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Nonmodal instability of a stratified plane-channel suspension flow with fine particles
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We consider the nonmodal instability and transient growth of small disturbances in a plane-channel suspension
flow with a nonuniform concentration profile of fine noncolloidal particles accumulated in two localized layers,
symmetric about the channel axis. A single-velocity model of an effective Newtonian fluid with a finite particle
volume fraction is employed. It is established that fine particles distributed nonuniformly in the main flow
significantly modify the growth rate of the first mode in a wide range of governing parameters. The most
pronounced destabilizing effect is produced by the particles localized in the vicinity of the walls. A parametric
study of the so-called optimal disturbances showed that they are streaks elongated in the flow direction, similar to
the optimal disturbances in the flow devoid of particles. The transverse wave number of the optimal disturbances
depends strongly on the location of the particle layers. Even when the particle mass concentration (averaged over
the channel cross section) is small (of the order of a percent) and the particles are localized in the middle between
the walls and the channel axis, the energy of the optimal disturbances is by several orders of magnitude larger
than in dusty-gas and pure-fluid flows. When the particle layers are located in the vicinity of the walls or the
channel axis, the nonmodal instability mechanism is less pronounced, as compared to the flow devoid of particles.

DOI: 10.1103/PhysRevE.93.033107

I. INTRODUCTION

The laminar-turbulent transition is one of the most impor-
tant problems associated with the disperse flows encountered
in a variety of industrial and technological processes. The
number of existing experimental studies on the subject is very
limited [1], so that theoretical investigations are required to
study the effect of particles on the stability of shear flows. It
will provide a basis for experimental investigations and make
it possible to formulate recommendations on the improvement
of existing technological solutions.

The stability of particle-laden flows was analyzed mostly
within the framework of a classical (modal) approach [2,3].
In accordance with this approach, for a given set of governing
parameters the flow is assumed to be unstable if there exists
at least one growing normal mode. The first formulation of
the linear stability problem for a particle-laden flow was
given by Saffman [4] in the framework of a dusty-gas model
with Stokesian particles and a uniform distribution of the
dispersed phase, having negligibly small volume fraction, in
the main flow. Later, the formulation was modified and a
number of additional factors, important for real particle-laden
flows, were considered: the nonuniform particle concentration
profile [5,6], non-Stokesian components of the interphase
force [6], and finite volume fraction of particles [7,8]. It was
found that the presence of both a finite and an infinitely small
volume fraction of inertial particles may significantly affect
the growth rate of the first mode, which not only changes
the critical Reynolds number, but also triggers new instability
mechanisms. A thorough overview of the studies on the modal
stability of particle-laden flows can be found, for example,
in [6,7,9].

In 1970–1980, it was demonstrated that in any shear flow
there exist streamwise-independent disturbances which in
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contrast to the exponential temporal behavior predicted by
the classical theory, grow linearly with time [10,11]. This
algebraic instability mechanism is inviscid in nature, so that
even at subcritical Reynolds numbers certain disturbances can
grow enough to trigger the laminar-turbulent transition or the
secondary instability [12]. Mathematically, the nonexponential
growth of disturbances is attributable to the non-Hermitian
property of the differential operators describing the evolution
of small disturbances in shear flows. There exists a certain
linear combination of decaying three-dimensional normal
modes whose energy grows up and, at a certain finite instant
of time, becomes by several orders of magnitude larger than
its initial value. The algebraic growth is limited in time, so
that at large times the evolution of the linear combination of
normal modes is determined by the mode with the largest
growth rate.

The general method of studying the algebraic instability is
based on the analysis of the so-called “optimal disturbances,”
which are linear combinations of normal modes with the
largest energy growth on the time interval considered. The
global optimal disturbances are optimized with respect to
not only the initial conditions, but also to the value of
the time interval and wave numbers. The global optimal
disturbances were studied for all typical shear flows of pure
fluid [13–17]. It was found that the optimal disturbances are
“streaks,” i.e., streamwise-elongated periodic structures which
are usually observed in experiments on laminar-turbulent
transition [18].

Nonmodal instability in two-phase flows was studied for
several dispersed flows within the framework of a two-fluid
model with negligibly small particle volume fraction [19–21]
and a finite volume fraction [22]. In [19], the optimal
disturbances of a plane-channel dusty-gas flow were analyzed,
assuming that the interphase momentum exchange is described
by the Stokes force and the particle concentration in the main
flow is uniform. It is shown that, with an increase in the particle
mass loading α, the energy of optimal disturbances increases
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by the factor (1 + α)2, with the optimal time interval increasing
linearly with α. The shape of the optimal disturbances in the
dusty-gas flow turned out to be identical to that of the flow
devoid of particles. Additional interphase forces (added mass,
Basset-Boussinesq, and Archimedes) and a finite particle
volume fraction do not significantly affect the parameters of
optimal disturbances of the uniform suspension flow in a plane
channel as compared to the pure-fluid flow [22].

In real particle-laden shear flows, the particle concentration
profile in the main flow is usually very nonuniform due to
the action of shear-induced lifting forces on the particles.
The effect of this nonuniformity on optimal disturbances to
dusty-gas flows in a plane-channel and boundary layer was
analyzed in Refs. [20] and [21], respectively. In those studies,
the particles were assumed to be localized in two layers with
the Gaussian concentration profiles, symmetric with respect
to the channel axis, and in a single layer in the boundary
layer flow. It was found that, for a fixed average particle
mass concentration, the largest energy of optimal disturbances
corresponds to the flow with narrow particle layers located
in the middle between the channel walls and the axis, or
approximately in the middle of the boundary layer thickness.
Even for moderate average particle mass concentration (about
10%), the maximum energy of the optimal disturbances of
dusty-gas flow is several times larger than that in the pure-fluid
flow.

In suspension flows, where particle-to-carrier fluid sub-
stance density ratio is of order unity and the mass con-
centration of the particles is not negligibly small, it is
necessary to take into account the effects of finite particle
volume fraction. Nonuniformly distributed particles modify
the main flow velocity profile, since the effective suspension
viscosity is the function of particle volume fraction. As shown
in [8,23], a nonuniform distribution of the particle volume
concentration in the main flow results in the onset of a new
instability mechanism (viscous analog of Kelvin-Helmholtz
instability), triggered even at small and moderate Reynolds
numbers.

In the present study, we aimed at analyzing the effect of
nonuniform distribution of particles on the transient growth
and energy of optimal disturbances in a plane-channel suspen-
sion flow with a finite particle volume fraction. It is assumed
that, in the main flow, the particles are accumulated in two
localized layers, symmetric with respect to the channel axis.
Such particle concentration distributions are typical of real
suspension flows in ducts due to the so-called “tubular pinch
effect” [24,25].

II. SUSPENSION FLOW MODEL

We consider an isothermal suspension flow in a plane
channel. To clarify the formulation of the model of an effective
stratified medium, which will be used for studying the stability
problem, we start with the formulation of a general two-fluid
approach [7,26] under the assumption of a small but finite
particle volume fraction. The carrier fluid is Newtonian and
incompressible, and the dispersed phase consists of identical
non-Brownian particles.

The equations of the two-fluid model of suspension flow in
dimensionless form are as follows:

div[(1 − C)v + Cvs] = 0, (1)

(1 − C)
dv
dt

+ ηC
dsvs

dt
= −∇p + 1

Re
∇j τ

ij ei

− 1

Fr2 [(1 − C) + ηC]e2, (2)

∂C

∂t
+ div (Cvs) = 0, (3)

dsvs

dt
= 1

St
(v − vs)f (C) − 1

Fr2

(
1 − 1

η

)
e2, (4)

τ ij = 2μ(C)

(
eij − 1

3
δij div v

)
,

eij = 1

2
(∇ ivj + ∇j vi), μ = 1 + 5

2
C, Re = U0Lρ0

μ0
,

St = mU0

6πσμ0L
, η = ρ0

s

ρ0
, Fr2 = U 2

gL
. (5)

Here, ρ0 and ρ0
s are the carrier fluid and particle substance

densities, v and vs are the carrier fluid and the particle
velocities; C is the particle volume fraction; σ and m are
the particle radius and mass; τ ij and eij are the components
of the viscous-stress and strain rate tensors; μ0 and μ are
the viscosities of the carrier fluid and suspension; δij is
the Kronecker δ; ei are the basis vectors; and f (C) is the
correction to the Stokes force due to a finite volume fraction
of particles. As the volume fraction of particles is assumed to
be sufficiently small, we consider Einstein’s correction to the
fluid viscosity (5). The flow scales involve the suspension
velocity at the channel axis U0 and the channel width L.
The x axis of the Cartesian coordinate system is directed
streamwise, the y axis is perpendicular to the channel walls,
and the z axis is normal to the plane of velocity shear. The
origin of the coordinate system is located at the channel
axis (see Fig. 1). The set of nondimensional flow parameters
involves the Reynolds number Re, the Stokes number St, the
particle-to-fluid substance density ratio η, and the Froude
number Fr. The material derivatives dv/dt and dsvs/dt are
calculated along the trajectories of the phases:

dv
dt

= ∂v
∂t

+ (v ∇)v,
dsvs

dt
= ∂vs

∂t
+ (vs ∇)vs .

In studying the stability problem, we will restrict our
attention only to sufficiently fast (Fr � 1) flows of suspension,
laden with fine particles St � 1. Under these simplifications,
the system (1)–(4) turns into the following:

div v = 0, [(1 − C) + ηC]
dv
dt

= −∇p + 1

Re
∇j τ

ij ei , (6)

∂C

∂t
+ div (Cv) = 0, τ ij = 2μ(C)eij , μ = 1 + 5

2
C. (7)

In the small-inertia limit, the particles modify the density and
viscosity of the suspension. The suspension velocity is now
nondivergent since the velocities of the phases are equal.
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FIG. 1. Sketch of the suspension flow in a plane channel with
a certain velocity profile v and a nonuniform particle volume
concentration C.

III. LINEAR STABILITY AND OPTIMAL DISTURBANCES

Consider the suspension flow in a plane channel with the
nonuniform distribution of particle volume fraction in the form
of two symmetric layers similar to [5,20]

C0(y)= α

η
C∗

(
exp

{
− (y−ζ )2

ξ 2

}
+ exp

{
− (y + ζ )2

ξ 2

})
. (8)

Here, the parameter ζ determines the location of the particle
layer, while ξ determines its width. The scaling coefficient C∗
satisfies the following relation:

C∗ =
(

1

2

∫ 1

−1

(
exp

{
− (y − ζ )2

ξ 2

}
+ exp

{
− (y + ζ )2

ξ 2

})
dy

)−1

.

With this definition of C∗, the channel width-averaged
particle volume concentration (8) equals α/η, so that α is
the average mass loading. By varying η, one can study the
effect of particle volume fraction on the flow stability at the
fixed average particle mass loading α.

The main flow suspension velocity profile V is determined
by solving Eq. (6), assuming that there is no particle velocity
slip Vs = V, the flow is horizontal V = {U (y),0,0} and
applying the no-slip boundary conditions at the walls. Under
these assumptions, the momentum conservation equation (6)
is formulated as follows:

∂p

∂x
= 1

Re

d

dy
{μ[C0(y)]U ′}, ∂p

∂y
= 0,

∂p

∂z
= 0.

It follows from the equations above that the pressure is
independent of y and z and depends linearly on x. Therefore,
the velocity profile satisfies the following boundary-value
problem for the ordinary differential equation,

d

dy
{μ[C0(y)]U ′(y)} = lRe, U (−1) = U (1) = 0, (9)

where l is the pressure gradient in streamwise direction.
The equation above is solved numerically for a certain

nonzero value of l (e.g., l = 1) using the fourth-order Runge-

Kutta method, and the resulting velocity profile is normalized,
so that U (0) = 1.

We will now formulate the linear stability problem. The
flow (8), (9) is subject to small three-dimensional disturbances:

v = V + v′, C = C0 + C ′, p = P + p′.

The linearized system (6) and (7) is formulated as follows
(in what follows, for simplicity we dropped the accent at
disturbances):

∇ · v = 0,
∂C

∂t
+ U

∂C

∂x
+ vC ′

0 = 0, (10)

ρm

(
∂u

∂t
+ U

∂u

∂x
+ U ′v

)
= −∂p

∂x
+ 1

Re

{
5

2
(U ′C)′

+C ′
0

(
∂u

∂y
+ ∂v

∂x

)
+

(
1 + 5

2
C0

)
�u

}
, (11)

ρm

(
∂v

∂t
+ U

∂v

∂x

)
= −∂p

∂y
+ 1

Re

{
5

2
U ′ ∂C

∂x

+ 5
∂v

∂y
C ′

0 +
(

1 + 5

2
C0

)
�v

}
, (12)

ρm

(
∂w

∂t
+ U

∂w

∂x

)
= −∂p

∂z
+ 1

Re

{
5

2
C ′

0

(
∂w

∂y
+ ∂v

∂z

)

+
(

1 + 5

2
C0

)
�w

}
, (13)

ρm = (1 − C0) + ηC0.

The linearized equations should satisfy the no-slip boundary
conditions at the walls:

v(y = ±1) = 0. (14)

Note that despite the simplifying assumption of the negligibly
small particle inertia, the disturbance of the particle volume
fraction C enters in linearized momentum equations (11)–(13).
It is a very significant complication of the stability problem, as
compared to that for a dusty-gas flow, where the linearized
continuity equation for the particle mass concentration is
decoupled from the momentum equations [4].

We consider small disturbances to the main flow in the form
of traveling waves (normal modes):

Q(x,y,z,t) = q(y)exp{i(kxx + kzz) + σ t},
Q = {v,ω,us,vs,ws}. (15)

Here, kx and kz are wave numbers in the x and z directions,
respectively; σ = σr + iσi is the complex amplification factor,
so that σr determines the temporal growth or decay of the
disturbance and σi is the phase velocity.

By eliminating the pressure from system (10)–(13) and
using the nondivergence of the suspension velocity, we obtain
the following three ordinary differential equations in terms of
the amplitudes of the disturbances of the normal velocity v, the
normal vorticity ω(y) = ikzu(y) − ikxw(y), and the particle
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volume fraction C(y):

1

Re

{(
1 + 5

2
C0

)
(vIV − 2k2v′′ + k4v)

+ 5C ′
0(v′′′ − k2v′) + 5

2
C ′′

0 (v′′ + k2v)

− ikx

5

2
(U ′′′C + 2U ′′C ′ + U ′[C ′′ + k2C])

}

+ ikx(η − 1)C ′
0(U ′v − Uv′)

+ ikxρm(vU ′′ − U [v′′ − k2v])

= σ (ρm[v′′ − k2v] + (η − 1)C ′
0v

′), (16)

1

Re

(
1 + 5

2
C0

)
(ω′′ − k2ω) − ikxρmUω

+ 5

2
C ′

0ω
′ − ikzρmU ′v + ikz

Re

5

2
(U ′C)′ = σρmω, (17)

−ikxUC − vC ′
0 = σC, k2 = k2

x + k2
z . (18)

Boundary conditions (14) take the form

v(y = ±1) = 0, v′(y = ±1) = 0, ω(y = ±1) = 0. (19)

In the limit of pure-fluid flow C0 → 0, η ∼ 1, Eqs. (16)
and (17) turn into the Orr-Sommerfeld and Squire equations,
respectively [13], while in the limit C0 → 0, Cη ∼ 1 one
obtains the equations describing the evolution of small
disturbances in the dusty-gas flow with a nonuniform particle
concentration [20].

The solution to the eigenvalue problem (16)–(18) provides
the countable set of normal modes:

{σn, qn(y)}, qn{vn,ωn,Cn}, (20)

where the modes are sorted by decreasing growth rate σr,n

with an increase in their number n. Any periodic solution of
system (16)–(18) for a certain set of governing parameters
Re, α, η, ζ , ξ , kx , kz is decomposed into the series of normal
modes [12]:

Q(x,y,z,t) =
M∑

n=1

γnqn(y)exp{i(kxx + kzz) + σnt}. (21)

Here, complex coefficients {γn} determine the spectral projec-
tion of a disturbance with the wave numbers kx , kz and M is
the sufficiently large number of modes.

We consider the suspension flow at small particle mass
loadings α ∼ 0.01, so that the density of kinetic energy of the
dispersed phase is small. Accordingly, we consider the kinetic
energy of the carrier fluid E as the norm, determining the
temporal growth of a disturbance (21):

E(γ,t) = 1

2ab

∫ a/2

−a/2

∫ 1

−1

∫ b/2

−b/2

(
u2

r + v2
r + w2

r

)
dxdydz. (22)

Here, ur , vr , and wr are real parts of the suspension velocity
disturbances, a = 2π/kx , b = 2π/kz. After the expression of
ur , vr , and wr in terms of v and ω, the following relation is
obtained [13]:

E(γ,t) = 1

8

∫ 1

−1

[
v∗v + 1

k2

(
dv∗

dy

dv

dy
+ ω∗ω

)]
dy. (23)

Here, the asterisk denotes complex conjugation. A combi-
nation of normal modes (21) with the spectral projection γ ,
which maximizes the kinetic energy (23) under the assumption
of unit initial energy, is the optimal disturbance over a time
interval t :

E(γ,t) → Emax, E(γ,0) = 1. (24)

The global optimal disturbances are found by the energy
maximization, not only over the spectral projection (24) (which
is identical to the optimization over the initial conditions), but
also over time t and the wave numbers kx , kx .

IV. PRELIMINARY ANALYSIS OF OPTIMAL GROWTH

Consider the time evolution of kinetic energy of a small
disturbance of the suspension flow described by linearized
equations (10)–(13). The corresponding equation is obtained
by multiplying linearized momentum equations (11)–(13) by
the corresponding velocity components and integrating over a
flow domain Vf determined by

(x,y,z) ∈ [−Lx,Lx] × [−1,1] × [−Lz,Lz],

where Lx and Lz are sufficiently large.
We restrict the analysis to the periodic disturbances Q =

{u,v,w,p,C} in x and z directions, so that the following
relations are valid:

Q(−Lx,y,z,t) = Q(Lx,y,z,t),

Q(x,y, − Lz,t) = Q(x,y,Lz,t).

As a result of the integration, the following equation for the
kinetic-energy evolution is obtained:

∂E

∂t
= −2

∫
V

ρmuvU ′dV − 5

Re

∫
V

[
(U ′C)′u + U ′v

∂C

∂x

]
dV

− 5

Re

∫
V

C ′′
0 v2dV − 2

Re

∫
V

(
1 + 5

2
C0

)

×(|∇u|2 + |∇v|2 + |∇w|2)dV,

E =
∫

V

ρm(u2 + v2 + w2)dV, ρm = 1 − C0 + C0η. (25)

The first integral on the right-hand side of Eq. (25) describes
the energy transfer between the main shear flow and the
Reynolds stresses generated by the small disturbances. The
other terms describe viscous dissipation in the flow with a
nonuniform viscosity. Note that the second and third terms are
specific of the suspension flow with a nonuniform distribution
of particles with a finite volume fraction (which results in a
disturbance of the suspension viscosity and a variation of the
suspension velocity profile). These terms vanish in the flow
with a uniform particle concentration distribution. The new
terms involve the disturbances to the streamwise u and the
normal v velocity components, as well as the disturbance to
the particle concentration C.

Consider now the flow of suspension with a uniform particle
concentration distribution C0 = const. It follows from the
linearized continuity equation for particles (10) that C ≡ 0,
so the second and third integrals in (25) are eliminated. If we
divide the resulting equation by the initial energy to analyze
the normalized energy growth, we obtain that the difference
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between the suspension energy growth and that of the pure
fluid is in the dissipative term involving the modified Reynolds
number Res :

Res = Re
1 − C0 + C0η

1 + 5/2 C0
. (26)

The analysis of expression (26) shows that an increase in C0

results in an increase in Res for η > 3.5 and a decrease in Res

for η < 3.5. Therefore, at a fixed particle mass concentration
C0η, the minimum viscous dissipation is gained by the dusty-
gas flow (C0 � 1), while an increase in C0 would result in an
increase in viscous dissipation and a decrease in the energy
growth.

V. NUMERICAL ALGORITHM AND VALIDATION

The numerical solution of eigenvalue problem (16)–(18) is
carried out using a finite-difference method on a uniform grid
with a nine-point stencil to increase the order of approximation
and reduce the number of grid points N . The resulting
eigenvalue problem for matrices is solved using the QR

algorithm. The details of the numerical algorithm can be found
in [20].

Since our main aim is to consider the flow with a
nonuniform distribution of the particle volume fraction, we
performed the test calculations to find the optimum mesh size
which would provide the required accuracy. As a reference
solution, we used that obtained by the orthonormalization
method, which was developed earlier and applied to stability
problems of a number of particle-laden flows, including the
modal stability of a stratified suspension flow in a plane
channel [8]. The method allows us to efficiently calculate the
parameters of a single mode. We obtained that the eigenvalues
of system (16)-(18) are calculated with high accuracy, even
with N = 300 grid points at ξ � 0.1 (see Table I).

The optimal disturbances are found using the Lagrange
multiplier method. The corresponding Euler-Lagrange equa-
tions formulated in terms of the spectral projection γ reduce
the maximization problem (24) to a generalized eigenvalue
problem for matrices [13]. The important condition of the
calculation of optimal disturbances is the convergence in terms
of the number of normal modes M in expansion (21). The test
calculations showed that the required accuracy is achieved
already for M = 200 modes (Table II).

VI. RESULTS AND DISCUSSION

A. Modal stability

The analysis of the modal stability of suspension flow in a
plane channel was carried out in [8] for a particle concentration

TABLE I. Amplification factor σ for the most unstable mode at
Re = 5000, α = 0.01, η = 1, ξ = 0.1, ζ = 1, kx = 1.1, kz = 0.

Method σr σi

N = 200 0.021 099 58 −0.292 491 26
N = 400 0.021 073 12 −0.292 469 18
Orthonormalization method [8] 0.021 073 08 −0.292 469 18

TABLE II. Dependence of the energy of optimal disturbances E

on the number of normal modes M in expansion (21): Re = 5000,
α = 0.01, η = 1, ξ = 0.1, ζ = 1, kx = 0, kz = 2.2, t = 285.

M E

50 2452.9
100 2490.7
200 2496.6

profile mimicking the particle migration from the channel
walls to the core region of the flow. Below we present a
brief analysis of the growth rate of the first mode calculated
for different sets of governing parameters with the aim to
provide the basis for a nonmodal instability study. For details
related to modal instability of a stratified suspension flow with
finite-inertia particles, the readers are advised to refer to the
study [8].

At the essentially subcritical Reynolds number Re = 2500,
the flow is stable for any location of the particle layer (Fig. 2).
With an increase in the Reynolds number to Re = 5000, the
effect of the particles on the flow stability increases (Figs. 3
and 4). As shown in [7], the growth rate of the first mode is
discontinuous in the vicinity of σr = 0 due to the singularity in
the linearized continuity equation for the dispersed phase (18).
This is confirmed by the calculations [Figs. 3 and 4(a)]. On the
range of parameters considered, the flow is most unstable at
η = 1, and when the particle layers are located in the vicinity
of the walls [Figs. 3(a), 3(c), and 4(a)]. The instability typically
increases with a decrease in the particle layer width at a fixed
average particle mass concentration. [Compare curves 4 in
Figs. 3(a) and 4(a), and curves 3 in Figs. 3(c) and 4(c).]

FIG. 2. Growth rate σr of the first two-dimensional mode against
the wave number kx for different locations of the particle layer ζ .
Curves 1–4 correspond to ζ = 0, 0.6, 0.8, and 1, respectively. Re =
2500, α = 0.01, η = 1, ξ = 0.1, ζ = 1, kz = 0.
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FIG. 3. Growth rate σr of the first two-dimensional mode against
the wave number kx for different locations of the particle layer ζ .
Curves 1–4 correspond to ζ = 0, 0.6, 0.8, and 1, respectively. Re =
5000, α = 0.01, η = 1, ξ = 0.1, ζ = 1, kz = 0.

B. Algebraic instability and transient growth

A parametric study of optimal disturbances was carried out.
It is found that the transient growth in the suspension flow with
a small average mass concentration of particles (α = 0.01) and
particle substance density η ∼ 1 is amplified significantly as
compared to the particle-free flow (see Fig. 5). In particular,

FIG. 4. Growth rate σr of the first two-dimensional mode against
the wave number kx for different locations of the particle layer ζ .
Curves 1–4 correspond to ζ = 0, 0.6, 0.8, and 1, respectively. Re =
5000, α = 0.01, η = 1, ξ = 0.2, ζ = 1, kz = 0.

FIG. 5. Energy of global optimal disturbance Eopt against the
location of particle layer ζ for Re = 2500, ξ = 0.1 (a), Re = 5000,
ξ = 0.1 (b), and Re = 5000, ξ = 0.2 (c). Curves 1–3 correspond to
η = 1, 3, and 10, respectively. α = 0.01.

for Re = 5000, η = 1, ξ = 0.1, the maximum energy of the
optimal disturbance over the particle layer position ζ is found
to be 2.73×106, which is almost 3 orders of magnitude larger
than that reported for the particle-free fluid flow in a plane
channel (Eopt ∼ 4897 at kx = 0, kz = 2.044 [13]). Note that
the maximum optimal energy for a dusty-gas flow calculated
in [20] at Re = 5000, ξ = 0.1, and a much larger average
particle mass concentration α = 0.1, is around 7.5×103. The
largest transient growth is gained by the suspension flow with
the particle layers located in the middle between the channel
walls and the axis (ζ ∼ 0.4), similar to the dusty-gas flow [20].

An increase in the particle layer width at a fixed average
particle mass concentration results in a decrease in the energy
of optimal disturbances [see Figs. 5(b) and 5(c)]. This is in
agreement with the study of optimal disturbances to the dusty-
gas flow in a plane channel with similar particle concentration
distribution in the main flow [20].

Analysis of results presented in Fig. 5 also shows that the
energy of optimal disturbances is scaled as Re2 in the whole
range of governing parameters, which is the result of a “lift-up”
(or “vortex-tilting”) algebraic instability mechanism [12,13].

TABLE III. Energy of optimal disturbances to the particle-laden
flow with a uniform particle concentration distribution for different
values of Re and η calculated at α = 0.01. η = ∞ corresponds to the
dusty-gas flow, and α = 0 the particle-free flow. kx = 0, kz = 2.044.

η \ Re 2500 5000

1 1176 4704
3 1232 4925
10 1252 5006
∞ 1261 5041
α = 0 1225 4898
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FIG. 6. Streamwise kx (broken curve, left axis) and transverse
kz (strong curve, right axis) wave numbers of optimal disturbances
against the location of the particle layer ζ for Re = 5000, α = 0.01,
η = 1, ξ = 0.2.

We also note a significant decrease in the energy of the optimal
disturbances in the suspension flow, as compared to the pure-
fluid and dusty-gas flows, when the particles are accumulated
either in the vicinity of the channel walls (ζ > 0.9) or near the
channel axis (ζ < 0.1).

Note that the growing modes are found at the set of param-
eters corresponding to the curve 3 in Fig. 5(b); therefore we
plotted the dependence of the energy of optimal disturbances

FIG. 7. Distribution of global optimal-disturbance velocity com-
ponents u (a, b), v (c, d), w (e, f) and the optimal disturbance to
the particle concentration C (g, h) in the y, z plane at initial time
instant t = 0 (left column) and at optimal time instant t = 1035 (right
column). Re = 5000, α = 0.01, η = 1, ζ = 0.4, ξ = 0.1, kx = 0,
kz = 1.34.

FIG. 8. Distribution of global optimal-disturbance velocity com-
ponents u (a, b), v (c, d), w (e, f) and the optimal disturbance to
the particle concentration C (g, h) in the y, z plane at initial time
instant t = 0 (left column) and at optimal time instant t = 1035 (right
column). Re = 5000, α = 0.01, η = 1, ζ = 0.1, ξ = 0.2, kx = 0.32,
kz = 1.93.

on the location of the particle layer ζ only in the region where
all modes decay (ζ < 0.82).

The calculations of optimal energy growth in a suspension
flow with a uniform particle concentration distribution showed
that an increase in the particle-to-carrier fluid density ratio η at
the fixed particle mass concentration α leads to a decrease in
the transient growth (Table III). This is in agreement with
the a priori analytical results on the evolution of kinetic
energy of small disturbances presented in Sec. IV and the
study presented in [22]. The qualitatively opposite result is
obtained for the energy of the optimal disturbances in the
stratified suspension flow at 0.1 < ζ < 0.9, namely, a decrease
in the particle-to-carrier fluid substance density ratio η at a
fixed average particle mass loading α results in the increase
of the optimal-disturbance energy. It is attributable to the
action of additional energy-transfer terms, arising due to the
nonuniformity of the particle concentration in (25).

A significant difference between the transient growth in the
dusty-gas and suspension flows is in the shape of disturbances.
For the former flow, the shape of optimal disturbances is
independent of the particle distribution [19,20]: global optimal
disturbances are streaks with kx = 0, kz = 2.044. As is clear
in Fig. 6, in the suspension flow the optimal wave number
kz depends on the location of the particle layer. Maximum
values (kz > 2) are obtained for ζ � 0.1 and ζ � 0.8 (particle
layers are located near the channel axis or near the walls),
whereas the minimum values of kz ∼ 1.5 correspond to 0.1 <

ζ < 0.8. Another significant difference between the pure-fluid
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TABLE IV. Distribution of kinetic energy among the velocity
components of optimal disturbance shown in Fig. 7. Values are
normalized by the total kinetic energy. Re = 5000, α = 0.01, η = 1,
ζ = 0.4, ξ = 0.1, kx = 0, kz = 1.34.

Time ‖u‖ ‖v‖ ‖w‖
0 1.38×10−2 3.7×10−1 0.615
1035 ∼1 <10−7 <10−7

flow and the dusty-gas flow is in the nonzero streamwise
wave number of the optimal disturbance: the largest value
obtained in the calculations presented in Fig. 6 is kx = 0.35
for Re = 5000, η = 1, ζ = 0.2. Note that the corresponding
transverse wave number kz is 1.93, so the optimal disturbances
are still elongated in the streamwise direction. Yet for a wide
range of particle layer locations (0.2 < ζ < 0.8), the optimal
disturbances are independent of the x coordinate (kx = 0).

As shown in Figs. 3 and 4, there is an unstable two-
dimensional normal mode at Re = 5000; therefore it is
straightforward to compare the modal and nonmodal growth.
The maximum modal growth rate of the σr = 0.0212 is gained
at ξ = 0.1, ζ = 1 [see Fig. 3(a), curve 4). The energy of
the three-dimensional optimal disturbance calculated for the
same set of governing parameters is Eopt = 2496, and the
corresponding optimal time is t = 286. The calculation of
the modal growth [exp(σr t)] at the same time instant gives
≈430, which is well below the transient growth predicted by
the nonmodal theory.

The typical shapes of streamwise-independent and
streamwise-dependent optimal disturbances are presented in
Figs. 7 and 8, respectively. The distribution of kinetic energy
among the velocity components is presented in Tables IV
and V. Initially, the major portion of the kinetic energy is
stored in the v- and w-velocity components of the optimal
disturbance, while to the optimal time instant, the kinetic
energy is transferred to the streamwise velocity component
u. This behavior of the kinetic energy is the feature of
the “lift-up” algebraic instability mechanism [12]. Note that
the optimal disturbance of the particle concentration is lo-
calized in the particle layer [see Figs. 7(g) and 7(h), 8(g)
and 8(h)].

TABLE V. Distribution of kinetic energy among the velocity
components of optimal disturbance shown in Fig. 8. Values are
normalized by the total kinetic energy. Re = 5000, α = 0.01, η = 1,
ζ = 0.1, ξ = 0.2, kx = 0.32, kz = 1.93.

Time ‖u‖ ‖v‖ ‖w‖
0 2.88×10−2 4.41×10−2 0.927
64.4 0.963 3.29×10−3 3.33×10−2

VII. CONCLUSIONS

In the limit of negligibly small particle inertia, the transient
growth of disturbances of a suspension flow in a plane
channel is analyzed. The case is considered when in the main
flow the particles are accumulated in two Gaussian layers,
symmetric about the channel axis. It is found that the particles
significantly modify the growth rate of the most unstable
normal mode. The most pronounced destabilizing effect is
produced by the particles located in the vicinity of the channel
walls. The nonmodal instability analysis showed that on a
wide range of governing parameters, taking into account a
finite volume fraction of the particles results in a significant
amplification of the transient growth of small disturbances.
The maximum amplification is obtained for a suspension flow
with the particle layers located in the middle between the
channel walls and the flow axis, when the energy of the global
optimal disturbances is up to 3 orders of magnitude larger
than that in dusty-gas or pure-fluid flows. Over the entire
range of governing parameters, the optimal disturbances have
the shape of streaks elongated in the streamwise direction.
In contrast to the dusty-gas flow, the wave numbers of the
optimal disturbances depend on the particle layer location.
When the particles are accumulated in the vicinity of the
walls and near the channel axis, the optimal disturbance is
streamwise dependent. In the range of flow parameters for
which the first normal mode is unstable, the energy growth of
the optimal disturbance is greater than that associated with the
exponential growth of the first mode, and we may conclude
that the transient growth (nonmodal mechanism) dominates
the suspension flow instability.
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