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Temperature relaxation in dense plasmas
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We present a model to calculate temperature-relaxation rates in dense plasmas. The electron-ion interaction
potential and the thermodynamic data of interest are provided by an average-atom model. This approach allows
the study of the temperature relaxation in a two-temperature electron-ion system.
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I. INTRODUCTION

In inertial confinement fusion (ICF), the ions of the
high-temperature plasma undergo fusion reactions to produce
« particles. These particles exchange their energy with the
electrons and the ions of the surrounding environment but at
different rates due to the mass difference between electrons
and ions. This causes a difference between electron and ion
temperatures that drives energy exchange between the two
subsystems in order to reach an equilibration temperature.
This electron-ion temperature relaxation is one of the key
processes that should be described with care in order to capture
the ignition phenomenon of a thermonuclear plasma [1-3].
This task is challenging due to the complex physical regimes
encountered in which quantum and correlation effects come to
play. These physical regimes span the warm dense matter or
high energy density physics regimes.

Since the seminal works of Landau [4] and Spitzer [5] on
classical and weakly coupled plasmas, various developments
can be found in the literature to study the temperature
relaxation in dense plasmas [6-32]. When people attempt to
calculate the temperature-relaxation rates, they usually assume
that the electrons and ions interact weakly. This allows that
each subsystem can be described by a temperature 7, for the
electrons and 7; for the ions. In the parameter-free calculations,
mixtures are usually avoided.

In this paper, we propose to use the model of Daligault
and Dimonte [23] to calculate the electron-ion temperature-
relaxation rates in dense plasmas including self-consistently
the effects of screening and electron degeneracy but neglecting
correlations between electrons and ions. The average-atom
model SCAALP [33,34] is used to calculate the electron-ion
interaction potential and the average ionization. The original
model SCAALP has been modified to take into account
the fact that 7, # 7;. Comparisons with molecular dynamics
simulations are done to test the accuracy of the relaxation rates.
The paper is organized as follows. The model is presented in
a theoretical part. Then, numerical calculations are shown for
dense hydrogen and carbon plasmas. The role of ionization is
outlined as well as the thermodynamic state at equilibration.
The last part is the conclusion.

II. THEORY

A. SCAALP model

The SCAALP model [33,34] is based on a variational
approach to describe the thermodynamic and transport prop-
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erties of warm and hot dense matter in local thermodynamic
equilibrium. The electronic and ionic structures are determined
self-consistently using an average-atom approach based on the
finite-temperature density-functional theory and the Gibbs-
Bogolyubov inequality. In the SCAALP model, the plasma is
viewed as an effective medium of neutral pseudoatoms (NPAs)
interacting via an interatomic potential ®,¢¢(r). Electrons
of the NPA satisfy a Schrodinger equation with a central
symmetric potential V, ¢ (r). These two effective potentials are
determined by the electronic structure and ionic distribution of
the plasma. Polarization, exchange, and correlation effects are
taken into account within both V,;¢(r) and ®.s/(r). We use
a finite-temperature exchange and correlation functional [35].
We can describe the ionic subsystem using either the hard-
sphere (HS) system or an effective one-component plasma
(OCP) [36]. In both cases, the effective parameter of the ionic
subsystem is derived from the Gibbs-Bogolyubov inequality.
The best electron density n(r) of the NPA is also found
using the Gibbs-Bogolyubov inequality, leading to a tractable
expression for V() from which n(r) is calculated [37]. The
chemical potential u is determined such that

Rws
/ 4JTr2n(r)dr =7, (1
0

where Z is the nuclear charge of the element and Ryy is
the Wigner-Seitz radius. Ry is related to the ion density N;
through the equation 47 Rav ¢Ni/3 = 1. The average ionization
Z is calculated [38] by the formula Z = n(Rws)/N;, from
which one can deduce the electron density N, = ZN;. The
free energy F;,; of the ion and electron system is minimized
with respect to the electron density and the effective parameter
of the ionic subsystem. By construction, the SCAALP model
is thermodynamically consistent. One can calculate equation
of state data from the free energy [39] as well as various
electron and ion transport coefficients and stopping power [34],
opacity [40], or x-ray Thomson scattering spectra [37,41]. This
model is strictly speaking limited to the case for which 7, = T;.
We have modified the SCAALP model to describe situations
in which the electron and ion temperatures are different. We
choose to describe the ionic environment with an OCP system
with a plasma coupling parameter such that

Z%e?
" RwskgTi’
where e is the elementary charge and kp is the Boltzmann
constant. There are still two loops to solve the SCAALP

equations, i.e., an external one on the I';; parameter that
describes the ionic structure and an internal one on the
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electronic structure. The system of equations when T, # T;
converges well. When the convergence is achieved, one has
data from the SCAALP model such as the average ionization
Z or the electron-ion interaction-potential V,;(r) that depend
both on 7, and T;. V,;(r) is different from V,s¢(r) since this
potential depends explicitly on the pair correlation function but
not V,;(r) which is related to one NPA. This is an approximate
but powerful way to describe a two-temperature electron-ion
system. To be explicit [37,42], for r < Rys,

Zé?
Vei(r) = i + Viir(r) + Vie[n(r)] = Vie[n(Rws)], (3)

where V,.(r) is the exchange-correlation potential and Vg, (r)
is the direct potential that satisfies the Poisson equation

ViV, = —4me*n(r). 4)

Forr > Rwg, Vei(r) = 0. V,7r(r) is calculated as follows, i.e.,

Verr(r) = Vei(r) + Nif Vei(t —)hocp( Ti)dr’  (5)

where hocp(r,I';;) is the OCP pair correlation function
related to the pair distribution gocp(r,I';;) by the identity
gocp(,Iy;) = hocp(r,I';;) + 1. We have included the cor-
relation effects since only the exchange terms appear in
the original Hartree-Fock formalism [33,34]. For simplicity
and numerical reasons, exchange and correlation effects are
calculated using the density functional theory in the local
density approximation. One can see that the spherically
symmetric effective potential V,rr(r) is the sum of two
contributions, i.e., the NPA potential V,;(r) and the effect of
environment N; f Vit —)hocp(',T';;)dr'. When we have
complete disorder, the pair distribution function is equal to 1
so the pair correlation function is equal to zero and Vs (r) =
V.i(r). We recover the usual average-atom model [37,42]. The
environment term can induce not-trivial dense-plasma effects
on the electronic structure of the average-atom model. The
NPA electron density n(r) is calculated as follows, i.e.:

|n ()1
n(r) = Z 1 + eBelen—)’ ©)

n

where the bound and free one-electron wave functions satisfy
the Schrodinger equation

h2V?
|: - 2m, + Veff(r):| <Pn(1') = 8,,90,1([‘). @)
B. = 1/kpT,, m, is the electron mass, and # is the reduced
Planck constant. One can see that the electron density depends
on T, but also on T; through the environment term in V¢ (r).
This explains why V,;(r) or Z depend on both T, and 7;. We
insist on the fact that we do not need any free energy nor
GBI in the present approach. The SCAALP model contains no
adjustable parameters. The input parameters of the calculation
are nuclear charge of the element, the mass density, and the
electron and ion temperatures when we take into account the
fact that 7, can be different from 7;. Note that we have not
developed a self-consistent treatment of a system with two
different temperatures from first principles. Instead of using
the SCAALP model with a fixed I';;, we write this parameter
as in Eq. (2) and perform calculations at fixed 7;. Since Z must

PHYSICAL REVIEW E 93, 023204 (2016)

be determined self-consistently, we have two loops instead of
simply one loop on the electronic structure when we perform
calculations at fixed I';; to describe T, # T; systems. The
treatment of 7, # T; from first principles is a difficult topic
that deserves a particular study [43]. Finally, using an OCP
as in Eq. (2) to describe the ionic structure and combining it
with the NPA approach is clearly an approximation. It is an
option in the SCAALP model because the Gibbs-Bogolyubov
inequality is very robust, contrary to the (VM)HNC option [34]
that does not always converge. We use the HS and the OCP
systems because one has access relatively easily to the excess
free energy and to the pair distribution from one parameter, i.e.,
the HS packing fraction or the plasma coupling parameter. In
standard calculations, we prefer to use the HS system that is
more closely related to the notion of NPA. Yet, using the
OCP is the most natural way to introduce T, # T; in the
SCAALP model but it may not be so compatible with the
NPA approximation since the OCP is based on a long-range
potential that necessitates a neutralizing background. In the
NPA approximation, no such background is necessary since
we are working with neutral Wigner-Seitz cells. The effective
ion-ion potential ®,¢7(r) is by construction short range since
it is zero when the radius is larger than two times the
Wigner-Seitz radius.

B. Electron-ion relaxation rate

When T, # T;, we have a flow of energy between the
electron and ion subsystems until equilibration is reached.
In that case, T, = T; = T,, where T,, is the equilibration
temperature. The time variation of 7, and 7; is usually
described by rate equations. Let us establish these equations
starting from the total energy density U of the system.
Considering only the kinetic energy, U reads [44,45]

U = 3NiksT; + UT..T)), (®)
where
_ F il
UuT T = ZNiky T, 220 ©)
Fi ()
and
. V2mekg T
ZN; = == 55— Fip(@. (10)
We have introduced the Fermi-Dirac integral [46,47]
F e 1
n(1) _/0 A g 11
that satisfies
Fy(n) = nF,_1(n). (12)

We make the distinction between n = w/kgTe and 7. In
practice, they are close to each other. The average ionization
Z is a function of 7, and T}, hence U, and 7. Equation (10)
enables us to determine 7j from Z. We insist on the fact that the
effective chemical potential 7 defined by Eq. (10) is precisely
the usual reduced chemical potential of an ideal electron gas
with density Z N;. Ions are classical particles whereas electrons
are treated as an ideal Fermi gas that can be degenerate or not.
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By definition,
i(zN,»kBT) — (T —T) (13)
dr\2
and
d
EUe(TeaTi) =—g(T. - T). (14)

This system of equations ensures the conservation of the
energy U. The relaxation rate g is usually expressed in
W/m? K. It can depend on T, and 7;. From this factor, one
can define a relaxation rate v;, such that [20,23]

g = 3 Nivicks. (15)

To calculate v;,, we use the model of Daligault and Di-
monte [23], i.e.,

dT;

dr

where the temperature relaxation rate reads

1 Foo . lmx O(k,
o / ARk | Vi P e )
3n’m; Jy dw

= _Vie(Ti - Te)v (16)

|w:0 .

A7)

Vie = —

m; is the atomic mass of the element. In this expression,

sin(kr)
kr

is the Fourier transform of the NPA electron-ion interaction
potential V,;(r) and Xg(k,a)) is the dynamic density response
function of the electron gas. Xf(k,a)) is related to the dynamic
dielectric function in the random phase approximation (RPA)
by

Rws
V,i(k) = / A7 r*V,i(r) dr (18)
0

2

4
e(k.0) = 1 = —5 (ko). (19)
where
(p+ hk/2) — f(p—Fhk/2) 2d
Kk = [ TRLEIWD SR T2 2P o,
hk.p/m, — ho — i0* 2mh)’
f(p) is the Fermi-Dirac distribution function
1
f@) = — @1
1+ exp (Besy- — 1)
In atomic units, one has [23,37]
dlmy O (k,w) 1 1
T e T Tk g @
w T 1+exp(ﬁe§_n)

Screening cuts the divergence at small k£ and the Fermi-Dirac
factor makes the integral convergent at large k. Note that we do
not use analytical formulas to describe screening. We simply
use the electron-ion potential V,;, derived from n(r), that is
used to build the effective electron-ion potential V,ss using the
pair distribution function [33,34]. This electron-ion potential
Ve; is naturally screened since we take into account, in a
self-consistent way, the bound and free electrons that screen
the nuclear charge. This screening is nonlinear and can only be
calculated numerically by solving the SCAALP equations. In
the present approach, we have neglected electron-electron and
electron-ion correlations due to their difficult calculation in
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dense plasmas. Our approach must be understood to be a first
step in the calculation of temperature-relaxation rates in dense
plasmas, the next step being the inclusion of electron-electron
and electron-ion correlations that can matter [23]. The main
advantage of the present approach is that v;, can be calculated
using the RPA approximation and an average-atom model.
Doing so, we take into account self-consistently electron
degeneracy and screening. We assume weak electron-ion
coupling but possibly strong ion-ion coupling. Equation (17)
is valid when the ion-excitation spectrum lies well below
the electron-excitation spectrum and one uses the fluctuation-
dissipation theorem. One can see that the rate of temperature
relaxation does not depend on the details of the ionic
spectrum of excitations and depends only on the low-frequency
properties of the electronic spectrum of fluctuations. Even if
the screening can be nonlinear, Eq. (17) is indeed based on
the linear-response theory [9]. Note also that expression (17)
for v;, is very similar to the collision frequency calculated
using the Born approximation [48] with the exception that
Vie is purely real and that the ion mass appears instead of
the electron mass. To derive a rate equation for 7, one starts
from (14). One finds that

Wedl, | Vedl; __ o o o3
oT, di o1, ar  SMeT
From (9) and (10), one finds that
U, 5 AZ Fip(i)
= ZN;kgC, 3N;kgT, _— 24
o7, pCl 43Nk e 7 oy &Y
and
aU, dZ Fi (i
3Nk T, 22 F12(0) (25)
oT; oT; F_1/2(7)
where
5 F5(7) 9 Fi»n(H
C.(7) = 32(0) 9 Fip(@) 26)

2 Fipp(77) T2 F_ip@)

These expressions are valid at arbitrary degeneracy. For T,
one has finally

dT,
‘= _Vei(Te - Tl)s (27)
dt
where
3 3z _Fip@
- 2 +3T. T F_12(7)) 28
Vei = Vie ~ 92 Fip@@) (28)
ZCe(i’]) + 3T33_Te F_y2(i)
When the system is nondegenerate
Co~d (29)

and when Z is constant, one has the reciprocity relation-
ship [21]

Zvei ~ Vie. (30)

In the general case, v,; is not so simply related to v;.. The
relationship between these two quantities reflects the fact that
Z depends on both T, and T; at fixed mass density. It ensures
also that the energy U is conserved during the relaxation
process.
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The rate equations (16) and (27) are solved starting from
initial temperatures 70 and Tio using an explicit scheme. In
practice, v;, and Z are calculated with the SCAALP model.
We have built a data table of quantities that depend on 7,
and 7; at constant mass density. The two-dimensional (2D)
Chebychev polynomial interpolation [49] allows ourselves to
calculate the quantities of interest for any 7, and 7; inside
the data table. In practice, we have tabulated Z and v;,. From
the propertles of the Chebychev polynomials [49], one can
calculate and az - from the tabulated values of Z. The fact

that Z is usually not constant in dense plasmas complicates the
problem. Since our approach conserved the energy U, one can
find the equilibration temperature 7., by solving the equation

INkpT + U(T),T)
NkB eq + U( eq» q)~ (3])
From T,

eq» one can determine the thermodynamic conditions at
equilibration and check the accuracy of the numerical scheme
used to solve the rates equations (16) and (27).

In the present approach, we have neglected the electron-
electron and electron-ion correlations but also the ion-ion
correlations in Eq. (31). In order to describe these ion-ion
correlations, we characterize the ion subsystem by an effective
OCP with an effective parameter I';;. The time variation of 7;

is now given by
2 U\ dT; 2 U5\ dT,
1+ +
3N;kp 8T dl 3N;kp 8T dl‘

- _Vie(Ti - Te) (32)

whereas (14) is unchanged. Introducing
2 U

o = (33)
3N;kg OT;
and
2 9Uft
Qee = I y— (34)
3N;kp 0T,
the rate equations including U/ read now
dT, (T, - T.) 3 Niks + o 57
E = —Vie 1 1 aee U, e I(';Up (35)
+ i 9T,  1+a; oT;
and
3 1 au
dT, sNikp + 77~ 57
dt = _Vie(Te - 711) U, o 08U, (36)

aT, I4a;; 0T;

% and aaz; are given by Eqgs. (24) and (25). The rate
equations (35) and (36) ensure the constancy of U + U/".
For instance, the equilibration temperature 7T,, satisfies the

equation

INkpT? +

UG (T),T) + UT, 1)
= 3NikpT.q + +U (Tog. Tog) + Ue(Teq. To) (37)

when we include U/ instead of (31). The ion excess energy
Uf" is given by

N? Z%e?
Ui == / dr——hocp(rTi), (38)
r
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FIG. 1. Electronic densities in a carbon plasma at 2.25 g/cm?,
T, =100 eV, and T; = 10 eV. We plot the NPA electronic density
(solid line) as well as the bound (dashed line) and free (dash-dot line)
electronic densities.

where hocp(7,T;;) is the pair correlation function of the OCP
at I';;. Here, U is the excess internal energy per unit volume
of the OCP. To see the impact of the correction factor due to
ion-ion correlations, we have built a data table of the OCP
excess internal energy for I';; between 0 and 180 using the
Chebychev method [50]. The calculations were done using a
hypernetted chain code [51] with the bridge function proposed
by Iyetomi et al. [52]. The correction factor in (32) is expressed
as a function of T; and I';;. The calculation of the derivative
with respect to I';; is done using the Chebychev method [49]
as well as the ones that appear in the calculation of 9I';; /97;.

What has been presented in so far in this section does not
depend too much on the SCAALP model with T, # T;. We
can use an average-atom model with T, = T; or even no ionic
environment. The rate in Eq. (17) can be computed even in the
Thomas-Fermi approximation. Like Z, the rate will depend

!

— V)
—— 1V ()

coa b b by b by

oL L Ll Ll Ll Ll ‘
0 5 10 15 20 25 30

r(a.u.)

FIG. 2. r x V,;(r) (solid line) and r x V,s;(r) (dashed line) in a
carbon plasma at 2.25 g/cm?, T, = 100 eV, and T; = 10 eV. V,;(r)
and V,s;(r) are in atomic units.
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FIG. 3. Fourier transform ‘7@,- (k) of V,;(r) in a carbon plasma at
2.25¢g/cm®, T, = 100 eV, and T; = 10 eV.

only on 7,. This simplifies Eq. (28) since 3Z/3T; = 0. Of
course, some physics is missed with such an approach since
the rate equations (16) and (27) are less coupled. This may
impact the relaxation to equilibrium.

III. NUMERICAL APPLICATIONS

As a first application we consider a carbon plasma at solid
density p = 2.25 g/cm® with T, = 100 eV and T; = 10 eV.
We find that Z = 4.17. We plot in Fig. 1 the NPA electronic
density, which is truncated in Ry s = 2.43 a.u., and the bound
and free components. The bump near r = 0.18 a.u. is related
to the 1s orbital. We plot in Fig. 2 the two potentials V,; (r) and
Verr(r). As expected, V,;(r) = 0 when r > Ryg. One can see
in this figure the effect of the environment taken into account
in Vz¢(r). The more structured the pair correlation function,
the more V,¢¢(r) oscillates around zero. We plot in Fig. 3 the
Fourier transform V,; (k) of V,;(r). One can see that V,; (k) does
not diverge as 1/k? at small wave number k due to screening.
For the cases considered in this work, the average ionization
depends weakly on 7; at fixed T,.

As a second application, we consider a hydrogen plasma.
We plot in Table I the plasmas parameters considered [20].
We give in Table II the relaxation rate g in W/m? K for the
cases shown in Table I. We compare the SCAALP calcula-
tions with another average-atom model [53] (AA), Brown-
Preston-Singleton [11] (BPS), and Landau-Spitzer [4,5] (LS).
SCAALP and AA cases use Egs. (17) and (15). One can see
that when the density is increasing, the relaxation rate g is
smaller than the other cases. This means that the relaxation

TABLE I. Hydrogen plasma configurations [20]. The ion density
N; is in cm™ and the electron and ion temperatures are in eV.

Symbol A B C D

N; 24 x 102 268 x 102 759 x 102 2.4 x 105
T, 80 400 800 8000
T; 100 500 1000 10000
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TABLE II. Relaxation rate g in W/m? K for the cases considered
in Table I. SCAALP calculations (SCAALP) are compared to
another average-atom model [53] (AA), Brown-Preston-
Singleton [11] (BPS), and Landau-Spitzer [4,5] (LS). AA,
BPS, and LS data are taken from Ref. [20].

A x 107 B x 10'8 C x 10'8 D x 10%
MD 1.03 0.98 4.06
SCAALP 0.87 0.97 2.74 0.87
AA 0.88 1.40 4.62 1.74
BPS 1.53 1.94 5.79 2.14
LS 0.90 1.24 3.81 1.51

is longer with the SCAALP model. Compared to AA, the
difference comes from the calculation of the Fourier transform
of the electron-ion interaction potential V,;(r). Screening can
be important in the calculation of the relaxation rate. One may
also question the use of an average-atom model to describe a
hydrogen plasma. In principle, the average-atom model is more
sound to treat many-electron atoms in which the statistical
approximation really makes sense. As an illustration, we plot
in Fig. 4 the relaxation of 7, and T; starting from 7 = 30 eV
and T = 60 eV for N; = 10>> cm™3 (case D of Ref. [19]).
Molecular dynamics simulations (MD) [28] are compared to
SCAALP calculations (SCAALP) and the Gericke-Murillo-
Schlanges model (GMS) [10]. The MD simulations were
carried out treating the electrons and ions classically and using
semiclassical potentials as in MD simulations of Ref. [19]. No
recombination or ionization processes were taken into account,
as in Refs. [54,55]. Compared to MD, SCAALP (GMS)
relaxation is longer (shorter). Since the average ionization is
slightly different from 1, the equilibration temperature for the
SCAALP case is different from 45 eV. At the equilibration
estimated reached after 20 ps, T,, = 44.96 eV, Zeq =0.97,
and g,, = 3.63 x 10'© W/m?® K. The fact that Z # 1 during
the relaxation process makes the curves not symmetric with

70 T

[ —— MD
[ ——- SCAALP
60 GMS

L

Temperature (eV)

10 10° 10° 10
Time (fs)

FIG. 4. Relaxation of 7, and 7T; starting from TL,O =30 eV and
T? = 60 eV for a hydrogen plasma at N; = 102 cm~>. Molecular
dynamics simulations (MD) are compared to SCAALP calculations
(SCAALP) and the model of Gericke-Murillo-Schlanges (GMS) [10].
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FIG. 5. Relaxation of 7, and 7; starting from 7.° = 300 eV and
T? =100 eV for a carbon plasma at p = 2.25 g/em® using the
SCAALP model.

respect to the line T = T,,. In the present case, the fact that
Z # 1 has anegligible impact on the relaxation time. Knowing
the approximations involved in our approach, one can say that
the agreement with MD simulations is good. In the present
case, note that GMS is in better agreement with MD data than
BPS [11] or LS [4,5].

As a third application, we consider solid-density carbon
plasmas. As an example, we consider the relaxation starting
from 70 =300 eV and 7 = 100 eV using the SCAALP
model. In Fig. 5, we plot the temperature relaxation as a
function of time. Due to Eq. (28), we can see that the relaxation
is asymmetric, the ion temperature relaxing more than the
electron temperature. At equilibration, 7,, = 273.3 eV, Zeq =
5.52, and g., = 5.25 x 10" W/m* K. We plot in Fig. 6 the
relaxation of the average ionization Z as a function of time.
Since this quantity depends more on 7, than on 7; and since
T, does not change too much during the relaxation, Z stays
close to 5.5-5.6. We give in Tables III and I'V the equilibration

5.62 T

5.6

5.58

IN'5.56

5.54

5.52— =

M| MR | ol P

55 .
10° 10' 10° 10°

Time (fs)

FIG. 6. Relaxation of Z starting from 7. = 300 eV and 7" =
100 eV for a carbon plasma at p = 2.25 g/cm?® using the SCAALP
model.
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TABLE III. Equilibration temperature 7,, as a function of 7,0
(line) and T} (column) in a carbon plasma at p = 2.25 g/cm® using
the SCAALP model. Temperatures are in eV.

10 30 50 70 100 300 500 700 1000

10 14.63 19.13 23.53 30.02 68.72 100.1 128.4 169.0
30 25.61 34.12 38.20 44.16 79.46 109.6 137.2 177.7
50 41.96 46.12 53.66 59.33 91.40 120.2 147.5 187.9
70  59.39 63.27 66.58 74.80 104.7 132.5 159.4 199.8
100 86.25 89.75 92.71 95.83 127.5 154.3 181.1 221.6
300 260.9 264.0 266.8 269.4 273.3 327.3 355.0 396.9
500 432.6 435.7 438.4 441.2 445.1 472.3 527.9 570.2
700 604.3 607.2 609.9 612.5 616.7 644.0 671.9 742.3
1000 861.3 864.4 867.1 870.0 873.9 901.5 929.5 957.6

temperature T,, and average ionization at equilibration Z,,
starting from various 70 and 7)’. One can see that we need
a relatively large difference between 7 and 7 in order
for T,, to deviate significantly from T°. One can note also
that the results are smooth functions of 7,2 and T°. In could
be interesting to compare the results presented in Tables III
and I'V with classical molecular dynamics simulations of dense
plasmas [54,55]. Note finally that the system becomes coupled
when 7; is small. This indicates that we may reach the limit
of validity of the present approach at low T; since we neglect
the Coulomb contributions between ion-ion, ion-electron, and
electron-electron. These contributions can be important in the
warm dense matter regime, especially the ion-ion one when I';;
changes noticeably during a relaxation [12]. As an example,
let us take the case 7. = 100 eV and 7" = 10 eV. In Fig. 7,
we plot the evolution of T';; during the relaxation. I';; changes
between 19.5 and 2.0, meaning that the ion-ion correlations
can play a role. To see this, we plot in Fig. 8 the relaxation
of T, and T; without the correction (wo) due to the ion excess
energy U/ and with this correction (wi). As found previously
by Gericke [12], the ions heat much slower at the beginning of
the relaxation if the ion correlations are taken into account and
the electron temperature decreases much faster. Note that the
overall relaxation is slower and the equilibration temperature
T, is also affected. Without the correction, we find T, =
86.25 eV whereas with the correction, we find T, = 80.84 V.
The full calculation reaches a lower temperature than the ideal
one since U;* becomes less negative during the relaxation [12].

TABLE IV. Average ionization at equilibration Z,, as a function
of T? (line) and 7;° (column) in a carbon plasma at p = 2.25 g/cm’
using the SCAALP model. Temperatures are in eV.

10 30 50 70 100 300 500 700 1000

10 261 276 287 3.01 3.64 417 459 5.02
30 2.92 3.09 3.15 325 384 432 470 5.08
50 321 327 338 347 404 447 481 5.16
70 347 354 3.60 375 424 464 493 523
100 395 4.00 4.06 4.11 4.57 488 5.11 534
300 548 549 550 551 552 562 566 5.71
500 574 574 574 575 575 577 5.80 5.82
700 583 583 583 583 583 584 585 5.87

1000 589 589 589 589 589 590 590 5.90
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FIG. 7. Relaxation of I';; starting from TeO =100 eV and Tl.0 =
10 eV for a carbon plasma at p = 2.25 g/cm® using the SCAALP
model.

These results were obtained for 7 > 7. When T > T2,
we find the opposite effect since the initial ion system is
initially less coupled than at equilibration, i.e., U* becomes
more negative during the relaxation. As an illustration, if
Te0 =10 eV and Ti0 =100 eV, we find that 7,, = 30.02
eV without the OCP correction but T,, = 37.69 eV with
this OCP correction. Of course, the present approach is an
approximation since we consider an OCP system and we
neglect screening but it gives a relative good overview of the
physics involved. The complete treatment of the relaxation that
takes into account in a self-consistent way the ion-ion (beyond
the OCP approximation), ion-electron, and electron-electron
correlations to go beyond the ideal gas approximation is still
to be developed.

IV. CONCLUSION

We have presented a model to calculate rates of
temperature-relaxation in dense plasmas using an average-
atom model. An approximate way has been described to

PHYSICAL REVIEW E 93, 023204 (2016)

120 T
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FIG. 8. Relaxation of 7, and 7; starting from Teo =100 eV
and T = 10 eV for a carbon plasma at p = 2.25 g/cm® using the
SCAALP model without the correction (solid line) due to the ion
excess energy and with this correction (dashed line).

consider the case where the electron and ion temperatures 7,
and T; are different directly inside the average-atom model.
This enriches the model since the rates and the average
ionization depend on 7T, and 7; but complicates the resolution
of the rate equations. Comparison with molecular dynamics
simulations for a hydrogen plasma have shown that this
approach makes sense. We have also studied the role of
ionization along the temperature relaxation for solid-density
carbon plasmas. We have gone beyond the usual treatment of
the kinetic energy balance in such kind of study by considering
the role of ion-ion correlations using the OCP approximation.
The effect is to lower the equilibration temperature compared
to the case when we consider only the kinetic energy balance
when the initial electron temperature 7.0 is greater than the
initial ion temperature 7,°. We have the opposite effect when
Ti0 is greater than 7. The next step consists of taking into
account from first principles electron-electron, electron-ion,
and ion-ion correlations beyond the OCP approximation as
well as treating mixtures.
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