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Resonance vector soliton of the Rayleigh wave

G. T. Adamashvili"
Technical University of Georgia, Kostava street 77, Thilisi, 0179, Georgia
(Received 25 September 2015; revised manuscript received 5 January 2016; published 2 February 2016)

A theory of acoustic vector solitons of self-induced transparency of the Rayleigh wave is constructed. A
thin resonance transition layer on an elastic surface is considered using a model of a two-dimensional gas of
impurity paramagnetic atoms or quantum dots. Explicit analytical expressions for the profile and parameters of
the Rayleigh vector soliton with two different oscillation frequencies is obtained, as well as simulations of this
nonlinear surface acoustic wave with realistic parameters, which can be used in acoustic experiments. It is shown
that the properties of a surface vector soliton of the Rayleigh wave depend on the parameters of the resonance
layer, the elastic medium, and the transverse structure of the surface acoustic wave.
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I. INTRODUCTION

The spread of acoustic nonlinear waves of invariable profile
solitons and their different modifications (kinks, breathers,
vector solitons, etc.) is one of the most bright manifestations of
nonlinear acoustic effects in crystals and nanostructures. This
problem has attracted significant interest in both theoretical
and experimental studies (see, for instance, Ref. [1] and
references therein). The determination of the mechanisms
causing the excitation of the acoustic nonlinear waves and the
investigation of their properties are among the basic problems
of the physics of nonlinear acoustic waves. Depending on the
character of the acoustic nonlinearity, the nonresonance or
resonance mechanism of the generation of acoustic nonlinear
waves can be studied. In the case of nonresonance nonlinearity,
which is associated with anharmonic vibrations of the lattice,
its competition with the dispersion leads to the formation of
nonresonance acoustic nonlinear waves [2].

Nonlinear resonance acoustic waves can be excited with the
help of the McCall and Hahn mechanism, when a nonlinear
coherent interaction of an acoustic pulse with a small concen-
tration of paramagnetic impurities or quantum dots takes place
and the conditions of acoustic self-induced transparency (SIT)
oT > land T < T, are fulfilled [3]. Here, w and T are the
acoustic pulse frequency and width, respectively, while 77 and
T, are the longitudinal and transverse relaxation times of the
resonant impurity atoms or quantum dots, respectively. When
the area of the acoustic pulse ® > 7, a soliton (27 pulse) is
generated, and for ® < 7, small-amplitude acoustic pulses
(Omr pulses), for instance, breather or vector solitons, can be
excited. The acoustic soliton (or breather) is a one-component
single acoustic pulse which propagates in such a way that it
maintains its state. When these conditions are not fulfilled,
we must consider the interaction between two acoustic wave
components at different frequencies as a bound state. Under
this condition, an acoustic vector soliton can be formed [4].

Resonance acoustic nonlinear waves have been considered
for both bulk plane acoustic waves as well as surface acoustic
waves (see, for instance, Refs. [1,2,4-9] and references
therein). Characteristic peculiarities of surface acoustic waves
are strong enhancement and spatial confinement of the elastic

*guram_adamashvili @ ymail.com

2470-0045/2016/93(2)/023002(6)

023002-1

deformation energy of the acoustic wave near the surface for
the Rayleigh wave [10] and near the interface in multilayered
systems for the Stoneley wave or Love wave [11,12], while
they decay evanescently in the directions perpendicular to
the surface or interface. The properties of nonlinear surface
acoustic waves have attracted much interest in the context of
nanoacoustics and applications [5,13—15].

Nonlinear surface acoustic waves have been investigated in
many works (see, for instance, Refs. [2,5-15]). In particular,
resonance solitons and breathers of surface acoustic waves,
which are scalar (one-component) nonlinear waves have, been
considered in Ref. [16], but resonance surface acoustic vector
solitons, which are two-component nonlinear waves of SIT,
have not been considered up to now.

The purpose of the present work is to consider the condi-
tions of realization of resonance acoustic vector solitons of
SIT with the difference and sum of the oscillation frequencies
of the Rayleigh wave and the determination of the explicit
analytical and numerical expressions for the parameters of the
surface acoustic vector pulse.

II. BASIC EQUATIONS

We consider the formation of vector solitons of SIT for a
surface acoustic Rayleigh wave propagating along the surface
(at x = 0) of the dielectric or semiconductor crystal semispace
x < 0. We shall suppose that, on the surface of the crystal,
there is a thin homogeneous transition layer of thickness d < A
containing a small concentration n of paramagnetic impurities
or quantum dots with electron spin S = % and nuclear spin

1= %, where A is the length of the Rayleigh wave. We
assume that an external constant magnetic field Hy is applied
along the x axis. In this material, surface acoustic wave of
vertical polarization can propagate. We shall consider a surface
acoustic Rayleigh wave with width T < T », frequency w >
T-!, and wave vector ié, propagating along the positive z axis.

The Rayleigh wave is polarized elliptically in the sagittal
plane and has longitudinal and transverse deformation vector
components, which depend on the carrier wave frequency
can cause excitations in the spin system of the paramagnetic
impurities or quantum dots with the frequencies wg + w;
and wg, where wg and w; are the Zeeman frequencies of
the electron and nuclear spins, respectively. To take into
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account the potential extension of the obtained results for
quantum dots, we consider the resonance interaction of the
wave with impurities with a carrier wave frequency of the
Rayleigh wave w = wg + w; [17]. In this case the Rayleigh
wave is capable of causing simultaneous excitations of the
electron S and nuclear / spins of the paramagnetic impurities
or quantum dots. But this Rayleigh wave, along with the
resonance transitions, can at the same time also cause another
nonresonance transition of frequency wg. Because solitary
pulses (among them vector solitons) have bell-like shapes of
the spectral line with a strong maximal peak at the resonance
frequency ws + w;, therefore for others, the nonresonance
frequencies (for instance, wy), the amplitude, and consequently
the possibility of nonresonant transitions will be significantly
smaller. Besides this, the quantum dots used in the different
experiments are usually anisotropic in nature, and some have
an anisotropic g-factor [18], and therefore different transitions
will have different possibilities. The contribution from such
nonresonant transitions could be taken into account by means
of perturbation theory, but this is not the aim of the present
work.

The boundary conditions for the Rayleigh wave on the free
surface at x = 0 have the following form [19]:

Oxx = Oxy = 6x; =0,
where
~ /
Oxz = Oxz + 0y,

Oxx, Oxy, and o, are the components of the stress tensor,
and o _ is the contribution to the quantity &, caused by the
presence of the transition layer with electron and nuclear spins
S and I, respectively.

From the boundary condition o,, =0, it follows that
the y component of the Rayleigh wave deformation vector
Uiy, ,u y,U2) is equal to zero and has vertical polarization.

We will consider a Fourier decomposition of the x and z
components of the deformation vector u, and u,, which is
given by

Uy (x,2,1) = f [iir, (2, Q)e™ (2"
+1,,(R2,Q)e™ @ O 4 d Q,
u(x,z2,1) = / [iir (2, Q)e™
+ii1:(2,Q)e™ OO dQd 9, (1)
where
2 QZ
2 2 2 2
&) o - 3
¢
the funCtionS ﬁl,x(Q ) Q)7 ﬁl,z(Q ) Q)a ﬁl‘,x(Q ’ Q)7 and ﬁl‘,z(Q ’ Q)
have to be determined, ¢; and ¢, are the longitudinal and trans-
verse polarized sound velocity in the medium, respectively.
We can present the deformation vector # as a sum of

two vectors i = ii; + u,, where the vectors i;(u; ,,0,u; ;) and
ﬁt(u,,x,O,u,,Z) satisfy well-known conditions [19]:

roti; =0, divi, = 0. 2)
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Substituting Egs. (1) into (2), the x and z components of the
deformation vector can be transformed in the following form:

u(x,z,t) = —i /[Qﬁt(Q’Q)e'&,(Q,Q)x
+a‘31(§2,Q)ﬁl(Q’Q)e@I(QaQ)x]ei(Qz—Qt)deQ’
uy(x,z,1) = /[EB;(Q,Q)ﬁr(Q’Q)efﬂz(Q.,Q)x

+ Qiiy(Q, Q)e™ OO TM dQdQ,  (3)

Substituting Egs. (3) into the boundary condition o,, = 0,
we obtain the connection between the functions i;(€2, Q) and
i,(2, Q) in the form

i (2,0) = a(2,0)iu(2,0),
where
20%c? + cf[=}(Q2,0) — 0?]
20ct%(2,0) '

The component of the deformation tensor &,, = aaix can be
presented as

*(Q.0) = -

oo = / £1(2, 006 4Qd . @)
where

£(Q,0) = —i[2](Q,0) + 02,(RQ,0)a(Q, 0)]i(R, Q).

Substituting Eq. (3) into the boundary condition &,, = 0,
and dividing the real and imaginary parts of this equation, we
obtain dispersion law for the Rayleigh wave [19]:

By, 0@ (@,k) = [K* + @X(w,k)] (5)

and the nonlinear wave equation for the &,, component of the
deformation tensor:

/

f Er(2,0)G(2,0)e" % dQdQ = —";j, (6)

where
@2(1 - )
G(Q.0) =2 — — , ;
& (2,0) + Q=(2, D)a(2, Q)
p is the density of the medium.

In order to determine the dependence of the stress tensor
component o,, on the &, component of the deformation
tensor at x = 0, we have to consider the magnetic Bloch
equations [1,17,20].

If we neglect nonresonant excitations of the impurities
and use the rotating-wave approximation, the Hamiltonian
of the spin system can be transformed into the following
form [10,16,17,21,22]:

A=hos) 8 —hoy Yy IF+AY S

e Y S e + 8 0 ™

where
_ AﬂOHOFxxxx
85 T ohe
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Bo is the Bohr magneton, /4 is Planck’s constant, &,, = ¥ +
&7, Fyxxx 1s a component of the spin-phonon coupling tensor,
and A is the constant of the hyperfine interaction.

From the Hamiltonian (7), we obtain the system of
equations

d
o ST = iws +onSTIT —ig(S] — I,

2

3
5 (S =1 = 2ig(STI et — STI e, (8)

Equations (8) are exact only in case that we assume that the
relaxation times 77 and 7, of the paramagnetic impurities are
infinite.

The system of Eqgs. (8) can be transformed to the slowly
varying variables using the equations

Exx = Z Elzlv

I=%£1
(SFIT) = +ip*™ Zz,
(Sf —I7) = 2N, 9)

where

Zl — eil(kz—wt).

< ... > are the average values of the spin operators.

Substituting Egs. (9) into (8), we obtain the system of
equations for the slowly varying envelope functions £, p*,
and N:

oot . . .
rrale i(ws +w; —w)p™ —2gNE_y,

oN A A
T g E 1 +p  E_y). (10)
The systems of Egs. (6) and (10) are the equations for
acoustic SIT for a Rayleigh wave with the frequency w ~
ws + wy, which is capable of causing “forbidden” transitions
with simultaneous reorientation of electron S and nuclear spin
I of paramagnetic impurities, which are the main objects of
our investigation. This system of equations can describe a wide
class of nonlinear resonance phenomena for surface acoustic
waves.

J
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In Ref. [16] the coherent state of the surface Reyleigh
modes has been used for the consideration of the resonance
soliton and breather, which are the scalar (one-component)
solutions of the surface wave equations. In the present work
we are using another approach for the derivation of the surface
wave equation, and we consider the vector soliton solution
of the systems of Egs. (6) and (10) by using an approach
which we have not used for the solution of the resonance
surface acoustic wave equations in previous work [16]. In
particular, for the solution of Egs. (6) and (10), we will use
reduced perturbation expansion to study the evolution of the
surface acoustic vector solitons with two different oscillation
frequencies for the Rayleigh wave. The surface vector soliton
is an object qualitatively different from the scalar soliton or
breather treated in Ref. [16].

III. SOLUTION OF THE WAVE EQUATION

We can simplify the wave equation (6) using a second order
Taylor series expansion of a function G(£2, Q) about the point
(w,k):

G(R,0) = G(w.k) + (2 — 0)Gg + (Q — k)G,
+3(Q — )G +2Q — w)(Q — k)G

+(Q — kGl (11)
where
. dG .G
GQ = — b GQ - = 9
02 Q=w,0=k 900 Q=w,0=k
., 0°G . 3G
GQ == ) s Q.0 == s
0Q2 Q=w,0=k Q082 Q=w,0=k
G’ — 392G )
e aQ2 Q:a),Q:k,

o and k are the frequency and wave number of the carrier
wave, respectively.

Substituting Eq. (11) into (6), we obtain the following
nonlinear acoustic wave equation:

2

Q
/[G(w,k) +(Q — )G + (0 — kG + (7 —wQ+ %)GQ +(Q0 — 00 —kQ + ko)GY, ,

2

!/

Q2 k2 AT [(Qz—Qt) Oxx
5 -kt Gplan(R,0)e" %M dQdQ = — == (12)
P

Using Eq. (4), Eq. (12) will be transformed into the following form:

9 0 G%, 92
A+iB——iC—— %2
dt 9z

where

82 G” 82 /
2 )eu = —"7 (13)

2 a2 TU%0%55, T 2 52

2 2

k
A= G@,k) — oGl — kGly + %Gg; + koGl o + =G,

B = G}, — wGl, — kGl o,

2
/ 4 "
C =Gy —wGh o — kGl

023002-3



G. T. ADAMASHVILI

Substituting Eq. (9) into (13), we obtain
2 2

I=%1

where
= A+1(Bw+ Ck lG”2 G, ,wk 1G”k2
a=A+I1(Bw+ )+§ o0+ Gg pw +§ ok,
b=B+I1(Giow+ G’S;’Qk),

d =C+1(Gg g+ GpHk),

N 00,
E = —.
at

As the next step for the solution of Eq. (14), we can use
the reduced perturbation expansion for nonlinear equations
considered in Ref. [23]. It is assumed that the area of the
acoustic nonlinear pulse envelope |®;| < 1 and is of the order
of a small parameter €. This is the typical scaling for the
coupled nonlinear Schrodinger equations and consequently
can describe the acoustic vector soliton. In the considered
case, the function ®;(z,?) has the following form:

[ Te'e]

Ze"‘@(“)—z > eV S, 19

a=1 n=—00

PHYSICAL REVIEW E 93, 023002 (2016)

Yalalvinl ial gy, b Gar Go ¥ g ou (14)
a—+ib— —id—— _— == =——=%
"\“ar a2 aroz | 2Ca2az 2 a3 2 az2ar) | 0

We must assume that the parameters €2; ,, Qy.,, and fl(‘z)
satisfy the following conditions for any / and » indices:

o> Q, k>0,

ff‘“ ff? .
‘ < 0|19

Q£

Itis obvious that the parameters Q, €2, ¢, and v, depend on the
indices / and n. But for simplicity, in the further considerations
we omit these indices in the equations where this will not lead
to confusion.

Substituting Eq. (15) into the system of Egs. (10), we
can determine the explicit form of the envelope of the o),
component of the stress tensor:

O’;x = lRp Z ZZ[ [81®l(1) + 82@[(2) 4 83®l(3)
I==%1

51 / 30,
_8 —_— —
2 at

G)_l(”@,“)dt’] + 0(h, (16)

where where
in(Q1nz—S nt) _ (A;BOHOFxxxx)znO g(A)dA .
Yip = e T 8ph? 1+ AT
G = £Q1n(T = Vg 1), g(A)is the inhomogeneous broadening function of the spectral
2 ds, line of the paramagnetic impurities, A = ws + w; — w.
T=¢E1, Vg, = 0., On substituting Eq. (15) into (14) and then taking into
’ account Eq. (16), we obtain the acoustic nonlinear wave
equation
J
00 —+00 2
d ad (o,)
ZZ ZsZIYln Wln+£-’lna_+8hlna_+ls I—Ilna
a=1Il=%1l n=—0 é‘ C
20,1
=i’ — Z 17 / Lo Ve, + 0?), (17)
1 +1
where
GH 4 l
Wi, = —in(aQ +nbQ* + G}, QQ2Q + 7993 + TQQZQ +dnQQ + —R),
’ n

3
Jin = —Qlavg 4+ 2bnQug + dn(Qug + Q) + G§ QAL +20v,) + EG;/?QZUg

hip =a+2bnQ+dnQ +2Gg, ,0Q +

2
H, = Q*[bv; + dv, +

According to the standard procedure (see, for instance,
Ref. [4] and references therein), we equate to each other the
terms corresponding to the same orders of €. Consequently, we

3
GLQ?

1
+ EGZ? 0(Qv, +2Q)],

1 12
+5GH0%

3 1
G4 onvg(22 + Quy) + = GQ Qug* + EG/én(ZQvg + Q).

(

obtain thgt only the components fill): 4 and ffl)’jF | are nonzero.
From this, we determine the equations Ji +1 = J+1 41 = 0.
The relation between the two characteristic parameters 2 and
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0 has the following form:

"

G G
aQ +nbQ* + G4 ,°0 + QQ3+ 2 0%

2
+dnQQ+ R=0 s
and the expression for the quantity
—dnQ — G, 0Q — GQ’IQQZ
a+dnQ +2nb2 + ZG;/Z,QQQ + %G/s/zﬂz i %G’éQZ'
19)

Vg =

Substituting Eq. (18) into (17), we obtain the coupled nonlinear

Schrodinger equations for the functions g; = ¢ fill), 4+ and

g =¢ 111)71 that describe the connection between the two

components of the acoustic nonlinear pulse:

0q1 a611 g1
=0,
(m +v e + p ¥ Lt gilanPa +rilge

dq dq 0%q>
(a—: + 28_2> + P2 Py 2 + 2219212 + r2lq1Pg2 = 0,

(20)
where
Ul = Vggigyr V2 = Vg
o= Hiq Dy = Hi
1=——5, DP2= ,
—hy1 4102 —hy1,10?
_ R _ R
T D T Doy
R < Q_l)
n=——_1-2==),
—2hy1 41 Q4
R < Q+1>
rp=—— (12,
—2hy1,—1 Q.
Qi1 = Q—tiu=x1,
Q| = Qi—x1 n=71- (21)

The coupled nonlinear Schrodinger equations (20) describe
the functions g; and ¢, oscillating with the frequencies
w + Q41 and w — Q_1, respectively. The nonlinear connection
between these two waves g and ¢, are determined by the terms
r1lg21%q1 and r2|q1|*q.

An invariant profile solution of Egs. (20) is an acoustic
vector soliton. Let us consider the solution of Egs. (20) in the
following form:

qi(z,t) = A; S(E)e', (22)

where S(£) is the slowly varying function of the acoustic pulse,
¢; = kiz — w;t are the phase functions A;, ki, and w; are
real constants, i = 1,2; & =1t — <, where Vj is the surface
acoustic vector pulse velocity. The functlons e'? are slow in
comparison with the oscillations of the pulse and consequently,
the inequalities k; < Q411, o; <K Q4 are satisfied.

Substituting Eqgs. (22) into Egs. (20), we obtain after
integration the steady-state solutions:

A t— <\
Qi = 212 gech ( TVO )e"m, (23)
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where
72 _ y2 viki + kipr — o
0 P1 '
A? A?
p = vp At An 24)

2py

Substituting Eq. (23) into (15) and (9), we obtain for the
&xx component of the deformation tensor the acoustic vector
soliton solution of the Rayleigh wave (at x = 0):

2

1
Eyy = 0T sech < TVO ){(QH + wi)A,

x sin[(k + Q1 +k1)z — (0 + Q241 + w1)t]
—(Q_1 —w)Assin[(k — Q1 + ko)z
— (0 — Q_| + w)t]}, (25)

where the relations between the parameters A;, w;, and k; have
the form

— par Vo — v
A% _ P18&2 — P2 1A§, ki = 0 ,’
P281 — pira 2pi
V2(p2 — p?) + v2p? — p2 p2
L()l:ﬂ(l)z—" 0(p2 p]) 22p1 1p2. (26)
P2 4p1p;

Equation (25) is a two-component vector soliton solu-
tion for the &,, component of the deformation tensor of
the Rayleigh pulse at x = 0. In expression (25), the func-
tions sin[(k + Q41 + k+)z — (@ + Q41 + w4 )] and sin[(k —
QO 1+k)z—(w— Q1+ w_)t] indicate the two different
frequencies of oscillation. The Rayleigh wave is a two-
dimensional wave with transverse structure in the semispace
x < 0. Along the x axis, the vector soliton amplitude decays
exponentially as one moves away from the surface at x = 0,
which is determined by Egs. (1).

IV. CONCLUSION

We have shown that during the propagation of the Rayleigh
wave on the surface of an elastic medium with a transition
resonance monolayer containing impurity paramagnetic atoms
under the condition of SIT, a vector soliton of the Rayleigh
wave can arise. We consider the situation when the surface
acoustic pulse exhibits “forbidden” transitions in the impurity
paramagnetic atoms.

The explicit profile and parameters of the acoustic two-
component vector solitons of the Rayleigh wave are given by
Egs. (25), (19), (21), (24), and (26). The dispersion law and
the relations between the quantities 211 and Q4 are given by
Egs. (5) and (18), respectively.

In the present work, we have used the reduction perturbation
expansion for the Rayleigh wave under the condition of acous-
tic SIT to obtain a resonance surface acoustic vector soliton
with two different oscillation frequencies (sum w + €2,; and
difference w — 2_;). With this, we have also extended the
theory of acoustic SIT for surface solitons and breathers to
two-component resonance surface acoustic vector solitons,
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wherein it is essential to take into account the “forbidden”
transitions in the resonance impurity paramagnetic atoms. It
should be noted that the system of equations (10) also are
valid in the case when the €,, component of the Rayleigh
wave at the frequency wg excites only “allowed” transitions
in paramagnetic impurities with an effective electron spin
S =1[24].

We consider here the properties of the vector soliton with
two different oscillation frequencies of the Rayleigh wave, but
we can analogously spread this theory to other types of surface
acoustic waves, for instance, to Stoneley and Love waves.

We investigate the processes of the formation of the
resonance vector solitons of the Rayleigh wave in dielectric
crystals with a small concentration of paramagnetic impurities
with electron and nuclear spins. Although the electron-nuclear
interaction in quantum dots is qualitatively different from
that in paramagnetic crystals, the approach which we have
presented here is of a rather general type and, after simple
modification, can be used also for the consideration of the
formation of acoustic vector solitons in coupled electron-
nuclear spin systems in quantum dots [17].

Using typical parameters for the pulse, the materials, and
the paramagnetic impurities [25], we can construct a plot of the
&y, component of the deformation tensor for a two-component
acoustic vector soliton of the Rayleigh wave (shown in Fig. 1
for a fixed value of the z coordinate).

The vector solitons and the scalar solitons and breathers
may arise, for instance, in dielectrics coated with thin layers
containing paramagnetic impurities or quantum dots. Methods
of excitation of the nonlinear wave Eq. (25) are typical methods
which are usually used for the excitation of soliton-like surface
acoustic waves (see, for instance, Ref. [8]). The simplest
way to excite a nonlinear surface wave Eq. (25) is to excite

PHYSICAL REVIEW E 93, 023002 (2016)

FIG. 1. Plot of the &, (in arbitrary units) component of the
deformation tensor at a fixed value of the z coordinate showing
the two-dimensional vector soliton of the Rayleigh wave and the
transverse structure of the pulse when the resonant “forbidden” tran-
sition monolayer containing the ensemble of resonance paramagnetic
atoms is present. Along the x axis, the vector soliton amplitude decays
exponentially as one moves away from the surface atx = 0. Atx =0,
the profile of the vector soliton corresponds to the solution of Eq. (25).

an initial wave at z = 0, the profile of which is as close as
possible to Eq. (25) with the sum w + €4 and difference
w — 2_; oscillation frequencies.

These results are expected to stimulate new experiments.
Such work will be informative not only for the study of
the properties of acoustic surface resonance vector solitons,
but also for applications in paramagnetic crystals and doped
nanostructures to give us wider possibilities of applications of
nonlinear surface acoustic waves in different acoustic devices.
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