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How complexity emerges in urban systems: Theory of urban morphology
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Human beings develop the land and transform land use patterns, constructing artificial structures. Among
them, the city is a representative system and its morphology has attracted much attention. While most existing
studies have been devoted to individual dynamics and focused on the proximity of specific areas of a city, we
here pay attention to the city as a complex system, where interactions between individuals give rise to emergent
properties. Specifically, analyzing the big data on every building in Seoul City, we specify the relevant interactions
among constituents and probe the emergence of complex land use patterns. In particular, based on the empirical
observations, we illustrate that interactions between land uses are frustrated, which serves as a basic postulate
of the theory of urban morphology. We examine this conjecture with the help of a layered Ising-type model and
disclose that the actual land use pattern emerges at the criticality of the system in the presence of heterogeneously
distributed fields. It is also remarked that our model, allowing quantitative predictions, can easily be applied to
other cities around the world.
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I. INTRODUCTION

Cities are highly organized spatial structures that have
been developed by human beings. As a result of the orga-
nization, each city forms a distinctive pattern depending on
its own topographical, historical, economical, and political
environments. Nevertheless, substructures composing urban
areas should be organized in a proper way for the cities to
function properly. Specifically, each city should provide the
bases and infrastructures for urban dwellers including shelters,
job opportunities, transportation, and so on. To elucidate the
pattern of the urbanized area, called urban morphology, various
studies have been conducted [1–7].

Meanwhile, the city is one of the most representative
complex phenomena among social systems. Recently, complex
system perspectives begin to find general acceptance in studies
of social systems [8–10]. Many social phenomena are now
regarded as emergent and collective properties, exhibiting
such characteristics as criticality and scaling [10,11], and have
been widely probed by means of statistical mechanics. For
instance, studies of urban growth [12,13] and urban structures
including street networks [7,14] and public transportation
systems [11,15] have been conducted extensively from this
viewpoint. Still current understanding as to the fundamental
rules governing the formation and emergence of cities remains
in its infancy due to the inherent complex nature of the urban
system. Specifically in the case of urban morphology, most
existing studies, focusing on the properties of individuals,
are descriptive rather than theoretical and there still lacks an
integrated framework for urban morphology.

Furthermore, insufficiency of real data has also prevented
proper understanding of urban formation and the land use
pattern. In principle, most detailed measurements of a social
system including a city would be possible if the locations and
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movements of every individual are specified. Indeed individual
dynamics has proved to be traceable mostly by analyzing mo-
bile phone data [16,17]; nevertheless, complete enumeration
of a whole urban system remains to be achieved. Moreover, a
city involves various scales, ranging from individuals [16] to
urban substructures such as the central business district (CBD)
[5,13]. In addition, there might exist strong fluctuations when
individual dynamics is taken into account in detail. Therefore,
the most relevant measure should be determined carefully.

Related to the land use pattern and urban morphology,
the distribution of buildings provides an appropriate mea-
sure [18,19]. The building distribution typically character-
izes unique features of each city and provides an accurate
description of the detailed configuration of the urban area.
Undoubtedly, buildings are not distributed randomly in space;
rather, they tend to aggregate in a city, accompanying economic
activities. To measure the tendency toward aggregation of
urban economic activities, distance-based methods have been
developed [20–22]. Movements in a city take place under
the constraint guided by such inhomogeneous building dis-
tribution, and the city operates accordingly. Dealing with the
building distribution data of the urbanized area rather than in-
dividual dynamics, one can also bypass the technical difficulty
and make use of the relatively static nature of the building.

In this direction, we examine the building distribution of
Seoul City, which includes information on the location, area,
and functional characteristics of every building. Following
the viewpoint of statistical mechanics and complex systems,
we regard urban morphology as a collective behavior of
constituents coupled to each other. To capture distinguished
features of emergent phenomena, we adopt a coarse-grained
description of Seoul City, placing its urban areas on a
lattice. We not only provide a description of the observed
phenomena but also infer the underlying principles of urban
land use patterns, constructing a model Hamiltonian with
relevant components: The frustrated interlayer coupling is
proposed as a fundamental ingredient for the formation of
urban morphology and the criticality as a necessary condition
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for the emergence of complex land use patterns. The role of
heterogeneous fields is also addressed.

II. FRACTAL NATURE OF URBANIZED
REGIONS IN SEOUL

Before proceeding further, we describe briefly the Seoul
building data set [23]. As addressed already, it contains
quantitative information on every building located in the
administrative area of Seoul City in the year 2011. The
attributes include the number of floors, structure, gross floor
area, position or address, zip code, use, and type of the
roof of the building. There were 678 594 buildings in Seoul
at the time of the data gathering, the total area of which
amounted to 429.34 km2 (cf. the area of Seoul, 605.25 km2). In
particular, uses of the buildings are classified into 29 types, e.g.,
apartments, offices, neighborhood facilities, and so on. As the
use of the building represents the land use directly, it serves as
an indicator of the urban morphology which should comprise
differentiated patterns as well as shapes of the urbanized areas.
Representative attribute types and their ratios in terms of the
gross floor area are displayed in Table I. Among various
attributes of buildings, longitude and latitude coordinates
and gross floor areas turn out to be relevant information
for specifying the configurations of coarse-grained areas, as
discussed in this and the next sections. (According to the
Korean Enforcement Decree of the Building Act, the gross
floor area of a building is defined to be the sum of the floor
areas of all the floors of the building.)

We now extract the urbanized area of Seoul City from the
building data set. It is well known that the urbanized areas
constitute fractals [24,25], as to which the diffusion-limited
aggregation model was studied extensively [12,24–26]. We
also verify the fractal nature of the urbanized area and compute
the fractal dimension from the building distribution data,
which, unlike the data analyzed in previous studies, provide
direct measurement. In particular, the dimension needs to be
specified accurately since it plays a crucial role in the collective
behavior.

However, there exist severe drawbacks in the bare descrip-
tion where the use or location of a certain building is fixed at a
particular attribute or value. For example, shopping facilities
around a residential area, categorized as commercial in the bare
description, should be considered a residential-commercial
complex. Moreover, although the surface areas occupied by
buildings are different from one another, each building is
put on an equal footing if regarded as a point element. In
particular, such a fine-grained description on a length scale
smaller than the typical size of a single building is obviously
superfluous, for it would generate fictitious empty spaces,
which are in reality occupied by buildings, and in consequence
introduce heterogeneity, which is an artifact. This may make
an undesirable alteration on the behavior of system, unless
there exist infinitely many buildings so that the size can be
ignored.

In this paper, we follow the process suggested in a recent
study [11] and perform coarse graining of the urbanized areas
into small boxes to circumvent the redundancy in the fine-
grained description. Constructing a coarse-grained lattice by
putting a site on the face of each box, we can also utilize
methods developed for lattice systems. The lattice constant and
the total number of boxes or sites on the lattice are denoted by
a and N , respectively. A typical example of the coarse-grained
lattice is shown in Fig. 1(a).

To compute the fractal dimension of the lattice, we first
examine the coordination number, which stands for the number
of nearest neighbors, and observe that its value varies from
site to site. Labeling the site dependence, we write zi to denote
the coordination number of site i. In fact, the presence of
empty spaces and consequent variations in the number of the
nearest-neighboring sites apparently reflect the fractal nature
of the lattice. Namely, whereas zi = z = 2d at every site on
a d-dimensional regular lattice, in the case of a fractal lattice,
the coordination number has a noninteger mean value z and
there should thus exist empty sites. In Fig. 1(b), which exhibits
half the (mean) coordination number depending on the lattice
constant, we obtain directly the fractal dimension of the coarse-
grained lattice of Seoul City: d = 1.82 ± 0.01.

TABLE I. Classification of buildings and the ratio in terms of the gross floor area of each attribute. The attribute of each building is provided
in the raw data set. We further classify the use of building into three categories: residential (R), workplace (W), and commercial (C) buildings.
There are 58 079 buildings (6.56% in terms of the area) for which the uses are not categorized. Among them, 55 146 buildings (5.8%) have no
attribute in the raw data, while attributes such as farming and fishing houses, transportation facilities, hazardous material storage facilities, or
vehicle maintenance facilities in the data (2933 buildings, 0.68%) are, in consideration of uncertainty, not categorized.

Attribute Ratio Category Attribute Ratio Category

Apartment 0.3136 R Multifamily house 0.1496 R
Multiplex house 0.0681 R Detached house 0.0488 R
Row house 0.0181 R Employee apartment 0.0012 R
Office 0.0828 W Education/research facility 0.0450 W
Manufacturing facility 0.0240 W Neighborhood facility 0.1286 C
Large store facility 0.0194 C Religious facility 0.0114 C
Hotel 0.0070 C Accommodation 0.0045 C
Cultural/broadcast facility 0.0035 C Sports facility 0.0031 C
Food sanitation facility 0.0031 C Marketplace 0.0009 C
Medical facility 0.0009 C Public sanitation facility 0.0005 C
Amusement facility 0.0005 C Inn 0.0004 C
Ritual facility 0.0003 C Recreational facility 0.0001 C
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FIG. 1. Lattice structure of the urbanized area in Seoul City and its fractal dimension. (a) A coarse-grained lattice with lattice constant
a = 250 m. (b) Half the coordination number z/2 versus lattice constant a, which gives the dimension d = 1.82 ± 0.01 in the range 100 <

a < 1500 m. Note the strong finite-size effects for a < 100 m and strong boundary effects for a > 1500 m. (c) Number N of sites versus lattice
constant a, disclosing the scaling relation between them. Fitted to the solid line of slope −1.77, it leads to the fractal dimension d = 1.77 ± 0.01.
(d) Correlation dimension dcorr versus lattice constant a, displaying a pattern similar to that in (b). In the range 100 < a < 1000 m, we obtain
d = 1.78 ± 0.01.

The presence of empty spaces, however, does not guarantee
that the lattice is a fractal. For example, when the sites
are removed randomly, the average value of z becomes a
noninteger; nevertheless, the dimension of the lattice remains
the same as that of the original lattice. Furthermore, the
average value of z could also be reduced when the sites are
removed in an orderly manner; such a reduction, which is
exemplified by the Han (river) in the case of Seoul, brings on
the boundary effects rather than the fractal nature. Therefore,
the fractal character of the lattice should be confirmed in a more
concrete way. Examining how the number of sites changes with
the lattice constant, we verify the scaling relation between
them: N ∼ a−d , which confirms a fractal with dimension
d = 1.77 ± 0.01 [see Fig. 1(c)]. In addition, one can also
consider the correlation sum C(r) [27] and probe its scaling
relation. Computing C(r), we indeed observe the scaling
relation C(r) ∼ rdcorr and plot in Fig. 1(d) the obtained values
of the correlation dimension dcorr as the lattice constant is
varied. The fractal character of the lattice is manifested again,
with dimension d = dcorr = 1.78 ± 0.01.

Note here the appropriate length scale for the coarse-
grained description. First, we observe a sharp decrease in
the fractal dimension for small values of the lattice constant,
a < 100 m, including the correlation dimension computed
directly from the point element description (dcorr ≈ 1.67).
This has its origin in the artificial heterogeneity introduced
in the fine-grained description. Second, in the opposite case
of large values, a > 1000 m, boundary effects are evident.

Gathering the results from three different approaches, we
finally conclude that the urbanized area of Seoul City is
indeed a fractal of dimension d ≈ 1.8, which is consistent
with the results in previous studies [25,28]. In the following,
we restrict our analysis to the coarse-grained system satisfying
these conditions.

III. STATE VECTOR DESCRIPTION OF URBAN AREAS

In this section, we specify the state of each site on the fractal
lattice, constructed of the coarse-grained areas in Seoul City,
and analyze the distribution of configurations of the whole
system. For simplicity, one may define the state of a site
according to, e.g., whether the area of the site is active or
inactive. As remarked, however, cities are highly patterned
systems consisting of functionally organized modules, such
as CBDs, industrial complexes, and residential areas. Even
the actual distribution of modules differs from one city to
another, and coexistence of them is a key ingredient which
defines and enables cities, especially metropolises such as
Seoul, to work as self-sufficient spatial structures for human
life. It is therefore desirable to categorize the state of each
site in detail, so as to reflect the land use. In previous studies
[1,29,30], urban land use has been categorized as three distinct
allocations. Also urban life has been classified into three
representative activities, based on the eigenmode analysis of
mobile phone usage data [31]. Following these, we classify the
building into three distinct categories: residential, workplace,
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and commercial buildings (denoted by r , w, and c categories
hereafter), as summarized in Table I. Note that one may
subdivide the categories in a more detailed way, appropriate
for the specific purpose of the study [32,33].

Finally, we consider the total gross floor area of each
category in an area, which is denoted by σ raw

i,x with i and
x (= r,w,c) being lattice site and category indices, respec-
tively, and regard it as a component of the state vector defined
in coarse-grained area i. Namely, the state of each site is
described by the state vector, specifying the total areas of
the buildings of three categories: �σ raw

i ≡ (σ raw
i,r ,σ raw

i,w ,σ raw
i,c ). In

other words, the total gross floor areas and uses of buildings
in each coarse-grained area quantify the amplitude and the
direction of the state vector at the site. It is also conceivable to
adopt the number of buildings as a measure of the amplitude.
However, there are no correlations between the numbers and
the gross floor areas of buildings (results not shown) due to the
large variations in the size of buildings. Therefore, the analysis
based on the number of buildings could give an inaccurate
description of the reality.

Until this stage, the state of each site is represented by
continuous variables σ raw

i,x . Henceforth, for further simplicity,
we adopt a two-state description, characterizing the total gross
floor area of each category as a binary variable. Setting an
appropriate threshold area, we assign σi,x = ±1 as the x

component of the state of lattice site i if the sum of the gross
floor areas of buildings of category x in the corresponding area
is larger or smaller than the threshold. The state of site i is then
specified by �σi ≡ (σi,r ,σi,w,σi,c), where each component σi,x

can be regarded as an Ising spin. Accordingly, each site can
take eight states: �σi = (−1,−1,−1), (1,−1,−1), (−1,1,−1),
(−1,−1,1), (1,1,−1), (1,−1,1), (−1,1,1), and (1,1,1), which
are, for convenience, abbreviated as 0, r , w, c, rw, cr , wc, and
rwc states, respectively.

Then the remaining issue is how to determine the threshold
of the total gross floor area. In search of the appropriate value,
we examine the rank distribution of the total gross floor areas
and plot the results in Fig. 2. Interestingly, residential and com-
mercial building distributions follow power-law distributions
in the high-rank regimes. Specifically, the power-law behavior
persists approximately down to the top 30th percentile. We
therefore consider this value as a lower limit for the threshold.
In contrast, the rank distribution of workplace buildings
decays exponentially rather than algebraically. Furthermore,
the number of boxes in which at least a single workplace
building is located is smaller than those of residential and
commercial buildings. In the case of lattice constant a =
138 m, for example, only 55% of boxes contain workplace
buildings and we adopt it as an upper limit. Note that these
behaviors are consistently observed irrespective of the lattice
constant. One may then take any percentile value for the
threshold, and assign σi,x = ±1 to site i if the total gross
floor area of category x is larger or smaller than the specific
percentile value. It is pleasing that threshold values taken from
criteria between 30% and 55% turn out to give consistent
results, and in this paper we show only the results of the
median (50%) criterion for the threshold.

The site classified accordingly in the three-category de-
scription, shown in Fig. 3, manifests characteristic nonuniform
distributions of sites in different states. First of all, sites in the
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FIG. 2. Rank distributions (red squares) of total gross floor areas
for (a) residential, (b) workplace, and (c) commercial buildings. The
lattice constant is taken to be a = 138 m. Power-law behaviors are
observed in (a) and (c), down to the 30th percentile indicated by
vertical blue lines (6093 among the total of 20 309 boxes in this
coarse-grained scale). The black solid lines describe the power-law
distributions with exponents (a) 0.36 and (c) 0.49.

r , w, and c states are primarily located close to the boundary,
as shown in Fig. 3(a). On the other hand, rwc-state sites
exhibiting mixed land use are relatively centered, forming
clusters from place to place. It is also observed in Fig. 3(b) that
the CBD areas of Seoul are represented mostly by the wc state.
One can further confirm that sites in the r or w state are located
mainly near the boundary and easily distinguished from the
mixed use sites (rwc state) or the CBD (wc state) at the center.
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FIG. 3. Three-category Ising-type description of Seoul City under the median criterion. (a) Sites in the r , w, and c states are depicted. It is
observed that sites near the boundary of Seoul City are mostly in these states. (b) Sites in the rw, wc, and cr states are displayed. Note that
downtown areas are populated mainly by the wc-state sites; in effect buildings of the residential category are expelled from the downtown,
giving rise to an urban doughnut pattern. (c) Sites in the rwc state as well as in the 0 state. In contrast to r-, w-, and c-state sites, rwc-state sites
are located away from the boundary. (d) Fraction N�σ /N of sites in state �σ are presented versus the lattice constant a. Notably, the fractions of
c- and rw-state sites are smaller than those of other state sites.

These discriminative features reflect the spatially modularized
pattern of the urbanized area. Finally, we compute the fraction
of states N�σ /N , where N�σ denotes the number of lattice sites
in state �σ , and plot in Fig. 3(d) the results as the lattice
constant a is varied. With the finite-size effects for a � 0.1
km excepted, there exist fewer c-state sites than r- and w-state
ones and fewer rw-state sites than wc- and cr-state ones. These
characteristics are expected to originate from the coupling
between the buildings of different categories. In particular, the
commercial category appears to play a distinctive role in the
pattern formation, subordinate to the principal components of
human life, habitation and production.

IV. MODELING URBAN MORPHOLOGY

A. Model description

Equipped with the analysis in the previous section, we
construct a model describing the major characteristics of the
land use pattern. Based on the Ising-spin description, we
introduce three layers of the lattice, each of which hosts the
state component corresponding to each category. Specifically,
we place the Ising spin σi,x at site i on layer x, describing the x-
category state of the coarse-grained area i. The Hamiltonian of
the urban morphology system is then proposed in the following
way: We first assume that there exists a tendency toward
aggregation [34–36] between buildings of the same category,
which may be taken into account by the “ferromagnetic”

nearest-neighbor interactions on a layer, i.e., between the same
category components of the state vector. The Hamiltonian
describing such intralayer coupling or interactions between
the buildings of category x then reads

Hx({σi,x}) = −
∑

i

hi,xσi,x − Jx

∑
〈i,j〉

σi,xσj,x, (1)

where the temperature has been absorbed in defining the
Hamiltonian and the nonuniform external field hi,x has
been introduced to measure advantages and disadvantages in
constructing the building of category x in area i. For example,
if the slope of area i is steep, we may assign a negative value
of the field [hi,x < 0] to mimic the difficulty to construct
buildings in that area. History of the city, infrastructures such
as the road and subway networks, or even the price of land can
also be good candidates for the field. We may also take into
account the urban development planning by assigning positive
external fields and probe the consequence of the planning.

Leaving the detailed verification for further studies, we in
this paper assign negative fields only at the boundary as a
simple but significant example. Such negative fields reflect
the minimal constraint, imposed mostly by the mountains and
rivers located at the boundary of Seoul City. When specifying
the strength of the field at the boundary, we consider the
following two factors: (1) if a lattice site is surrounded by
many outer points, the negative field should be strong, and
(2) if the nearest-neighbor coupling is strong, the effects of
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FIG. 4. Model description. (a) A schematic diagram of the interlayer coupling, displaying frustration due to the antiferromagnetic interaction
between the residential layer and the workplace layer. (b) External fields applied in the city and boundary conditions imposed at the boundary.

the boundary should also be strong. In addition, we also apply
weak fields on the whole lattice to simulate the efforts of urban
settlers to maintain the city. Accordingly, the external fields are
specified by

hi,x =
{
hx − ziJx at the boundary �,

hx elsewhere.

Now the strength of hx controls the activity of the city. For
example, if the city is in its developmental phase, hx should
have large values. To model a sustaining city like Seoul, we
assume that the total field strength vanishes:∑

i

hi,x = −
∑
i∈�

ziJx + Nhx = 0, (2)

which yields the uniform field

hx = 1

N

∑
i∈�

ziJx (3)

assigned on the whole lattice.
Next we turn to the interactions between the buildings of

distinct categories in an area. Such on-site interlayer coupling
terms are written in the most general form:

Hint = − Krw

∑
i

σi,rσi,w − Kwc

∑
i

σi,wσi,c

− Kcr

∑
i

σi,cσi,r . (4)

According to the analysis in the previous section, both
residential and workplace buildings tend to attract commercial
buildings. We thus assume ferromagnetic interactions between
the commercial layer and other layers, i.e., Kwc > 0 and
Kcr > 0. This assumption is indeed consistent with the
observed phenomenon that commercial land uses tend to
locate near residential or working areas having a high level
of floating populations [37]. Because profits generated by
commercial activities can stem from distributing products and
services, one of the most important factors for the location
of the commercial property is the geographical proximity to
its demands, consuming products or services. On the other
hand, residential and workplace buildings appear mutually
exclusive, implying that the coupling between residential
and workplace layers is antiferromagnetic: Krw < 0. As is
well known, residences tend to avoid locating near industrial
uses since industrial facilities generate negative externality,
causing noise, pollution, and traffic jams. Thus, even though

there exists a certain level of housing demands (e.g., factory
workers may prefer to live close to their working places),
people are hesitant to reside near these facilities in general
due to their negative impact on the environment [38]. The
schematic diagram of the on-site interlayer couplings is given
in Fig. 4(a). It is remarkable that the interlayer coupling is
frustrated; otherwise (i.e., if all couplings are ferromagnetic),
the system should consist mostly of the rwc state (at the center)
and the 0 state (at the boundary). Then the modular structure
of the urban area could not be explained.

Finally, we arrive at the total Hamiltonian in the form

H({σi,x}) = Hr + Hw + Hc + Hint, (5)

which, with the simplifying assumption −Krw = Kwc =
Kcr ≡ K and Jx ≡ J , takes the simple form

H({σi,x}) = −h
∑

i

(σi,r + σi,w + σi,c)

− J
∑
〈i,j〉

(σi,rσj,r + σi,wσj,w + σi,cσj,c)

−K
∑

i

(−σi,rσi,w + σi,wσi,c + σi,cσi,r ). (6)

Here the effects of the external field at the boundary have been
considered by fixing boundary conditions: σi,x = −1 at the
boundary, as illustrated in Fig. 4(b). Then Eq. (3) determines
completely the uniform field h, and only the coupling constants
J and K remain as control parameters.

Remarkably, the frustrated interlayer coupling explains
directly the rarity of c and rw states observed in the building
data [see Fig. 3(d)]. For convenience of notation, we define
σ̃±

i,x ≡ (1 ± σi,x)/2, which takes values 0 or 1 depending on the
state of the site, and compute the total number of sites of state
�σ through the use of the relation N�σ = ∑

i σ̃
±
i,r σ̃

±
i,wσ̃±

i,c (where
the signs are chosen in accord with the state �σ ). Expressing
the numbers of rw and c states in terms of the spin states, we
then have

Nrw + Nc =
∑

i

(σ̃+
i,r σ̃

+
i,wσ̃−

i,c + σ̃−
i,r σ̃

−
i,wσ̃+

i,c)

= N

4
+ 1

4

∑
i

(σi,rσi,w − σi,wσi,c − σi,cσi,r ). (7)

Accordingly, the third term, depending on the interlayer
coupling constant K , of the Hamiltonian in Eq. (6) can be
rewritten in the form 4K(Nrw + Nc), with the constant term
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4KN neglected. This manifests that the coupling constant
K controls the fraction of c and rw states; in particular,
Nrw,Nc → 0 as K → ∞.

Note here that the eight states of the system are connected to
each other via symmetries of the system. In the thermodynamic
limit (N → ∞), the boundary effects become negligible,
and the uniform field r also becomes vanishingly small. In
consequence the Hamiltonian given by Eq. (6) carries Z2 × Z3

symmetry: The three states rwc, r , and w, as well as the three
states 0, wc, and cr , are connected by Z3 symmetry while
the two states in each of the three pairs (rwc and 0 states,
r and wc states, and w and cr states) are connected by Z2

symmetry. Depending on the values of J and K , the system
may thus exhibit ordered or disordered states together with the
intermediate critical state.

B. Monte Carlo simulations and mean-field approximation

To probe the emergent phases of the model, we first
carry out Monte Carlo simulations under the fixed boundary
conditions and weak external fields. Fractal lattices with lattice
constant a = 138, 183, 244, 325, and 432 m are used; 1 × 105

Monte Carlo steps are performed to equilibrate the system
and another 1 × 105 steps performed to compute the ensemble
averages.

To make use of the Z2 × Z3 symmetry inherent in the
Hamiltonian, we introduce q-fold symmetry order parameters
mq (q = 2,3,6) and their fluctuations χq . In view of the
symmetry among the three categories (x = r , w, and c), we
take into account the state �σi = (1,1,1) and its symmetric
counterparts and define the order parameters as

m2 ≡
〈∣∣∣∣∣ 1

N

∑
i

(σ̃+
i,r σ̃

+
i,wσ̃+

i,c − σ̃−
i,r σ̃

−
i,wσ̃−

i,c)

∣∣∣∣∣
〉
, (8)

m3 ≡
〈∣∣∣∣∣ 1

N

∑
i

(σ̃+
i,r σ̃

+
i,wσ̃+

i,c + e2πi/3σ̃−
i,r σ̃

+
i,wσ̃−

i,c

+ e4πi/3σ̃+
i,r σ̃

−
i,wσ̃−

i,c)

∣∣∣∣∣
〉
, (9)

m6 ≡
〈∣∣∣∣∣ 1

N

∑
i

(σ̃+
i,r σ̃

+
i,wσ̃+

i,c + eπi/3σ̃−
i,r σ̃

+
i,wσ̃+

i,c

+ e2πi/3σ̃−
i,r σ̃

+
i,wσ̃−

i,c + eπi σ̃−
i,r σ̃

−
i,wσ̃−

i,c

+ e4πi/3σ̃+
i,r σ̃

−
i,wσ̃−

i,c + e5πi/3σ̃+
i,r σ̃

−
i,wσ̃+

i,c)

∣∣∣∣∣
〉
, (10)

where 〈· · · 〉 stands for the ensemble average. Then their
fluctuations are measured by

χ2 ≡
〈∣∣∣∣∣ 1

N

∑
i

(σ̃+
i,r σ̃

+
i,wσ̃+

i,c − σ̃−
i,r σ̃

−
i,wσ̃−

i,c)

∣∣∣∣∣
2〉

−
〈∣∣∣∣∣ 1

N

∑
i

(σ̃+
i,r σ̃

+
i,wσ̃+

i,c − σ̃−
i,r σ̃

−
i,wσ̃−

i,c)

∣∣∣∣∣
〉2

(11)

and by χ3 and χ6 defined in the same manner. Figures 5(a) and
5(b) display the obtained results of mq and χq as the intralayer

coupling constant J is varied. Interestingly, we observe two
distinctive phase transitions at J = 0.24 and at J = 0.30 when
the interlayer coupling is taken to be K = 0.2. We have
also performed simulations of the two-dimensional regular
lattice with periodic boundary conditions, varying K , up to
the linear size of L = 1024, and obtained similar behaviors
(results not shown). Rather than computing the rigorous phase
diagram employing the finite-size scaling, we focus on the
accompanying phenomena applicable to urban morphology,
computing the order parameter mx and its fluctuations χx :

mx =
〈

1

N

∑
i

σi,x

〉
, χx =

〈(
1

N

∑
i

σi,x

)2〉
−

〈
1

N

∑
i

σi,x

〉2

.

(12)

As shown in Figs. 5(c) and 5(d), layer c corresponding to the
commercial category displays rather distinctive behavior com-
pared with layers r (residential category) and w (workplace
category): The symmetry is broken earlier at a lower value of
J , giving rise to larger values of mc than mr and mw in the
ordered phase. As expected, fluctuations exhibit peaks at the
critical points estimated from the behavior of χq .

To elucidate this observation, we take the mean-field
approximation: Neglecting fluctuations around the mean value
mx , we write the mean-field Hamiltonian in the form

HMF =−
(

Jmr − K

2
mw + K

2
mc + h

) ∑
i

σi,r

−
(

Jmw − K

2
mr + K

2
mc + h

) ∑
i

σi,w

−
(

Jmc + K

2
mr + K

2
mw + h

) ∑
i

σi,c. (13)

It is then easy to obtain the self-consistent equations for the
order parameters:

mr = tanh

(
2dJmr − K

2
mw + K

2
mc + h

)
,

mw = tanh

(
2dJmw − K

2
mr + K

2
mc + h

)
, (14)

mc = tanh

(
2dJmc + K

2
mr + K

2
mw + h

)
.

In the thermodynamic limit, we set h = 0 and take only posi-
tive solutions, i.e., mr,mw,mc � 0, observable in simulations.
In the ordered phase, we find mr = mw ≡ ms and mc ≡ ml

with

ms = tanh

[
2dJms + K

2
(ml − ms)

]

= tanh

[
2dJms − K

2
ms + K

2
ml

]
,

ml = tanh[2dJml + Kms]

= tanh

[
2dJml − K

2
ml + K

2
ml + Kms

]
, (15)

where ml > ms . Solving the equations numerically with
the fractal dimension d = 1.8, we obtain the critical value
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FIG. 5. Order parameters (a) mq and (c) mx and their fluctuations (b) χq and (d) χx . The dotted and dashed vertical lines in (b) and (d)
indicate the values of J at which χq reaches the peak: J = 0.24 for q = 6 and J = 0.30 for q = 2,3. It is evident that mr and mw (similarly,
χr and χw) exhibit the same behavior while χc peaks at a smaller value of J than χr and χw . The lattice constant and the interlayer coupling
constant are taken to be a = 138 m and K = 0.2, respectively.

Jc = 0.250 for K = 0.2, which coincides with the Z6-
symmetry-breaking point J = 0.24 in Monte Carlo simula-
tions. Note, however, that the intermediate phase emerging for
0.24 < J < 0.30 is not verified in the mean-field approxima-
tion and still remains to be investigated.

C. Criticality in the urban morphology of Seoul

Finally, in this section the model predictions are compared
with the results from data analysis. We first introduce the
“macroscopic state” of the system described by the eight-
component state vector

S ≡ 1

NS

(N0,Nr, . . . ,Nrwc), (16)

where NS ≡ [N2
0 + · · · + N2

rwc]1/2 is the normalization factor.
In other words, while the microscopic state details the state of
every site and is thus characterized by N (microscopic) state
vectors �σi identifying the state of site i (=1,2, . . . ,N), the
macroscopic state specifies just the number of sites in each of
the eight states �σ . Comparison of the macroscopic state vectors
SM and SD, obtained via simulations of the model and from
the building data, respectively, should expose the discrepancy
between the simulation results and the real data. In particular,
the inner product of the two state vectors provides a convenient
measure of how faithful the model description is, and we
thus define the accuracy factor Q ≡ SM · SD, quantifying the
accuracy of the simulation results. Here we encounter again the
threshold issue. To treat the simulation results and data on an

equal footing, we use the order parameters from simulations
to fix the threshold when coarse-graining the building data.
Specifically, the positive state is assigned to the first mx+1

2 N

sites in descending order of area.
Note that the accuracy factor also manifests the criticality

of the system. As shown in Fig. 6, the accuracy factor
reaches the maximum in the range 0.24 < J < 0.30. In other
words, simulations reproduce the building data best in the
intermediate phase between breaking of Z6 symmetry and that
of Z2 or Z3 symmetry. In the critical region, the accuracy

 0.85

 0.90

 0.95

 1.00

 0.1  0.2  0.3  0.4  0.5  0.6  0.7

K = 0.1
0.2
0.3
0.5
0.8Q

J

FIG. 6. Accuracy factor Q versus intralayer coupling constant J

for various values of the interlayer coupling constant K . Q reaches
the peak in the vicinity of the Z6 symmetry breaking, revealing the
criticality of the city. The lattice constant is given by a = 138 m.
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TABLE II. Fractions of states N�σ /N for several values of the lattice constant, extracted from the Seoul building data and from numerical
simulations of the model with coupling constants J and K at which Q is maximum.

Building Data Simulations

State �σ 138 m 183 m 244 m 325 m 432 m 138 m 183 m 244 m 325 m 432 m

rwc (1,1,1) 0.276 0.409 0.502 0.563 0.623 0.270 0.402 0.488 0.556 0.622
r (1,−1,−1) 0.126 0.092 0.070 0.054 0.042 0.101 0.067 0.054 0.047 0.038
w (−1,1,−1) 0.083 0.066 0.056 0.050 0.036 0.101 0.067 0.054 0.047 0.038
0 (−1,−1,−1) 0.123 0.106 0.107 0.116 0.125 0.123 0.116 0.119 0.127 0.132
wc (−1,1,1) 0.154 0.121 0.095 0.071 0.056 0.157 0.125 0.104 0.081 0.062
cr (1,−1,1) 0.133 0.107 0.081 0.068 0.051 0.157 0.125 0.104 0.081 0.062
c (−1,−1,1) 0.064 0.058 0.050 0.043 0.035 0.043 0.042 0.032 0.026 0.020
rw (1,1,−1) 0.041 0.041 0.039 0.035 0.032 0.048 0.056 0.045 0.035 0.026

factor becomes almost unity (Q ≈ 1). Table II summarizes
the distribution ratios of the eight different states, obtained
from the building data and from the model, for various values
of the lattice constant a. The coupling constants J and K are
adjusted to the values at which Q is a maximum for given
a. Note the remarkable agreement in the state distributions
between simulations and real data.

Encouraged by the successful results of the model, we are
now in a position to examine the urban morphology generated
by numerical simulations. For reference, we first analyze
the Seoul building data set by applying the threshold value
obtained from the simulation results with the lattice constant
a = 138 m. The extracted urban morphology of Seoul City is

displayed in Fig. 7(a). Note that the results are consistent with
those presented in Fig. 3(c) even though the threshold value and
the lattice constant are different. We have also confirmed the
consistency of urban morphology across the threshold values
and coarse-graining scales in proper ranges.

When analyzing simulation results, on the other hand,
one should ponder over social fluctuations and collective
dynamics operating in the urban area because via Monte Carlo
simulations we can probe only equilibrium fluctuations rather
than the actual dynamics of the urban system. Approximately,
one may regard individual choices as noise fluctuating on short
time scales. Observed phenomena, however, would change
rather gradually, exhibiting temporal correlations as we probe

(a)
0

r, w
wc, cr

rwc

(b)
0

r, w
wc, cr

rwc

(c)
0

r, w
wc, cr

rwc

(d)
0

r, w
wc, cr

rwc

FIG. 7. Urban morphology of Seoul City, extracted from (a) the Seoul building data set and (b)–(d) Monte Carlo simulation results. The
number of ensembles used in the averaging process is (b) 1 (snapshot, short-time limit), (c) 20 (intermediate time), and (d) 1000 (long-time
limit). Fluctuations are mainly observed in the short-time limit while a rather regular pattern is extracted in the long-time limit. Both results
are not quite appropriate due to the quasiequilibrium nature of the system.
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the macroscopic properties or the morphology of the city,
originating from the interactions between individuals. As a
result, macroscopic dynamics of the system is an emergent
property which reflects the averaged effects of microscopic
fluctuations. Here we assume that the urban system is in a
quasiequilibrium state and the individuals may feel mean-
field-like couplings for the duration of time during which the
system resides near equilibrium. Furthermore, it is obvious
that there exists a time delay in the administrative procedure
of data gathering and planning. We therefore conclude that
the observed urban morphology is a consequence of averages
over the time associated with decision making and executing
as well as observations. However, the time scale should not be
infinitely long as is usually assumed in equilibrium statistical
mechanics. According as technology, relations to other cities,
and natural environment evolve in time, the city should develop
and come out of the current quasiequilibrium state, manifesting
its nonequilibrium nature. If the actual trajectory of the system
should be followed in the phase space, the relevant averaging
time scale could be specified. Leaving this for further study,
we here take the average of the results of Monte Carlo
simulations, varying the number of ensembles, and thus probe
the macroscopic patterns explicitly.

The detailed procedure taken to prepare the figure is
summarized as follows: We first evaluate the frequency of
each state appearing in the system and choose the lattice sites
where the frequency of the given state is high. In some sites,
there could be more than one state whose frequencies are high
enough to be depicted while there also exist sites for which no
states display high frequencies. To assign a single state to each
site, we first choose the highest one among overlapped states
in the former case, and leave the states of sites undetermined in
the latter case. Then the above frequency comparison process
is repeated only with the remaining sites whose states are not
determined until the state of every site is specified. Note that
we enforce the number of sites in a given state, i.e., the fraction
of a state, to equal the ensemble average value computed from
the simulation data displayed in Table II. Accordingly, if the
fraction of a state is once fulfilled, the state is also excluded
in the repeated procedure. In this manner, we specify the most
probable state in every site while constraining the fractions of
states to be the ensemble average values.

Figure 7 presents the obtained results, where the number
of ensembles used in the averaging process is given by 1
[Fig. 7(b), snapshot, short-time limit], 20 [Fig. 7(c), interme-
diate time], and 1000 [Fig. 7(d), long-time limit]. As shown,
it is successfully simulated to locate the sites of r and w states
which are distributed mainly around the boundary, irrespective
of the averaging time. These results reveal unambiguously the
interplay between boundary conditions and overall external
fields. Also observed are clustering patterns, especially of
the rwc state, which become clearer as the averaging time
is increased. As expected, the clustering patterns resemble the
results from the data better in the intermediate time scale.

On the other hand, emergence of the CBD clusters consist-
ing mostly of the wc state is not observed in the simulation.
This is presumably due to the fact that the CBD of Seoul
involves historical formation and land price issues. To observe
the emergence of the wc-state cluster, we may thus need to
apply an additional field, taking into consideration such issues

in the CBD area. Furthermore, working areas are apparently
categorized into further details. Specifically, the working areas
may be split into two representative subcategories: Most of
the working areas located on the edge of Seoul are either
factories or warehouses. As is well known, many industrial
facilities tend to locate farther from the center of the city,
since they prefer to consume large spaces of the land at
cheaper prices [39]. In contrast, office facilities tend to
cluster at certain areas in a city and contribute to formation
of the CBD cluster, which is generated by agglomeration
economies. Agglomeration economies facilitate more face-
to-face interactions, sharing inputs, and integrating the labor
market; these factors reintensify agglomeration economies,
resulting in the clustering of office firms [40]. With the external
field issues put together, the historically quenched area of the
city may serve as a seed for cluster formation.

To conclude, properly averaged simulation results, e.g.,
Fig. 7(c), successfully describe the overall differentiated
patterns and fluctuating features (except for the formation
of the CBD cluster due to the aforementioned issues): The
explicitly broken translational symmetry due to the boundary
conditions contributes to the formation of the spatial structures
while the criticality of the system accounts for the statistics
and fluctuating patterns. We also expect that these simulation
results may shed light on the future land use pattern of Seoul
unless the system is perturbed dramatically. For example, we
observed recently evidence for reformation and population
growth in downtown areas. Also the mixed land use issue
attracts much attention in the context of urban planning. As
shown in Fig. 7(d), the clustered mixed use (rwc-state) areas
are observed ubiquitously in the central regions of cities and
in fact are coincident with the actual downtown areas of Seoul
as well.

V. DISCUSSION

We have analyzed the building data set of Seoul City to
extract the land use pattern. Based on the interactions between
buildings, we have constructed a three-layer Ising model,
through which urban morphology has been studied. To be
specific, we have performed coarse-graining of the system,
which is described not only by the urbanized area but by three
categories of building. The resulting coarse-grained system
has been probed and the emergence of distribution patterns
capturing urban morphology has been attributed to the inter-
and intralayer couplings between the buildings. In particular,
the coupling between residential areas and workplaces has
turned out to be mutually repulsive or antiferromagnetic.
Furthermore, it has been confirmed that boundary conditions
are the key ingredients for generating the urban spatial
structure. With minimal postulates, as summarized above, we
have indeed reproduced successfully the urban morphology of
Seoul.

As the model requires only the social or natural boundary of
the city, one can simulate the morphology of other cities around
the world and examine the applicability of the model. We
further stress here the distinctive characteristics of commercial
land uses. Related to the recent urban planning issue to improve
the proximity of jobs to housing, the locations and distributions
of commercial land uses may play an important role in urban
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formation, minimizing the distances between the work and
residential areas.

Meanwhile, there still remain several issues to resolve or
improve. First of all, we point out that the detailed phase
diagram is not obtained. Even though the behavior of the
model at criticality indeed resembles that observed in the
real data set, we have not evaluated rigorously the critical
behavior. Comparing the exponents of the model with the
building data of various cities, one may probe the possibility
of the universality class among different cities. Furthermore,
if the correlation function, for example, could be evaluated
accurately, one may predict responses of a city to external
perturbations such as natural and/or social disasters.

Second, note that the fractal lattice constructed of the
Seoul building data set is not fully connected in general.
Most of all, the Han (river), divides the urbanized area of
Seoul into two separate parts. As a consequence, each part of
the lattice is decoupled and completely independent of each
other if the coupling is assumed to exist between nearest-
neighboring sites. In fact it is well known that the two parts of
Seoul, usually called Gangbuk (northern part) and Gangnam
(southern part), indeed exhibit endemic characteristics. The
Han, approximately 1–2 km wide estimated by the length of
the bridges, is rather wider than most rivers in other cities and
is therefore likely to generate boundary effects. Obviously,
however, Seoul should be regarded as a single city. A simple
alternative is to modify the intralayer coupling to be long
ranged, e.g., J (r) ∼ 1/rα with appropriate exponent α. On
the other hand, one may introduce disordered coupling Jij , re-
flecting the transportation infrastructure such as the subway or
road network. For example, we may assign a positive coupling
constant Jab between the areas a and b connected by a bridge.

Furthermore, one may assume asymmetric interlayer cou-
plings, e.g., Kwc �= Kcr , to elucidate the difference between
the distributions of r and w states (or wc and cr states).

As shown in Fig. 3(d), the states are not evenly distributed
among six other states as well as c and rw states. Since the
relation between the interlayer coupling terms and the average
number of a state could be obtained as in Eq. (7), one can
extend the Hamiltonian to model the state distributions in more
detail, according to the specific objective of the study. Such
asymmetric couplings may indeed arise in the discrete spin
description of the system, since the spin state σi,x = 1 does
not necessarily represent the same amount of buildings or,
more essentially, of population, irrespective of category x. For
instance, commercial buildings are generally larger in floor
areas than residential buildings and are expected to attract
more people, which suggests that Kwc > Krw. In this regard,
one may consider an extended description [41] to take such
heterogeneity into account.

Finally, the origin of the criticality still remains unan-
swered. In fact the coupling via transportation which enables
the urban movements may play a crucial role in control-
ling fluctuations and/or the social temperature of the urban
morphology. We speculate that, if the urban morphology
corresponds to an ordered state, there would be too heavy a
load on the transportation system. It may cause redistribution
of the building to minimize the transportation cost. If, on the
other hand, the urban morphology remains in the disordered
state, the urban system may not function properly. To verify
this hypothesis is left for further study.
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