x[oo(f)] = 0. The
starting distribution is given by Dy, so §o = 0. Regardless of
the values of o,(F) (for r > 0), by Theorem 1, §, = 0 for
all 7. Hence, H, = [I(F;0)]", and I(F;0) =1 is the critical
threshold. This is exactly the main result of [11].

We provide formal proofs for our theorems in the next
section.

How harmonic analysis helps

The Boolean network problem is fundamentally discrete,
and the questions are about iterating the discrete function that
the Boolean network represents. Harmonic analysis allows
us to represent the discrete transfer functions as multilinear
polynomials over the inputs (which are still discrete). To
understand the evolution of imbalance, we take expectations
over the distribution of inputs. An application of the linearity
of expectation implies that the imbalance evolves as an iterated
polynomial. This is the gist of the proof of Theorem 1.
We stress that the polynomial representation of the transfer
functions is crucial for this insight.

Additionally, damage spreading is related to changes in
the function represented by the Boolean network on flipping
some bits. The Fourier representation essentially represents the
function in terms of how it changes when specific subsets of
its inputs change. Thus, it helps in rigorous analysis of damage
spreading in Boolean networks.

For Theorem 2, we use the standard observation that
the local neighborhood of a Kauffman NK network is a
tree. For a time scale of less than log, n, we can imagine
that the Boolean network (from the perspective of a single
node) is just a tree. This allows for the calculations to be
performed independently over subtrees. Since we represent
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transfer functions as polynomials, we can express the state
of a node as a polynomial over the states of the leaves.
We can then perform an analysis of perturbations to prove
Theorem 2.

IV. PROOFS

Recall that for p € [—1,1], we define a biased distribution
D,on{—1, + 1} asfollows. The probability of +11is (1 4 p)/2
and that of —1 is (1 — p)/2. Note that expectation is exactly
p. We sometimes abuse notation and use D, to denote the
product distribution over n bits. The uniform distribution is
given by Dj.

For a Boolean network A/, we use f;(x) to denote the
total state after ¢ steps starting with an initial state x. We use
fv.:(x) to denote the (Boolean) state at the vertex v. Our aim is
to understand H, = (1/n) }_;_, Ex~p, [ f;(x) — f,(x©)]. That
is, we calculate the expected Hamming distance over the
starting state x for a random bit flip. As proven in previous
work, this is the same as % ZKMQ Inf, (fy.; p). This is the
average value (over all vertices v) ofEu Inf, (fy..; p). Since the
construction of Boolean networks is random where all vertices
are symmetric, in expectation, all these influence sums are the
same. Hence, we will fix a single vertex and focus on this
sum.

Fix a vertex v. Let us consider the function f,, for
small ¢ < log, n. Previous work tells us that we can assume
(asymptotically) that this is a rooted tree [26]. Note that this
assumption also holds for sparse configuration models, such
as Erd6s-Rényi random graphs, but we focus on models where
the degree, K, is fixed. We define a distribution 5, on Boolean
networks that runs for ¢ steps on rooted trees with height 7.
We take a K-ary directed tree rooted at v of depth ¢, with
edges pointing towards the root v. For every internal node u,
we choose a transfer function ¢, distributed according to F.
The leaves of the tree are the input nodes, collectively denoted
as x. We set the state at leaf nodes from the distribution D,,.
So 8y = p is the initial imbalance.

The Boolean network runs for ¢ steps to yield the state at
the root. We use vy,vs, ... to denote the children of v. The
Fourier expansion yields the following proposition.

Proposition 2. f,; = ZAQ[K] Go(A) [ Tica fori—1-

Proof. Suppose the state at v; is y;. The state at v is
determined by applying the transfer function ¢, on the states
(1,25 - - -, ¥k )- Using the Fourier expansion of ¢,, we get that
the state at v is Y 4cx1 @v(A) [];c4 vi- The state y; is given
by the function f,, ;_, and the state at v is f, ;. [ |

We take expectations of the formula in Proposition 2, noting
that §, = Eg, {Ex~p, [ f,./(y)]} (verbal explanation follows),

8 =B fo] =B | Y ¢ ][] foum

AC[K] ieA

=Y Eu [&(A)]‘[fvi,m@)}

AC[K] icA
=Y EFpMWI ] [Ecn_ [fon()].
AC[K] icA

012301-3



SESHADHRI, SMITH, VOROBEYCHIK, MAYO, AND ARMSTRONG

The second line is just linearity of expectation. The final line
is obtained through independence. Note that ¢, is independent
of the Boolean networks rooted at the v;’s. These Boolean
networks are also independent of each other. Hence, the
expectation of the product is the product of expectations. The
function ¢, is a random function ¢ chosen from F. Because
of the recursive construction, the distribution of 5; rooted at
v induces the distribution of 3;_; rooted at the v;’s. Now,
observe that E, 5, [ fu,.r—1()] = &:—1.

Plugging this in and collecting all terms corresponding to
sets of the same size (recall o, = E,,)Nf[za‘c‘:r d(O)D,

5= Y 8EF[¢(A)]

AC[K]
=Y Y EAp = 08, (D
r20  AlAl=r >0

This proves Theorem 1.

For the spreading of perturbations, we focus on I,(pp).
This is the expected average (over all nodes) influence of
a node at ¢ steps, when the initial distribution is D,,. We
can express I;(pg) as follows. By the tree approximation,
H; =Ep [Ze Inf,(fy.:); p] (where £ is over all leaves). In
words, we look at the p-biased influence summed over all
leaves. For convenience, we drop the time or height subscript
and simply write f, instead of f, ;.

Partition the leaves into subsets Si,S,, ...,Sk, where S;
contains all leaves that are descendants of v;. Focus on a leaf
£ € §;. The first equality below is a technical statement proven
earlier as Proposition 1. Applying Proposition 2,

Eg, [Inf,(fy; p)]

= (1/4Es, cop, | [ /() — LLOD]}
= (1/4)Eg, .,

2
x {Z $u(A) []‘[ f) =[] 4 (y“))} }
A

icA icA

Observe that for i # 1, f,,(y) = f,, ). (This is because ¢
is not in the subtree of v;.) In the summation above, only the
terms corresponding to A 5 1 are nonzero. Expanding further,

2
{Z $u(A) []‘[ L) =T % (y(“)} }

A>l icA icA
2

YoM [T A0 £ () = fu )]

Asl icA
i#1

2

[ = L GO 0[] )} - @

Asl ieA
i#1

Each f,, is defined over disjoint parts of the underlying tree
with disjoint inputs. Hence, when we take the expectation
Ep, . over the product, we get the product of expectations.
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Thus,
Ep [Inf,(fy; p)]
= (1/4Es, oo, {[fu ) = fu, 0]}

2

a0 T B
A>1 ieA
i#1

The first term, (1/4)Eg, x~p, {[fo,(¥) — fo, 0D}, is ex-
aCﬂy EB;—] [Infé(fvl > /0)]

We deal with the second term. The random variable f;,, (x)
is in {—1, + 1} and Eg,_, y~p,[fy;(¥)] = §,—1. Hence, it is
distributed as Dj, ,. Taking expectations over B,_;,x, setting
yi = fy(y) and Proposition 1,

X EBI,XNDP

2

> M ]] £

Aol ieA
i#1

EB, x~D,

2

> o) [ »

Asl ieA\l

= Ey~r[Inf1(¢;8,-1)]. )

The final equality uses Proposition 1 to show that
that the term in the expectation above is exactly
Inf;(¢;8,—1). Thus, for £ € S;, we get Eg [Inf,(f,; 0)] =
E r[Inf;(¢; 6;—1)1Ep,_, [Infe(f,,; p)]. We combine all our ob-
servations:

H, =Y Eg [Infy(f,:p)]
4

=Ep~ry~p,

K
=) EglInfi(f,.)]

i=1 LeS;

Il
.M"

Ex[Inf;(¢;8, 1)1 ) Eg,_,[Infe(f,; 0]

i=1 LeS;

Il
.M"

Ex[Inf;(¢; 8, 1)IEs, , | Y Infi(f:p)

1 Les;

l

K
= H_1 ) _Ez[Infi(¢:8,_1)]

i=1
= H,,ll(]‘-; 3171). (5)

Uncoiling the recurrence yields Theorem 2.

V. APPLICATIONS

A. Mixtures of threshold function families:
Convergence of opinion

Threshold functions are commonly used to understand
the spread of new ideas and/or viral propagations in social
networks, inspired by pioneering work in sociology [17-19].
Consider two types of people (vertices) in a network. Some
simply side with the majority of their neighbors. Others are
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FIG. 1. Experimental results. (Left) This is for the threshold function distribution. Each line plots (for a fixed §; g increases from left to
right within the plot) the limiting imbalance as a function of the initial input imbalance p. We observe a sharp threshold in each case coinciding
with the prediction shown as a dotted line. (Right) This is for the nested canalyzing distribution. Each line plots the imbalance over time for
different input imbalances p (where the value of p increases from bottom to top within the plot). Observe that it always converges to the same

value.

more resistant to change, and only take up a new belief if all
their neighbors believe it. We first demonstrate our theorem
on a synthetic distribution inspired by this application. For
simplicity of analysis, set K = 3. The majority function,
MAJ, is M(y) = sgn(}_; y;) and the AND function A(y) =
sgn(d_; y; + 2.5) (this is —1 if and only if all inputs are —1).
Our distribution F picks MAJ with probability § and AND
with probability 1 — 8. We can use our harmonic analysis
method to characterize how much of the initial network needs
to have a new belief for it to propagate through the network and
how sensitive this belief is to perturbations in the initial state.
Formally, we calculate the dynamics for the initial distribution
D,. Note that a vertex state is —1 (TRUE) if that vertex
currently believes the new idea.
We start with the Fourier expansions of MAJ and AND:

M(y) =" yi/2 = y1y2y3/2,

AY)=3/44 yi/4= D yivi/4+ iy /4.
i i#]
We compute oo(F) =3(1 — B)/4, o1(F)=38/2+3(1 —
B)/4=3(1+p)/4, o(F)=3(B—-1/4, and o3(F)=
—B/2+ (1 —B)/4 = (1 —38)/4. From Theorem 1,

Sip1 = (1=3B)8] /4 +3(B — 1)3; /4
+3(1 + B)é; /4 + 3(1 — p)/4. (6)
Any fixed point is a root of the following polynomial p(§).
Note that when p(§;) > 0, then §,; > 4, (and vice versa),
p@) = [(1 =38)8° +3(8 — D> + (3 — 1S +3(1 — B)1/4
= (- D@+ DIA —3p)é —3(1 — p)l/4. (7)
This characterizes the limits of §, as r — co (assuming
convergence). The first two are trivial roots, since the all
—1’s and all 41’s states are fixed points imbalances for the
Boolean network. The third root 3(1 — 8)/(1 — 38) is a new
valid imbalance [in the range (—1,1)] only when 8 > 2/3.

Now we can explain the dynamics (we ignore the trivial
cases p = —1, 4+ 1).

(i) B < 2/3.The polynomial p(z) > Oforany z € (—1,1).
Hence, for any nontrivial starting distribution D,, the Boolean
network converges to the all +1’s state. So the new belief will
always die out.

(i) B > 2/3. There exists a new unstable fixed point for
the imbalance at §* = 3(1 — 8)/(1 — 38). We have p(z) > 0
if z > 8" and p(z) < 0if z < §*. If p > §*, the eventual state
isall +1’s. If p < &%, the eventual state is all —1s.

To understand the sensitivity to bit flips, it is quite natural
that for situations where §; converges to —1 or +1, the
network is insensitive to perturbations. Calculations yield
that Inf(F; —1) and Inf(F;+1) are < 1. By Theorem 2,
the networks are quiescent. At p = &%, I(F;§*) =3p6[1 —
(6%)*1/2 + 3(1 — B)(1 — 6*)*/4. By some elementary algebra,
I(F;8*) > 1 when 8 > 2/3. Hence, for p = §*, the dynamics
are chaotic (again, this is expected).

We performed simulations on Boolean networks with 10*
nodes. For a given f, we vary the starting distribution p and
measure the imbalances at r = 100. We average over 1000
runs for each experiment, sampling network configuration
and initial condition,from the distributions specified, for each
instance. The results are in Fig. 1 (left), where each line denotes
a different choice of B, increasing from left to right. The
predicted transition of 6* = 3(1 — 8)/(1 — 38) is denoted by
the dashed line, coinciding nicely with the numerical transition
point. As expected, we see some fluctuations (due to chaotic
behavior at 6*) at the transition point.

B. Mixtures of threshold functions: Examples of criticality

In the previous section, we considered settings where the
entire network eventually converges to the same state. We now
consider two functions that have opposing actions, namely,
the negated majority (NMAJ) and the AND function. The
NMAJ, denoted by N, is just the negation of the MAJ function,
and thus, this gives the opposite state of the majority of its
neighborhood. The Fourier expansion is given by N(y) =
=2 2i/2+ y1y2y3/2.

The distribution Fg is obtained by choosing NMAJ
with probability 8 and AND with probability 1 — 8. We
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FIG. 2. Experimental results. (Left) This plots the value of I(F7d3) as a function of . (Right) This plots the average Hamming distance
as a function of time for different values of B, with § increasing from bottom to top within the plot. The middle line (influence equal to 1.0)
shows the critical point. The dotted lines are above the critical point and show chaotic behavior.

compute oy(F) =3(1 — B)/4, o1(F) = -38/2+3(1 —B)/
4 =3(1-3B)/4, oo(F)=3(B—1)/4, and o3(F) = B/2 +
(1—-p8)/4 =+ B)/4. From Theorem 1,

$v1 = (1+ B8] /4 +3(B — 157 /4

+3(1 —38)5,/4 + 3(1 — B)/4, (8)
pp(8) = [(1+ B8 +3(B — 1)8?
—(1+98)§ +3(1 — p)l/4. 9)

As before, the roots of p(§) in [—1,1] are fixed points.
When 8 = 0 (all AND), there is a stable fixed pointat § = 1,
corresponding all nodes at +1. When 8 = 1 (all NMAJ), the
stable fixed point is at § = 0, corresponding to half the nodes
at +1. By varying 8, we can move the stable fixed point in the
range [0, 1]. Let us denote this root by &, which is the limit of
the imbalance for the distribution Fpg.

The expressions for 1(A;8) and I(N;§) are polynomials
in § (obtained by looking at which bit flips change values of
AND and NMAJ, respectively),

I(A;8) = 38%/4 —38/2 4 3/4, (10)
I(N;8) = —3p%/2 +3/2. (11)
Thus, 1(Fp;8) = BI(N;8) + (1 — B)I(A; ),
I(Fp;8) = (=98/4 +3/4)8> + (38/2 — 3/2)8
+(38/4 +3/4). (12)

To understand the short-term dynamics for any S, as per
Theorem 2, we compute I(Fg;85). We plot this quantity as
a function of B in Fig. 2 (left). The horizontal dashed line
corresponds to [ (.7-'5;8;;) = 1. By Theorem 2, the vertical
dashed line shows the critical point. This reveals an interesting
phase transition in the short-term dynamics. When I(F; &) is
less than 1, the dynamics is quiescent (bit flips die out). When
it is greater than 1, the dynamics is chaotic. The critical point
is at B = 0.5552.. ., when the limiting influence is exactly 1.

This is validated by our empirical simulations, shown in
Fig. 2 (right) . We begin with a value of 8. We generate
a random Boolean network with 10* nodes with transfer
functions drawn from Fg and run it from a uniform random
input (so §p = 0) for 20 time steps. We then flip a random bit in
the same input, run it again, and track the Hamming distances
between the states at each time step. We repeat this entire
process 103 times, and plot the average Hamming distance
as a function of the time step. As shown in Fig. 2 (right),
we perform this simulation for 8 = 0.4,0.5 (below the critical
point), 8 = 0.5552. .. (the critical point, denoted as §*), and
B = 0.6,0.7 (above the critical point). Note that the average
Hamming distance is in log scale, so we expect the plots to
be roughly linear (except when the distance is comparable to
10%) by Theorem 2. In accordance with the analysis presented
above, the Hamming distance drops below 1 for 8 < 8* and
increases exponentially for 8 > g*.

C. Nested canalyzing functions

For another application, we consider the nested canalyzing
functions of [16]. Fix positive integer o and a series of
canalyzing input values cy,¢3, ...,cx and dy,d>, . .. ,dk ,dges
(where each of these is in {—1, + 1}). The function is defined
as follows:

dy  ify; =cy,
d2 lfyl #Cl andyzzcz,
fx)=
sdg ify; #cy,...,yk—1 # cx—1 and yx = ¢,
dger  otherwise.

For any parameter « > 0, the distribution is given by Pr[c; =
—1] = Prld; = —1] = exp(—a/2))/[1 + exp(—a/2)].
Kauffman et al. [16] suggest that « = 7 is reflective of real
biological networks, and corresponding Boolean networks are
quiescent.

We can use our theorems to validate the quiescence.
Let us the consider the polynomial §,4; — ;. For ex-
ample, at K =5, a technical calculation yields p(§) =
—0.0018* + 0.0168* — 0.118% — 0.695 + 0.71. For K = 10,
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p(8) = —0.0078* + 0.0128% — 0.0995 — 0.76 + 0.71. These
polynomials have a single stable root §* &~ 0.9 in [—1, + 1].
Even as K varies, the root is quite stable, so that fixed point
imbalance is at least 0.9 when K > 2.

We perform experiments for varying degree distributions
with 10* nodes, and varying starting state distributions D,.
(We show only the results for K = 5 for space reasons.) In
Fig. 1 (right), we plot the imbalance as a function of time
for varying p, with p increasing from bottom to top. Observe
that the imbalance always rapidly converges to around 0.9.
This means that roughly 90% of the nodes converge to the +1

PHYSICAL REVIEW E 94, 012301 (2016)

(FALSE) state. The influence I(F;8*) is roughly 0.3, so the
network is quiescent. In our experiments, we observe that the
Hamming distance rapidly decays to 0, validating our influence
calculation.
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