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Influence of optical activity on rogue waves propagating in chiral optical fibers
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We derive the nonlinear Schrödinger (NLS) equation in chiral optical fiber with right- and left-hand nonlinear
polarization. We use the similarity transformation to reduce the generalized chiral NLS equation to the higher-
order integrable Hirota equation. We present the first- and second-order rational solutions of the chiral NLS
equation with variable and constant coefficients, based on the modified Darboux transformation method. For
some specific set of parameters, the features of chiral optical rogue waves are analyzed from analytical results,
showing the influence of optical activity on waves. We also generate the exact solutions of the two-component
coupled nonlinear Schrödinger equations, which describe optical activity effects on the propagation of rogue
waves, and their properties in linear and nonlinear coupling cases are investigated. The condition of modulation
instability of the background reveals the existence of vector rogue waves and the number of stable and unstable
branches. Controllability of chiral optical rogue waves is examined by numerical simulations and may bring
potential applications in optical fibers and in many other physical systems.
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I. INTRODUCTION

Recently, propagation phenomena of solitons [1–5] and
vector solitons [6–8] in nonlinear media with natural or
induced linear optical activity [9–13] have attracted more
attention and have lead to important advances from the
fundamental and technological point of view. More recently in
optics, the study of propagation [14,15] in birefringent optical
fibers allows to introduce the concept of shape-changing soli-
tons that share energy among themselves during propagation.
So, when two optical waves copropagate inside a birefrin-
gent single-mode fiber, their states of polarization change
during propagation as a result of optically induced nonlinear
birefringence. This polarization instability manifests itself as
large changes in the output state of polarization, when the
input power or the polarization state is changed slightly [16].
Those optical activities are the consequence of intrinsic linear
birefringence [17] or circular birefringence [18] known as
natural chirality or artificial chirality. The natural chirality is
caused by the spatial dispersion of optical response either in
chiral molecules or in chiral arrangements of molecules and
the artificial chirality is induced by structural chirality, i.e., by
artificially chiral structural features in subwavelength scale.

This notion of chirality refers to the lack of bilateral
symmetry of an object and can be considered as a purely
geometric property of a medium. So, chirality is a geometrical
concept that describes the inability of an object and its mirror
image to be superimposed solely through translations and
rotations. This asymmetry of chiral molecules gives rise to
optical rotation, which is an example of circular birefringence
with the material possessing a different refractive index
for right-hand circularly polarized and left-hand circularly
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polarized light. This fact is expected to play an important
role in the potential application of the chiral media in the
microwave and optical regimes.

In fact, several nonlinear phenomena in chiral media
[9–13,18,19] have been studied over the last decade for many
applications and the principle problem in working with a
chiral medium is on the control of chirality level. After some
investigations, it has been suggested that the use of chiral
material in optical fibers may be studied with polymer optical
fibers [20,21]. But after some experimental studies, scientists
show that, because of organic nature of most chiral materials,
some of them are not indicated at the processing temperature of
silica and soft glasses; they will simply be damaged. In order to
solve this problem, some investigations on the controllability
of spontaneous waves in optical fiber have been done [22].
Among various solutions of spontaneous waves, the Peregrine
soliton [23], Akhmediev breather [24], and Kuznetsov-Ma
soliton [25] are considered as theoretical prototypes to describe
the interesting phenomenon of rogue waves.

As pointed out by many scientists, rogue waves are freak
waves, giant waves, monster waves, and killer waves, first
observed and measured scientifically at the Draupner oil
platform in the North Sea [26]. They are nonlinear single
oceanic waves of extremely large amplitude, much higher than
the average waves and are localized both in space and time
[27–29]. They appear from nowhere and disappear without
a trace and their reappearance without major shape changes
gives rise to a novel appellation of rogue waves, namely
rogons. Because of their more complicated way to be studied
in oceans, researchers extended this strange phenomenon in
optical fibers [23,30–38] for better understanding and the
cause of their enormous growth became a subject of scientific
research. The investigation on rogue waves dynamics argue
that they arise due to modulational instability [39,40] and their
occurrence has been later observed in physical systems as
optical wave guides [41], capillary waves [42], Bose-Einstein
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condensates [43–46], laser-plasma interactions [47], and in
econophysics [48].

As it is necessary to transmit pulses of the order of sub-
picosecond and femtosecond frequencies, the most adequate
models to describe rogue wave phenomenon are higher-order
nonlinear Schrödinger (NLS) equations, which take into ac-
count group-velocity dispersion (GVD), third-order dispersion
(TOD), and nonlinear effects such as self-phase modulation
(SPM), cross-phase modulation (XPM), self-steepening (SS),
self-frequency shift (SFS), and four-wave mixing (FWM).
Thus, many works have been carried out based on higher-
order NLS equations with constant coefficients [15,49] and
with varying coefficients [50]. Furthermore, rogue wave
solutions have been analytically found from coupled nonlinear
Schrödinger (CNLS) equations describing two-dimensional
waves [43]. Apart from exact solitary waves obtained from
CNLS equations in chiral optical fibers, no work has been
done in chiral optical fiber for the generation of optical rogue
waves. Motivate by the idea to generate the chiral optical rogue
waves and to control their evolution without any chiral fiber
destruction, we focus our attention on the chiral parameter to
underline the properties of chiral optical fiber and indirectly to
show the influence of optical activity on rogue waves.

The present paper is organized as follows. In Sec. II we
show how to derive two-dimensional NLS equation in chiral
optical fibers starting from Born-Fedorov equations. In Sec. III
we use the symmetry reduction and the modified Darboux
transformation to generate the analytical chiral optical rogue
wave solutions in the presence and in the absence of manage-
ment. In Sec. IV we present the influence of optical activity
on the propagation of optical rogue waves, for their possible
control in chiral media. In Sec. V we present the exact solutions
of the chiral CNLS equations with coupled space-dependence
coupling field. In Sec. VI physical properties of vector rogue
waves with mixed polarization in chiral optical fiber are given.
In Sec. VII we summarize the outcomes.

II. DERIVATION OF THE NONLINEAR SCHRÖDINGER
EQUATION IN CHIRAL OPTICAL FIBERS

The phenomenological theory based on the Beltrami-
Maxwell formalism extended to nonlinear chiral medium [10]
has given rise to new effects of great significance in chiral
applications. First observed in optical activity, chirality cor-
responds to the rotation of the polarization plane in a linear
isotropic material. In an anisotropic cubic media, we add to the
polarization P and/or to the magnetization M , an additional
term Tc proportional to �∇ × �H , which measure per units
length, the chirality. The spatial chirality effect in a medium is
characterized through the Born-Fedorov formalism, based on
the predicted Maxwell’s equations. In chiral optical fibers, the
Born-Fedorov equations are the most adequate for the study
of optical activity. As they satisfy to the edge conditions [51],
this allows us to characterize the nonlinear chiral medium by
the given equations [9,10,12]

�D = εn
�E + ε0Tc

�∇ × �E,
(1)�B = μ0( �H + Tc

�∇ × �H ),

where the flux densities �D and �B arise in response to the
electric and magnetic field �E and �H propagating in the chiral
medium with εn = ε0 + ε2| �E|. Here ε0 and ε2 are linear and
nonlinear permittivity, respectively. μ0 is the permeability and
Tc the chiral parameter of the optical fiber. In our medium, the
predicted Maxwell equations are

�∇ · �D = ρV , �∇ · �B = 0,

�∇ × �E = −∂ �B
∂t

, �∇ × �H = �J + ∂ �D
∂t

, (2)

where the current density �J = σ �E and the charge density
ρ represents the sources for the electromagnetic field. The
quantity σ is the electrical conductivity and V the volume.
Substituting Eq. (1) into Eq. (2), we obtain the following wave
equation

∇2 �E + μ0ε0Tc
2 ∂2∇2 �E

∂t2

= μ0ε0
∂2 �E
∂t2

+ μ0σ
∂ �E
∂t

+ μ0ε2| �E|∂
2 �E

∂t2

+ 2μ0ε0Tc
�∇ × ∂2 �E

∂t2
+ μ0ε2Tc| �E|2 �∇ × ∂2 �E

∂t2

+μ0σTc
�∇ × ∂ �E

∂t
. (3)

The optical field �E is represented by a right- (R) or left-hand
(L) polarization in the z direction as

�E(�r,t) = (x̂ ∓ j ŷ) �A(�r,t) exp[−j (K±z − ω0t)]

= �ψR,L exp[−j (K±z − ω0t)], (4)

where �ψR,L is the complex envelope of the optical field in
the nonlinear chiral medium, K the wave number, and ω0 the
frequency.

After evaluation of different derivations of �E in x, y, and
z directions in Eq. (3), we neglect the second-order terms and
suppose that the wave is propagating in the z direction. This
imply that

Kx = Ky = 0, Ez = 0. (5)

Considering the slowly varying envelope of the amplitude, we
can do the paraxial approximation bellow∣∣∣∣∂2Ex

∂z2

∣∣∣∣ �
∣∣∣∣2jKz

∂Ex

∂z

∣∣∣∣,
(6)∣∣∣∣∂2Ey

∂z2

∣∣∣∣ �
∣∣∣∣2jKz

∂Ey

∂z

∣∣∣∣.
The final result of Eq. (3), after approximations, stands for

(see the Appendix)

j
∂φ

∂z′ + 1

2
K ′′ ∂

2φ

∂t ′2
− j

1

6
K ′′′ ∂

3φ

∂t ′3
+ j

ωα

2K0
(1 ∓ KTc)φ

− βω2

2K0
(1 ∓ KTc)|φ|2φ ∓ K2Tcφ + j

ωβ

K0
|φ|2 ∂φ

∂t ′
= 0,

(7)
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where K ′ = ∂K
∂ω

= 1
vg

is the inverse of group velocity K ′′ =
∂K ′
∂ω

is the group-velocity dispersion coefficient, which takes
the plus and minus signs (±), representing the anomalous
and normal dispersion regimes, respectively. The parameter
K ′′′ = ∂K ′ ′

∂ω
is the TOD term. In the fourth term, the attenuation

coefficient α is weighted towards the chiral parameter Tc. The
factor to |φ|2φ is the SPM and the term K2Tcφ occurs as an
additional correction to the chirality of the fiber. The last term
has the physical sense of SS and is necessary to perform the
description of spontaneous waves.

The new variables, namely

q = ω0
2/3β1/3

(2K0)1/3 φ, ξ = ω0
2/3β1/3

(2K0)1/3 z′

τ = ω0
1/3β1/16

√
K ′′(2K0)1/6

t ′, 
 = ω0
1/3α

(2K0)1/3β1/3

γ = β1/6K ′′′

6K ′′
ω0

1/3√
(2K0)1/3K ′′

, C = 1 ∓ TcK

D = K2Tc(2K0)1/3

β1/3ω0
2/3

, α3 = (2K0)5/6β1/6

√
K ′′ω0

2/3K0

(8)

allow us to express Eq. (7) in the form

j
∂q

∂ξ
+ 1

2

∂2q

∂τ 2
− jγ

∂3q

∂τ 3
+ jC
q ∓ Dq − C|q|2q

+jα3|q|2 ∂q

∂τ
= 0. (9)

Equation (9) is the NLS equation for a chiral optical fiber.
This generalized chiral NLS equation can be used to describe
the propagation of right-hand (+) and left-hand (−) polarized
rogue waves in a higher-order dispersive and nonlinear chiral
optical fiber. If we let α3 = 0, we obtain another form of NLS
equation for a chiral optical fiber without the SS term [10]. For
Tc = 0, C = 1, D = 0, γ = 0, and 
 = 0, Eq. (9) stands for
the standard NLS equation.

If we let q(ξ,τ ) = ψ(ξ,τ ), ϕ = 1
2 , and μ = C
, the model

becomes

j
∂ψ

∂ξ
+ ϕ

∂2ψ

∂τ 2
− jγ

∂3ψ

∂τ 3
+ jμψ ∓ Dψ − C|ψ |2ψ

+jα3|ψ |2 ∂ψ

∂τ
= 0. (10)

We should keep in mind that the controllability condition
should be verified in Eq. (10). With the aim of taking into
account the missing condition of controllability (on higher-
order NLS models) Yan et al. [52] showed that the sum of
parameters related to the SS, that is, a2 and to the SFS, that is,
a3 should be zero: a2 + a3 = 0. In order to achieve this aim,
let us write the sum of the SS (α3) and the SFS (α4) in the
following form

j [α3(|ψ |2ψ)τ + α4ψ(|ψ |2)τ ]

= j [α3|ψ |2ψτ + (α3 + α4)ψ(|ψ |2)τ ] (11)

and let α3 + α4 = 0; it will remain another term of SS given by
jα3|ψ |2ψτ . Thus, the assumption of controllability is verified
by the model given in Eq. (10). Our main aim now is to find

the rational solutions of Eq. (10) with variable and constant
coefficients, which may be useful to control the propagation
of chiral optical rogue waves.

III. SYMMETRY REDUCTION, FIRST- AND
SECOND-ORDER RATIONAL SOLUTIONS OF THE
CHIRAL NONLINEAR SCHRÖDINGER EQUATION
WITH VARIABLE AND CONSTANT COEFFICIENTS

In the presence of management in Eq. (10), the optical pulse
propagation in chiral media can be described by the chiral NLS
equation with variable coefficients, in the form

j
∂ψ

∂ξ
+ ϕ(ξ )

∂2ψ

∂τ 2
− jγ (ξ )

∂3ψ

∂τ 3
+ jμ(ξ )ψ

∓D(ξ )ψ − C(ξ )|ψ |2ψ + jα3(ξ )|ψ |2 ∂ψ

∂τ
= 0, (12)

where τ is taken as time parameter and ξ as spatial parameter.
The variable coefficients ϕ(ξ ), γ (ξ ), μ(ξ ), D(ξ ), C(ξ ), and
α3(ξ ) are related to the GVD, TOD, the gain and loss term of
the induced optical activity, linear birefringence, SPM, and SS
coefficients, respectively.

Since Eq. (12) has varying coefficients, it becomes not inte-
grable and this strongly affects the wave propagation in chiral
optical fiber. In order to solve this problem of nonintegrability
of the model, we can either use the symmetry reduction method
using third-order propagation vector field [53] or the envelope
field in gauge form [54] to obtain some integrability conditions.
This method has been applied in NLS models to look for exact
analytical solutions and is the most adequate method for the
construction of rogue wave solutions. From this preliminary
method, varying coefficients are obtained but the complex field
is deduced from the modified Darboux transformation or from
the Lax pair method [55]. In what follows, we use the envelope
field in the form [52,56,57]

ψ(ξ,τ ) = A(ξ )V [Z(ξ ),T (ξ,τ )] exp{iρ(ξ,τ )} (13)

to construct the rational solutions related to chiral optical
rogue waves, where A(ξ ) is the amplitude, Z(ξ ) the effective
propagation distance, T (ξ,τ ) the similitude variable, and
V [Z(ξ ),T (ξ,τ )] the complex field. The variable ρ(ξ,τ ) is the
phase of the wave. This form of envelope field is also known
as the similarity transformation or the reduction method.

Substituting Eq. (8) into Eq. (13) gives a couple system of
partial differential equations with variable coefficients

−γAVT Tτττ + 3γAV Tτρτ
2 + AVT Tξ

+AVT Tτρτ − γAVT T T Tτ
3 + 3γAV ρττρτ

+AξV + μV + AVZZξ + ϕAV ρττ

+α3A
2|V |2AVT Tτ − 3γAVT T TτTττ = 0, (14)

−AV ρξ + ϕAVT T Tτ
2 + ϕAVT Tττ − ϕAV ρτ

2

+ γAV ρτττ + 3γAVT Tττρτ + 3γAVT Tτρττ

− γAV ρτ
3 + 3γAVT T Tτ

2ρτ − α3A
2|V |2AVT ρτ

∓DAV − CA2|V |2AV = 0. (15)
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In order to simplify the script of differential equations above,
we write A(ξ ) = A, Z(ξ ) = Z, T (ξ,τ ) = T , ρ(ξ,τ ) = ρ.
According to the previous works [52,57], we use the symmetry
transformation given by Eq. (13) that would reduce Eq. (12)
to the integrable Hirota equation in the form [58]

i
∂V

∂Z
= −∂2V

∂T 2
+ G|V |2V + 2

√
2iν

(
∂3V

∂T 3
+ 3|V |2 ∂V

∂T

)
.

(16)

In the case of rogue waves finding, we take G = −1. The
parameter ν is a real constant. With V [Z(ξ ),T (ξ,τ )] satisfying
the relation (16), the similarity reduction of Eqs. (14) and (15)
leads to

γ (ξ )TτTττ = 0, (17)

ϕ(ξ )Tττ + 3γ (ξ )(Tττρτ + Tτρττ ) = 0, (18)

∓D(ξ ) + ρξ + ϕ(ξ )ρτ
2 + γ (ξ )(ρτ

3 − ρτττ ) = 0, (19)

Aξ + A[ϕ(ξ )ρττ + 3γ (ξ )ρττρτ + μ(ξ )] = 0, (20)

Tξ + Tτρτ − γ (ξ )
(
Tτττ − 3Tτρτ

2
) = 0, (21)

Zξ + Tτ
2[ϕ(ξ ) + 3γ (ξ )ρτ ] = 0, (22)

γ (ξ )Tτ
3 + 2

√
2νZξ = 0, (23)

A2[C(ξ ) + α3(ξ )ρτ ] + GZξ = 0, (24)

α3(ξ )A2Tτ − 6
√

2νZξ = 0. (25)

Here, the subscripts ξ and τ denote spatial and temporal
derivatives, respectively. The resolution of the system (17)–
(25) yields for γ (ξ ) �= 0 and TτTττ = 0 to the similarity
variable

T (ξ,τ ) = T1(ξ )τ + T0(ξ ), (26)

where T1ξ
(ξ ) = 0. The substitution of Eq. (26) into Eq. (18)

tends to 3γ (ξ )Tτρττ = 0. As γ (ξ ) �= 0, T1(ξ ) �= 0, and ρττ =
0, the phase can be written as

ρ(ξ,τ ) = ρ1(ξ )τ + ρ0(ξ ), (27)

where ρ1ξ
(ξ ) = 0.

From Eq. (23), the effective propagation distance Z(ξ ) will
be

Z(ξ ) = −
√

2

4ν

∫ ξ

0
γ (s)T1(s)3ds. (28)

Equation (22) stands for

ϕ(ξ ) = −γ (ξ )

(
3ρ1(ξ ) − T1(ξ )

2
√

2ν

)
. (29)

Through Eq. (21), we arrive at

γ (ξ ) = −
(

T0ξ
(ξ ) + T1(ξ )ρ1(ξ )

3T1(ξ )ρ1
2(ξ )

)
. (30)

Relation (20) is transformed to

A(ξ ) = A0 exp

{
−

∫ ξ

0
μ(s)ds

}
, (31)

where, A0 is a constant. The result coming from Eq. (21), is
out to be

∓D(ξ ) = −
{
γ (ξ )ρ1

2(ξ )

(
2ρ1(ξ ) − T1(ξ )

2
√

2ν

)
− ρ0ξ

(ξ )

}
,

(32)
with D−(ξ ) = −D+(ξ ). Equation (25) gives the result

α3(ξ ) = −3γ (ξ )T1
2(ξ )A−2(ξ ). (33)

Through relation (24), one finds that

C(ξ ) = γ (ξ )T1
2(ξ )

(
3ρ1(ξ ) + GT1(ξ )

2
√

2ν

)
A−2(ξ ). (34)

The TOD parameter γ (ξ ) is used to control the effective
propagation distance Z(ξ ), the GVD parameter ϕ(ξ ), the
coefficient of linear birefringence D(ξ ), the SS coefficient
α3(ξ ), and the SPM nonlinearity C(ξ ). The gain and loss term
of the induce optical activity μ(ξ ) can be used to manage the
optical activity on the amplitude A(ξ ), on the SS coefficient
α3(ξ ), and on the SPM nonlinearity C(ξ ). To determine the
complex field V [Z(ξ ),T (ξ,τ )], we use the modified Darboux
transformation method [43,59–61]. The first- and second-
order rational solutions of the Hirota equation, namely by
Eq. (16), were recently found by Ankiewicz et al. [58]. They
showed how to construct the hierarchy of rational solutions
of the Hirota equation. According to the modified Darboux
transformation, the first- and second-order rational solutions
are constructed in the following paragraph.

Considering the correspondence Z(ξ ) = x, 1√
2
T (ξ,τ ) = t ,

and ν = α3 in Ref. [58], the first-order of the complex field
V [Z(ξ ),T (ξ,τ )] leads to

V1[Z(ξ ),T (ξ,τ )] =
[

1 − G1 + iH1

D1

]
exp{iZ(ξ )}, (35)

where

G1 = 4, H1 = 8Z(ξ ),

D1 = 1 + [
√

2T (ξ,τ ) + 12νZ(ξ )]2 + 4Z(ξ )2. (36)

Taking into account the above correspondence, solution (35)
is known as the Peregrine soliton [23]. Then, collecting the
partial solutions together, we construct the first-order rational
solution related to the exact chiral optical rogue wave solution
of Eq. (12)

ψ1 = A(ξ )

[
1 − G1 + iH1

D1

]
exp{iZ(ξ ) + iρ(ξ,τ )}. (37)

The intensity of the first-order chiral optical rogue wave is

|ψ1|2 = A0
2 exp

{
−2

∫ ξ

0
μ(s)ds

}

×
[

([
√

2T + 12νZ]
2 + 4Z2 − 3)

2 + 64Z2

(1 + [
√

2T + 12νZ]
2 + 4Z2)

2

]
. (38)
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This first-order rational solution is used to describe
the propagation of rogue wave in chiral optical fibers.
We use it to show the influence of optical activity
on the propagation of rogue waves and with a suit-
able choice of parameters of the original Eq. (12), we
manage the controllability of chiral optical rogue wave.

Then the second-order rational solution of the complex field
V [Z(ξ ),T (ξ,τ )] presented by Ankiewicz et al. [58] stands for

V2[Z(ξ ),T (ξ,τ )] =
[

1 + G2 + iZ(ξ )H2

D2

]
exp i{Z(ξ )},

(39)
where G2, H2 and D2 are given by the relations

G2 = −48T 4 − 1152
√

2νZT 3 − 144T 2[4Z2(36ν2 + 1) + 1] − 576
√

2νZT [12Z2(12ν2 + 1) + 7]

− 192Z4[216(6ν4 + ν2) + 5] − 864Z2(44ν2 + 1) − 36,

H2 = −96T 4 − 2304
√

2νZT 3 − 96T 2[4Z2(108ν2 + 1) − 3] − 1152
√

2νZT [4Z2(36ν2 + 1)] − 384Z4(36ν2 + 1)2

− 192Z2(180ν2 + 1) + 360,

D2 = 8T 6 + 288
√

2νZT 5 − 432Z4(624ν4 − 40ν2 − 1) + 36Z2(556ν2 + 11) + 9 + 64Z6(36ν2 + 1)3

+ 96
√

2ZT 3[12Z2(60ν2 + 1) − 1] + 12T 4[4Z2(180ν2 + 1) + 1] + 6T 2[16Z4[216ν2(30ν2 + 1) − 1]

− 24Z2(60ν2 + 1) + 9] + 72
√

2νZT [16Z4(36ν2 + 1) + 8Z2(1 − 108ν2) + 17]. (40)

According to the same correspondence of variables as for
first-order, we obtain the second-order solution found by
Akhmediev et al. [62]. Collecting the partial solutions together,
we construct the final second-order rational solution related to
the exact solution of Eq. (12)

ψ2 = A(ξ )

[
1 + G2 + iZ(ξ )H2

D2

]
exp{iZ(ξ ) + iρ(ξ,τ )}.

(41)
The intensity of the second-order chiral optical rogue wave
solution is

|ψ2|2 = A0
2 exp

{
−2

∫ ξ

0
μ(s)ds

}

×
[

(G2 + D2)2 + Z(ξ )2H2
2

D2
2

]
. (42)

This second-order rational solution is more precise than the
first one. It describes the optical activity effect on two rogue
waves propagating in a chiral optical fiber as well as collisions
between them. We use it in the next section to investigate the
features of chirality on rogue wave collisions.

Now, we turn our attention to the case of chiral NLS
equation with constant coefficients. Then, the new variables
of the first- and second-order rational solutions become

T (ξ,τ ) = T1(ξ )τ + T0(ξ ),

ρ(ξ,τ ) = ρ1(ξ )τ + ρ0(ξ ),
(43)

Z(ξ ) = −
√

2γ

4ν

∫ ξ

0
T1(s)3ds,

A(ξ ) = A0 exp{−μξ},
where, T1ξ

(ξ ) = 0, ρ1ξ
(ξ ) = 0, and μ = b3(1 ± KTc). By

taking into account the new variables above, the first- and
second-order rational solutions of the chiral NLS equation
with constant coefficients are given by Eq. (37) and Eq. (41),
respectively. With these exact solutions, we can appreciate
the influence of optical activity on rogue wave in chiral NLS
equation with constant coefficients.

After the construction of the above exact solutions, we can
choose their parameters to investigate the dynamics behavior
and the features of chiral optical rogue waves. So doing, we
alternate the sign of values in both space and time, which is
required to optimize the eventual stability of the solutions.

IV. OPTICAL ACTIVITY EFFECTS ON THE
PROPAGATION OF ROGUE WAVES

To illustrate the effect of optical activity on the propagation
of rogue waves related to the first- and second-order rational
solutions, we choose, appropriately, free functions T1(ξ ),
T0(ξ ), μ(ξ ), and γ (ξ ) to generate abundant structures of chiral
optical rogue waves. We present managed cases, in which the
choice of chiral parameter leads to the control of chiral optical
rogue waves. We note that parameters are chosen in order to be
bounded in the intervals −15 < ξ < 15 and −15 < τ < 15. In
this work, curves are plotted with the help of MATLAB. Through
Jacobian elliptic functions, the intensities of the first- and
second-order rational solutions are used to show the influence
of optical activity on the structure of chiral optical rogue waves.
Their approximative formulas are given in reference by [63]

dn(z,k) ≈ 1 − k2 sin (z)2

2
,

cn(z,k) ≈ cos(z) − k2 sin(z)

(
z − sin(z) cos(z)

4

)
,

sn(z,k) ≈ sin(z) − k2 cos(z)

(
z − sin(z) cos(z)

4

)
. (44)

In order to generate more stable chiral optical rogue waves,
we use the Jacobian elliptic functions, which are responsible
for the snaker form of waves as seen in Figs. 1, 2, and 3, where
|ψ−|2 and |ψ+|2 are chiral optical rogue waves in the left-
and right-hand side, respectively. We observe through these
figures that when the chiral parameter Tc is weak, the waves in
both hands have the same form [Figs. 1(b), 2(b), and 3(b)] and
the same amplitude [Figs. 2(b) and 3(b)]. We notice that the
increase of chiral parameter reveals a notable difference on the
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FIG. 1. First-order chiral optical rogue waves on the left-
and right-hand side with variable coefficients, where the pa-
rameters are (a) Tc = 0.5; (b) Tc = 0.1; with b1 = 0.2, K =
1, b3 = 0.1, ν = 0.6, k3 = 0.6, k4 = 0.9, T1(ξ ) = √

2b1, T0(ξ ) =
cn(ξ,k4), γ (ξ ) = k3

2sn(ξ,k3)cn(ξ,k3) in each case and μ(ξ ) =
b3(1 − KTc)sn(ξ,k4)dn(ξ,k4) for the left-hand intensity |ψ−|2 and
μ(ξ ) = b3(1 + KTc)sn(ξ,k4)dn(ξ,k4) for the right-hand intensity
|ψ+|2.

form of waves between the left- and right-hand intensities [see
Figs. 1(a), 2(a), and 3(a)]. We denote that the second-order
solutions [Figs. 2 and 3(b)] with more curvatures than the
first-order solutions [Figs. 1 and 3(a)] and this, in addition to
the coefficients with management, yields a more accurate study
of the influence of the optical activity on rogue waves. We can
conclude that the increase of the right-hand intensities and the
decrease of the left-hand intensities are slightly due to the order
of the solution and highly caused by the increase of the optical
activity [see Figs. 2 and 3]. The exchange of energy observed
here is also due to the two-wave mixing (TWM) effect. The
main difference between parameters of Figs. 1–3 depends on
the order of rational solutions through the parameters Gi , Hi ,
and Di (i = 1,2). The parameters G1, H1, and D1 given in
Eq. (36) have been used to construct the first-order rational
solution (37) while G2, H2, and D2 given in Eq. (40) have
been used to construct the second-order rational solution (41)
and where the parameters μ and γ depend on the variable ξ

in Figs. 1 and 2. In contrast, in Fig. 3, where we have also

FIG. 2. Second-order chiral optical rogue waves on the left-
and right-hand side with variable coefficients, where the pa-
rameters are (a) Tc = 0.5; (b) Tc = 0.1; with b1 = 0.2, K =
1, b3 = 0.1, ν = 0.6, k3 = 0.6, k4 = 0.9, T1(ξ ) = √

2b1, T0(ξ ) =
cn(ξ,k4), γ (ξ ) = k3

2sn(ξ,k3)cn(ξ,k3) in each case and μ(ξ ) =
b3(1 − KTc)sn(ξ,k4)dn(ξ,k4) for the left-hand intensity |ψ−|2 and
μ(ξ ) = b3(1 + KTc)sn(ξ,k4)dn(ξ,k4) for the right-hand side inten-
sity |ψ+|2.

constructed the first- and second-order rational solutions, the
parameters μ and γ are constants. In order to perform this
study, we use the chiral CNLS equations in what follows.

V. CHIRAL OPTICAL VECTOR ROGUE WAVES
IN COUPLED NLS EQUATIONS WITH COUPLED

SPACE-DEPENDENCE COUPLING FIELD

From the model obtain in Eq. (9), the coupled system of
NLS equation in chiral optical fibers with coupled space-
dependence coupling field is given by

iψ1ξ + ϕψ1ττ − iγψ1τττ + iμψ1 ∓ Dψ1 − (C1|ψ1|2
+C|ψ2|2)ψ1 + iα3|ψ1|2ψ1τ − β(ξ )ψ2 = 0,

(45)
iψ2ξ + ϕψ2ττ − iγψ2τττ + iμψ2 ∓ Dψ2 − (C|ψ1|2

+C2|ψ2|2)ψ2 + iα3|ψ2|2ψ2τ − β(ξ )ψ1 = 0,
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FIG. 3. (a) First- and (b) second-order chiral optical rogue waves
on the right- and left-hand side with constant coefficients, where
parameters are (a) Tc = 0.5; (b) Tc = 0.1; with b1 = 0.2, K = 1, b3 =
0.01, ν = 0.6, γ = 0.03, k4 = 0.9, T1(ξ ) = √

2b1, T0(ξ ) = cn(ξ,k4)
in each case and μ = b3(1 − KTc) for the left-hand intensity |ψ−|2
and μ = b3(1 + KTc) for the right-hand intensity |ψ+|2.

where the last term β(ξ ) describes the coupling between
mixed polarizations. As we consider an isotropic medium with
circular polarization and linear birefringence, the presence of
FWM becomes implicit through the reference changing [see
Appendix (A7)] whereas the SPM terms (C1|ψ1|2ψ1; C2

|ψ2|2ψ2) and XPM terms (C|ψ1|2ψ2; C|ψ2|2ψ1) can be
identified in the above model. In fact, C1 and C2 are SPM
nonlinearities (interactions) and C is the XPM nonlinearity
(interactions). The FWM in our system will be responsible for
the exchanging of energy between components.

Our study is based on the theory of determinant of the
nonlinear coefficients in the form [43]

� = C1C2 − C2, (46)

which determines the thermodynamic instability of the system.
In order to reduce the number of figures, we choose only one
value of the chiral parameter Tc = 0.5 and the case where the
SPM interactions have the same signs of the scattering length,
i.e., when C1C2 > 0 or the opposite signs.

A. Chiral optical rogue waves in the case: � = 0

1. First case: � = 0 and CC1,2 > 0

In this case, the XPM and SPM interactions are either
focusing or defocusing. For mixed polarizations of two
different kinds, β(ξ ) ≡ 0. To simplify the evaluation of this
coupled system, we deduce the compact form from the
Manakov system as follows [64]

iuξ + ϕuττ − iγ uτττ

+ iμu ∓ Du − Cu+uu + iα3u
+uτ = 0. (47)

where u = (u1
u2

) and C1 = C2 = C.
The SU(2) rotations are defined by two matrices as

R0 =
(

cos α sin α

− sin α cos α

)
,

(48)

R1 =
(

eiB(ξ ) −e−iB(ξ )

eiB(ξ ) e−iB(ξ )

)
,

where α is a constant and B(ξ ) is the real function written
down in the form B(ξ ) = − ∫

β(ξ )dξ . We defined ψ = R1R0u

and for the invariant norm, i.e., u+u = ψ+ψ , we obtain the
evolution equation

iψξ + ϕψττ − iγψτττ + iμψ ∓ Dψ − Cψ+ψψ

+ iα3ψ
+ψτ − β(ξ )σ1ψ = 0, (49)

where σj (j = 1,2,3) are the standard Pauli matrices. As we
construct the rational solution of Eq. (47), we choose it in the
form of one component chiral optical rogue wave as

u = �(ξ,τ )

(
1
0

)
, where

�(ξ,τ ) = A0√−C

[
1− 4 + i8Z(ξ )

1 + [
√

2T (ξ,τ ) + 12νZ(ξ )]
2 + 4Z(ξ )2

]

× exp{−μξ} exp{iZ(ξ ) + iρ(ξ,τ )}, (50)

which is valid for C < 0, and where the variables are

T (ξ,τ ) = T1(ξ )τ + T0(ξ ),

ρ(ξ,τ ) = ρ1(ξ )τ + ρ0(ξ ),

Z(ξ ) = −
√

2γ

4ν

∫ ξ

0
T1(s)3ds (51)

with μ = b3(1 ± KTc), T0(ξ ) = cn(ξ,k2), T1(ξ ) = dn(ξ,k1),
ρ0(ξ ) = sn(ξ,k4), and ρ1(ξ ) = cn(ξ,k3). The above solution
helps us to obtain a parametric family of chiral optical rogue
wave solutions of Eq. (49) in the form

ψ = 1√−2C
�(ξ,τ )

(
cos αeiB(ξ ) + sin αe−iB(ξ )

cos αeiB(ξ ) − sin αe−iB(ξ )

)
. (52)

The varying parameters T1(ξ ) and ρ1(ξ ) in this section,
excite complex structures which may be useful to control the
propagation of chiral optical vector rogue waves.

2. Second case: � = 0 and CC1,2 < 0

Here, the scattering lengths of the XPM and SPM interac-
tions have the same signs and this allows us to let β(ξ ) ≡ 0.
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Therefore, Eqs. (45) are reduced to

iw1ξ + ϕw1ττ − iγw1τττ + iμw1 ∓ Dw1

−C(|w1|2 − |w2|2)w1 + iα3|w1|2w1τ = 0,
(53)

iw2ξ + ϕw2ττ − iγw2τττ + iμw2 ∓ Dw2

−C(|w2|2 − |w1|2)w2 + iα3|w2|2w2τ = 0,

where w = (w1
w2

). The compact form of Eqs. (53) is given by

iwξ + ϕwττ − iγwτττ + iμw ∓ Dw

−C(w+σ3w)σ3w + iα3(w+σ3w)σ3wτ = 0. (54)

For the defined unitary matrices

P0 =
(

cosh α sinh α

− sinh α cosh α

)
,

P1 =
(

sinh α cosh α

cosh α sinh α

)
,

(55)

we generate the wave function ψ = Pjw (j = 0,1), which
solves the system

iψ1ξ + ϕψ1ττ − iγψ1τττ + iμψ1 ∓ Dψ1

− (−1)jC(|ψ1|2 − |ψ2|2)ψ1 + iα3|ψ1|2ψ1τ = 0,
(56)

iψ2ξ + ϕψ2ττ − iγψ2τττ + iμψ2 ∓ Dψ2

− (−1)jC(|ψ1|2 − |ψ2|2)ψ2 + iα3|ψ2|2ψ2τ = 0.

The use of a given value for the constant α in the unitary
matrixes can reduce the coupled systems (56) to (53) for
|w1|2 = |w2|2. This imply that the system is purely linear and
as consequence, this case can not support chiral optical vector
rogue waves of the type ψ1 ≈ ψ2.

B. Chiral optical vector rogue waves in the case: � �= 0

We start the study on the case � �= 0 with two polarized
electromagnetic waves without linear coupling. We consider
β(ξ ) ≡ 0 in the coupled systems (45). As we know the solution
of one component chiral optical rogue wave, we can deduce
an analog form for two components as follows [43]:

ψ1(ξ,τ ) = a1�(ξ,τ ),
(57)

ψ2(ξ,τ ) = a2�(ξ,τ ) exp(iδ),

where �(ξ,τ ) is given in relation (50), δ, the constant phase
mismatch, a1 and a2 are the amplitudes, which yield

a1
2 = C − C2

�
, a2

2 = C − C1

�
. (58)

Here, we let

C = ±1, C1 = d1 ± KTc, C2 = d2 ± KTc, (59)

where C and C1,2 are XPM and SPM nonlinearities and
d1,2 the arbitrary constants. Relation (58) is the condition
for the existence of the synchronized vector rogue waves.
The solution (57) obtained in two components describes the
propagation of vector rogue waves in chiral optical fibers.
We know that a rogue wave is generated by an unstable
background and in order to transform our background solution

to become unstable, we let (ψ1
(0),ψ2

(0)) = (a1,a2). By so
doing, we choose the solution of Eqs. (45) in the form of a
weakly modulated constant background [40,43]

ψj (ξ,τ ) = [aj + αj exp(iKξ − iωτ )

+βj exp(−iKξ + iωτ )]

× exp[−i(Cjaj
2 + Ca3−j

2)τ ], (60)

where aj is a constant background, αj and βj , the amplitudes
of the two components, K is the wave number and ω the
frequency. Here, we suppose that αj ,βj � aj (j = 1,2). The
substitution of solution (60) into the coupled systems (45) gives
after the linearizing with respect to αj and βj , the dispersion
relation

γ 2ω6 − γ (η1 + η2)ω5 + [η1η2 − γ (β1 + β2)]ω4

+ [β1η2 + β2η1 − γ (α1 + α2)]ω3

+ (β1β2 + η1α2 + η2α1)ω2 + (β1α2 + β2α1)ω

+α1α2 − 4a1
2a2

2C2 = 0, (61)

where the parameters are

φ12 = C1a1
2 + Ca2

2, φ22 = C2a2
2 + Ca1

2,

η1 = ϕ − 3γφ12, η2 = ϕ − 3γφ22,

β1 = φ12 + 3iγ φ12
2 − αa1

2, β2 = φ22 + 3iγ φ22
2 − αa2

2,

α1 = K + γφ12
3 − iμ ∓ D − iϕφ12

2 + 2C1a1
2

− 3αφ12a1
2 + φ12,

α2 = K + γφ22
3 − iμ ∓ D − iϕφ22

2 + 2C2a2
2

− 3αφ22a2
2 + φ22. (62)

Between the roots of the polynomial given in Eq. (61),
we should have at least one imaginary root ω to obtain
an unstable background and this can be possible under the
conditions C1,2 < 0 or � < 0. Thus, Eq. (61) is the condition
of modulational instability of the background. For some
specific set of parameters given in Figs. 4–8 captions, we
determine the stable and unstable branches of chiral optical
rogue waves and indirectly, the existence of vector rogue waves
through the dispersion relation given by Eq. (61). We analyze
all possible cases for the same and opposite signs of SPM and
XPM nonlinearities in the Table I presented in the Appendix.

VI. CHIRAL VECTOR ROGUE WAVES WITH MIXED
POLARIZATION IN CHIRAL OPTICAL FIBER

A. Chiral optical rogue waves on mixed polarization
without linear coupling

We first consider the case where the XPM and SPM
interactions are focusing, i.e., C, C1,2 < 0. Under this con-
sideration, the initial conditions given in the form of exact
solution in relation (57), induce the excitation of chiral optical
vector rogue waves in the left- and right-hand side [see
Figs. 4(a) and 4(b)]. In order to show how sensitive is the
evolution of chiral optical rogue wave, we choose another
initial conditions with slightly difference on the amplitude.
Therefore, we obtain chiral optical vector rogue waves in
each hand, where we remark a weak amplitude in the first
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FIG. 4. Chiral optical vector rogue waves of the right- and left-
hand intensity |ψ1,2(ξ,τ )|2 where the parameters are for (a) and (c)
C1 = −1.6, C2 = −1.8, � > 0, μ = b3(1 − KTc); for (b) and (d)
C1 = −0.6, C2 = −0.8, � < 0, μ = b3(1 + KTc); with K = 1, Tc =
0.5, d1 = −1.1, d2 = −1.3, α3 = 0.2, γ = 0.02, D = 0.6, k1 = 0.4,
k2 = k4 = 0.6, k3 = 0.5, b3 = 0.01, and C = −1 in each case. At
ξ = −9, the initial condition takes the form of exact solutions (50)
with δ = 0 for (a) and (b) then ψ1 = (a1

2 − 0.3)1/2
�(ξ,τ ), ψ2 =

(a1
2 + 0.3)1/2

�(ξ,τ ) for (c) and (d).

components and a significant one in the second components
[see Figs. 4(c) and 4(d)]. In this regard, vector rogue waves
most exist in Figs. 4(a) and 4(b) whereas they do not exist
in Figs. 4(c) and 4(d). This weak appearance of chiral optical
rogue waves in the first components can be understood if we
suppose that |ψ1|2 � |ψ2|2. In consequence, the function ψ1

FIG. 5. Chiral optical vector rogue waves of the right- and left-
hand intensity |ψ1,2(ξ,τ )|2 where the parameters are for (a) and (c)
C1 = −2.5, C2 = −3.0, � > 0, μ = b3(1 − KTc); for (b) and (d)
C1 = −1.5, C2 = −2.0, � < 0, μ = b3(1 + KTc); with K = 1, Tc =
0.5, d1 = −2, d2 = −2.5, α3 = 0.2, γ = 0.02, D = 0.6, k1 = 0.4,
k2 = k4 = 0.6, k3 = 0.5, and b3 = 0.01 in each case; C = −1 for (a)
and (b); C = 1 for (c) and (d). At ξ = −9, the initial condition takes
the form of exact solutions (50) with δ = 0.

on each hand can be considered as a linear wave function
localizes around the minima of the trap potential U = −|ψ2|2,
created by the second component ψ2, localized around the
maxima of the potential barrier. We can conclude that the
second components have a self-focusing character that protect
them from destructive action of the optical lattice (trapping
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FIG. 6. Nonexistence of chiral optical vector rogue waves of
the left-hand and existence of the right-hand intensity |ψ1,2(ξ,τ )|2
where the parameters are C1 = −0.6, C2 = 1.5, � < 0, and μ =
b3(1 + KTc) on the right-hand side and C1 = −1.6, C2 = 0.5, � < 0
and μ = b3(1 − KTc) on the left-hand side; with K = 1, Tc = 0.5,
d1 = −1.1, d2 = 1, α3 = 0.2, γ = 0.02, D = 0.6, k1 = 0.4, k2 =
k4 = 0.6, k3 = 0.5, C = −1, and b3 = 0.01 in each case. At ξ = −9,
the initial condition takes the form of exact solutions (50) with δ = 0.

FIG. 7. Chiral optical vector rogue waves of the right- and
left-hand intensity |ψ1,2(ξ,τ )|2 where the parameters are C1 =
C2 = 1.96, and μ = b3(1 − KTc) on the left-hand side and C1 =
C2 = −0.96 and μ = b3(1 + KTc) on the right-hand side; with
K = 1, Tc = 0.5, d1 = d2 = −1.46 α3 = 0.2, γ = 0.02, D = 0.6,
k1 = 0.4, k2 = k4 = 0.6, k3 = 0.5, b3 = 0.01, and C = 1; then ψ1 =
(−C1)−1/2�(ξ,τ ) and ψ2 = 0.02�(ξ,τ ) in each case at the origin
space ξ = −9.

FIG. 8. Existence of chiral vector rogue waves of the left-hand
and nonexistence of the right-hand intensity |ψ1,2(ξ,τ )|2 where the
parameters are C1 = 0.6, C2 = 0.8, � < 0, and μ = b3(1 − KTc)
on the left-hand side and C1 = 1.6, C2 = 1.8, � > 0 and μ =
b3(1 + KTc) on the right-hand side; with K = 1, Tc = 0.5, d1 = 1.1,
d2 = 1.3, α3 = 0.03, γ = 0.02, D = 0.6, k1 = 0.4, k2 = k4 = 0.6,
k3 = 0.5, b3 = 0.01, and C = −1 in each case. At ξ = −9, the initial
condition takes the form of exact solutions (50) with δ = 0.

potential) whereas the first components, exposed to the self-
defocusing character of the potential barriers are trapped in the
lattice. Fortunately, there would remain one component in each
side in the chiral optical fiber and the transport of information
by two components can always take place.

Now, we consider the case depicted in Fig. 5 where we com-
pare the focusing (C < 0) and the defocusing (C > 0) nature
of the XPM nonlinearity with the focusing SPM nonlinearities
C1,2 < 0. We observe in the mixed case of the defocusing
nature of the XPM and focusing SPM nonlinearities that the
amplitudes are much higher [see Figs. 5(c) and 5(d)] than the
ones observed in the unmixed case of defocusing XPM and
SPM nonlinearities [see Figs. 5(a) and 5(b)]. An interesting
phenomenon occurs on the right-hand side Fig. 5(d) and it
can be seen that the components have the same amplitude and
the second one is similar to the usual rogue waves, which are
localized both in space and time. This special aspect of chiral
optical rogue waves, that is, to send two signals through a
vector of rogue waves with the same frequency, can help in
optic communication domain.

When we choose focusing (C1 < 0) and defocusing (C2 >

0) SPM interactions with focusing XPM interactions, the
inverse situation observed in Figs. 4(c) and 4(d) occurs
in Figs. 6 where the self-focusing character of the first
component, ten times higher than the amplitude of the linear
wave function ψ2, created a trap potential U = −|ψ1|2 that
trap the second component in the lattice. Because of the
nonexistence of the left-hand chiral optical rogue waves, this
other aspect can help to guide waves in the right-hand side
only.

Now, we decide to generate a chiral optical rogue wave
in the form of one component with equal SPM interactions,
which are either defocusing C1,2 > 0 or focusing C1,2 < 0 with
defocusing XPM interactions C > 0. With slight excitation in
the second component as depicted in Fig. 7, we remark that
the amplitudes of the second components are too weak in such
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a way that we can say, they do no exist and consequently that
there is not chiral optical vector rogue waves in both left- and
right-hand side. Finally, we can confirm that the defocusing
nature of the XPM is responsible for the generation of holes or
chiral optical dark rogue waves in the second components and
to the unperturbed rogue waves or bright chiral optical rogue
waves in the first components. In summary, we can construct
a bright-dark vector of rogue waves in chiral optical fiber.

We consider now the case of defocusing interactions of
the SPM nonlinearities (C1,2 > 0) with focusing interactions
of XPM nonlinearity (C < 0) depicted in Fig. 8, where we
can also observe the nonexistence of right-hand chiral optical
rogue waves and the propagation of waves in the left-hand
side only. Through Fig. 6, we show that vector rogue waves
can be guided only in the right-hand side and through Fig. 8
that they can be guided only in the left-hand side. In summary,
we can control the propagation direction of vector rogue waves
in chiral optical fiber. The presence of several peaks in some
profiles in the text is caused by the strong instability of the
background and also due to interactions and collisions between
components. They are unusual rogue waves also known as
Akhmediev breathers or Kuznetsov-Ma soliton, which are not
localized in both space and time like usual rogue waves.

B. Chiral optical rogue waves on mixed polarization
with linear coupling

We take into account the last term of Eq. (45), β(ξ ),
which is responsible for the exchange between the two wave
components. We let N1 and N2 as the power in the first and
second components, relative to the total power in the system,
respectively, in the following form

N1 =
∫ |ψ1(τ )|2dτ∫ |�(τ )|2dτ

= −1

2C
{1 + sin(2α) cos[2B(ξ )]},

(63)

N2 =
∫ |ψ2(τ )|2dτ∫ |�(τ )|2dτ

= −1

2C
{1 − sin(2α) cos[2B(ξ )]},

where ψ1,2 are deduced from Eq. (52),C = −1, α = π
4 + nπ

2
with n being an integer. Now, we choose B(ξ ) in the form

B(ξ ) = π

4

[
1 − b

ξ − ξ0

ξ0

]
. (64)

We make a choice where the linear dependance of the phase
B(ξ ) depends on ξ . Through analytical simulation, we obtain
chiral optical vector rogue waves in the left- and right-hand
side depicted in Fig. 9. For b = 1, the first components in
both sides have the behavior of rogons, which after their
disappearance, reappear without major shape change in the
amplitude [see Figs. 9(a) and 9(b)]. We also remark that
all particles are concentrated in the second components in
the vicinity of ξ = 0. We can see fast oscillations of the
background [see Figs. 9(c) and 9(d)] for b = 15. We denote
in an equal way, the increase of the amplitude in the left-hand
and the decrease of the amplitude on the right-hand side and in
consequence, this process reveals the presence of FWM, which
is responsible for the exchange of energy between components
in the system. We show throughout Figs. 4(c) and 4(d) and
then through Fig. 6 and Figs. 7(a) and 7(b), how strong XPM
interaction can cause the nonexistence of synchronized chiral

FIG. 9. Chiral vector rogue waves of the right- and left-hand
intensity |ψ1,2(ξ,τ )|2 of Eq. (52) where the parameters are given
in Eq. (50), Eq. (51), and Eq. (64) with μ = b3(1 − KTc) on the
left-hand side and μ = b3(1 + KTc) on the right-hand side; b = 1.0
in (a) and (b) and then b = 15 in (c) and (d); with K = 1, Tc = 0.7,
C = −1, α = π/4, b3 = 0.01, γ = 0.03, k1 = 0.4, k2 = 0.6, ν =
0.6, ξ0 = −10, T0(ξ ) = cn(ξ,k2), and T1(ξ ) = dn(ξ,k1) in each case.
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vector rogue waves. Nevertheless, we observe that in these
cases such waves can exist but with weak amplitude in one
component. Then, with the matrices P0,1 defined in Eq. (55),
we arrive to the equal relation |ψ1|2 = |ψ2|2 from system (56),
which describes pure linear dispersive dynamics.

VII. CONCLUSION

In this work, we have derived the NLS-type equation
in chiral optical fiber with right- and left-hand nonlinear
polarization. The model is used to describe the propagation
of optical rogue waves in chiral fiber. We have used the
symmetry reduction and the modified Darboux transformation
to generate the rational solutions. In so doing, we have
constructed the first- and second-order chiral optical rogue
waves from the chiral NLS equation with variable and constant
coefficients, respectively. In order to show the influence of
optical activity on the propagation of rogue waves, we have
chosen Jacobian elliptic functions for good stability of the
waves. We have recorded from analytical results that in chiral
optical fiber we obtained two components, left- and right-hand
intensities. We have observed that the shape and the amplitude
of chiral optical rogue waves change with the increase of the
chiral parameter. This allows us to conclude that the slight
change of the amplitude is due to the optical activity and TWM

effects. We have performed our study by using chiral CNLS
equations and with the help of MATLAB, we have generated
the chiral optical vector rogue waves with four components
showing, through the exchange of energy, the FWM effect. In
the case of focusing and defocusing XPM interactions, we have
found unusual rogue waves such as Akhmediev breathers or
the Kuznetsov-Ma soliton. Then, we have shown the influence
of optical activity on different profiles. We have noticed that the
destruction of one component contributes to the perturbations
that lead to modulation instability and that the defocusing
nature of XPM generates chiral optical dark rogue waves.
We have also shown that positive and negative scattering
lengths can generate a potential barrier for one component
in the left- or right-hand side. Finally, we can control and
guide the propagation direction of chiral optical vector rogue
waves either in the left-hand or in the right-hand side for
some specific set of parameters, including chiral parameter.
This aspect can find applications in telecommunication and in
many other physical systems.

APPENDIX

In this Appendix, we present the derivation of Eq. (3).
Equation (3) is reduced in x, y, and z directions, respec-

tively, as follows

−2jKz

∂Ex

∂z
− Kz

2Ex + μ0ε0Tc
2

(
ω2Kz

2Ex + 2jKzω
2 ∂Ex

∂z
− 2jKz

2ω
∂Ex

∂t

)

= (μ0ε0 + μ0ε2| �E|)
(

2jω
∂Ex

∂t
− ω2Ex

)
+ μ0σ

(
∂Ex

∂t
+ jωEx

)
+ (2μ0ε0Tc + μ0ε2Tc| �E|2)

×
(

ω2 ∂Ey

∂z
+ jKz

(
2jω

∂Ex

∂t
− ω2Ey

))
+ μ0σTc

[
−jω

∂Ey

∂z
+ jKz

(
∂Ey

∂t
+ jωEy

)]
(A1)

−2jKz

∂Ey

∂z
− Kz

2Ey + μ0ε0Tc
2

(
ω2Kz

2Ey + 2jKzω
2 ∂Ey

∂z
− 2jKz

2ω
∂Ey

∂t

)

= (μ0ε0 + μ0ε2| �E|)
(

2jω
∂Ey

∂t
− ω2Ey

)
+ μ0σ

(
∂Ey

∂t
+ jωEy

)
+ (2μ0ε0Tc + μ0ε2Tc| �E|2)

×
[
−ω2 ∂Ex

∂z
− jKz

(
2jω

∂Ex

∂t
− ω2Ex

)]
+ μ0σTc

[
jω

∂Ex

∂z
− jKz

(
∂Ex

∂t
+ jωEx

)]
(A2)

[−ω2(2μ0ε0Tc + μ0ε2Tc| �E|2) + jωμ0σTc]

(
∂Ey

∂x
− ∂Ex

∂y

)
= 0. (A3)

Equation (A3) leads to

∂Ey

∂x
= ∂Ex

∂y
= cst, Ey = Ey(z,t), Ex = Ex(z,t). (A4)

Having multiplied Eq. (A2) by ±j , we do the addition of Eqs. (A1) and (A2) where we also consider the paraxial approximation∣∣∣∣∂Ex

∂t

∣∣∣∣ � |2jωEx |,
∣∣∣∣∂2Ey

∂z2

∣∣∣∣ � |2jωEy |. (A5)

Therefore, the novel form of wave equation can be written as[ ± j [(2μ0ε0Tc + μ0ε2Tc| �E|2)ω2 − jωμ0σTc] − 2jKz + 2jKzω
2μ0ε0Tc

2
]∂ψR,L

∂z
+ [−Kz

2 + μ0ε0Tc
2ω2Kz

2

+ω2(μ0ε0 + μ0ε2| �E|2) − jωμ0σ ± j (−jKzω
2(2μ0ε0Tc + μ0ε2Tc| �E|2) − Kzωμ0σTc)

]
ψR,L

+ [−2j × K2
z ωμ0ε0Tc

2 − 2jω(μ0ε0 + μ0ε2| �E|2)
]∂ψR,L

∂t
= 0, (A6)
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TABLE I. Occurrence of modulation instability and chiral vector rogue waves for mixed cases of SPM and XPM interactions.

SPM interactions XPM interactions Unstable Branches Stable Branches Chiral vector rogue waves

C1,2 < 0
− : C > C1,2,� > 0
+ : C < C1,2,� < 0

− : 4
+ : 4

− : 2
+ : 2

− : exist

+ : not

exist

− : |C| < |C1,2|,� > 0
+ : |C| < |C1,2|,� > 0

− : 4
+ : 4

− : 2
+ : 2

− : exist

+ : exist

− : C < |C1,2|,� > 0
+ : C > |C1,2|,� < 0

− : 4
+ : 4

− : 2
+ : 2

− : not

exist

+ : not

exist

C1,2 > 0
− : C > C1,2,� < 0
+ : C < C1,2,� > 0

− : 4
+ : 3

− : 2
+ : 3

− : not

exist

+ : not

exist

− : |C| > C1,2,� < 0
+ : |C| < C1,2,� > 0

− : 4
+ : 4

− : 2
+ : 2

− : exist

+ : not

exist

− : C < −C1,2,� < 0
+ : C > −C1,2,� > 0

− : 3
+ : 3

− : 3
+ : 3

− : exist

+ : not

exist

C1 < 0,C2 > 0
− : C < C1,2,� < 0
+ : C < C1,2,� < 0

− : 5
+ : 4

− : 1
+ : 2

− : not

exist

+ : exist

where ψR,L = Ex ± jEy . Then the reference changes is out to be{
ψR = Ex + jEy

ψL = Ex − jEy

{
Ex = ψR+ψL

2
Ey = ψR−ψL

2 .
(A7)

The division of Eq. (A6) by −2Kz yields

j
(
1 − K0

2Tc
2
)∂ψR,L

∂z
∓ j

K0
2Tc

Kz

∂ψR,L

∂z
+ j

ωμ0ε2

Kz
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+ j
K0
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(
1 + Kz

2Tc
2
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∓ jωμ0σTc

2
ψR,L + 1

2

(
Kz − KzK0

2Tc
2 − K0

2

Kz

)
ψR,L − μ0ε2ω

2

2Kz

× |ψR,L|2ψR,L ∓ ω2

2
(μ0ε2Tc|ψR,L|2)ψR,L + j

ωμ0σ

2Kz

ψR,L ∓ K0
2TcψR,L ∓ ωμ0σTc

2Kz

∂ψR,L

∂z
= 0, (A8)

where

K0 = ω

c
, μ0ε0c

2 = 1. (A9)

The dispersion relation is given by

Kz = K0

1 ± K0Tc

. (A10)

For K0
2Tc

2 � 1, we get Kz = K0. By neglecting the nonlinear
diffraction, the second and the last terms of Eq. (A8), and for
the following set of parameters

v2 = 1

μ0ε0
, α = μ0σ, β = μ0ε2

K0 = ω

v
, z∗ = z

1 − K0
2Tc

2 , (A11)

Eq. (A8) takes the form

j
∂ψR,L

∂z∗ + j
1

v

∂ψR,L

∂t
+ j

ωα

2K0
ψR,L ∓ K0

2TcψR,L

− βω2

2K0
|ψR,L|2ψR,L ∓ jωαTc

2
ψR,L ∓ ω2βTc

2

× |ψR,L|2ψR,L + jωβ

K0
|ψR,L|2 ∂ψR,L

∂t
= 0. (A12)

If we let

ψR,L = φ, K = K0 = Kz, (A13)
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Eq. (A11) yields

j
∂φ

∂z∗ + j
1

v

∂φ

∂t
+ j

ωα

2K0
(1 ∓ KTc)φ

− βω2

2K0
(1 ∓ KTc)|φ|2φ ∓ K2Tcφ + j

ωβ

K0
|φ|2 ∂φ

∂t
= 0.

(A14)

The Taylor series of the wave number K(ω) at the third order
and the Fourier transform of �ω and �K help to express in
an approximate form, the second term of Eq. (A13) as

j
1

v

∂φ

∂t
= j

1

vg

∂φ

∂t
+ 1

2
K ′′ ∂

2φ

∂t2
− j

1

6
K ′′′ ∂

3φ

∂t3
, (A15)

where

K ′′ = ∂2K

∂ω2
, K ′′′ = ∂3K

∂ω3
, K ′ = 1

vg

= ∂K

∂ω
. (A16)

Then, for the following change of variable

{
t ′ = t − 1

vg
z∗

z′ = z∗ ⇒
{

∂
∂t

→ ∂
∂t ′

∂
∂z∗ → ∂

∂z′ − 1
vg

∂
∂t ′

, (A17)

Eq. (A14) stands for

j
∂φ

∂z′ + 1

2
K ′′ ∂

2φ

∂t ′2
− j

1

6
K ′′′ ∂

3φ

∂t ′3
+ j

ωα

2K0
(1 ∓ KTc)φ

− βω2

2K0
(1 ∓ KTc)|φ|2φ ∓ K2Tcφ + j

ωβ

K0
|φ|2 ∂φ

∂t ′
= 0.

(A18)

In the table below, we analyze the specific cases of SPM
and XPM interactions when they have the same and opposite
signs.
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