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Hydrodynamics of stratified epithelium: Steady state and linearized dynamics
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A theoretical model for stratified epithelium is presented. The viscoelastic properties of the tissue are assumed
to be dependent on the spatial distribution of proliferative and differentiated cells. Based on this assumption,
a hydrodynamic description of tissue dynamics at the long-wavelength, long-time limit is developed, and the
analysis reveals important insights into the dynamics of an epithelium close to its steady state. When the
proliferative cells occupy a thin region close to the basal membrane, the relaxation rate towards the steady state
is enhanced by cell division and cell apoptosis. On the other hand, when the region where proliferative cells
reside becomes sufficiently thick, a flow induced by cell apoptosis close to the apical surface enhances small
perturbations. This destabilizing mechanism is general for continuous self-renewal multilayered tissues; it could
be related to the origin of certain tissue morphology, tumor growth, and the development pattern.
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I. INTRODUCTION

Biological tissues are viscoelastic. Concepts developed
to describe passive viscoelastic materials have been applied
to biological tissues [1,2]. However, active processes such
as forces generated by the cells, cell movement, and cell
proliferation make biological tissues different from passive
viscoelastic materials. Thus biological tissues fall into the
category of active soft matter [3]. On the other hand, junctions
between neighboring cells prevent free diffusion of cells
in a tissue. This makes biological tissues different from
other active biological systems such as bacterial colonies
and cell cytoplasm. As a result, biological tissues become
interesting systems for study of complex collective motion and
morphogenesis. For example, it is known that the homeostasis
state of a tissue often has an undulating surface to increase
the contact area with its environment. Understanding the
formation and maintenance of this spatial structure is thus
important for fundamental research of active matter and for
applied research such as fabricating functional surfaces and
flexible electronics [4].

Experiments have demonstrated that at short time scales a
tissue is solid-like due to the adhesion junctions between cells
[5]. Since the residual stresses can relax due to turnover of
junction proteins [2,6] and cell rearrangement induced by cell
division and cell apoptosis [7], a tissue is liquid-like at long
time scales [1,2,8–11]. This suggests a characteristic time τ

such that at time scales smaller than τ a tissue behaves like
a solid with shear modulus E. On the other hand, at time
scales larger than τ , a tissue behaves like a fluid with viscosity
η. Typically, E ∼ 102–104 Pa [10] and τ ∼ 10–102 s [8,10],
therefore η = Eτ is of the order of 103–106 Pa s [12].

In this study we focus on stratified epithelium, a multi-
layered continuous self-renewal tissue [13]. Epithelium often
forms the outermost layer of skin and mucous membrane
and acts as a barrier separating the outside and inside of
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a multicellular organism [14]. On the top of a stratified
epithelium is a free apical surface; on the bottom is a base-
ment membrane attached to the underlying connective tissue
composed primarily of collagen and elastin fibers. Typically
the thickness of the stratified epithelium is ∼100 μm and the
thickness of the underlying connective tissue is ∼1 mm [15].
The proliferative cells are often localized near the basal lamina,
suggesting the existence of a special microenvironment called
the stem cell niche [16,17]. Above the proliferative cells are
terminally differentiated (TD) cells. They are functional cells
that do not divide; instead they undergo programmed cell death
(apoptosis). Intuitively, different cells should have different
mechanical properties. As supported by recent experiments,
stem cells and tumor cells often have a lower stiffness
than normal differentiated cells [18,19]. This suggests that
the mechanical properties of a tissue should also depend
on the local tissue composition [7]. The effects of such
inhomogeneity on tissue dynamics is the focus of this study.

Undulating or fingering structures that are important for
biological functions are often seen in the apical surface or basal
membrane of a stratified epithelium. For example, skin wrin-
kles or folds are formed when a skin is deformed by external
or residual stresses with a wavelength of ∼ 1 mm [15,20–22].
At the length scale of ∼100 μm, rete pegs interdigitating with
dermal papillae are observed in the interface between skin ep-
ithelium and stroma [23–25]. Similar structures have also been
observed in the epithelium of mucous membrane [20,26–28].
Studies have shown that elastic forces could be important
during the formation of the aforementioned structures. By
modeling a stratified epithelium as an elastic solid in contact
with the underlying elastic connective tissue, the formation
of skin wrinkles was associated with a buckling instability
originating from the competition between the bending energy
of epithelium and the stretching energy of connective tissue
[15,21]. The rete peg structure was suggested to arise from
the incompatible growth of epithelium and connective tissue
[29]. A similar mechanism can also explain the formation of
fingerprint [30], crypt [31], and surface wrinkling of tumor
spheroids [32]. On the other hand, hydrodynamic instabilities
are also likely to produce undulating morphologies in stratified
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epithelium. For example, the formation of a rete peg structure
can arise from proliferation-induced stresses [33], and an
essential condition of this result is that the net cell proliferative
rate deceases with the distance from the basal lamina. Some
models have considered more details such as the cell lineage
dynamics [34], viscoelasticity of the underlying stroma [35],
and effect of growth factors inside a tissue [34,35]. Overall,
several interesting structures and patterns can be understood
by a continuum description of tissues without describing the
movement of individual cells and biomolecular events in detail.
The mechanical stresses induced by cell turnover inside a tissue
[7,12] are sufficient to do this job.

The aim of this work is to study theoretically how inho-
mogeneity of mechanical properties in a tissue affects tissue
dynamics. For illustrative purposes we consider a stratified
epithelium on a rigid stroma. We begin with a simple model
in which the mechanical properties of the tissue are assumed
to be homogeneous. With proliferative cells occupying the
lower part and TD cells occupying the upper part of the tissue,
this model has a homeostasis state with a flat apical surface.
The linearized dynamics close to the homeostasis state in this
model already reveals interesting effects from flows and cell
proliferation. For example, cell division or apoptosis speeds up
tissue relaxation towards the homeostasis state, but this effect
is relatively weak when the wavelength of the perturbation is
of the order of the thickness of the tissue.

Due to frequent cell division events, tissue viscosity in
the region rich in proliferative cells should be different from
that in the rest of the tissue. This feature is included in
our second model. We find that this modification can lead
to different tissue dynamics close to the homeostasis state.
Especially, when the proliferative region becomes sufficiently
thick, cell apoptosis close to the apical region can induce a flow
that strongly hinders the relaxation towards the steady state.
This effect is especially significant for perturbations with a
wavelength comparable to the tissue thickness (∼100 μm for
typical stratified epithelium). Since our model is quite general,
we expect this destabilizing mechanism to exist in continuous
self-renewal tissue, but it is not easy to observe in normal
healthy tissue because the proliferative cells occupy only a thin
region. However, during development or regeneration there is
often a transient increase in proliferative cells inside a tissue
[36]. As a result, the new effect described by our second model
can occur, and it is possible that an undulating apical surface
could be generated by this mechanism.

This article is organized as follows. Both models are
presented in Sec. II, where we also discuss the steady states
and linearized dynamics close to the steady states. In Sec. III
we discuss the flow in an epithelium that is induced by cell
division or apoptosis. Using the result derived in Appendix
B, we also discuss the relation between the dimensionless
parameter rrel = rD/rS and ηrel = ηD/ηS , where rD and rS

are the cell apoptosis rate and cell division rate, and ηD and
ηS are the viscosities in the regions rich in differentiated
cells and proliferative cells, respectively. In Sec. IV, based
on these results, we draw a conclusion and propose possible
experimental tests to validate our theory. Appendix A presents
the calculation of the growth rate of a small perturbation in
our second model. A derivation of the tissue viscosity from a
hydrodynamic model is presented in Appendix B.

II. MODELS

A. First model: Stratified epithelium with a constant viscosity

Consider a basel lamina sitting on the xy plane. An
epithelium grows from this surface into the z > 0 region. On
top of the epithelium is a free apical surface. We are interested
in the steady state of this system and the linearized dynamics
close to this steady state. Since epithelial growth typically takes
several days to complete [23,24], in this article we focus on the
long-time behavior of our model. Therefore processes with a
relaxation time not longer than the time scale τ introduced in
Sec. I have all decayed away. The elasticity of the tissue can be
neglected, and the tissue behaves as a viscous fluid [8–11]. The
viscosity of the tissue depends on cell-turnover events [7] and
the rearrangement of junction proteins [2,6]. Experimentally,
the viscosity of a tissue can be estimated from the elastic
constant E and relaxation time τ through the relation η = Eτ .

Since the dynamics is slow, the inertia of the tissue
is also negligible. Imposing incompresibility for simplicity,
the equation of continuity, force balance, and constitutitive
equation are [33,35]

∂lvl = kp, (1)

∂iσik = 0, (2)

σik = −pδik + 2ηvik. (3)

Here vi is the ith component of the flow velocity field, vik ≡
(∂ivk + ∂kvi)/2 is the strain rate tensor in the tissue, p is the
tissue pressure, η is the viscosity of the tissue, and kp is the
(net) cell proliferation rate in the tissue. In general, kp is a
decreasing function of z because both nutrient and proliferative
cells are relatively abundant near the basal lamina. In our first
model, η is chosen to be a constant for simplicity.

We focus on the situation where the tissue is soft compared
to the stroma, therefore the stroma is modeled as a rigid
substrate for simplicity, and the flow field vanishes at z = 0.
A more general model that includes the viscoelastic properties
of the stroma will be deferred to future studies. The flow field
and stress at the apical surface of the tissue satisfy the free
boundary condition, which includes contributions from the
surface tension of the tissue and external pressure.

The steady-state velocity field of Eqs. (1)–(3) with these
boundary conditions is

v∗
x = v∗

y = 0 and v∗
z (z) =

∫ z

0
kp(z′)dz′. (4)

A superscript asterisk (∗) is used to denote steady-state values.
Since v∗

z should vanish at the apical surface, we have the
steady-state condition

0 =
∫ H ∗

0
kp(z)dz, (5)

where H ∗ is the thickness of the tissue in the steady state. Since
kp is a decreasing function of z, for the solution of Eq. (5)
to exist, the tissue needs to have kp(0) > 0 and kp(H ∗) < 0.
Intuitively, this means that cell division events in the lower
part of the tissue should be balanced by cell apoptosis in the
upper part of the tissue.
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A homeostasis state of a tissue is a steady state that is stable
against small perturbations. To check whether the steady state
in this model corresponds to a homeostasis state, we consider a
perturbation that takes the tissue height from H ∗ to H (x,t) =
H ∗ + δH (x,t). Similarly, vk = v∗

k + δvk , p = p∗ + δp, etc.
The linearized equations for the perturbed system are

∂lδvl = 0 (6)

and

−∂kδp + η∂l∂lδvk = 0. (7)

Note that the perturbed tissue is assumed to be translationally
invariant in the y direction.

For a perturbation with δH ∼ eiqx+ωt , the no-slip boundary
condition at z = 0 gives δvx |z=0 = δvz|z=0 = 0. The linearized
boundary conditions at z = H ∗ are

−δp|z=H ∗ + 2η∂zδvz|z=H ∗ = σ∂x∂xδH (8)

and

η(∂zδvx |z=H ∗ + ∂xδvz|z=H ∗ ) = −2ηkp(H ∗)∂xδH, (9)

where σ is the surface tension of the apical surface. The above
two equations describe the stress balance in the normal and
tangential directions of the apical surface, respectively. There
is also a linearized kinematic boundary condition connecting
the evolution of the tissue surface and the flow field:

∂t δH = δvz|z=H ∗ + kp(H ∗)δH. (10)

The dispersion relation ω(q) of the growth rate of the pertur-
bation can be calculated from Eqs. (6)–(10); straightforward
algebra that is described in Appendix A gives

ω(q) = ωmech(q) + ωphy(q). (11)

The first term,

ωmech = 2qH ∗ − sinh 2qH ∗

2(qH ∗)2 + (1 + cosh 2qH ∗)

σq

2η

≡ K I
mech(qH ∗)

σq

2η
, (12)

is the same as the dispersion relation for the surface of a
low-Reynolds-number simple fluid. In the limit of large qH ∗
this term approaches −σq/2η [37]. As Fig. 1 shows, K I

mech is
negative for all q; this means that the surface tension of the
apical surface tends to stabilize the steady state. The second
term is

ωphy = 1 + cosh(2qH ∗)

2(qH ∗)2 + 1 + cosh(2qH ∗)
kp(H ∗)

≡ K I
phy(qH ∗)|kp(H ∗)|. (13)

ωphy and K I
phy are always negative since kp(H ∗) < 0, i.e., the

apical region of the tissue is rich in TD cells, which do not
divide but undergo apoptosis. The meaning of this term is
intuitive: cell proliferation and cell apoptosis help to bring a
perturbed tissue back to the steady state. Note that for given
kp(H ∗), |ωphy| has a minimum at wave number q = �/H ∗,
where � is the solution of cosh � = � sinh �. Numerically
one finds that � ∼= 1.2 and ωphy(q = �/H ∗) ∼= 0.7kp(H ∗).

In this simple model, it is convenient to think that the
relaxation of the tissue towards the steady state is due to apical

FIG. 1. K I
mech (dashed blue curve) and K I

phy (solid red curve).
K I

mech decreases monotonically towards −1; |K I
phy| has a minimum at

qH ∗ ∼ 1.

surface tension and cell proliferation. The contribution from
surface tension grows as the wave number q of the perturbation
increases; the contribution from cell proliferation is relatively
weak when qH ∗ ∼ O(1). We emphasize that our model is
independent of the details of kp(z); the only constraint for
kp(z) is that the steady-state tissue height H ∗ which satisfies
Eq. (5) should be finite.

B. Second model: Effect of viscosity heterogeneity

In a typical stratified epithelium, proliferative cells are
located close to the basal region [16,17]. Due to their low
abundance, typically the division rate of proliferative cells
is high compared to the apoptosis rate of differentiated cells
[38]. Since stress relaxation in a tissue strongly depends on the
division and apoptosis of the cells [7], the viscosity in regions
rich in proliferative cells should be lower than the viscosity in
other regions of the tissue.

To consider position-dependent viscosity we assume that all
proliferative cells reside in the region z < hS , and differenti-
ated cells are located at z > hS . This is clearly an oversimplifi-
cation; nevertheless, it captures the basic tissue composition in
a stratified epithelium. The net cell proliferation rate inside the
tissue is simply kp = rS for z < hS and kp = −rD for z > hS .
Here rS is the cell division rate and rD is the cell apoptosis
rate. From Eq. (5), the proportion of the proliferative region in
the steady state is related to rS and rD by

hS

H ∗ = rrel

1 + rrel
, (14)

where rrel ≡ rD/rS .
It is important to further discuss the connection between

Eq. (14) and experiments, especially how the steady-state
tissue height H ∗ can be controlled experimentally by tuning the
magnitude of rrel or hS . In experiments rrel can be controlled by
changing the apoptosis rate of differentiated cells [39]. Further-
more, the height of the proliferative region hS can be controlled
by the density profile of certain signaling molecules (such
as growth factor) [35]. Suppose these signaling molecules
are generated in the z < 0 region, after which they permeate
through the basal membrane and diffuse into the tissue; then
a cell can determine its distance from the basal membrane by
detecting the concentration of signaling molecules around it.
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Based on this information, a cell can decide whether it should
differentiate into a nonproliferative cell. Therefore hS can be
controlled by tuning the concentration profile of such signaling
molecules.

With the aforementioned simplification for tissue compo-
sition, in our second model we assume that the viscosity in
the tissue is η = ηS for z < hS and η = ηD for z > hS . The
geometry and boundary conditions for the linearized tissue
evolution equations are the same as those for our first model,
except for additional velocity and stress continuity conditions
at z = hS . The flow field in the steady state of our second
model therefore becomes

v∗
x = v∗

y = 0

and

v∗
z =

{
rSz for z < hS,

rShS − rD(z − hS) for hS < z < H ∗. (15)

That is, the steady-state flow in the tissue is upward everywhere
due to cell turnover, and the flow field is strong close to z = hS .
The continuity of normal stress at hS leads to a discontinuity
of tissue pressure in our model that should be smoothed out
in a real tissue because the boundary between the proliferative
region and the differentiated region is diffuse, not infinitely
sharp.

Now let us consider a perturbation that changes the
thickness of the tissue a little bit from the steady state. To make

the analysis simple, we assume that cell differentiation happens
whenever a cell moves upward to the z > hS region, therefore
hS is not affected by this perturbation. From the calculation
discussed in Appendix A for the linearized dynamics around
the steady state, for δH ∼ eiqx+ωt the growth rate ω of the
perturbation in our second model can still be expressed as the
sum of two terms, ωmech and ωphy, but these two terms are very
different from their counterparts in our first model. Let

ωmech = K II
mech(qH ∗,rrel,ηrel)

σq

2ηD

, (16)

ωphy = K II
hy(qH ∗,rrel,ηrel)|kp(H ∗)|, (17)

where ηrel ≡ ηD/ηS and kp(H ∗) = −rD . The analytical ex-
pressions of the dimensionless functions K II

mech and K II
phy are

pretty complicated; they are shown in Eqs. (A9) and (A10) in
Appendix A. In Fig. 2 we show how they change with qH ∗, ηrel,
and rrel. Besides their shapes, it is important to note two issues.
First, when ηrel = 1 Eqs. (16) and (17) reduce to Eqs. (12) and
(13) as we expected. This is illustrated in Figs. 2(a) and 2(c).
Second, when q = 0 and q → ∞, ωphy goes to −|kp(H ∗)|,
this can be seen by taking proper limits for qH ∗ in Eq. (A10).

It is shown in Fig. 2(a) that K II
mech is always negative

(stabilizing). Figure 2(b) shows that |K II
mech| increases with

rrel; this is because as rrel increases the thickness of the lower
(less viscous) region of the tissue increases and there is less
damping. Figure 2(c) shows that for given rrel and ηrel, K II

phy has

FIG. 2. (a) K II
mech versus qH ∗. The long-dashed black curve is K I

mech. (b) K II
mech versus rrel. (c) K II

phy versus qH ∗. The long-dashed black
curve is K I

phy. (d) K II
phy versus rrel. The field lines of the deviatoric flows for parameters corresponding to those indicated by the open diamond,

square, circle, and triangle are shown in Figs. 4(a)–4(d), respectively.
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FIG. 3. (a) � versus rrel for ηrel = 0.4 (long-dashed curve), ηrel = 1 (solid curve), ηrel = 5 (short-dashed curve), and ηrel = 30 (dash-dotted
curve). (b) The maximum K II

phy for a given rrel and ηrel, i.e., K II
phy(qH ∗ = �,rrel,ηrel). The dotted curve shows where Kphy(qH ∗ = �,rrel,ηrel) = 0.

a maximum at qH ∗ = �(rrel,ηrel). Figure 2(d) shows that K II
phy

can be a nonmonotonic function of rrel. Since K II
phy originates

from cell division or apoptosis, it cannot be explained solely
by the viscous properties of the tissue. In the next section the
flow field in the tissue is discussed in more detail, and the
behavior of K II

phy can be better understood.
Figure 3(a) shows the position of the peak � in Fig. 2(c)

versus rrel for different choices of ηrel. In this figure it is clear
that the maximum of ωphy occurs at qH ∗ ∼ O(1). Figure 3(b)
shows that when rrel and ηrel are large, it is possible for K II

phy to
be positive. That is, it is possible for cell division or apoptosis
either to slow down the relaxation toward the steady state or
to drive the tissue to an instability.

It is helpful to list the important results of our second
model:

(i) In the limit ηrel → 1, our second model gives the same
apical surface dispersion relation as our first model.

(ii) Apical surface tension tends to stabilize the steady
state; this is similar to the results in our first model. This
stabilizing effect is weaker as rrel increases due to the greater
proportion of the less viscous layer composed of proliferative
cells.

(iii) When plotted against qH ∗, K II
phy has a maximum at

qH ∗ = �(rrel,ηrel). The magnitude of � is of order unity.
(iv) The contribution from cell proliferation (K II

phy) can be
a nonmonotonic function of rrel. This is discussed in detail
later.

(v) When both rrel and ηrel are large, K II
phy can become

positive. This is also discussed in detail later.

III. DISCUSSION

A. Flow induced by cell apoptosis on the apical surface

An important question of our hydrodynamic theory of
epithelium tissue is, Besides fluidizing the tissue, how does cell
turnover inside the tissue affect tissue dynamics? Let us begin
our discussion by considering how the steady state of a tissue
is maintained, and how a tissue evolves when its thickness is
perturbed.

In the steady state, proliferative cells divide from time to
time; because they are located relatively close to the basal
membrane, the daughter cells are pushed upward. This upward
flux of cells, described by Eq. (4) in our first model and
Eq. (15) in our second model, replaces the loss due to the death
of differentiated cells. This is described in the steady-state
solutions of both our models,

When the tissue thickness is subject to a q = 0 perturbation,
i.e., H = H ∗ + δH (t), where δH (t) is independent of x,
the total number of differentiated cells is different from its
steady-state value. When δH > 0 the excess differentiated
cells lead to more cell apoptosis events per unit time in the
tissue. Since hS is fixed, the number of proliferative cells is
not affected by δH ; the total number of cells in the tissue
decreases until δH goes back to 0. Similarly, when δH < 0
there are fewer cell apoptosis events in the tissue, which makes
the tissue grow back to steady state. This is the simple intuitive
picture that one can imagine without going through the analysis
presented in the previous section. In our first model, one
can see from Eqs. (12) and (13) that for q = 0 there is no
contribution from apical surface tension, i.e., ωmech|q=0 = 0,
and the contribution from cell turnover gives a growth rate of
the perturbation ω = ωphy|q=0 = kp(H ∗) < 0. This negative
growth rate comes solely from the change in the number of
cell death events per unit time due to tissue height change.
The same behavior can be found for our second model from
Eqs. (16), (17), (A9), and (A10). Thus our models support the
simple intuitive picture.

When perturbation has q �= 0, the contribution from ωmech

is still easy to understand; it represents the contribution of
the apical surface tension to the evolution of the perturbation.
Because the apical surface tension tends to bring the tissue
apical surface back to flat, this term always stabilizes the steady
state. On the other hand, the contribution from ωphy is not
trivial. In the first model tissue viscosity is assumed to be
homogeneous; Fig. 1 shows that ωphy always tends to stabilize
the steady state but its effect is relatively weak when qH ∗ ∼ 1.
In the second model ωphy can help the growth of perturbations
with qH ∗ ∼ 1, as long as rrel and ηrel are sufficiently large
(Fig. 3).
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FIG. 4. (a, b) Field lines of (δvx,δvy) at t = 0 calculated from our first model for a perturbed tissue with tissue apical surface tension σ = 0.
qH ∗ = 0.8 (qH ∗ < �) in (a); qH ∗ = 2 (qH ∗ > �) in (b). The width along the x axis is chosen to be one wavelength. Red arrows are the
stream lines, dashed black lines are the apical surface of the perturbed tissue, and the background gray level indicates the magnitude of δv.
Flow fields are taken from the solution of the linearized dynamics for kp(H ∗) = −1, H ∗ = 2, and δH (t = 0) = 0.01 cos(qx).

To see how perturbation with nonzero q gives rise to
such nontrivial behavior, especially when the tissue viscosity
depends on the distance from the basal surface, let us now
consider a tissue with zero apical surface tension. Since there
is no surface tension, cell turnover is the only driving force that
generates flow in the tissue, and (δvx,δvy), the deviation of the
velocity field from steady state, is the difference between the
flow due to cell turnover in a tissue with a perturbed surface
height and the flow in a tissue in its steady state. In other
words, (δvx,δvy) in a tissue with zero apical tension can help
us to illuminate the mechanism that makes ωphy|q �=0 different
from ωphy|q=0. From the solutions of the linearized dynamics
presented in Sec. II, we plot the field lines of (δvx,δvy) at
t = 0 for our first model in Fig. 4. The field lines of (δvx,δvy)
at t = 0 for our second model are presented in Fig. 5.

Figures 4 and 5 show that when qH ∗ is larger than �, the
magnitude of δv rapidly decays as one moves away from the
apical surface, therefore it is reasonable to expect that when
qH ∗ is large, ωphy|q �=0 gradually approaches ωphy|q=0. Indeed,
this can also be found by checking the analytical expressions
of ωphy in both our models.

On the other hand, when qH ∗ is less than �, δv can go
deep down to the small-z region. As the field lines show,
δv moves cells from regions with a small tissue thickness to
regions with a large tissue thickness; this deviatoric flow slows
down the relaxation of the tissue, and this is why ωphy|q �=0 is
different from ωphy|q=0. When qH ∗ 	 1, the tissue surface
is very flat, therefore this effect due to deviatoric flow is
again weak. Therefore ωphy|q �=0 is significantly different from
ωphy|q=0 when qH ∗ ∼ O(1).

The last two main results (iv and v) listed at the end of
Sec. II B require further discussion. Let us begin with the
nonmonotonic behavior of K II

phy vs rrel. As shown in Figs. 5(a)
and 5(b), when qH ∗ < � as rrel increases, the low-viscosity
region increases, and the deviatoric flow from small-H regions
to large-H regions becomes stronger; therefore ωphy is less
stabilizing as rrel increases. On the other hand, in Figs. 5(c)
and 5(d) one can see that when qH ∗ > �, vortices appear in
the deviatoric flow field. Depending on the relative height of hS

and the centers of the vortices, the net flow of cells from low-H

regions to high-H regions could increase or decrease as rrel

increases. Note that (i) hS/H
∗ increases with rrel, therefore the

green lines in Figs. 5(c) and 5(d) move upward with rrel, and (ii)
cells below centers of the vortices flow from large-H regions
to small-H regions, while cells above centers of the vortices
flow from small-H regions to large-H regions. These two facts
can help us to understand the dependence of ωphy on rrel. First,
in Fig. 5(c) hS is lower than the centers of the vortices; as rrel

increases, more and more cells that flow from large-H regions
to small-H regions are in the less viscous region, therefore ωphy

becomes more stabilizing as rrel increases when hS is lower
than the centers of the vortices. On the other hand, Fig. 5(d)
shows that when hS is higher than the centers of the vortices,
as rrel increases more cells in the less viscous region move
from regions of small H to regions of large H . This is why
ωphy could become less stabilizing as rrel increases when hS

is higher than the centers of the vortices. This explains why
the curve with qH ∗ = 2(>�) in Fig. 2(d) has a nonmonotic
dependence of K II

phy with respect to rrel. It also illustrates the
subtle role that deviatoric flow plays in the dynamics of the
tissue.

The last main result (v) listed at the end of Sec. II B is
that the sign of K II

phy can be positive; i.e., it is possible that
the overall effect of cell division and apoptosis is to hinder
the relaxation of the tissue towards the steady state. The
mechanism that drives this effect has already been shown in the
flow field, i.e., the deviatoric flow due to cell turnover brings
cells in small-H regions to large-H regions. K II

phy becomes
positive when the following two conditions are both satisfied.
(a) The viscosity ηS in the region h < hS is sufficiently small
compared to ηD (the viscosity in the region z > hS). (b)
The relative thickness of the proliferative region hS/H

∗ is
sufficiently large. Note that a tissue that satisfies condition (b)
is likely not a normal tissue; as a healthy mature epithelium
tissue usually has a relatively thin layer of proliferative cells,
a tissue with large hS/H

∗ is more likely to be found during
development or pathological situations.

To see whether a flat apical surface can become unstable
due to a positive K II

phy, we introduce a dimensionless parameter,
σq/(2ηDrD), to describe the relative importance of the apical
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FIG. 5. Field lines of (δvx,δvy) at t = 0 in the second model for σ = 0 for (a) qH ∗ = 0.8 (qH ∗ < �), rrel = 0.4; (b) qH ∗ = 0.8 (qH ∗ < �),
rrel = 5; (c) qH ∗ = 2.0 (qH ∗ > �), rrel = 0.4; and (d): qH ∗ = 2.0 (qH ∗ > �), rrel = 5. These field lines describe the δv indicated by the open
(a) diamond, (b) square, (c) circle, and (d) triangle in Fig. 2(d). The width along the x axis is chosen to be one wavelength. There are vortices
in the deviatoric flow when qH ∗ > �. hS is indicated by green lines. Flow fields are taken from the solution of the linearized dynamics for
ηrel = 5, kp(H ∗) = −1, H ∗ = 2, and δH (t = 0) = 0.01 cos(qx).

surface tension and cell turnover in tissue dynamics. As
shown by comparing Figs. 6(a) and 6(b), tissues with small
σq/(2ηDrD) become unstable relatively easily; this is due to
the relatively weak stabilizing effect from the apical surface
tension. Figure 6(c)–6(f) shows how the growth rate of
small perturbations changes with our model parameters. This
suggests that increasing rS and ηS helps to stabilize the steady
state, as the peak of the growth rate decreases; on the other
hand, increasing rD and ηD helps to destabilize the steady state,
as the maximum growth rate of small perturbations increases.
Since hS/H

∗ increases (decreases) as rD (rS) increases, ηrel

increases (decreases) as ηD (ηS) increases; these results further
confirm that a tissue is less stable when rrel and ηrel become
large.

Now we can summarize the role of cell turnover in the
dynamics of a tissue close to steady state. Intuitively, when the
tissue height is perturbed from its steady-state value, there is an
imbalance of cell division events and cell apoptosis events in
the tissue, and it drives the tissue toward the steady state. This
effect is described by ωphy|q=0 = kp(H ∗). However, at finite q,
cell apoptosis on the apical surface induces a deviatoric flow
in the tissue that brings cells to thicker regions and pushes
cells away from regions of smaller thickness. This deviatoric
flow makes ωphy|qH ∗ �=0 less stabilizing than ωphy|q=0. At

fixed ηD , this destabilizing effect is more pronounced as the
thickness of the proliferative layer increases, as this layer has
a lower viscosity, and the effect of deviatoric flow is more
significant. For a normal tissue, proliferative cells occupy a
small region close to the basal surface; the overall effect of
these mechanisms on tissue dynamics always helps to stabilize
the tissue. On the other hand, for a tissue with a large proportion
of proliferative cells, when the viscosity of the proliferative
region of the tissue is sufficiently low compared to the viscosity
of the nonproliferative region, the induced flow can destabilize
the steady state, and the first instability occurs at wavelength
1/q ∼ H ∗.

B. Cell division, cell apoptosis, and tissue viscosity

In Sec. II B we argue that the viscosity in a tissue should
depend on the local tissue composition. A derivation of the
viscosity from a general hydrodynamic model of stratified
epithelium tissue is presented in Appendix B, where we
assume that the stress relaxation process receives a negligible
contribution from the turnover of junction proteins, and
cell division and apoptosis produce a force distribution that
dominates the active stress inside a tissue. This approach
generalizes the earlier theory of Ranft et al. [7] by explicitly
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FIG. 6. (a, b) Gray scale indicates the growth rate of a perturbation scaled by rD for qH ∗ = �: σq/(2ηDrD) = 0.4 (a) and σq/(2ηDrD) =
0.05 (b). (c–f) Growth rate [in units of 1/day (d−1)] of a tissue as a function of the wavelength of perturbation. Solid curves: rS = 1 d−1,
rD = 30 d−1, ηS = 10 MPa s, ηD = 50 MPa s, σ = 1 m Nm−1. Dashed lines give the relaxation rate versus λ for the same parameters except
rS = 2 d−1 in (c), rD = 60 d−1 in (d), ηS = 20 MPa s in (e), and ηD = 70 MPa s in (f). For (c): dashed curve, H ∗ = 32 μm, hS = 30 μm; solid
curve, H ∗ = 31 μm, hS = 30 μm. For (d): dashed curve, H ∗ = 30.5 μm and hS = 30 μm; solid curve, H ∗ = 31 μm and hS = 30 μm. For
(e) and (f): all curves, H ∗ = 31 μm and hS = 30 μm.

including the contribution from different types of cells in a
tissue [34,36]. From Eqs. (B17) and (B18), the viscosity η in
a tissue can be expressed as

η = μσ0

ρSrSdS + ρDrDd̃D

, (18)

where ρS is the number density of proliferative cells and ρD

is the number density of nonproliferative cells. μ is the shear

modulus of the tissue, rS is the cell division rate, and rD is the
cell apoptosis rate. When a cell divides, it acts as a force dipole
with a direction given by the cell division mitotic axis. The
strength of this force dipole is described by dS , and this force
dipole gives a stress that contributes to the tissue dynamics
under shear. When a cell undergoes apoptosis, its neighboring
cells produce a contraction that tends to fill the void left by the
dead cell. If the tissue is locally anisotropic, this contraction
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FIG. 7. rrel versus ηrel [from Eq. (18)] for η̃0 = 30 (blue curve),
η̃0 = 90 (red curve), and η̃0 = 150 (yellow curve). The short-dashed
curve is the stability boundary for a tissue with σq/(2ηDrD) = 0.2 and
qH ∗ = �. For the dark-gray region, ω|qH∗=� > 0; for the light-gray
region, ω|qH∗=� < 0

produces a shear stress that contributes to the shear viscosity of
the tissue. d̃D characterizes the strength of the stress induced
by this anisotropy. σ0 is a characteristic stress that describes
the response of cell polarity to the stress in a tissue: cells in
a tissue with a smaller σ0 are more likely to be polarized by
mechanical stress. Indeed, Eq. (18) shows that viscosity in a
tissue depends on the local proportion of proliferative cells.

In our second model all the proliferative cells are localized
in the basal (z < hS) region, ρS = ρ for z < hS and ρS = 0
for z > hS . From Eq. (18), the viscosity in the tissue can be
expressed as

η(z) =
{

μσ0

ρrSdS
= ηS, z < hS ;

μσ0

ρrDd̃D
= ηD, z > hS.

(19)

From Eq. (19), it is clear that the relative viscosity ηrel ≡
ηD/ηS and the relative proliferative rate rrel ≡ rD/rS are not
independent. In fact one can express ηrel as

ηrel = η̃0

rrel
, (20)

where η̃0 ≡ dS/d̃D > 0 is a dimensionless parameter.
Equation (20) indicates that, for a given η̃0, a tissue has

a large ηrel when the magnitude of rrel is small. A normal
tissue has a relatively thin proliferative region, i.e., small
rrel, therefore as long as η̃0 is of order unity, it has ηrel > 1.
However, a normal tissue is likely to have a stable steady state
because its rrel is small.

To see when the steady state becomes unstable, Fig. 7 shows
ηrel versus rrel for a few choices of η̃0 and the stability boundary
of an epithelium tissue described by our second model. It is
clear that for the contribution from ωphy to drive the tissue to
instability, the magnitude of η̃0 has to be large [∼O(100)].
Thus we predict that a tissue with a small d̃D is more likely to
have a nonflat homeostasis state.

Although we show in Appendix B that it is possible to
estimate d̃D from experiments, so far we have not found any
estimate of both dS and d̃D from the same tissue. Thus we can
only state that, in principle, different tissues may have very
different η̃0’s. Even for the same tissue, a mutation can change

d̃D to make η̃0 greater than its normal magnitude. This could
eventually drive a flat apical surface toward instability. Since
this article reports a theoretical prediction, future experiments
will be important to determine the value of η̃0 in real wild-type
tissues and tissues with mutations, as it is an important link
between cellular property and tissue mechanics.

Note that the viscosity shown in Eq. (18) is derived
for a tissue whose cell adhesion protein turnover makes a
negligible contribution to its viscosity. For a tissue in which
the proliferative cells have a small number of intercellular
adhesion sites compared to TD cells, ηrel could be greater than
the magnitude predicted by Eq. (20). Therefore when both
turnover of cell adhesion proteins and active force dipoles
due to cell division or cell apoptosis contribute significantly
to tissue dynamics, one still should treat rrel and ηrel as
independent parameters.

IV. CONCLUSION

Although biological tissues exhibit a high plasticity that
allows remodeling, the homeostasis state is regulated such
that its architecture is robust against intrinsic fluctuations and
external perturbations [2,36]. In this article we have studied
how the local tissue composition affects its viscous properties,
and how the viscous properties in turn affect the dynamics
of a tissue close to the steady state of a stratified epithelium.
In a tissue with proliferative cells located close to the basal
membrane and differentiated cells located close to the apical
surface, the lower region of the tissue has a different viscosity
compared to the upper region. Since cell division or apoptosis
inevitably induces a flow in this tissue, the position-dependent
viscosity in the tissue has a profound effect on its dynamics.

Our analysis shows that although cell division and cell
apoptosis in a tissue are regulated to maintain the tissue
steady state, when the thickness of a tissue is perturbed by
a nonzero q height modulation there is a flow induced by cell
turnover that brings cells from small thickness regions to large
thickness regions. This flow hinders the relaxation towards
the steady state. We find that perturbations with wavelengths
comparable to the thickness of the tissue have the slowest
relaxation rate toward the steady state. When the tissue has a
thick proliferative region, and the viscosity of the proliferative
region is significantly smaller than the other region, the steady
state can even become unstable. We also calculate the relation
between tissue viscosity and tissue composition and active
forces that is generated during cell division and cell apoptosis.
From our analysis, we find a link between the key parameters
ηrel and rrel of tissue dynamics and the force dipoles during
cell division and cell apoptosis. This link suggests a possible
change of cellular properties that can lead to the instability of
a flat tissue.

It is important to note that our analysis suggests a different
tissue instability from the proposals in previous models [33–
35]. First, although the apical surface was also perturbed, in
these studies the focus was the instability of the tissue-stroma
interface; this is different from our model, where we assume
a rigid stroma and the dynamics of the apical surface is the
focus. Furthermore, in these previous studies the viscosity in
the tissue is homogeneous, but in our model the instability only
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occurs when the viscosity difference between the proliferative
region and the nonproliferative region is sufficiently large.

Our model is quite general, thus our prediction should hold
in general for stratified continuous self-renewal tissues. In the
context of stratified epithelium, many undulating patterns, for
example, rete peg [23–25], occur at the basal lamina, and its
mechanical origin has been explained by previous theoretical
works [29,33–35]. On the other hand, our result provides a
possible route to trigger epithelial apical surface undulations.
Although instability due to the induced flow described by
our model is unlikely to happen in a stratified tissue with
a thin layer of proliferative cells, this mechanism could be
important during embryogenesis and tumor growth because of
the presence of a relatively large proportion of proliferative
cells. Furthermore, when two tissues are in contact [12], the
viscosity difference between these two tissues could also lead
to interesting hydrodynamic instabilities. These possibilities
will be explored in our future work. It is also worth mentioning
that although, in principle, apical surface patterns can be the
result of an inhomogeneous distribution of growth factors in
the tissue [34], our model reveals that it could also be induced
purely by mechanical forces distributed in the tissue [33–35].

To test our theory in in vitro experiments, one could try to
increase rrel by increasing the apoptosis rate of differentiated
cells or try to decrease the tissue apical surface tension to make
the contribution from ωphy relatively more significant. In the
case of mammalian olfactory epithelium, a higher apoptosis
rate can be induced by unilateral olfactory bulbectomy [39].
The apical surface tension originates from cell-cell adhesion
and active tension of the cell cortex [1,2,40], and it could be
decreased by, for example, the protease digestion procedure
[41].

Several modifications can be made to make our model more
general. For example, the solid stroma in our model can be
easily replaced by a soft stroma [33–35]. The assumption that
the thickness of the proliferative region hS is a constant can be
relaxed if we include the dynamics of some small molecules
which can trigger cell differentiation in the model [36].
Another important improvement that we will make in future
work is to develop a model in which the cell distribution is
not predefined. It is important to check how homeostasis state
and pattern formation are achieved in a stratified epithelium
with a more general hydrodynamic model. The dynamics of
cell lineage [34,42,43] will have to be taken into account in
this future work.
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APPENDIX A: DERIVATION OF THE GROWTH RATE OF
A PERTURBATION

In this Appendix, we present the derivation of the growth
rate of a small perturbation of the tissue height. We first discuss

the calculation in our first model, in which the tissue has a
constant viscosity, then explain how to use a similar method
to calculate the growth rate for our second model, where
the viscosity takes different values in the region occupied by
proliferative cells and the rest of the tissue.

1. First model

Equations (6) and (7) describe the linearized dynamics of
the tissue. The deviatoric velocity field satisfies the no-slip
condition at z = 0, i.e.,

δvx |z=0 = δvz|z=0 = 0, (A1)

and the linearized stress-balance condition at the apical
surface, i.e., Eqs. (8) and (9). The evolution of the apical
surface is described by the linearized kinematic boundary
condition, Eq. (10). Equations (6) and (7) indicate that the
deviatoric flow inside the tissue is not driven by any active
processes, but the contribution from kp(H ∗) in the shear stress
continuity equation at the apical surface, Eq. (9), indicates that
for a tissue under perturbation, there is a driving force acting
on the apical surface that originates from cell apoptosis.

Note that although there are three variables, δvx , δvz, and
δp, in the force balance equation, Eq. (7), the constraint given
by Eq. (6) tells us that there are only two independent variables.
Since Eq. (7) actually contains two second-order differential
equations, we should have four independent solutions, and
the general solution is a linear combination of these four
independent solutions with coefficients determined by the four
boundary conditions, Eq. (A1), Eq. (8), and Eq. (9).

Consider a perturbation of the tissue height H that can be
expressed as δH (x,t) = Ĥ exp(ωt + iqx), where q is the wave
number of the perturbation. The deviatoric flow and pressure
induced by this perturbation are⎛

⎝δvx(x,z,t)
δvz(x,z,t)
δp(x,z,t)

⎞
⎠ =

⎛
⎝v̂x

v̂z

p̂

⎞
⎠eωt+iqx+kz. (A2)

Here v̂x , v̂z, p̂, and Ĥ are constants. Note that in general ω and
k are complex. Substituting Eq. (A2) into Eq. (6) and Eq. (7),
we obtain a matrix equation:⎛

⎝ iq k 0
η(k2 − q2) 0 −iq

0 η(k2 − q2) −k

⎞
⎠

⎛
⎝v̂x

v̂z

p̂

⎞
⎠ =

⎛
⎝0

0
0

⎞
⎠. (A3)

The condition for Eq. (A3) to have a nontrivial solution is
k = ±q. It is then easy to find the following two solutions
for Eq. (6) and Eq. (7) from the eigenvectors of the matrix in
Eq. (A3):

ψ1 =
⎛
⎝1

i

0

⎞
⎠eωt+iqx−qz, ψ2 =

⎛
⎝ 1

−i

0

⎞
⎠eωt+iqx+qz. (A4)

To find the other two solutions, we look for solutions of the
following form⎛

⎝δvx(x,z,t)
δvz(x,z,t)
δp(x,z,t)

⎞
⎠ =

⎡
⎣

⎛
⎝ζ1

ζ2

ζ3

⎞
⎠ + z

⎛
⎝ζ4

ζ5

ζ6

⎞
⎠

⎤
⎦eωt+iqx±qz; (A5)
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here ζi’s are constants. Substituting the above ansatz into
Eq. (6) and Eq. (7) and solving ζi’s, we obtain two more
solutions:

ψ3 =
⎡
⎣

⎛
⎝ −1

−1/q − i

−2η

⎞
⎠ + iz

⎛
⎝1

i

0

⎞
⎠

⎤
⎦eωt+iqx−qz (A6)

and

ψ4 =
⎡
⎣

⎛
⎝ 1

−1/q − i

2η

⎞
⎠ + iz

⎛
⎝ 1

−i

0

⎞
⎠

⎤
⎦eωt+iqx+qz. (A7)

The physical solution of the deviatoric flow and pressure
fields is a linear combination of ψ1, ψ2, ψ3, and ψ4. From
the four boundary conditions, Eq. (A1) and Eqs. (8) and
(9), these coefficients can be found. Substituting the solution
for the deviatoric flow and pressure into the kinematic
boundary condition, Eq. (10), one obtains the dispersion
relation, Eq. (11), with ωmech and ωphy given in Eq. (12) and
Eq. (13).

2. Second model

Now we explain how to derive the dispersion relation for a
perturbation in our second model. Besides the four boundary

conditions at z = 0 and z = H ∗ that have been described in
our first model, because the viscosity difference between the
z < hS region and the z > hS region, there are four continuous
conditions for the flow field, normal stress, and shear stress at
z = hS ,

lim
z→h−

S

vi = lim
z→h+

S

vi,

(A8)
lim

z→h−
S

σzi = lim
z→h+

S

σzi,

where i = x,z.
The deviatoric flow field and pressure at 0 < z < hS and

hS < z < H ∗ satisfy the same equations, Eq. (6) and Eq. (7),
with η = ηS for z < hS and η = ηD for z > hS . This is similar
to our first model, but now we have two matrix equations
to solve, and there are four independent solutions for each
matrix equation. The physical solution in each region is a linear
combination of the four solutions of its corresponding matrix
equation. Then the eight boundary conditions, Eq. (8), Eq. (9),
Eq. (A1), and Eq. (A8), are applied to determine all these coef-
ficients. The dispersion relation for the tissue surface can then
be obtained from the kinematic boundary condition, Eq. (9).
After tedious but straightforward calculations we find that ω

can still be expressed as the sum of two terms; one term (de-
noted ωmech) is expressed by Eq. (16), and the other term (de-
noted ωphy) is expressed by Eq. (17), where K II

mech and K II
phy are

K II
mech = (ηrel+1)2(2qH ∗− sinh qH ∗)+(ηrel − 1)2μ1

(ηrel+1)2[1+2(qH ∗)2+ cosh 2qH ∗) + (ηrel − 1]2μ2
(A9)

and

K II
phy = −(ηrel + 1)2(1 + cosh 2qH ∗) + (ηrel − 1)2(μ3 − μ2)

(ηrel + 1)2[1 + 2(qH ∗)2 + cosh 2qH ∗] + (ηrel − 1)2μ2.
(A10)

Here the μi’s depend on qH ∗ and h̃S (h̃S ≡ hS/H
∗); they are

μ1 ≡ 2qH ∗{1 − 2h̃S[1 + 2(qH ∗)2](h̃S − 1)h̃S} + 4qH ∗(h̃S − 1) cosh(2qH ∗h̃S) − sinh[2qH ∗(1 − 2h̃S)]

+ 2
[
1 + 2(qH ∗)2h̃2

S

]
sinh[2qH ∗(1 − h̃S)], (A11)

μ2 ≡ 1 + 2(qH ∗)2{1 + 4(h̃S − 1)h̃S[1 + (qH ∗)2(h̃S − 1)h̃S]} + cosh[2qH ∗(1 − 2h̃S)]

− 2
[
1 + 2(qH ∗)2h̃2

S

]
cosh[2qH ∗(h̃S − 1)] − 2[1 + 2(qH ∗)2(h̃S − 1)2] cosh(2qH ∗h̃S), (A12)

and

μ3 ≡ 2(qH ∗)2{1 + 2h̃S[−2 + (1 + 2(qH ∗)2(h̃S − 1)2)h̃S]} + 2(h̃S − 1)2 cosh(2qH ∗h̃S). (A13)

Note that, as pointed out in Sec. III, K II
mech → −1 as qH ∗ → ∞, and K II

phy → −1 as qH ∗ → ∞ or qH ∗ → 0.

APPENDIX B: VISCOSITY IN A TISSUE

In this Appendix we first construct a general model for
continuous self-renewing tissues that includes both spatial
and cell lineage dynamics. By assuming that cell division
and apoptosis dominate the stress relaxation in a tissue, we
show that a tissue behaves as a viscoelastic material, and the
viscosity in a tissue depends on the local tissue composition.
The parameters in the theory can be measured with existing
experimental methods. The analysis in this Appendix follows
closely the work of Ranft et al. [7]. The main difference is that
in our model the cell lineage, which has been identified as the

fundamental unit of tissue and organ development [36], is also
taken into account.

There are proliferative cells and terminally differentiated
cells in a tissue. Typically, proliferative cells include stem cells
and transit-amplifying cells differentiated from stem cells. For
simplicity, we ignore this internal conversion of proliferative
cells and note only that proliferative cells can undergo cell
division, and the daughter cells have a certain chance of
becoming TD cells. On the other hand, TD cells do not
divide; they only undergo programmed cell death (apoptosis).
Similarly to other models [34,36,42], ours neglect apoptosis
of proliferative cells.
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Because of the coupling between the cortical network and
the adhesion proteins, cells in a tissue are tightly connected
[2,5], and diffusion of cells inside the tissue can be neglected
[44]. Denote ρS the number density of proliferative cells and
ρD the number density of TD cells. Taking into account cell
division and apoptosis, and advection of cells by the flow
inside the tissue, the continuity equations for ρS and ρD can
be written as

∂tρS + ∂l(vlρS) = rS(2pS − 1)ρS, (B1)

∂tρD + ∂l(vlρD) = 2rS(1 − pS)ρS − rDρD, (B2)

where the Einstein summation convention is used to simplify
the notation, and rS and rD are the division rate of proliferative
cells and the apoptosis rate of TD cells, respectively. pS is
the self-renewal probability of proliferative cells, and vi (i =
x,y,z) is the ith component of the flow field.

The total cell density at position r is ρ(r,t) = ρS(r,t) +
ρD(r,t). The fraction of the proliferative cells at r is 
S(r,t) =
ρS(r,t)/ρ(r,t). From Eqs. (B1) and (B2), the evolution
equations for ρ and 
S are

Dtρ = ρ[(rS + rD)
S − rD − ∂lvl], (B3)

Dt
S = [2rSpS − rS + rD − (rS + rD)
S]
S, (B4)

where Dt ≡ ∂t + vl∂l is the material derivative.
We assume that, in the absence of active processes such

as cell division and cell apoptosis, a tissue behaves as a
linear elastic material, thus there is a linear relation between
the change of elastic stress �σE

ik and the change of elastic
strain �uik , �σE

ik = (K − 2μ/3)�ullδik + 2μ�uik , where K

is the compressional modulus and μ is the shear modulus
[45]. Besides elastic stress, cell division and cell apoptosis
also exert forces to the tissue [46]. Because these processes
exert no net force and torque on the tissue [47,48], we
model them as symmetric force dipoles [7,47,49]. For a cell
division or apoptosis event occurring at r = r0, the change
of stress is related to the active force dipole dik through
�σA

ik = −dikδ(r − r0), where δ(r − r0) is the Dirac delta
function and the superscript A denotes stress created by active
cell division or apoptosis events. Since the inertia is negligible
[50], the force balance condition gives

∂iσik = 0, (B5)

where σik ≡ σE
ik + σA

ik is the total stress in the tissue.
Due to cell division and apoptosis, a unique reference state

for the strain does not exist. However, the difference in strain
between subsequent states still can be defined [7]. Letting the
frame of reference flow and rotate with the local flow and
vortex, the evolution equation for the stress can be written as

DJ
t σik = (

K − 2
3μ

)
vllδik + 2μvik + DJ

t σA
ik , (B6)

where DJ
t σik ≡ Dtσik + �ilσlk + �klσil is the Jaumann

derivative. Here vik ≡ (∂ivk + ∂kvi)/2 is the strain rate tensor,
and �ik ≡ (∂ivk − ∂kvi)/2 is the vorticity tensor.

It is convenient to decompose the total stress tensor into
isotropic and traceless parts, i.e., σik = −pδik + σ̃ik , where
p ≡ −σll/3 is the tissue pressure and σ̃ik is the traceless

FIG. 8. Cell division and apoptosis as a source of localized force
inside tissue. (a) Cell division produces equal but opposite forces
along the mitotic axis (dashed arrow). (b) Cell apoptosis induces a
purse string (dashed line) which shrinks the cell surface and prevents
gap formation. Both processes create a force dipole acting on the
surrounding environment (blue cells).

(deviator) part of the total stress tensor. Physically the isotropic
part of the stress tensor is related to the change in the local
tissue volume, and σ̃ik is related to the distortion of the
local tissue shape [45]. The same decomposition can also
be applied to the active stress tensor and strain rate tensor,
i.e., σA

ik = −pAδik + σ̃ A
ik and vik = (1/3)vllδik + ṽik . Now the

stress evolution, Eq. (B6), can be expressed as

Dtp = −Kvll + Dtp
A (B7)

and

DJ
t σ̃ik = 2μṽik + DJ

t σ̃ A
ik . (B8)

To complete our model, we still need the constitutive
equations for Dtp

A and DJ
t σ̃ A

ik . Active stress is induced by
cell division and cell apoptosis; we first consider the force
dipole created by cell division. Let the unit vector l̂i denote the
direction of the cell division mitotic axis (Fig. 8); following
[51], the force dipole produced by a cell division event can be
approximated by

ddiv
ik = 3dS l̂i l̂k. (B9)

Here dS characterizes the strength of the dipole. Typically
dS > 0 because cell division makes tissue grow. Since different
dividing cells may have different mitotic axes, the macroscopic
property is related to the average of dik in a small region,〈

ddiv
ik

〉 = 3dS〈l̂i l̂k〉 = dS(δik + q̃ik), (B10)

where q̃ik ≡ 〈3l̂i l̂k − δik〉 is the nematic order tensor in the
liquid crystal literature. In general, tissue growth and cell
division or apoptosis processes are intrinsically anisotropic
[5,7,52–54], and the orientation of the cell mitotic axis depends
on local tissue distortion [7,55,56]. To linear order, this relation
can be expressed as

q̃ik − q̃0
ik = σ̃ik

σ0
, (B11)

where σ0 > 0 is a constant and q̃0
ik is the intrinsic anisotropic

tensor, which should satisfy q̃0
ll = 0. Denoting the eigenvalues

of q̃ik − q̃0
ik as q̃(i), it is convenient to write

q̃(i) = 3〈cos2 θi〉 − 1, (B12)
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where θi is the direction angle of the mitotic axis relative to
the ith principle axis of q̃ik − q̃0

ik . From Eq. (B11) we have

Si = 1

6σ0

(
3σ (i) −

3∑
k=1

σ (k)

)
, (B13)

where Si ≡ (3〈cos2 θi〉 − 1)/2 is the three-dimensional order
parameter relative to the ith principal axis of q̃ik − q̃0

ik , and
σ (i)’s are the ith eigenvalues of σik . From this relation, one can
estimate σ0 from experimental measurements [56].

Cell apoptosis, a key mechanism of tissue morphogenesis
[57,58], also exerts force on the surrounding environment
(Fig. 8). During apoptosis, a cell rapidly develops an acto-
myosin ring around its periphery and signals to neighboring
cells to induce a “purse-string”-like contractility in the neigh-
boring cells [59]. This purse-string contraction depends on
myosin activity, which can be elevated by applying mechanical
forces to the tissues [60]. Therefore, in general the force dipole
exerted by cell apoptosis is anisotropic and dependent on the
local stress,

〈
d

apo
ik

〉 = dDδik + d̃D

(
q̃0

ik + σ̃ik

σ0

)
; (B14)

the traceless part of this force dipole has an intrinsic contri-
bution proportional to q̃0

ik and a contribution induced by local
stress. dD and d̃D are constants characterizing the strength of
the isotropic and the traceless part of the dipole. Typically
dD < 0 since cell apoptosis often leads to a decrease in the
tissue volume. On the other hand, there is no simple intuitive
argument to determine the the sign of d̃D .

Substitute Eqs. (B10) and (B14) into Eqs. (B7) and (B8)
leads to

Dtp = −Kvll + ρ[(rSdS − rDdD)
S + rDdD], (B15)(
1 + τDJ

t

)
σ̃ik = 2ηṽik + σ̃ I

ik, (B16)

where σ̃ I
ik ≡ τρ[(rSdS − rDd̃D)
S + rDd̃D]q̃0

ik is the intrinsic
active stress due to the cell’s intrinsic polarity, and the time
scale τ that characterizes the active stress induced by cell
proliferation or apoptosis is

τ ≡ σ0

ρ[(rSdS − rDd̃D)
S + rDd̃D]
, (B17)

the viscosity of the tissue is simply

η = τμ. (B18)

From Eq. (B16) and Eq. (B17), we make the following
remarks.

(i) For a tissue with no intrinsic cell polarity, σ̃ I
ik = 0. The

stress evolution, Eq. (B16), reduces to the Maxwell model of a

viscoelastic material with stress relaxation time τ and viscosity
η. At a time scale greater than τ , the tissue behaves like a fluid
[61]:

σ̃ik = 2ηṽik. (B19)

It is important to note that η depends on ρ and 
S . This
supports the intuitive argument presented in the text: that the
tissue viscosity depends on the local density of proliferative
cells and TD cells.

(ii) From Eq. (B17), a sufficient condition for the tissue
viscosity to be positive is d̃D > 0. This is consistent with what
has been observed in experiments [8–10].

(iii) In general, σ̃ I
ik is not 0. In this case, in the long-time

limit the stress of the tissue satisfies

σ̃ik = 2ηṽik + σ̃ I
ik. (B20)

The additional term on the right-hand side of the above
equation suggests that a tissue in a flow-free state is, in general,
under stress. This is the active stress from cells with intrinsic
polarity. It is important for tissue morphogenesis, for example,
in the imaginal disc of Drosophila [7,54].

At a time scale large compared to τ , the total stress tensor
in a tissue reduces to

σik = −pδik + 2ηṽik + σ̃ I
ik. (B21)

Hence a tissue in this limit behaves as a viscous fluid coupled
to a scalar field 
S and an order parameter which measures the
intrinsic anisotropy of cell orientation. Moreover, Eq. (B21),
Eqs. (B3)–(B5), and Eq. (B15) give a close set of equations
describing tissue and cell lineage dynamics. Note that the
constitutive relation we use in the text describes a tissue with
negligible intrinsic active stress.

Existing experimental techniques can measure the cell-
scale parameters in the hydrodynamics formulation discussed
in this Appendix. For example, dS in Eq. (B9) can be measured
by monitoring the traction stress exerted in dividing cells on
a flexible substrate [51]. σ0 can be obtained by measuring
the average cell division orientation as a function of the local
strain rate. This has been performed for a monolayer of cells
[56]. The apoptosis rate, rD , in a tissue has been measured for
the dorsal closure process of Drosophila [57]. Furthermore,
experimental techniques for measuring the relaxation time τ

and the ratio of proliferative cells 
S have been reported before
[62]. Supposing that all these measurement can be performed
on the same tissue, then from Eq. (B17), the magnitude of d̃D

can be obtained.
In summary, in this Appendix we have presented a theoreti-

cal model to relate the viscosity of a tissue to a few measurable
parameters. The key parameters, dS , d̃D , and σ0, of a tissue
can be measured from different experiments. Therefore it is
possible to infer the hydrodynamic properties of a tissue using
existing experimental techniques.
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