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Self-similar continuous cascades supported by random Cantor sets: Application to rainfall data

Jean-Francois Muzy'->" and Rachel Baile'-f
LSPE UMR 6134, CNRS, Université de Corse, 20250 Corte, France
2CMAP UMR 7641, CNRS, Ecole Polytechnique, 91128 Palaiseau, France
(Received 15 January 2016; published 6 May 2016)

We introduce a variant of continuous random cascade models that extends former constructions introduced by
Barral-Mandelbrot and Bacry-Muzy in the sense that they can be supported by sets of arbitrary fractal dimension.
The so-introduced sets are exactly self-similar stationary versions of random Cantor sets formerly introduced by
Mandelbrot as “random cutouts.” We discuss the main mathematical properties of our construction and compute
its scaling properties. We then illustrate our purpose on several numerical examples and we consider a possible
application to rainfall data. We notably show that our model allows us to reproduce remarkably the distribution

of dry period durations.
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I. INTRODUCTION

Random multiplicative cascades were introduced by the
Russian school [1] in order to describe the energy transfer from
large to small scales in fully developed turbulence [2]. Theses
processes, further studied by B. Mandelbrot [3,4] (and usually
referred to as ‘“Mandelbrot Cascades”) are built using an
iterative rule that spreads some measure (which can represent
mass, energy, etc.) from large to smaller scales: The measure
of the two half subintervals of some given interval is obtained
by multiplication of its mass by two independent random
factors whose law remains the same at all scales. Mandelbrot
cascades were also generalized to measures supported by sets
of noninteger dimension (see below). The main problem with
such “grid bound” random cascades is that they are always
constructed on a bounded interval (the starting largest scale),
they are not stationary processes, and they necessarily involve
some preferred scale ratio. In that respect, they can hardly be
used to reproduce faithfully natural phenomena like the energy
dissipation in fully developed turbulence or the volatility in
financial markets.

The first continuous extension of Mandelbrot cascades was
proposed a decade ago by Barral and Mandelbrot [5]. These au-
thors replaced the regular treelike construction underlying the
previous iterative scheme by a “random tree” associated with
the draw of a Poisson process in the “time-scale” half-plane.
Later, Bacry and Muzy [6,7] extended this construction by
replacing the compound Poisson law by any infinitely divisible
law (see also Ref. [8]). The main advantage of continuous
random cascades is that they provide a large class of models
that are stationary and possess continuous scale invariance
properties. They can be considered as the paradigm of random
multifractal processes and they have found applications in
many domains like turbulence or empirical finance (see, e.g.,
Ref. [9] for a recent review).

The goal of this paper is to construct models of continuous
cascades that are not necessarily supported by the whole real
line [10] but by sets of zero (Lebesgue) measure. Let us notice
that, in a pioneering work, Schmitt [11] has already addressed
the same problem by the means of “infinitely multiplicative”
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random variables (see Sec. IV). In this paper, we will introduce
a family of stationary random self-similar Cantor sets, i.e.,
closed sets that contain no interval [12]. These sets turn out to
be a particular version of the construction proposed by Man-
delbrot in the early 1970s that consists in cutting the real line
“at random” with some given distribution of “cutouts” [13].
We show that this self-similar version can be the support of
a continuous log-infinity divisible random cascade. We study
the main properties of the proposed model and consider, as a
first application, the statistical modeling of precipitations.
The paper is organized as follows: In Sec. II we recall how
discrete and continuous cascades are defined and how a time-
scale approach can be conveniently used to go from the former
to the later. Along the same line, we study, in Sec. III, how
classical deterministic and discrete constructions of Cantor
sets could be extended to a continuous scale framework. This
leads us to rediscover the Mandelbrot random cutouts and
to introduce a version that is exactly self-similar. We study
the fractal dimension of these random sets and the statistics
of their void size. The general model, namely a self-similar
multifractal random measure lying on a random Cantor set, is
introduced in Sec. IV. We show that the model is well defined
(i.e., the construction converges to a nontrivial limit) and is
indeed self-similar in a stochastic sense with (multi-)scaling
properties that extend those of continuous cascades to non-
integer dimensions. We provide various examples in Sec. V
and consider an application to account for the intermittency of
precipitation rates. In particular, we show that our approach
allows one to reproduce very well the statistics of the dry period
lengths. Concluding remarks are provided in Sec. VI while the
more technical parts of this paper are reported in Appendices.

II. FROM DISCRETE TO CONTINUOUS
CASCADE MODELS

A convenient way to describe the construction of a
Mandelbrot cascade over the interval [0,7] is the following:
Let 1 4(¢) denote the indicator function of the set .4 and let us
define the following function:

1AW, 1) =1+ (W — D14@0). (1)

One thus has 14(W,r) = W if t € A and 14(W,t) = 1 other-
wise. The Mandelbrot random cascade is the weak limit, when
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FIG. 1. From grid bound to continuous random cascades: (a)
Sketch of Mandelbrot cascade construction: The measure at some
given point f#, is obtained as the product of random factors W;
associated with the dyadic intervals of size T2~ which contain #,.
(b) Barral-Mandelbrot cascade: The measure at £, is now obtained as
the product of random weights W; associated with the points (#;,s;)
of a Poisson process in the time-scale plane such that #) € Z, .
This corresponds to the events (#;,s;) that are in the cone C(y). (c)
Bacry-Muzy log-infinitely divisible extension: The measure at #; is
simply written as e, where wy(t) is the integral over the cone
Cy(to) of a random infinitely divisible noise.

n — oo, of the sequence of densities:

n 2

o) =[] [Tz, W0 )

i=1 j=1

where 0<t<T, Z; denotes the dyadic intervals
[jT27',(j + DT27") and W;; are independent copies of a
positive random variable such that E[W] = 1. Kahane and
Peyriere [14] proved that such a sequence has almost surely a
nontrivial limit provided E[W In W] < 0.

Barral and Mandelbrot proposed a stationary, “grid-free”
version of cascade models by replacing the dyadic grid
[represented by the dyadic intervals in Eq. (2)] with a Poisson
process in the time-scale plane (see Fig. 1). More precisely,
let (s;,¢;) be the events of a Poisson process of intensity
cs2dtds [15]. With each couple (f;,s;) one can associate a
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3)

time interval
min(7T,s; min(T,s;
7, = |- ( l)’i (T,s:) 7
2 2

where T > 0 is a largest interval size (the “integral scale”
in turbulence cascade models). Let W; be independent and
identically distributed copies of a positive random variable
such that E[W] = 1. The Barral-Mandelbrot measure of
integral scale T is then defined as the (weak) limit, when
¢ — 0, of the density [16]

oMny= [] Tz, Wi €&

(si,1i),8i 24

Barral-Mandelbrot construction was extended by Bacry and
Muzy [6,7] that proposed to replace the (compound) Poisson
measure in the time-scale plane with any infinitely divisible
random measure dm(s,t). The extension relies on the the
following remark: If one denotes by C,(#p) the domain in the
time-scale plane such that, for each (z,s) € Ci(ty), to € Z; 5,
then Eq. (4) can be rewritten as:

oPM(r) = eXuseeo MW = gle W0, (5)

where dp(t,s) is the Poisson measure of intensity cs~2dtds
compound with the random variable In W. Bacry and Muzy
suggest replacing the compound Poisson law with a general
infinitely divisible law dm(s,) and consider the weak limit of
the density (see Appendix A):

o) = e = e, ©)

This is illustrated in Fig. 1. In the following we will denote by
(1) the so-defined limit measure, i.e.,

w(z) zehf(l)/o or(u)du. @)

III. STATIONARY RANDOM CANTOR SETS:
THE MANDELBROT RANDOM CUTOUTS

A. A stationary version of the ‘“middle-third” Cantor set

The previous framework allows one to construct stationary
random measures that are supported by the whole real line.
As discussed in the Introduction, it could be interesting to
extend these constructions to situations where the measure is
supported by a set of noninteger dimension. The paradigm
of such a set is the so-called Cantor set, and notably the
ternary Cantor set (also called “triadic” or “middle third”
Cantor set) that can be constructed as follows: One starts with
some interval that can be chosen to be Z; = [0, 1] with no loss
of generality. At the first step, one deletes the middle third
open interval (1/3,2/3) to obtain Z; = Z; UZ, = [0,1/3] U
[2/3,1]. The operation is then repeated on Z;; and Z;,, whose
middle third interval is deleted and so on ad infinitum. One
can show that the limit set 7, i.e., the set of points of [0, 1] that
are not removed by the previous iterative construction, exists
and is nontrivial. It is a “Cantor set” in the sense that it is a
closed set of uncountable cardinality that contains no interval.
It is well known that 7 is a self-similar set of zero length
(Lebesgue measure) and of fractal dimension d¢ = %

Let us notice that various random extension of the previous
construction have been considered in the literature by, for
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example, picking randomly the scale of the subdivision at
each construction step (1/3) or the position of the deleted
interval (see, e.g., Ref. [17]). One of the most famous random
Cantor model is the so-called § model introduced by Frisch,
Sulem, and Nelkin [18]. At each step of the division (by, e.g.,
a factor 2), one keeps each subinterval with a probability g
and one removes it with a probability 1 — 8. If d¢ stands for
the fractal dimension of the so-obtained limit set, at step n
(and thus at scale 27"), then it remains in average 2" = 2" g"
subintervals. The dimension d¢ is therefore dc = 1 + log, ().
However, for the same reasons that grid bound cascades are not
convenient for most physical applications, these approaches
are not satisfactory: They do involve a preferred scale ratio
and are not invariant by time translation. It is then natural to
address the question of their extension to a “continuous” and
stationary version.

The first attempt to solve this problem can be found in
Ref. [19] where the author considered a “continuous” 8 model
by letting the scale ratio at each construction step going to 1
and considering in the same time 8 — 1 in such a way that the
dimension d¢ remains constant. If this approach is formally
appealing, then it remains hard to handle mathematically
since a scale ratio that approaches 1 corresponds to strongly
overlapping subintervals. In a more recent paper [11], Schmitt
proposed an extension of the 8 model within the framework
of “infinite multiplicative” distributions. We discuss in Sec. [V
how our construction can be directly related to the approach
in Ref. [11].

In order to go from discrete (i.e., grid bound) Cantor
sets to their continuous analog, let us first remark that,
within the representation introduced of Sec. II for continuous
cascades [5,7], the construction of the ternary Cantor set 7 can
be redefined as follows: If one considers for some given point
(s,t) in the time-scale plane, the interval Z, ; = (t — s/2,t +
s5/2) centered at ¢ and of size s, then 7 = lim,,_, o, 7, with

T, =01\{J U Zus. ®)

m=1 fekE,

where s,, = 37" and E,, is the set of 2! points defined by
the recurrence E; = {1/2} and E,, = 1E,1 U 3 + 1E, .
The set 73 is depicted in Fig. 2(a) where we have represented
the locations of the points (s;,#;) in the half-plane (s,?)
associated with its three components.

A natural way to “randomize” this definition in a fully
stationary way is then to follow the same approach as in
the Barral-Mandelbrot generalization of grid bound cascades:
One simply replaces the fixed locations (s,,,#) in the (z,s)
half-plane with random locations drawn using a Poisson point
process of intensity chosen in order to preserve the density
of the triadic grid. Let dp(t,s) = Ks~2dtds be the intensity
of a Poisson process homogeneous with respect to the natural
measure of the time-scale half-plane. One seeks for K such that
the density of points in the Poisson case corresponds to the one
of the ternary Cantor set. Since at each generation, one deletes
one third of the remaining intervals, if P, is the probability
to have no Poisson point within the domain s € [37,3~"+D)]
and t € [ty — s/2,tp + s/2], one must have P, = 2/3. From
Poisson distribution properties, we have P,, = e~*» where A,
is the intensity of the number of Poisson points in the domain
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FIG. 2. Illustration of classical vs continuous Cantor construc-
tion: (a) The construction of the deterministic triadic Cantor set is
depicted: one chooses precisely the points in the time-scale half-plane
(t,5) along the regular grid at scales s; = 37", In (b), the points
are drawn from a Poisson law with the same mean density as in
the deterministic example. The resulting random set has the same
dimension as in the deterministic case.

se[37M,37m D) ¢ e[ty —s/2,t0 + 5/2], i.e.,

3-m to+s/2
=K / s72ds / dt = K In(3). 9)
3- 1

(m+1) 0_5/2

It thus results that —K In(3) = In(2) — In(3), ie., K =1 —
dc, where de = % is the fractal (capacity or Hausdorff)
dimension of the Cantor set.

B. Self-similar Mandelbrot random cutouts
and their fractal dimension

The previous example suggests to introduce a new construc-
tion of a random Cantor S supported by the whole real line by
removing random intervals drawn using a nonhomogeneous
Poisson process. It turns out that this idea has already been
proposed in a remarkable work by Mandelbrot in early
1970s [13]. Mandelbrot precisely raised the problem of a
generalization of the middle-third Cantor set as we did
in previous section and introduced the notion of “random
cutouts.” In doing so, he introduced the analog on the real line
of a similar “cutout” problem considered by Dvoretzky [20]
on the circle. Mandelbrot studied the general case when the
Poisson proceses in the (¢,s) plane is nonhomogeneous along
the scale direction and characterized by some intensity A(s).
He notably studied some conditions on A(s) under which one
has S = @. This problem was solved by Shepp [21] that proved
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that, with probability 1, S is nonempty if and only if

1
/ dx elTE=0neds _ o (10)
0

while it is empty with probability one if this condition fails.
According to the considerations of the previous section, let

us introduce a nonhomogeneous Poisson process in the plane

(t,s) which intensity A(s) = Ofors > T andreads, fors < T,

A(s)=(1—D)[s 2+ T7'8T — 9], (11)

where the parameter D issuchthatO0 < D < 1,7 > Oisalarge
scale cut-off parameter (the “integral scale”) and §(¢) stands for
the Dirac function. Let us note that bounding the range of s to
s < T and adding this Dirac term is equivalent to consider that
A(s) = (1 — D)s™2 for all s > 0 and to associate with each s
an intervall of size min(7,s), as in Eq. (3). This trick allows
one, as we will see below, to preserve exact self-similarity (see
Refs. [6,7]). If (¢;,s;) are the events of such a Poisson process,
then a self-similar Mandelbrot cutout Sp of parameter D is
defined as:

Sp=lm R\ (J Z,... (12)

sizlt;

Using the above Shepp criterion, one can easily see that this
set is nonempty with probability one. Indeed, from Eq. (11),
the integral (10) simply becomes:

TI_D/lxD_' dx,
0

which is always finite if D > 0.

One can even get a stronger result and show that, with prob-
ability 1, D is the Hausdorff dimension of Sp. This directly
results from the following theorem proven by Fitzsimmons
et al. [22]: With probability one, dimy(Sp), the Hausdorff
dimension dy of Sp is

O\/sup{,o, ul Pl dz [T A 0 aqy, ¢0}. (13)

Since the double integral in the exponential term is simply
(D — 1)In(u), the Hausdorff dimension is the greatest value
of p such that lim,_,qu?~? =0, i.e., dy = dimy(Sp) = D.

C. The void probability distribution and box-counting
dimension of Sp

The box-counting dimension d¢ (also referred to as “cov-
ering” or “capacity” dimension) of a set is defined from the
behavior, when ¢ — 0, of N(¢), the number of boxes of size ¢
necessary to cover this set:

N(g) ~ g4, (14)

This means that the probability that a given box [ty — &/2,t) +
&/2] covers some part of the set, behaves as:

P(g) ~ g4, (15)

This probability also corresponds to the probability that a hole
(or a void) of Sp around some arbitrary point 7 has a size
smaller than ¢. As a result, the probability density function of
7, the hole size of Sp around some given position, behaves as
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(whent < T):
p(t) ~ 1. (16)

In fact, the exact shape of this probability law can be
computed from the results of Ref. [22]. In this paper it is
advocated that the set Sp corresponds to the closure of the
image of nondecreasing Levy process (i.e., a “subordinator”).
If p(t) = pu([0,¢]) is a measure uniformly spread over the
set Sp (see Sec. IV for the definition of such a measure),
then this means that #(«) is a nondecreasing Levy process.
Within this approach, the void size statistical properties can
be recovered from the jump size statistics of this subordinator.
The relationship between the Levy process 7(u) and the set
Sp is made explicit by relating its Levy measure to the density
A(s) defined in Eq. (11).

Let us define G(s) = fs > A(s)ds. From the expression of
A(s) in Eq. (11), one has simply

d-D)
N

G(s) = H(T — ), a7y

where H (t) represents the Heaviside function.

Let us recall that the Laplace exponent (or cumulant
generating function) ¢ (o) associated with the subordinator
t(w) is such that, for a > 0,

]E[e—m(ﬂ)] — o M)

This function is related to the Levy measure v(z) associated
with the process as (see, e.g., Ref. [23]):

$la) = / (1 — e Yu(2)dz. (18)
0

According to standard results from potential theory, it is proven
in Ref. [22] that ¢(«) can be directly related to the Laplace

transform of /i’ Gdu.
1 o0
o = / el Gudu g (19)
o 0

From expression (17), we then have:

1 1-D ! D—1 oo
— =T e “s " ds +/ e “ds 20
d(a) /0 T @0

and thus ¢(«) can be expressed in terms of the incomplete

Gamma function y(z,t) = fot e “u*"'du as:

o

Y@ = TG Dy (D aT) 4o T

2

Let F(t) = ftoo v(z)dz. Its Laplace transform can directly
be obtained from Eq. (18) and (21) as

/ e pryar = 29 !
0 a  T'-Pal-Py(D,aT)+ el
(22)
Let us recall that N([u, + w],t), the number of jumps
of a Levy process of size greater than 7 (and therefore the
number of voids of size greater than 7 in our problem) in some
interval [u, + w], is a Poisson random variable of intensity
wF (7). In that respect, since the average number of voids of
size greater than t is proportional to F(t), F(t)/F(A) can
be interpreted as the probability that a void chosen at random
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among all voids of size greater than A, has a size larger than
T [24].

Notice that selecting at random a void (over all the voids of
size greater than some cut-off scale A in some time window)
and considering the void around some arbitrary point fy do not
provide the same probability distributions as a function of the
void size t: There must be an additional factor 7 in the latter
distribution in order to account for the fact that a void of size ©
“contains” t points and should be counted t times. This result
can be directly proven using Lemma 3 in Ref. [22], according
to which the void size probability density p(r) around some
given point can be explicitly written as proportional to both
v(7) and the void size t:

Tv(T)

_—. 2
fooo F(s)ds @3)

p(r) =

However, this distribution is hard to estimate from empirical
data as compared to F'a(z) than can be directly estimated using
a simple rank ordering of the observed void sizes (see Fig. 5).

The analytical expression (22) does not allow us to obtain
a closed-form expression of F(t), the void size distribution.
One can, however, obtain an estimation over some given range
using numerical methods to invert the Laplace transform such
as, e.g., a Fourier method (see Sec. V). Thanks to Tauberian-
like theorems [23,25], one can also obtain its asymptotic
behavior in the limits T — oo or T — 0. In Appendix B, we
show that:

T“(%)_D when 7 — 0
T~'exp(—%)  when 7 — o0

F(t) ~ (24)

where —ap is the largest real part of solutions of Eq. (B4).
As illustrated in Fig. 12, it goes from 0 to co as D varies
from O to 1. Note that this equation precisely means that the
box-counting dimension of the set Sp is D, i.e.,

de=D (25)
[this directly results from (16) and Eqgs. (24) and (23)]. Let
us also remark that the behavior of F(r) for large v shows
that the characteristic void size is not necessarily 7 but %,
which can be very large (respectively very small) with respect
to the integral scale 7 when D is close to O (respectively close
to 1). Thus the “effective integral” scale also depends on the
dimension D.

At this stage let us notice that the construction we propose
involves a large cut-off scale 7" above which the fractal scaling
no longer holds. In general, it is easy to show that if one
supposes that Sp is a stationary self-similar random Cantor
set of dimension D, then it necessarily involves an integral
scale T'. Indeed, if one considers some time window L of size
L, then, from the self-similarity of Sp, the (mean) number of
boxes of size ¢ necessary to cover Sp (| L is

N(e,L) = K(L) e P. (26)

From the stationarity of Sp, one must have K(2L) = 2K (L)
and therefore

K(L) = K,L.
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But since N(e,L) < Le~! it results that the scaling (26) can
hold only if

=L
e < K,",

which shows that there necessarily exists an integral scale
—1

T =K 0“7 setting an upper limit of the fractal scaling range.
This definition allows one to rewrite Eq. (26) for ¢ < T as:

L{e\"

Instead of studying directly Sp, one can also consider a
measure ; which is supported by this set. In the next section
we introduce a multifratal class of such measures. Some of the
properties of the set Sp will be recovered in the degenerated
case when the multifractality vanishes and u is homogeneous
over Sp.

IV. CONTINUOUS RANDOM CASCADES SUPPORTED
BY A CANTOR SET

A. Definition and convergence

Let us reconsider the previous construction with the goal of
building a continuous cascade measure supported by Sp and,
by this means, extending the construction of Bacry-Muzy. Let
us define, as in Refs. [6,7],

dm(v,s),

we(t) = m(C(1)) = / 27)

Ce(t)

where dm(t,s) is an infinitely divisible random measure (e.g.,

a normal or Poisson compound law) and C,(¢) is the cone set

centered at ¢ as defined in Sec. Il or by Eq. (A3) in Appendix A.
If ¥(s) is the cumulant generating function as given by

the celebrated Levy-Khintchine formula, then one has (see

Appendix A)

E[eP?] = ellf(P)S(Cz)’ (28)
where S(Cy) is the “area” of the set Cy, i.e.,
T
S(Cy) = pe(0) = / s72dtds =1 +1n <?> (29)
Ce

where the function p,(¢) is defined in Eq. (A4) of Appendix A.
If 0 < D < 1, then one can always choose 1/(p) such that

v(1)=1-D, (30)
meaning that
E[e®] = (eT)' L¢P, (31)

Let us now introduce, as in the previous section, a Poisson
measure dp(t,s) homogeneous in time and of intensity (1 —
D)s~2. One denotes as (7;,s;) the events associated with this
process and

Yoo

(i,51)€C(1)

ve(t) = / dp(v,s) = (32)
Ce(1)

the number of events in the domain C,(¢). Let us remark
that y,(¢) represents precisely the Poisson random variable
of intensity (1 — D)p,(0) that is the number of events (¢;,s;)
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in the (¢,s) plane (as introduced in Sec. III B) such that s; > ¢
andt € 7, .

One can then define a multifractal random measure as the
limit when £ — 0 of the density:

dwe(t) we(t) T
— = ="z, 00, (33)
S,‘)E
=98, 1, (34)

where §,,, is the discrete § function thatis equal to 1 if n = O and
0 otherwise [recall that y,(#) is a Poisson random variable and,
in that respect, takes integer values]. We show in Appendix C
that dp(t) weakly converges in the L? sense, when £ — 0,
towards a nondegenerated measure du provided ¥ (2) < 2 —
D [26]. In the sequel w(¢) will stand for the limit measure
of the interval [0,7], i.e., u(t) = w([0,¢]) = lim,_,¢ fot due(n),
where the limit has to be interpreted in the mean-square sense.

Let us remark since, for all ¢, y,(¢) is a Poisson random
variable of intensity A, = (1 — D)p,(0), and then &, is
simply a Bernoulli random variable of probability e~*¢. In
that respect, as in the random version of the 8 model, one has:

with probability 1 — e~

with probability e~ . (35)

0
d,u,g(l‘) = {ewg(t)dt

This corresponds exactly to the way Schmitt defined his
model of “continuous A-multifractal model” (Eq. (32) of
Ref. [11]). However, let us remark that Eq. (35) above simply
refers to the definition of a random variable [that in our case
corresponds to the one-dimensional marginal law of du,(t)]
and is not equivalent to Eq. (34) that defines the full process
[Eq. (34) notably defines all finite-dimensional laws]. In order
to illustrate that point, one can just remark that, according to
Eq. (C8) of Appendix C, the Bernoulli variables §,,., have
non trivial (power-law) time correlations that are not defined
by Eq. (35). Let us also mention that in Ref. [11], the author
introduces the notion of “infinitely multiplicative” random
variables that extend log-infinitely divisible laws in order to
account for possible zero values (i.e., an atomic component in
zero of the law). It turns out that such random variables can
always be written as we did in Eq. (34), i.e., as §, e” where y
is a Poisson random variable and w a log-infinitely divisible
random variable. This remark allows one to obtain an explicit
way of building the “infinitely multiplicative” processes as
introduced in Ref. [11].

B. Stochastic self-similarity and scaling properties

Let us now study the scaling properties of  and show that
it is a (stochastic) self-similar measure that satisfies, for s < 1:

u(st) AW e Sr, (1), (36)

where 2 means an equality of all finite-dimensional distri-
butions. 2 and I'y are two random variables independent of
each other and independent of p(¢). Their law is respectively
the same law as w,r and y,r. The proof of this result relies
on a variant of Lemma 1 of Ref. [7] from which one can
show that, for 0 < s < 1 and for u varying over an interval of
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size T':
wge(su) Y Q + wy(u), 37)

YoeOa) = Ty + (), (38)

where €, I'y are two independent random variables of the
same law as, respectively, s and y,r. These stochastic equal-
ities are proven in Appendix D. Thanks to the definition (34),
one thus has:

t
law Q w o (u)
Hne(st) = se / et By, wy+T, du
O s

t
1
g’seg"&x_/ ew.g(u)(syi(u) du,
O s

where we used the fact that, for n;,ny € N, 8,44, = 64,61,
Taking the (m s) limit £ — O of both sides leads to Eq. (36).

Equation (36) can be used to compute the scaling properties
of the moments of measure (provided these moment exist). One
defines the spectrum of scaling exponents ¢, from the scaling
behavior of the moment of order ¢ (when it exists):

My () S Elp(t)] ~ i, (39)

where t — 0 means ¢t <« T. This asymptotic behavior can be
replaced by an exact power-law behavior in the case of a
self-similar processes. Let g > 0 and let us consider r < T.
Since 8 = §,, from the self-similarity equation above, one
has

My (1) = T~/1“E[e’*r " ]E[Sr, , IM,(T).  (40)

Using Eq. (28) and the fact that I'; is a Poisson random variable
of intensity (D — 1) In(s), we thus obtain:

M,(t) = K, 17V @+=P (41)
with
K, = TP~V @py (T). (42)
It follows that the multifractal spectrum of u reads:

¢g=q+1-=D—=v(q). (43)

Let us remark that one recovers the result of the previous sec-
tion about the box dimension of the Cantor set S that supports
the measure . Because w(¢) has stationary increments, in the
limit ¢ — 0, M,(e) can be interpreted as the probability that
u(e) = u([t,t +€]) > 0, i.e., that a box of size & covers a
part of S. From My(s) ~ ¢'~P, one finds that S is of fractal
dimension D.

Let us also notice that, as in the case D =1 [7], the
probability density function of w(#) can have a fat tail. Indeed,
since if ¢ > 1, M,(t) > 2M,(t/2) = 275 M,(1), one thus
sees that, if ¢, < 1 for ¢ > 1, then necessarily M,(¢) = oo,
meaning that the probability density function of w(¢) has an
algebraic tail.

C. Multifractal formalism

Let us say a few words about the multifractal formalism and
some related issues such as the scaling behavior of partition
functions. The multifractal formalism was introduced in the
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early 1980s by Parisi and Frisch (see, e.g., Refs. [27,28]) in
order to interpret the multiscaling behavior of M, () in terms
of pointwise regularity properties of the paths of the process
(). One defines the local Holder exponent a(#;) at point (or
time) fq as

wlio +7) = plto) = plto o + ) ~ 7. (44)

The singularity spectrum f(c) is then defined as the fractal
(Hausdorff) dimension of the isosingularity sets:

fH () = dimy{t,a(t) = a}.

Roughly speaking, this equation means that at scale 7 < T,
the number of points where w([fy,7o + t]) ~ ¢ is

(45)

N(z,0) ~ /@, (46)

The multifractal formalism states that f (o) and ¢, [as defined
in (39)] are basically Legendre transforms to each other:

f(@) =1+ min(ge — ;)
¢ = 1+ minlga — f(@).

The validity of the multifractal formalism is not straightfor-
ward to establish but it is likely to hold for our construction
since it enters in the general framework proposed in Ref. [29].
This technical point is out of the scope of the paper and will
be considered in a future work.

Let us notice that if £, is concave and smooth, the previous
Legendre transform can be rewritten as

fle)y=1+qa—¢,, 47
_ 94
o= dq 48)

If one denotes ¢\ as the spectrum associated with the
dimension D in Eq. (43) (all other parameters remaining un-
changed) and f”)(«) as the associated singularity spectrum,
then from (47) we have:

FPa) = fPa) - (1 - D),

meaning that going from standard continuous cascades (D =
1) to a version of dimension D simply amounts to lowering
the singularity spectrum by 1 — D.

In order to estimate ¢,, one commonly uses the so-called
partition function that can be defined for a sample of length L
as:

(49)

L

Z(q.7) =/ plz,t + Tidr. (50)
0

This function can be considered as an estimator of M, (7) and

therefore one thus expects that Z(g,t) ~ t%. In fact, this is

not always true and if one defined ¢; such that

Z(q.t) ~ 5 (51)
it is well known [30,31] that (for ¢ > 0)
«_ )& ifg < q.
&= {1 + a,.q otherwise, (52)
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where ¢, = f/(«,) and «, corresponds to the smallest singu-
larity where the singularity spectrum vanishes, i.e.,

o, = min{a, f(a) = 0}. (53)

It is important to point out that, experimentally, under usual
conditions, only ¢7(¢g) (and not ¢;) can be estimated and
therefore the values of ¢, are “hidden” when g > ¢.. Since,
according to Eq. (49), for D < 1 the f(«) spectrum is shifted
downward, the smaller the dimension D, the smaller the value
g, and thus the smaller will be the domain over which one can
estimate &, (see the next section).

V. SIMULATIONS, NUMERICAL ILLUSTRATIONS, AND
APPLICATION TO HIGH-RESOLUTION RAINFALL DATA

Let us present various numerical simulations in order to
illustrate previous considerations. A numerical method to
generate an infinitely divisible process w¢(¢t) as defined in
Sec. IV (or in Appendix A) has been described, e.g., in
Refs. [6,32]. Notice that in the case of a Gaussian wy(?),
a simpler and faster Fast Fourier Transform (FFT) method
can be directly used. In order to simulate samples of §,,¢) in
Eq. (34), one starts with a signal of constant value sampled
at frequency 2¢ and one discretizes the logarithms of the
scales In(£) < v = In(s) < In(T) in small strips of width Av
(typically one chooses Av in order to have around 100 strips
between ¢ and T'). One then generates in each strip a Poisson
point process in time of intensity (1 — D)e~" Av as given by
Eq. (11). For each of the obtained events (#;,s;), we set to zero
all the signal values in the interval (z; — s;/2,t; 4 5;/2). The
examples considered in this section are built in that way.

A. Monofractal case: An homogeneous measure
on the Cantor Sp

The simplest construction of w(f) according to defini-
tion (34) corresponds to a nonrandom w,(#) and therefore, in
order to satisfy the condition (30) [or Eq. (31)], to the choice:

we=(D—1)In¢+1nC. (54)

In this case, the measure is homogeneously distributed on the
Cantor set Sp and the spectrum ¢, is a linear function (the
process is a “monofractal process”):

lg=q+D—-1@g—-1)=1-D+ Dgq.

Two numerical samples of such a measure are plotted in
Figs. 3(a) and 3(b) corresponding respectively to D = 0.4 (left
panel) and D = 0.7 (right panel). We chose 7 = 1 in both
cases. Note that since wu(?) is a singular continuous measure
(it does not have a density) one cannot plot du(t)/dt. For the
sake of clarity, we have represented the function /,(?), where
At is a small time resolution and /4, is such that Ix,(¢) = 1 if
([t — At/2,t + At/2]) > 0 and IA,(¢) = O otherwise. This
function can be seen as the finite-scale resolution of the
indicator function of the random Cantor sets Sp. The functions
u(t) are plotted in Figs. 3(c) and 3(d). Notice that u(z) are
singular but continuous time functions. This is not the case of
their inverse functions #(w) displayed in Figs. 3(e) and 3(f)
whose jumps correspond to the voids of the Cantor sets.
According to the results of Sec. III C, #(u) are Levy processes

(55)
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FIG. 3. Examples of uniform measures spread on self-similar
stationary Cantor sets Sp of dimension D = 0.4 (left panels) and
D = 0.7 (right panels). In both cases, the integral scale has been
chosen as 7 = 1. In (a) and (b) are plotted the indicator functions
I,(t). In (c) and (d) are plotted the measures w(r) = wu([0,¢]) while
their inverse functions 7(u) are displayed in panels (e) and (f). As
advocated in Sec. IIIC, #(u) is a nondecreasing Levy process with
Levy measure a given by Eq. (22).

associated with the Levy measure given by the derivative of
F (7) which Laplace transform corresponds to expression (22).

In order to numerically check Eq. (55), one can direcly
estimate from the data the partition functions as defined in
Eq. (50). Alternatively, one can use the so-called wavelet
transform modulus maxima (WTMM) method based on
the scaling properties of wavelet coefficients at modulus
maxima [33-35]. Figure 4 shows the results of such an
analysis for the case D = 0.7. In Fig. 4(a), we have plotted,

12 T T T T T 6

(a)

(b)

10f

T 8
= o3
=
g o R
al il
)
2 1 1 L L I 0 I L I i L I
8 -6 -4 -2 0 2 4 0 1 2 3 4 5 6 7
log, 7 q

FIG. 4. Scaling properties of the measure supported by a set of
dimension D = (.7 displayed in Fig. 3(d). (a) Estimation of the box-
counting dimension using WTMM (see text). We have displayed in
log-log scale, the WTMM number as a function of the scale t. The
solid line corresponds to a line of slope —0.7. One can see that the
scaling is no longer valid for scales greater than the integral scale
T = 1. (b) Estimated ¢, function obtained from the scaling behavior
of empirical estimates of WITMM moments M, (7). The solid line
represents the fit {, = 0.7¢ + 0.3 as predicted by Eq. (55).
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FIG. 5. Empirical void size statistics of Sp for D = 0.4 (left
panels) and D = 0.7 (right panels). The distribution FA(7) as defined
in Sec. III C is estimated from a rank ordering of the observed void
sizes in simulated samples of Sp of integral scale T = 1, over an
interval of width 40 and at resolution A = 278, The small- and large-
scale asymptotic regimes of Eq. (24) are empirically observed. In (a)
and (b) a semilogarithmic representation shows the exponential tail.
One can see that the theoretical prediction —a/p7 provides a good fit
(solid line). In (c) and (d) a log-log scale shows that the regime when
7 — 0 is a power-law 72 (the solid lines represent the theoretical
prediction).

in double logarithmic scale, the number N(r) of wavelet
transform maxima as a function of the scale. This number
is proportional to the number of boxes of size T necessary
to cover the Cantor and therefore provides an estimation of
the box-counting dimension d¢. In Fig. 4(b), one estimates a
dimension very close to D = 0.7 (corresponding to the slope
of the solid line). The estimation of the ¢, spectrum from the
scaling of higher-order WTMM moments is represented by
(o) symbols in the right panel. One can check the excellent
agreement with the expression (55) corresponding to D = 0.7
(solid line).

Previous numerical simulations can also be used to verify
the theoretical considerations of Sec. III C. Figure 5 shows
the estimated void distribution for both the D = 0.4 and
D = 0.7 cases. Fa(tr) (where A is the sampling period) is
simply estimated as the normalized rank-ordered distribution
of the observed hole sizes. In both semilogarithmic plot (top
panels) and double-logarithmic plots (bottom panels) of the
estimated distributions, one can see that the predictions of
Eq. (24) represented by the solid lines are very well verified.
In the case D = 0.7, one can check in Fig. 6 that the Laplace
transform (22) accounts for the full shape of Fa(t): The
(o) symbols represent the computed values of Fa(tr) by a
numerical inversion of the Laplace transform (22) (using a
FFT method) while the solid line represents the distribution
estimated from simulation data.

B. Multifractal examples

The simplest example of a multifractal cascade is the log-
normal case which corresponds to a measure dm(t,s) that is
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In[F(7)]
|
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FIG. 6. Log-log representation of empirical (continuous line) and
theoretical (o) void distributions F(t) for the example D = 0.7 of
Fig. 5. The “theoretical” values have been obtained using a simple
numerical inversion of the Laplace transform (22) by a Fourier
method.

a Wiener noise of variance A> or, equivalently, to w,(u) that
is a stationary Gaussian process of covariance A%p;(t) with
p¢ as given by Eq. (A4). In that case, one has simply ¥ (p) =
pm + %2172 and the condition (30) leadstom =1 — D — ’\72
The multifractal spectrum is therefore

AN
§q=1—D+q<D+—>——q2, (56)
2 2

which extends the standard log-normal spectrum to arbitrary
D < 1.The coefficient A> = —¢”(0) is called the intermittency
coefficient and quantifies the level of multifractality of the
measure. In the limit A2 — 0, one recovers the monofractal
case (55) and if D =1 one recovers the MRW log-normal
measure introduced in Refs. [36,37]. A sample of a log-normal
cascade with D =0.7, T = 1, and A2 =0.02 is displayed
in Figs. 7(a) and 7(b). As in the previous case, the fractal
dimension d¢ and the ¢, spectrum can be estimated from
a WTMM scaling analysis. These estimations from a single
sample of length 128 T at aresolution At = 270 are displayed
in Fig. 7(c) (o). The solid line represents the analytical
expression (56) with D = 0.7 and A?> = 0.05. One can see that
the agreement is very good up to a value ¢ ~ 5.5. For greater
g values, the estimated ¢, spectrum appears to be a linear
function of slope around 0.5. This observation corresponds
exactly to Eq. (52) at the end of Sec. IV C. Indeed, the scaling
of the partition function (as estimated by the WTMM method
or by any other method) defines the spectrum ¢ that, according
to Eq. (52), differs from ¢, for g > ¢.. In that domain, §q* isa
linear function of slope «, as given by Eq. (53). From Eqgs. (47)
and (53) together with expression (56), one gets:

[2D 22 —
qx = Fanda*=?+D— 2D)\,2

The values D = 0.7 and A2 = 0.05 leads to ¢, ~ 5.29 and
o, =~ 0.46 in excellent agreement with our numerical obser-

(57)
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FIG. 7. Example of a log-normal multifractal measure supported
by a set of dimension D = 0.7. Panel (a) shows a sample of the
measure /([,# + At]) where At = 2710, The integral scaleis T = 1,
the fractal dimension is D = 0.7, and the intermittency coefficient is
A2 = 0.05. The associated function p(z) is plotted in (b). Panel (c)
shows the results of the estimation of the multifractal scaling exponent
¢, (o) as compared to the theoretical expression (56) (solid line).

vations. Notice that, for a log-normal cascade, g, — 0 when
D decreases or when A? increases. This means that for high
intermittent cascades on a support of small dimension D, the
range where one can observe a parabolic ¢, can be very small.

Many examples other than the log-normal cascade can be
considered. For example, a Poisson compound corresponds to
Y(p)=mp+ K f(el”C — 1)F(dx), where F(dx) is a proba-
bility distribution of some positive random variable. If W > 0
is a random variable such that the law of In(W) is F, then
the ¢, spectrum of the log-Poisson compound cascade can be
written as:

g =1=—D+mg+ KE[WI]-1),

where m is such that ¢; = 1. This spectrum generalizes to
noninteger dimensions the spectrum of Barral-Mandelbrot
cascade model [5]. Let us also mention log-«-stable random
cascades that correspond to V¥ (p) = k(p* — p)+ (1 — D)p
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TABLE 1. The locations of the five rainfall series.

1 Aicirits-Camou-Suhast 43°20'N — 1°01'W
2 Anglet 43°28'N-1°32'W
3 Bustince-Iriberry 43°10N-1°12'W
4 Ciboure 43°24'N-1°41'W
5 Orthez 43°30'N-0°45'W

and therefore to
{q=1—D+q(D+«)—«Kq",

which extends the log-normal spectrum to Levy indexes 0 <
o < 2. Such laws have been notably used in the context of
turbulence and geophysics [38]. Along the same line, other
families of ¢, spectra can be obtained (e.g., log-Gamma and
log-Hyperbolic) for alternative choices of infinitely divisible
generating function ¥ (p).

C. Application to high-resolution rainfall data

Precipitations result from a complex process that involves
a large number of physical phenomena from microphysics
inside the clouds to large-scale meteorology. It is well known
that the rainfall distribution displays a very high variability
over a wide range of space and time scales [39]. Very much
like turbulence, this intermittent behavior that can be hardly
described from dynamical equations, has been successfully
described within the framework of multifractal processes
and random cascade models. This approach, pioneered by
Schertzer and Lovejoy [40] and Gupta and Waymire [41], is
still the subject of very active research (see, e.g., Refs. [39,42]
and reference therein).

In this section, we simply want to illustrate the possible
interest of the model introduced in this paper to describe the
time variability of high-resolution rainfall data [43]. In fact,
the continuous cascade model described in Sec. IV C can be
considered as an extension of the models of Refs. [19,44]
where the framework of random cascades on fractal sets has
been used to account for both rainfall intensity fluctuations and
the occurrence of wet and dry events. We have analyzed a set of
five time series corresponding to high-resolution precipitations
recorded at five different locations in the southwest of France
(see Table I). The series were provided by Meteo-France and
have been recorded by the means of tipping-bucket rain gauge
with a resolution of 6 min in time and 0.2 mm of equivalent
rainfall depth. The measurements are available over 5 years
from the begin of 2006 to the end 2010. A sample of the
rainfall series at Anglet corresponding to 8 months during
2006 is displayed in Fig. 8(a). For comparison, a sample
of a log-normal model of dimension D = 0.6, integral scale
T = 5 days, and intermittency coefficient A2 = 0.07 is plotted
in Fig. 8(b) (see below for the choice of the parameters).
One can see that, from a qualitative point of view, the
model reproduces quite well both rainfall intensity and rainfall
occurrence fluctuations.

The estimated multifractal spectrum ¢, obtained with the
WTMM method over the whole 5-year period and by averaging
the results of the 5 series is reported in Fig. 9(a) (e). The
fits of the power-law behavior of the partition function for
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FIG. 8. Sample of the rainfall data we used: Panel (a) displays a
sample of 6-min frequency rainfall intensity at Anglet over a period of
8 months during 2006. Panel (b) represents a sample of the log-normal
model lying over a set of dimension D = 0.6, with intermittency
coefficient A2 = 0.07 and integral scale T = 5 days.

all values of g have been performed between the scales
& =24 min and ¢ = 2 days. It is well known that, from a
statistical point of view, it is extremely hard to determine the
nature of the infinitely divisible law of some cascade sample
from empirical scaling of the partition function. As far as
rainfalls are concerned, one can find very different fits in the
literature from log-normal [44,45] to more general log-Levy
cascades [39,40]. The solid line in Fig. 9(a) represents a fit of ¢,
by a log-normal model [Eq. (56)] corresponding to D = 0.6
and A% = 0.07. We do not claim that a log-normal cascade
provides the best fit of the data but it allows one to reproduce
the nonlinearity of the empirical spectrum quite well.

In Fig. 9(b), we have displayed, in log-log representation,
the number of wavelet maxima N(g) at scale e (that is
equivalent to the number of boxes of scale & necessary to
cover the rainy periods) as the function of the scale . Very
much like what we observed for the model in Fig. 4, one
clearly sees two regimes separated by a characteristic scale
T ~ 5days: the small scale regime ¢ < T where N(g) ~ g6
and the large scale regime where N(¢) ~ £~!. Such a measure-
ment thus allows us to estimate both the dimension D (=~ 0.6)
and the integral scale 7 (=~ 5 days) of the model. Let us remark
that the existence of a scaling range between few minutes and
few days has been already pointed out in many studies devoted
to rainfalls (see, e.g., Refs. [42,46]) and corresponds to time
scales between turbulent motions and weather front systems.
This scaling range has also been observed from the fluctuations
of surface wind velocity [47,48].

The properties of the rainfall time series we just discussed
are average properties estimated over the whole year. In fact,
it is well known that precipitations are a seasonal process
S0 one expects some variations of its fractal and multifractal
properties through the seasons. In order to check this feature,
we have estimated the fractal dimension of all series on a

052305-10



SELF-SIMILAR CONTINUOUS CASCADES SUPPORTED BY ...

3.5 - T T T r T

(a) 1

0.0

PHYSICAL REVIEW E 93, 052305 (2016)

12

11t

10}

InN(e)

FIG. 9. Multifractal analysis of the 6-min rainfall data by the mean of the WTMM method (see text). (a) The empirical g, (e) is fitted by a
log-normal spectrum with D = 0.6 and A2 = 0.07 (solid line). (b) The behavior of the number of boxes necessary to cover the rainy periods
is plotted as a function of the box size ¢ in double logarithmic scale. The so-estimated fractal dimension (corresponding to the slope of this
line) is D =~ 0.6 (the fit is represented by the left solid line). One can observe a large-scale T above which N(g) ~ ¢~! (right solid line). This
corresponds to the integral scale of the model which is estimated as T ~ 5 days.

sliding window of width 2 months. The results we obtained
are reported in Fig. 10. In Fig. 10(a), the fractal dimension is
plotted as a function of the date all along the 5-year period
while in Fig. 10(b) it is plotted as a function of the month (it
is obtained by an average over the 5 years). One clearly sees
that the fractal dimension D varies from D ~ 0.47 during the
dry season in summer to D =~ (.7 in winter. Let us mention
that comparable results have already been observed in former
studies using the hourly rainfall database (see, e.g., Ref. [39]).
It thus appears that, within the framework introduced in this
paper, the variation of the fractal dimension parameter D can
account for the variation of the occurrence likelihood of rainy
periods through the seasons. In order to confirm this point
and to check the model prediction in a more precise way,
one can compare the model void distribution as described in
Sec. III C to the empirical distribution of dry period durations
as observed in the rainfall series. There have been few attempts
in former studies to reproduce the likelihood of occurrence of
wet and dry periods within the framework of random cascade
models (see, e.g., Refs. [19]). The explicit formula provided
in Eq. (22) provides a simple and easy way to account for the
distribution of dry periods with only two parameters, namely
the integral scale 7 and the dimension D. In Fig. 11 this
analytical formula provided by our model is compared to
the empirical observations for two different months: March
[Fig. 11(a)], which is a quite wet period where we estimated
a fractal dimension D ~ 0.62, and July [Fig. 11(b)], which
corresponds to adry period with an estimated fractal dimension
D ~0.47. In both cases we assumed that the integral scale
T corresponds to 5 days. In both situations, one can see
that the analytical curves (e) perfectly fit the empirical data

(solid lines). One notably sees in the insets that this very
good agreement holds for the exponential tail (insets with
semilogarithmic representation) as well as for the power-law
behavior around the origin (insets with double-logarithmic
representation).

VI. SUMMARY AND PROSPECTS

In this paper we have introduced a new model for random
cascades that live on random Cantor sets. This model can
be considered as an extension of former constructions of
continuous cascades that accounts for a support with arbitrary
Hausdorff (or capacity) dimension d¢ € (0, 1]. Basically, these
random measures are obtained as the product of a random
cascade density ¢“*) by a correlated Bernoulli random process
8y, that corresponds to a self-similar version of “random
cutouts” introduced by Mandelbrot more than 40 years ago.
We have shown that the limit of our construction is well
defined and possesses stochastic self-similarity properties with
an arbitrary log-infinitely divisible multifractal spectrum ¢,.
We have also studied the distribution of void sizes that turns
out to be a power-law truncated exponentially: At small
scales, this distribution is a power law 7~? while at large
scales it decreases exponentially with a characteristic size
% related to both T, the integral scale of the model, and
its dimension D. Most of our analytical results have been
illustrated (and checked) by various numerical simulations.
As a first application, we considered high-resolution time
series corresponding to the precipitation intensity recorded
during 5 years in five different locations in the southwest of
France. Besides the basic multiscaling and fractal properties

052305-11



JEAN-FRANCOIS MUZY AND RACHEL BAILE

0 1 L L
2006 2007 2008 2009 2010
date

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
month

FIG. 10. Seasonal variations of the fractal dimension of the set of
rainy periods. (a) D is estimated on a two months sliding window from
the set of 5 time series. One can observe that the fractal dimension
decreases from values around 2/3 during winter to a value smaller
than 1/2 in summer. (b) Seasonal variation of the fractal dimension as
obtain from the mean value over all series and all years. (o) symbols
represent the estimations performed from the WTMM method while
the solid line represents the estimation performed from the behavior
of void size distribution around the origin (see text).

of the series, we have shown that our model provides a
remarkable fit of the distribution of dry period durations. A
specific application of this model to describe various statistics
associated with rainfall variations will be considered in a future
work.

Beyond applications to peculiar experimental situations,
various questions remain open at both mathematical and
statistical levels. For example, one can consider the extension
of our construction to higher dimensions, the questions
related to subordination, the relationship between the Levy
process we introduced in Sec. III C, and the “tempered stable
processes” [49]. From a statistical point of view, a parametric
estimation method of both D and T can be introduced and
compared to the nonparametric method based on scaling as
used in Sec. V.

APPENDIX A: INFINITELY DIVISIBLE MEASURES
IN THE (¢,s) HALF-PLANE

In this section we recall the main lines of the construction
proposed in Refs. [6,7] that involve some infinitely divisible
measure dm(t,s) spread over the half-plane (z,s) € R x R™™*.
Let us consider a set 4 C R x R™ and denote its “area,” i.e.,

PHYSICAL REVIEW E 93, 052305 (2016)

its measure as respect to the natural measure s ~2dtds, as:

S(A) = f s 2dtds. (A1)
A

The random measure dm(t,s) allows one to associate with

each set A an infinitely divisible random variable m(A) =

f 4 dm(t,s) whose characteristic function reads:

E[epm(A)] — eW(P)S(-A)’ (A2)

where ¥ (p) is the cumulant generating function of an infinitely
divisible law as described by the Levy-Khintchine formula.
Of particular interest are the conelike sets

min(T,s)}

> (A3)

Ce(to) = {(I,S),S 2 Lt —1| <
where 0 < ¢ < T.
The following formula can be established by a straightfor-
ward computation and is useful in many results of this paper:
If 0 < ¢ < £, then one has

po(t) & S[C,(1) N Co(t + 1)]

In(f)+1-2 ifr<e,
= 1In(%) ifT>t>¢ (AD
0 ift>T.

Notice that p,(0) = S[C,(t)] = 1 + ln(%) and that p, satisfies
the remarkable property:

Pse(st) = pe(t) — In(s). (AS)
One can also define vy ¢(7) as:
Ve (0) E S[Ce()ACH (T + )], (A6)

where A stands for the symmetric difference between the two
sets. The expression of v, ¢(7) can be easily deduced from
Eq. (A4) since v, (7) = p¢(0) + pe(0) — 2p,(7).

APPENDIX B: THE ASYMPTOTIC BEHAVIOR
OF THE VOID SIZE DISTRIBUTION

In this section we study the asymptotic behavior of F(7),
the inverse Laplace transform of the expression (22) using
Tauberian theorems. Notice that Eq. (22) involves only the
variable sT so F(t) is a function of % With no loss of
generality one can then set 7 = 1.

In the limit z — 0, one can directly use Theorem 3 and
Theorem 4 in Sec. XIIL.5 of Ref. [23] that link the behavior
of the Laplace transform when o« — oo to the behavior of
the function around the origin. Since y(x,t) — I'(x) when
t — 00, we have from (22):

OO*O(Z anl
]Oe F(z)dza:oor(D). (B1)

It then results that

F(t) ~ 7P, (B2)

T—0
Since @ — 1 when o — 0, one can no longer invoke
classical Tauberian theorems of Ref. [23] but one can use
the results of Ref. [25] in which the author proves that the
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FIG. 11. Modeling the distribution of dry period durations. Panel (a) shows the estimated distribution of dry period durations from the
5 rainfall series in March (solid line) while in panel (b) displays the distribution estimated in July. In all figures, symbols (e) represent the
analytical predictions as obtained from the Laplace transform expression (22) with T = 5 days and the respective fractal dimensions D = 0.62
(a) and D = 0.47 (b). In the insets the same distributions are represented in semilogarithmic [insets (1) and (3)] and double-logarithmic [insets
(2) and (4)] scales. In all representations, one sees that the model predictions reproduce very well the empirical distributions.

largest real part of the poles of the Laplace transform directly
provides the exponential rate of the tail behavior of a function.
It follows that

F(r) ~ e %7,
T—>00
where —ap is the largest (negative) real part of the poles of the

Laplace transform of F (7). In our case this value corresponds
to solutions of the equation:

?Py(D,2)+eF =0, (B3)

which can be rewritten in terms of a confluent hypergeometric
function as

D
1F1(1,D+1,z)+?=0. (B4)

This transcendental equation cannot be solved analytically but
numerical solutions are easy to obtain. Moreover, one can
prove that p ~ D when D — 0 while ¢p — oo when D —
1. The estimated values of «p as a function of D are reported
in Fig. 12.

APPENDIX C: PROOF OF THE CONVERGENCE OF p,

In this section, we prove that if (1) = 1 — D and ¢ (2) <
2 — D, then p,(t) = fot dpe(u) where

due(u) = du ™85, (CD)

converges in the mean-square sense when £ — 0. We follow
the same line as in Ref. [6] and define

Reo(1) = E[e”TerttDs 08, win).  (C2)
Let us first show that, if £/ < £:
Ree(T) = Ry () = e/ OVD+D-D (C3)

with py(7) as defined in Eq. (A4).

T
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

D

FIG. 12. The asymptotic exponential decreasing rate ap [the
opposite of the solution of Eq. (B4)] as a function of the dimension D.
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Because y, and w; are independent, we have
Rep(t) = B[ M ONES, 008y, win].  (C4)
From the definition (27) of w,, one has

we(u) + we(u + 1)

= / dmf(t,s)
Co(u)UCy(u+t)

_ / dm(t.s) +2 f dm(t.s). (C5)
Co(u)AC)(u+7) Ce(u)NCy(u+Tt)

where A stands for the symmetric difference of two sets. The
last two terms (denoted as w; and w;) involve the integral of
dm(t,s) over disjoint intervals and are therefore independent
random variables. From the definition of the functions py(7)
and vg () of Appendix A, one then has:

]E[ea)g(u)+ww(u+r)] — E[e“"]]E[e‘”" ]’ (C6)
— V(D) Y @Dpe(D) 7

Estimating the second factor in Eq. (C4) only amounts
to computing the probability that both y,(x) and y;(u +
7) vanish, i.e., the probability that there is no Poisson
eventin the domain Cy(u) U Cyo(u + 7) = [Co(u) ACe(u + T)] U
[Ce(u) N Cy(u + T)]. Since the Poisson density is dp(t,s) =
(1 — D)s~2dtds, the probability that there is no event in
some set € in the (z,s) plane is simply e~ Je (9 = ¢(D=DSE)
Along the same line as above, using Eqgs. (A4) and (A6) of
Appendix A, we thus have:

E[aye(u)ayyf(u+r)] = P Dloc()tve e (O] (C8)

Since, from Eq. (30), we have assumed that ¥(1) =1 — D,
the product of (C7) and (C8) leads to Eq. (C3).

Our goal is to show, that, Ve, 3£y, VL0 <L,
E[(we(t) — pe(1))*] < €. Let us suppose that £" < €. Then,

E[(pe(1) — e (1))’]
= E[1i()] + E[uf(0)] = 2E[pee(t) e (1)]

t pt
= //(RL((M — v)+Rgf,gf(u — v)—ZRMr(u — v))dudv
0J0

Thus, thanks to Eq. (C3) and the expression (A4) of p;, we
get, after a little algebra,

E[(e(t) — po(1))] = r( / [Re.o(u) — Re,e(u)]du>
0

= 0@ PV@),
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Thus if ¥(2) < 2 — D, then we see that p,(¢) is a Cauchy
sequence and thus converges in a mean-square sense. The same
type of argument also proves the mean-square convergence
(and therefore the convergence in law) of all finite-dimensional
vectors (we([t1,t1 + 71D, - . ., pe([tn,tn + T0])). In order to
achieve the proof of the weak convergence, we must establish
a tightness condition. For that purpose, it suffices to bound
some moment of (). Such a bound is directly obtained for
the second moment using Eq. (C3):

Elpe(tY] = 1 / Reu(t) < CE-PYO, (C9)
0

where C is a constant that does not depend on £.

APPENDIX D: PROOF OF THE SELF-SIMILARITY OF p,

In order to prove the stochastic self-similarity of wu(z),
according to Sec. IV B, one just needs to prove Eqgs. (37)
and (38). Since (37) is already proven in Ref. [7], it just remains
to show that:

Voe(su) = T + y(u), (D1)

where I’y is a random variable independent of the process
y¢(t) with the same Poisson law as y,7(¢). This result can
be directly deduced from Lemma 1 of Ref. [7]. Indeed,
this lemma gives the g-point characteristic function of the
infinitely divisible process y,(t) = fC/(f) dp(v,s) as defined
by Eq. (32). Let ¢(p) = ¥(—ip) = (1 — D)(e’? — 1) be the
cumulant generating function associated with the Poisson
process dp(v,s) [see the definition in Eq. (28) of the cumulant
generating function associated with some infinitely divisible
measure in the (¢,s) plane]; let g € N*¥, ?‘1 = (11,02, ... ,1g)
with ry <1, < -+ <1, and p, = (p1,p2, . ...py). Then, the
characteristic function of the vector {y;(#,)}1<m<q reads:

]E[eZLI ipm}’i(lm)] — 623:1 Y Ot(j,k)/)«(tk—tj)’ (D2)

where pg(t) is given by Eq. (A4) and the coefficients a(j,k)
provided in Ref. [7] satisfy:

Jj q
D alih = w(Z pk>.
j=1 k=1 k=1

From Eq. (D2), (A6), and (D3), we have, therefore,

E [623,:1 iPm y.\-z(stm)] - K [er’,,:, iPm V/Z(tm)]67 In()p(X_7_, Pk)’
(D4

q
(D3)

which is equivalent to Eq. (D1).
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