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Cross-field transport in Goldreich-Sridhar magnetohydrodynamic turbulence
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I derive analytically the temporal dependence of the perpendicular transport coefficient of a charged particle in
the three-dimensional anisotropic turbulence conjectured by Goldreich-Sridhar by implementing multispacecraft
constraints on the turbulence power spectrum. The particle motion away from the turbulent local field line is
assessed as gradient-curvature drift of the guiding center and compared with the magnetic field line random
walk. At inertial scales much smaller than the turbulence outer scale, particles decorrelate from field lines in
a free-streaming motion, with no diffusion. In the solar wind at 1 AU, for energy sufficiently small (<1 keV
protons), the perpendicular average displacement due to field line tangling generally dominates over two decades
of turbulent scales. However, for higher energies (~25 MeV protons) within the range of multispacecraft
measurements, the longitudinal spread originating from transport due to gradient-curvature drift reaches up to
~10°-20°. This result highlights the role of perpendicular transport in the interpretation of interplanetary and

interstellar data.
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I. INTRODUCTION

Diffusion of charged particles in a turbulent magnetic field
plays a pivotal role in understanding the origin of cosmic
rays more than a century since their discovery over a broad
range of particle energy, from interplanetary solar energetic
particles [1] to PeV cosmic rays that are likely produced at
individual supernova remnant shocks [2]. In a volume of space
(for instance, an interplanetary region close to the Sun, or the
interstellar medium stirred by a supernova explosion) threaded
by a strong statistically uniform average magnetic field By with
a small fluctuation § B, particle diffusion parallel to the average
field was originally modeled in [3,4]. The discrepancy later
found [5] between the mean free path of some solar energetic
particle events and the prediction of quasilinear theory spurred
intense theoretical work. Droge er al. [6] has shown that
by including the measured, albeit noisy, steepening of the
power spectrum at a high wave number for selected events,
the predicted mean free path is closer to the measurements.
Bieber et al. [7] concluded that the geometry of magnetic
fluctuations in solar wind must be different from the simple
picture of quasilinear theory.

Perpendicular diffusion is usually regarded as negligible
compared to parallel diffusion. Nevertheless, the interpretation
of a number of heliospheric measurements and numerical
simulations of energetic particles suggests a significant con-
tribution arising from perpendicular transport. Time-intensity
profiles of energetic protons at spacecraft separated more than
180° in longitude at 1 AU provide evidence of significant
motion across the Parker spiral magnetic field lines [8]. One
of the purposes of this investigation is to determine whether the
motion across the spiral is due to a pure field-line meandering
or, in addition to that, to the departure of protons from the
actual local field lines (called cross-field diffusion herein).
From the x-ray variability in the solar flares observed by
the Reuven Ramaty High Energy Solar Spectroscopic Imager
(RHESSI) [9], it has been argued that perpendicular chaotic
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motion of a few tens of keV electrons in flaring loops was
observed in a nondiffusive phase. Test-particle simulations
[10] show that even in weak three-dimensional isotropic
turbulence, charged particles decorrelate from magnetic field
lines on a time scale comparable to the gyroperiod. These
results pinpoint a propagation regime wherein early-time
perpendicular transport cannot be neglected.

It is well known that the transport of charged particles in
turbulence depends on the anisotropy of the power spectrum
(Ref. [11], Chap. 13). Anisotropic turbulence in solar wind
was first discovered by Belcher and Davis [12] as elongation
of turbulence fluctuations along the magnetic field, and it
was confirmed by several studies later on (see, e.g., [13]).
High-heliolatitude Ulysses measurements [ 14] provided a new
insight: the power spectrum of the local magnetic field in the
solar wind is consistent with the anisotropic incompressible
magnetohydrodynamic (MHD) -scale turbulence conjectured
by Goldreich and Sridhar [15]. Such an interpretation was
confirmed over a frequency interval comparable with the
presumably “entire” inertial range of fast solar wind turbulence
[16]. Scrutiny of the power spectrum dependence on the
angle of flow to the magnetic field and on the wave-vector
anisotropy [17] confirmed an approximate consistency with
the model of Goldreich and Sridhar [15]. Forman et al.
[17] argue that the disagreement in the outer length scale
predicted by [15], inferred to be 20 times larger than measured,
might be explained by the imbalance between Alfvén modes
propagating in opposite directions, in contrast with the balance
assumed in [15]. However, the model [15] does not account for
the difference in power-law exponents of the power spectrum
of velocity and magnetic fluctuations in the inertial range
measured, e.g., by wind throughout solar cycle 23 [18].
Numerical simulations of MHD turbulence have pointed out
that the anisotropy increases at small scales [19], and the
turbulent eddies become more elongated along the direction
of the local magnetic field [20-22].

In this paper, L investigate the time-dependent perpendicular
transport within the MHD-scale turbulence conjectured by
Goldreich and Sridhar [15]. Chandran [23] pioneered the
study of pitch-angle scattering in such turbulence within the
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quasilinear theory limit [3], finding a scattering frequency
more than ten orders of magnitude smaller than the isotropic
turbulence over four decades of particle kinetic energy.
Extension to aregime immune to quasilinear theory divergence
at small pitch angle [24] confirmed such scattering inefficiency
[25]. Since in the anisotropic turbulence [15] the wave
vectors of the MHD-scale fluctuations are predominantly
perpendicular to the local average field, one could expect
a small ratio of the perpendicular to the parallel average
displacement as compared to the three-dimensional (3D)
isotropic case. Note that test-particle simulations performed
by Laitinen et al. [26] found that the ratio of perpendicular to
parallel diffusion coefficient in a synthesized scale-dependent
anisotropic turbulence devised to reproduce [15] is a few
percent, which is comparable to isotropic turbulence.

Diffusion perpendicular to the mean magnetic field has
long been known to be dominated by the meandering of the
magnetic field lines [3]. The rate of separation of turbulent
field lines along the direction of the mean field was found by
Jokipii [27], via solving a Fokker-Planck equation, to be very
fast in the 3D isotropic power-spectrum turbulence, resulting
in a significant perpendicular transport solely due to field-line
meandering. Rechester and Rosenbluth [28], arguing that field
lines diverge exponentially along the mean field direction,
found that even if the particle does not undergo significant
pitch-angle scattering (“collisionless” case), the jump from one
field line to another warrants strong perpendicular diffusion
due to the exponential divergence. Chandran and Cowley [29]
showed that an exponential divergence of field lines reduces the
electron thermal conductivity in the galaxy clusters medium.
Chandran and Maron [30] used a variety of methods, including
the Fokker-Planck equation for static Goldreich and Sridhar
[15] MHD turbulence and a numerical Monte Carlo model, and
they found a field-line separation growing as a power law. Such
theoretical analyses omitted gradient-curvature drift motion
of the guiding center; this assumption is justified for thermal
electrons in the galaxy clusters medium. The present paper
investigates the limits of neglecting the gradient-curvature drift
in solar wind turbulent plasma.

In this paper, I use the decomposition of the instantaneous
perpendicular average square displacement of a charged
particle in magnetic turbulence in two distinct contributions:
meandering of magnetic field lines and gradient-curvature drift
of the particle guiding center from the local field line. Both
contributions were analytically calculated for the slab and for
3D isotropic turbulence by Fraschetti and Jokipii [31], and the
latter were numerically confirmed for 3D isotropic turbulence
[10]. The gradient-curvature drift is usually neglected in
theoretical analyses or in the interpretation of numerical
simulations because the cross-field motion is assumed to be
dominated by jumps between field lines once the particle
has traveled a certain distance away from the original field
line. In this paper, I calculate gradient-curvature drift and field
line contributions to perpendicular transport for the Goldreich
and Sridhar [15] anisotropic turbulence, and I investigate the
departure of particles from the field lines as a function of time.
Benchmark parameters are tailored to solar wind energetic
particles events.

This paper is organized as follows: Section II describes
the power spectra of Alfvén polarization modes relevant to
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perpendicular transport in turbulence [15]. Section III outlines
the calculation of instantaneous transport coefficients due to
gradient-curvature drift and to the magnetic field line random
walk (details are in the Appendixes), and a comparison is
made with the previous finding of an exponential divergence
of field lines. In Sec. IV, the two contributions to perpendicular
transport are compared, and the role of gradient-curvature
drift average displacement in the longitudinal spread of
solar energetic particles is estimated. Section V contains the
conclusions.

II. ANISOTROPIC POWER SPECTRUM

The critical balance condition along with the assumption
that the energy cascade rate is scale-independent [15] yield the
scaling k| ~ ki/ 3 /L3, where ky,k | are the components of the
wave number k parallel and perpendicular to the local average
magnetic field, respectively, and L is some outer scale that
might coincide with the injection scale of the turbulence. Such
a scaling holds for a large-scale field Alfvénic Mach number
M4 =~ 1, as originally assumed in [15]; a more general scaling
reads ky ~ k7> /L3 M}* [32]. The previous scaling implies
that the anisotropy increases at the smaller scales. The power
at the wave vectors that does not satisfy the critical balance
is exponentially suppressed. However, as is well known, the
functional form of the power spectrum is not predicted by the
conjecture [15], and various possibilities have been explored
(see, e.g., [23]).

In the anisotropy [15], the scales of the turbulent parallel
and perpendicular eddies are measured only with respect
to the direction of the local magnetic field [32], which
varies according to the location and the scale, whereas in a
slab or 3D isotropic weak turbulence, the direction of the
global average statistically uniform field is independent of
the scale. Numerical simulations confirm the ratio of parallel
and perpendicular scales of the eddies, as well as the relation
between k| and k,, as implied by the Goldreich and Sridhar
[15] power spectrum [20,22].

A spatially homogeneous, fluctuating, time-independent
global magnetic field By is considered. The total field is de-
composed as B(x) = By + §B(x), with an average component
By = Bpe; and a fluctuation (§B(x)) = 0. The unit vector e,
gives the direction of the global average field component. Such
a time-independent decomposition of B applies to the solar
wind, where the propagation of the magnetic fluctuation is
much smaller than the velocity of the bulk ionized fluid.

In this paper, we assume that the inertial range extends from
the outer scale L down to some scale wherein injected energy
ultimately must dissipate. We introduce a scale L” < L, which
is much larger than the gyroradius r, of the particles considered
here (Fig. 1). The fluctuations §B(x) are large compared to
the total magnetic field at scale ~ L; however, at scales < L’
the magnetic fluctuations are small compared to the local av-
erage field, and the first-order orbit theory applies to eddies of
scale < L'. By using such assumptions, Chandran [23] applied
the quasilinear theory to determine the scattering frequency in
the turbulence [15]. The resulting parallel transport depends
only on the large-scale L and not on the intermediate scale L'.

The most general form of the power spectrum tensor for
MHD fluctuations was derived by Oughton et al. [33] in their
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FIG. 1. Direction of the local average magnetic field, given by
the unit vector e3 at scale L’. “GC” denotes the trajectory (dotted)
of the guiding center drifting away from the local field line due to
gradient-curvature drift by the average displacement Axp = 1/ (Ax3)
within an elapsed time Ar (see Sec. IIL A).

Eq. (20), and in the assumption of axisymmetric turbulence
(neglecting cross-helicity) it reduces to

kik;
Pij(k) = (8,-]- — k—z‘l)E(k) + |:(eikj + ejki)(e - k) — eie;k*

kik; 2
- k_2(e -k) }F(k), (D

where ¢; is the unit vector in Cartesian coordinates, and
k is the wave number (i,j = 1,2,3), where k3 =k [k, =
(k1,k)] is the component of the wave-number vector parallel
(perpendicular) to the local average field (the unit vector ez
is not parallel to the z axis; see Fig. 1). The scalar functions
E(Kk), F(Kk) are interpreted in terms of different linear MHD
polarization modes for an oblique orientation between k
and the local average magnetic field. In particular, E(Kk) is
related to the power in the shear-Alfvén modes X (k), i.e.,
(k) = E(k), and F(K) is related to the difference between
shear- and pseudo-Alfvén mode power I1(k), i.e., F(k) =
[Z(k) — TT(K)]/ k7.

The power spectrum given by Eq. (1) includes only the
shear mode and the pseudo-Alfvén mode, and it assumes
vanishing cross-helicity, i.e., the modes C(k) and H(k) in
Eq. (20) in Oughton et al. [33]. Fast solar wind measurements
[34] are compatible with the vanishing mode C; here mode H
is neglected, as it is expected to be comparably small.

A series of incompressible MHD numerical simulations
[35] implemented the axisymmetric power spectrum tensor
given by Eq. (1) to empirically determine the functional form
of E and F and to best-fit the shear-mode power 2 (k) by using

NB} _ L'3k
(ky k1) = Ll/ghlo/3exp(— k2/3”), 2)
1

where A is a normalization constant to be determined,
2n /L' < ki < k!, where k% is the power spectrum cutoff
where dissipative effects start to be important and MHD
approximation breaks down, and M4 >~ 1. According to the
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conjecture [15], the pseudo-Alfvén modes are carried passively
by the shear-Alfvén modes (this property is an exact result
for weak MHD turbulence [36]) with no contribution to
the turbulence cascade to small scales, which is seeded by
collisions of shear modes only. Thus, it is reasonable to assume
that IT;;(K) has the same functional form as %;;(k), allowing
for a relative amplitude ¢ (0 < ¢ < 1) and a different outer
scale £ (£ #£ L) that are both so far inaccessible to either solar
wind observations or models. Likewise, the power spectrum
of the pseudomodes is cast in the form

eN'B? _ 213k
kyk1) = 31/30]‘1.10/36’(9(_ k2/3”>- 3
L

The constant NV is fixed by normalization of both polarization
modes that can be extended to scales between L’ and L, as the
contribution from scales between L’ and L is exponentially
suppressed. Within the range kl(l), LKk LK kﬁ‘f |, if the
largest scales 1/k|),1/k are related to the outer scale by k| ~
(ki)2/3/L1/3, the normalization reads § B> = f d*k Tr(P;;) =
Jdk[E&) + TI(K)], which gives N =~ 3-(8B/Bo)*[1 +
e(L/0)]!, where kﬁL ~ 1 was used. We note that A/ does
not depend on the scale L’ or on kﬁ” , which is irrelevant as the
cascade along the local average field is suppressed.

Recent analysis of fast solar wind data from Ulysses [34]
provides us with an estimate of & by confirming an ordering in
diagonal components of the power tensor that has long been
found [12]: if e is the unit vector in the direction of the local
average magnetic field, the measurements give a power along
e3 smaller than in the plane orthogonal to e [but not negligible
(¢ «1)]. As shown in Sec. III, such a power ordering results in
a small but not negligible effect on the perpendicular transport
of the pseudomodes with respect to the shear modes. The forms
given by Egs. (2) and (3) are used in Sec. III to calculate the
time-dependent perpendicular transport.

Chandran [23] used a power spectrum with a steep cutoff
beyond the critical balance scaling kj ~ ki/ ? to determine the
scattering frequency within the quasilinear theory approxima-
tion. In this paper, I calculate the time-dependent perpendic-
ular transport coefficient by expanding in Taylor series the
exponentials exp(—L'/3k; /k>"*) and exp(— €3k / k) in the
power spectra in Egs. (2) and (3); such an expansion is valid
as the power spectrum is a convergent quantity. Only the
terms growing fastest in time are retained. We note that no
assumption is necessary on the explicit spatial dependence of
6B(x), which has three nonvanishing space components, as
only the Fourier transform 6B(k) is used.

III. EARLY-TIME PERPENDICULAR
TRANSPORT COEFFICIENT

The magnetostatic approximation has been widely used for
decades [3] to investigate the transport of charged particles in
magnetic turbulence, as the speed of the particles considered
is typically much greater than the average-field Alfvén speed.
Solar wind flows outward from the Sun at a speed of several
hundreds of km/s (300-400 km/s at low heliolatitudes and
700 km/s at high heliolatitudes), much faster than the local
Alfvén speed (tens of km/s) and the spacecraft speed (a
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few km/s). Thus, the magnetic fluctuations can be assumed
to be frozen with the plasma. In this paper, I investigate
the perpendicular transport at time scales shorter than the
correlation time of the perpendicular fluctuations of the
local magnetic field, as seen by the particle. The transport
perpendicular to the average magnetic field is dominated by
guiding-center motion, which includes the meandering of the
magnetic field lines (MFL) and the gradient-curvature drift
from the first-order orbit theory [31,37], in the approximation
that the particle gyroradius is much smaller than the scale of
magnetic field variations. The existence of a diffusion regime
for the perpendicular transport is not assumed.

A. Gradient-curvature drift transport

In this section, the derivation of the gradient-curvature drift
transport coefficient in Fraschetti and Jokipii [31] is outlined,
and the result in the case of turbulence [15] is presented (details
are in Appendix A). The first-order orbit theory [37] is used,
assuming that r, is much smaller than the length scale of
any magnetic field variation: r, < ir]‘n—i% |B;/0; B;| or, in other

terms, the magnetic field varies slightly at the gyroscale so that
the particle orbit can be approximated within a gyroperiod by
the helicoidal trajectory, with the local curvature radius given
by r,; for wave numbers k; within the inertial range, the
smallness of r, reads k, r, < 1; in other words, we assume
that the perturbation in the turbulent cascade at the gyroscale
r¢ does not have a significant effect on the particle trajectory.

At scales <L’, we calculate the gradient-curvature drift
from the local average field at those scales. We make use of
the gyroperiod averaged guiding-center velocity transverse to
the local field B(x), i.e., Vf (1), to first order in the fluctuation,
given for a particle of speed v, momentum p, and charge Ze
by [37]

Ve =
0=7052
where 1 is the cosine of the pitch angle with respect to the local
average field. The average square transverse displacement of
the particle from the direction of local field due to drift, dp(t),
at time ¢ is written as

1 2
ope [ tH BxVB—{—,uzB(VxB)L:|, (4)

dp(t) = /O de(VT (VT (' +&)). 5)

The drift transport coefficient would be defined here as the
limit kp = lim dp(t). We assume that P;;(K) is uncorrelated
11— 00

at different wave-number vectors, i.e., (§B,(k)§ BZ]‘ K)) =
8(k — K') P4 (k) for the Fourier components é B, (k); we note
that the validity of the critical balance condition scale-by-scale
used here has been recently questioned in a phenomenological
analysis [38] that reports inconsistencies with ion kinetic
scales for parameters in the solar wind regime. The generic
nonvanishing term of Eq. (5) (regardless of the power spectrum
assumed) is given by (see [31])

2 0o .
vpc 2 3 Sll’l[kHUHl]
F d’k P.y(R)kjk,—————, (6
(ZeBé) (v )/m 0k Ky ©

with indexes (r,q,l,p) = (3,3,2,2), (3,2,2,3), (2,3,3,2), and
(2,2,3,3) for dp,, and (r,q,l,p)=(3,3,1,1), (3,1,1,3),
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(1,3,3,1), and (1,1,3,3) for dp,, . In the factor (vpc/ZeBZ)*
in Eq. (6) we assumed that the magnitude of the local average
field can be approximated by B at those scales. Here F(u?)
represents various factors depending on the particle pitch-
angle w resulting from the expansion of Eq. (5) [31]. Such
a calculation is detailed in Appendix A. From a comparison
of the terms in Egs. (A6), (A9), (A12), and (A13), only the
term that is fastest growing in time [Eq. (A6)] is retained:
the drift transport coefficient is dominated by the power of
the pseudo-Alfvén modes along the local average field Ps3(k)
(term 3322 in Appendix A). Thus, by using Eq. (6), the
instantaneous drift transport coefficient can be cast as

1 (8B\> ¢ L\ (r,\?
dp) = —(—) ———( = £) rovQr
60\ By) 1+eL/e\ ¢ L

« [(m)g“m (Li 7. —(hL)”ﬂ

where Q = ZeBy/mc is the particle gyrofrequency, ry >~
pc/ZeBy. The quantities 2,7, depend on the magnitude of
the global average field By. The corrective factor in Eq. (7) is
only the ratio of the power of the global to the local average
fields [O(1)]. We emphasize that Eq. (7) is valid only as
long as particle transport is confined within the scale L'.
Figures 2(b) and 2(d) depict the time evolution of dp(¢) as
given by Eq. (7) for energetic protons in the solar wind for
different values of ¢ (1,0.5,0.1) and L/¢ =1 in (b) and
L/¢ =10 in (d). The higher power in the pseudo-Alfvén
modes relative to the shear modes (i.e., higher ¢) results
in an enhancement of dp(r) (see Appendix A). In analogy
with the 3D isotropic turbulence case [31], dp(?) in the
anisotropic turbulence [15] grows linearly with (§ B/ By)?. As
compared with the Bohm diffusion coefficient k = vr,/3 =
1.3 x 10'® cm?/s for E; = 10 keV, Fig. 2(b) shows that
dp(t) ~ kg within a very short time (2r ~ 50, L/¢ = 1, and
& = 1). We emphasize that the average square displacement
due to drift [Eq. (7)] depends not only on the large-scale
properties of the turbulence (L), but also nontrivially on the
smallest scales (kf ). The result is independent of the scale L’
[23] as the large scales are exponentially suppressed.

We can also conclude that the guiding center is confined
only for a short time to move along the field line. We compare
the average square displacement from the local field line
reached by the guiding center via gradient-curvature drift, i.e.,
(Axlz)) ~ 2dp(t)At (see Fig. 1) with the squared gyroscale
(rg). For a proton with E; = 1 keV in the solar wind at 1

AU [see Fig. 2(b)], we find that (Ax%) at Qr =100 (e =0.1)
is comparable with r}? = 8.3 x 10> cm?. Thus, after a few
gyroperiods, the actual particle has an average distance from
the local field greater than 2r,.

We remind the reader that the gradient-curvature drift
transport is calculated here up to scales L’, with a given
direction (e3) of the local average field at that scale different
from the global average field direction (z axis). Our finding
does not rule out that at scales close to the outer scale L,
the perpendicular transport can turn into the diffusive regime.
However, accounting for those larger scales requires a spatial
dependence of the local turbulence wave-number vectors; this
is deferred to a separate work.
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FIG. 2. Magnetic field line (a,c) and gradient-curvature drift (b,d) instantaneous perpendicular average square displacement as a function
of time for protons with kinetic energy E; = 1 and 10 keV in the solar wind at 1 AU with L/¢ =1 (a,b) or L/¢ = 10 (c,d); the solid (dashed,
dotted) line corresponds to ¢ = 1 (0.5, 0.1); also, By = 5nT, (§B/By)* = 0.1, L = 0.01 AU (ry/L =6.1 x 10~*and 1.9 x 1073, respectively),
and k¥ L = 10°. The horizontal lines in (b) correspond to the Bohm diffusion at the particle energy considered.

B. Magnetic field line

In this section, the method to compute the time-dependent
particle transverse transport due to MFL meandering [31]
is outlined, and the result for the Goldreich and Sridhar
[15] turbulence is presented. Previous theoretical derivations
of MFL meandering in isotropic [27] and anisotropic [15]
turbulence [30,39] focused on the relative divergence between
two initially static nearby (down to thermal electron gyroradius
scale) field lines along the direction of the average magnetic
field. In contrast with this result, magnetic turbulence has been
found [32,40] to exhibit a field line separation in agreement
with the long argued Richardson scaling ¢3/? for a pair of
particles in purely hydrodynamic turbulent media. Numerical
simulations of MHD turbulence in a partially ionized plasma
[41] show that the neutral drag has the effect of recovering
the exponential field line separation argued in Rechester and
Rosenbluth [28]. In analogy with [31], we focus on the
divergence of a single field line from the direction of the
local average field. The method of two-field-line separation
applies to the case of zero average field; on the other hand,
being based on the solution of the Fokker-Planck equation,
it requires several independent small displacements Axypr
(central limit theorem), thus it requires the diffusive regime to
be reached, whereas the method [31] applies more generally,
i.e., prior to the diffusive regime.

We assume that the correlation function of the magnetic
fluctuation is homogeneous in space, i.e., the correlation de-
pends only on distances along the particle orbit: (§ By [x(x3 +
x3)16 By [x(xg)]) = (6 Bx[x(x3)]6 B,[x(0)]). The mean-square

displacement of the MFL orthogonal to the e3 vector can be
defined as

1 d{Ax?(x3))

d -
MFL(X3) > du

1o
- L f dx; (3B, [X(x) BB [xO)).  (8)
By Jo

We compute the magnetic turbulence along the unperturbed
trajectory of a pseudoparticle traveling with zero pitch angle
and no scattering [31]. The mean-square transverse displace-
ment of a MFL corresponding to a distance x3 = vt along the
local uniform field traveled by such a pseudoparticle can be
written as

1 o0
dvipL(t) = ?/ d’k P;;(k)

0 J/—0o0 I

Sil’l[kHUHl]
— 9
3 )]
where P;;(K) is the magnetic turbulence power spectrum in
the inertial range [Eq. (1)]. The MFL diffusion coefficient is
the limit kmpr, = lim dver(2)v). As in the previous section, in
=00

Eq. (9) we assumed that the magnitude of the local average
field can be approximated by By. The detailed calculation for
the anisotropic [15] power spectrum [Egs. (1)-(3)] can be
found in Appendix B.

From Eq. (B3), the instantaneous transport coefficient due
to MFL meandering is dominated by shear modes and given

by
1/8B\* 1
dvrL (v >~ = reUSat. (10)

2\ By ) 1+eL/t
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Figures 2(a) and 2(c) depict the time evolution of dyrr(?)v
as given by Eq. (10) for protons at various energies in
the solar wind and for different values of & (1,0.5,0.1)
and L/¢ =1 (L/€ = 10) in the left (right). In analogy to
the MFL random walk in isotropic turbulence [31] and the
well-known quasilinear theory result, dyp(¢) for anisotropic
turbulence [15] grows linearly with (8 B/B)?. Like the drift,
the independence on L’ arises from the fact that scales between
L' and L are exponentially suppressed.

We find that even at the small time scales considered here,
different magnetic turbulences exhibit different scalings. In
the case of anisotropy [15], the linear growth in time of the
MFL average square displacement dypy (¢) is fast as compared
to the 3D isotropic turbulence, wherein a logarithmic growth
at large scales and diffusion at small scales are found [see
Eq. (49) in [31]].

With the substitution x3 = vz, Eq. (10) gives dmrr(x3)
(1/2)(6B/By)*x3/(1 + eL/£). We note that a linear depen-
dence of dyrr(x3) on x3 could also be derived empirically from
the argument Ax;/Ax; ~ 8B/ By. By using a direct calcula-
tion, we determine here the dependence of the proportionality
coefficient on the turbulence parameters, otherwise to be deter-
mined empirically, for instance through numerical simulations.

IV. DISCUSSION

A. Role of the gradient-curvature drift

We discuss the relative contribution of magnetic field line
meandering and gradient-curvature drift to the perpendicular
transport in the anisotropy [15] for times shorter than the
correlation time of the perpendicular fluctuations of the local
magnetic field, as seen by the particle. In the guiding-center
approximation used here, the ratio dwrr(t)v)/dp(t) [see
Egs. (7) and (10)] is time-independent. Such a ratio can be
cast as a function of ki” L in the form

d L\?>/¢\'"1
s (L) (1)
dp re)J \L) ¢
4 7 !
X |:(kJA_/[L)8/32F1 (Lg; 5;—(kJA_/[L)2/3)i| .

(1)

Figure 3 illustrates dvr v /dp in Eq. (11) for different values
of L/r,. We emphasize that the ratio dvrrv|/dp, which is
large in the solar wind, is expected to be upper-bounded: dp
grows with the turbulence power along the local average field
Ps3, which is small, although not negligible, compared to the
other diagonal terms of the power spectrum tensor (P, P»).

Figure 3 shows that dp becomes relevant at small scales,
i.e., at large wave numbers kT. If dvro(H)v/dp(t) ~ 10,
the average perpendicular displacements due to tangled field
lines and to the gradient-curvature drift become comparable:
VawvrL(t)v/dp(t) ~ 3. From Fig. 3, we conclude that for a
sufficiently small energy (<1 keV) proton at 1 AU in the solar
wind turbulence, using an inertial range extended down to
a scale ~107> AU (k¥ L ~ 10°-10° for L = 0.01 AU), the
average perpendicular displacement due to field line meander-
ing is generally dominant [dvrr (1)v) /dp(t) =~ 10° or greater].
However, for higher-energy (~10 keV) protons (L/r, >
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dMFL V”/dD

10*

FIG. 3. Ratio of the MFL perpendicular transport coefficient
dvipr ()v) to the gradient-curvature drift transport coefficient dp(t)
for L/r, = 107, 10%, and 10*, corresponding to proton kinetic energy
at 1 AU given by E; = 250, 2.5, and 0.025 keV, respectively, as a
function of k) L as determined in Eq. (11) (here we used L/¢ = 1
and e = 1).

500), the ratio of the two average square displacements is
smaller, and within a smaller inertial range (kﬁ” L~ 10%) it
reaches values down to ~10. The region dvr v /dp < 10 is
inaccessible to our model, which applies only to turbulent
scale wave numbers kj‘:’ such that 1 > kj'f’rg = (kTL)(rg/L).
For a given scale k¥, the ratio dvrL(t)v/dp(t) decreases as
the particle energy increases, i.e., for small L /r,, as expected.
This result constrains the customary assumption that charged
particles follow turbulent field lines. We note also that the result
is independent of the parallel mean free path. This is in contrast
with the model in [42]; however, we remind the reader that the
model presented here does not account for parallel transport,
which has already been determined to be irrelevant due to very
small scattering frequency in [15] within the quasilinear theory
limits [23], and is valid only for times r < 1/kjvy.

We find that at small scales the perpendicular transport
in the turbulence [15] is a free-streaming motion [d(¢) ~
Ax?/2At ~ t], in contrast with a diffusive regime [d(z) ~
const]. Theoretical evidence of perpendicular superdiffusion
of the magnetic field lines alone in anisotropic turbulence [15]
(AxmpL ~ At?, with 1/2 < a < 1) is discussed also in [43],
which focuses on the field line divergence (see references
therein), assuming there is no departure of the particle from the
local field line. The fourth-power dependence in § B/ By of the
MFL meandering found in [43], in contrast with the second-
power found here, is likely to originate from assumptions
therein on the turbulence generation and reconnection, i.e.,
the normalization factor. In addition, we find that the motion
of the guiding center away from the field line might reach,
and eventually exceed, the gyroradius scale within a few
hundreds of ¢ (as shown in Sec. III A) for times smaller
than the correlation time of the perpendicular fluctuations
of the local magnetic field, as seen by the particle. We note
that the departure from the field line found here does not violate
the reduced dimensionality theorem [44], as no constraint is
placed on the ignorable coordinates of §B.

From Eq. (7), it is readily found (see also Fig. 3)
that the drift perpendicular transport coefficient scales with
the largest perpendicular wave number k¥, i.e., with the
smallest perpendicular inertial scale, as dp =~ (k}')*2. In the
turbulence [15], the anisotropy is known to increase at smaller

013206-6



CROSS-FIELD TRANSPORT IN GOLDREICH-SRIDHAR ...

scales favoring energy cascade in the perpendicular direction.
Thus, it is clear that the smaller the scale (namely the larger
k1), the larger the anisotropy in the power of the turbulence,
and the more significant the departure from the field lines.
This is in agreement with the limit case of slab turbulence, i.e.,
anisotropy wherein the power along the mean-field direction
is completely suppressed: the gradient-curvature drift average
square displacement dp(¢) is dominated by small scales [31],
whereas the larger scales govern the MFL meandering.

B. Reconstruction of longitudinal spread
in solar energetic particle events

In this subsection, we provide a crude estimate of the
role of perpendicular transport in the reconstruction of the
propagation of solar energetic particles from the flaring
region out to the multispacecraft location at 1 AU. Strong
perpendicular transport has often been invoked to explain the
longitudinal spread in multispacecraft measurements of solar
energetic particle events (see Droge et al. [8] and references
therein). According to alternative plausible mechanisms, the
longitudinal spread might originate from wide longitudinal ex-
tension or motion of CME-driven shocks in the interplanetary
medium.

We assume the large-scale ordered field By to be approxi-
mately uniform over a distance much smaller than the putative
correlation length scale of the solar wind turbulence (0.01
AU). Therefore, we can constrain the average distance Axp
associated with gradient-curvature drift that the particles are
transported in the direction perpendicular to the local field at
various distances from the Sun; we emphasize that such a drift
originates from the inhomogeneity of the magnetic fluctuation
and not of the spiraling magnetic field itself. The effect of
field line meandering is switched off in this paragraph. The
field By is assumed to be piecewise uniform; the resulting
cumulative effect might contribute to the longitudinal spread
at 1 AU.

In the solar energetic particles event of January 17th, 2010,
energetic protons were measured by the two STEREOs (LET
and HET) and SOHO/EPHIN to spread almost over 360°
at 1 AU [45]. LET and HET instruments measure energetic
protons in the range from 4 to 60 MeV and SOHO/EPHIN
from 4 to 25 MeV. A possible scenario comprises protons with
kinetic energy Ej equal to or greater than 4 MeV that, while
traveling along a turbulent field line of the Parker spiral in the
ecliptic plane and drifting by some amount away from that
line, undergo scattering and back-trace a field line adjacent
to the original one. The iteration of such a process over a
time interval At (see Table I) might spread energetic protons
over a wide longitudinal angle over a few hours. In this crude
estimate, we assume this scattering to be frequent enough that
the magnitude By can be taken as uniform. The solar wind
advection, customarily taken as purely radial, is neglected
here; we expect it to ultimately only enhance Axp. In Table I
we consider two distances: 1 AU (By =5 nT) and 10 solar
radii (By ~ 0.025 G). The Sun’s spin (14°/d) is neglected
here. The longitudinal spread A« is calculated in Table I as
Axp in units of the distance from the Sun, where the average
displacement from the field line due to gradient-curvature drift
is given by Axp =~ /2dp(At)At, and dp(At) is defined in
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TABLEI Estimate of the longitudinal spread of energetic protons
due to gradient-curvature drift average displacement.

Ei(MeV) o2 By(G) & At(h) Axp(AU) Aa (deg)
4 0.1 5.x10°5 1 1 00128 0.73
4 0.1 5. %1075 1 4 00511 2.92
4 0.1 5.x10°5 1 12 0.153 8.77
10 0.1 5. %1075 1 1 00319 1.83
10 0.1 5.x10°5 1 12 0383 21.9
25 05 5.x105 1 1 0179 10.2
4 05 5.x10°5 1 1 0.0286 1.64
4 0.1 5.x105 01 1 000545 0.312
4 05 0025 1 05 286x1075  0.0323
25 05  0.025 105 178x10°* 0204

Eq. (7). In Table I we used L = 0.01 AU,L/¢ = 1, and, from
Eq. (), (kLD 5P (1,555 —(k L)l g0 = 149.8.
Table 1 shows that the time elapsed since the particle was
injected in the turbulent region, where B, can be taken as
uniform, is a major contributor to the spread Ac, as the
transport is ballistic. In particular, E; =25 MeV protons
at ~1 AU after 1 h cover a non-negligible longitudinal
angle (of order of 10°). Our estimate is limited by the small
range of fluctuations interacting with the particles: 25 MeV
protons (r,/L = 0.098 at 1 AU) are allowed to interact only
with one decade of turbulent scales, satisfying the condition
1> kiry = (kY L)(ry/L). One can also roughly predict Axp
to be measured by the Solar Probe Plus mission in its approach
to the Sun at a distance of 10 solar radii: for Az = 30 min, we
find Aa >~ 0.0323° for an E; = 4 MeV proton.

We emphasize that the gradient-curvature drift velocity V,
scales with the particle speed v as V,/v ~ (r,/L')(8B/By).
In the unperturbed Parker spiral at a distance 1 AU, if one
uses a characteristic scale of spatial variation of L” ~ 1 AU,
by assuming that the gradient-curvature drift originates from
the inhomogeneity of the Parker spiral itself, and not from
the intermediate scale L’ (L’ ~ 0.001 AU), Axp would be
suppressed by a factor L’/L” >~ 0.001. An extension to a
turbulent Parker spiral magnetic field is underway and will
be presented elsewhere.

V. CONCLUSION

I have derived analytically the time evolution of the average
transverse displacement of a charged particle in magnetostatic
turbulence based on the critical balance conjecture by Gol-
dreich and Sridhar [15]. The particle motion is assumed to
be well-approximated by the guiding-center motion. With no
assumption of diffusion, I have calculated the perpendicular
transport due to the meandering single field line, customarily
regarded as dominant, and the gradient-curvature drift from
the local perturbed field line. The former is dominated by
shear-Alfvén modes, the latter by pseudo-Alfvén modes. Both
contributions are found to be in a free-streaming, rather
than a diffusive, regime. In particular, the departure of the
guiding center from the field line grows rapidly in time,
invalidating the customary assumption that particles follow the
field lines. If [15] is the dominant MHD-scale turbulence in
solar wind, a crude estimate shows that the longitudinal spread
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of energetic protons measured at 1 AU might be contributed,
to a non-negligible extent, by cross-field transport due to
gradient-curvature drift in the inhomogeneous turbulence,
instead of the inhomogeneity of the unperturbed Parker spiral
itself. The much larger (nearly 360°) longitudinal spread
certainly includes additional factors not considered here, such
as angular extension, the motion of the CME-driven shock
producing the solar energetic particles, and the Sun’s spin
dragging the Parker spiral across the heliosphere.

For particle acceleration at quasiperpendicular shocks, the
perpendicular transport in turbulence presented here might
imply an enhancement of the permanence time, and hence
the maximal momentum, of energetic particles in the vicinity
of the shock. Such an attainable higher energy is combined
with the small acceleration time at perpendicular shocks, as
described in [46]. Turbulent field enhancements, generated
downstream by the inhomogeneities of the unshocked medium
[47,48], can also increase the permanence time of particles
at shocks. This result has relevant implications for particle
acceleration at shocks, which will be deferred to a separate
work.

Finally, it is relevant to note that in this paper a particular
model for the anisotropic power spectrum [Eq. (1)] is assumed

J
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that relies on the interpretation of solar wind measurements
and numerical simulations. However, the dominant process
in the generation of anisotropy in MHD incompressible
turbulence and the resulting turbulence power spectrum are
currently topics of debate (see, e.g., Grappin and Miiller [49]).
Moreover, a recent analysis of magnetic field and plasma data
from Wind spacecraft [50] shows that the claimed spectral
anisotropy in the solar wind inertial range can be explained by
localized turbulent intermittency structures, with no critical
balance conjecture needed. Further experimental investigation
is necessary to unveil the nature of the solar wind turbulence.
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APPENDIX A: GUIDING-CENTER DRIFT

In this Appendix, I illustrate the details of the calculation of the nonvanishing terms for dp(¢) in Sec. Il A. The calculation

depends on the following components of P;;(k):

kiks
kik

2 kaoks

kik

kz 2 k 2
Puk) = k—22<k> + (—) ). Padk) = 5 E(k) + (—) k),

2
1
Kk
Py(k) = _k_zn(k)’

2
1

k2
Py(k) = k—én(kx (A1)

where ki = k% + k% and k| = k3. Analysis of Ulysses measurements [34] shows that only the tensor elements in Eq. (Al)
contribute to solar wind turbulence. We note that P,3 and P33 contain only the power in the pseudo-Alfvén modes, whereas Py
and P, are a combination of shear modes and pseudo-Alfvén modes.

Term 3322. Using the last relation in Eqs. (A1) and (3), in cylindrical coordinates (d*k = k, dk 1dkydyr) with ki = kj cosyr,

ky = kysiny, and k3 = kj, it is readily found that

b sin[k”v”t] _ eNm Bé

* 3
d’k P33(k)k
/—oo 2 k)

v '3

kﬁw sin[k”v”t] 0 M
. dkllk—”15/3(ku,kl,/q ) (A2)
ki

0

where k9 ,k are the outer and the dissipation perpendicular wave numbers, respectively; the boundaries k) ,kﬁ"’ are related to
kS .k} through critical balance scaling: k) > (k)?/?/L'/3, kM ~ (k}*)*3/L'/3 for M, = 1. We consider here [31] perpendicular
transport on time-scale shorter than 1/kv;. In Eq. (A2), the auxiliary function

e
Ll Kkt = [ dks
k

L

ke — 013,
e A3
K2 +i Xp( K>3 > (A3)

1

was defined. The series expansion of the exponential factor in /5/3(k; kO kM) by using e™* = Yoo o(—x)"/n! yields

Is3(ky K9 k) ~

n— 24
3 (_g)n/3 3kH zkl3

!

n=0

n! 2(4 —n)

, (A4)

K

F 14—n_7—n_ k3
2\ L35 kﬁ

where ; Fi(a,b; c; z) is the ordinary hypergeometric function. In Eq. (A4), the sum is truncated at n = 3 [Eq. 3.194.5 of Ref. [51]
applies in Eq. (A4) only for n < 4]; in what follows, it is shown that it suffices to consider the term n = 0.
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The right-hand side of Eq. (A2) can then be approximated by using the expansion in Eq. (A4) as

eNn B} 3(—L/L)" (vt 4—n T—n kL
v”zl/3L2/*X=:n!2(4—n) L ( A (1 3 03 0t

0 S (x,x™M), (AS)
kL

where x = kjvjt and S, (xo,xy) = f;OM dx x"“3sinx. In Eq. (A5), the critical balance condition (kj ~ ki/3/L1/3) is used; thus,
the independent variable of , Fi(-) in Eq. (A4) can be approximated as (k, / k”)2 ~ (k L)*? and likewise for the boundaries of
x integration, i.e., xo = kj vyt ~ (kg)mv”t/Ll/3 and xp; ~ (KMot /L3,

The argument for the truncation at n = 3 in Eq. (A4) goes as follows. The integrals S, (xo,x)) are extended over a time
shorter than 1/kvy, i.e., xy < 1, and in the interval (xp,x) I have Sy ~ [S'(x) + S'"(X) + COS(X)]lxo, S~ [S'"(X) Ci(x)] x>
Sy >~ Si(xy) ~7/2, and S3 = cos(xo) ~ 1, where Si(x) and Ci(x) are, respectlvely, sine and cosine 1ntegrals It is easily
shown that the following holds: |S,1(x XMy /So(x0,xM)| « 1 (for n > 1). Moreover, it is possible to show for the coefficients

Ap(k L) = (k L5 5 F (1,452 2, 51— (k. L)*3) in Eq. (A5) that A1/Ag, A2/ Ao, and A3/ A, are rapidly decreasing functions
of k| L over at least three decades in k| L. Finally, the nth term in Eq. (A5) evolves in time as t>~". This justifies retaining only

the term n = 0 in Eq. (AS5):
47
(ki L) o Fy (133 23—k L
r 373
By using the fact that [SI(X) + s 4 %}ix)] |0 ~ 1/xg for xg < 1, the right-hand side of Eq. (A2) can then be approximated as

o
3eNw Bt /3 4 17 "
W[(’QU/ 2 Fi (1 33 s —(ky LYY ):|

3 eNm B2 (vy1)* [ Si(x) N sin(x) N cos(x)
8 AL 12 | 2 |

Kl

(A6)

k!

The previous calculation shows that the term in Eq. (A2) grows linearly in time. The corresponding pitch-angle factor F(u?) =
[(1 — ?)/2]?, averaged over an isotropic pitch-angle distribution, gives a factor 2/15.
Term 2323. Using the expression for P3 in Egs. (A1) and (3), in cylindrical coordinates, it is found that

sin[k||th] SNJTB2

o0 k'
d*k Py(K)kok = - 0/ dhkykysin[kyvyt11_ 30k;,k9 k), A7
[m 23(K)kak Ko 0l Jy (kyvye ] -1y3Cky k3L kTD) (AT)

where I, is defined in Eq. (A3). Expanding in series I_1,3(k ,ki,kf ), I find that the right-hand side of Eq. (A7) can be cast as

SNJTB (- Ly/? 1 x
UHEI/3 Z n! (o) |:/x0

In Eq. (A8), the nth term decreases as (vj#)~"; moreover, the integrals f;;“ dx x"sinx for x5 < 1 and the integrals in k, are
decreasing functions of n. Therefore, the series in Eq. (A8) can be approximated to the lowest order, n = 0 (Eq. 3.194.5 of [51]

is valid for n < 1). Using again the critical balance condition (k| ~ ki/ 3 /L'/3) leads to approximating the right-hand side of

Eq. (A7) as

2n+1

KM -73

k|

dx x" 'sinx / dk, (A8)
K k3 + k

M

38N7TB0 [Sl(x)]lxo—(kM )2/3 (1’%;i;_(le)2/3> (A9)

2U|£1/3L2/3

The only time dependence of Eq. (A9) is the slow variation in the factor Si(x)]|0. The ,F; coefficient in Eq. (A9) is much
smaller than that in Eq. (A6). Thus, the term (2323) in the drift transport coefficient is neglected.

Term 2233. The last nonvanishing term for the instantaneous drift transport coefficient includes contribution from both shear
modes and pseudo-Alfvén modes. From the expression of P,; in Eq. (A1), I find

sm[kvt] N2 [ ) 1
k2 (d 4 /0 dk”kHsm[k”th] 71 J(k” k(J)_,kJA:I)

7 /3 —— Lk kKD [ (A10)

/ d*k P (K)

kjvy V|

shear pseudo

where the J term accounts for shear modes and /_7,3 accounts for the pseudomodes. The auxiliary function J is given by

M

kL —L'k 3 1 1 —L'3k
0 LMy _ -7/3 1\ I
J(ky kL k) = /k“ dk k| exp( ki/,% ) = 2 L'/3 (kLl/S + ki”zﬁ)exp( kfz/,% ) (ALD)

L
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where in the second equivalence the contribution from kj)_ is neglected. Expanding again in series the exponential in the last part
of Eq. (A11), I find that the shear term in Eq. (A10) can be cast as

M

BNTBE = (—L'A\"1 1 x . vyt 1
v L3 2 (k”’m) n! (ot [/o dxx Smx](?le” * ka)’
n=0 1 X 1

(A12)

where the nth term decreases as ¢". Thus, to the lowest order, n = 0, Eq. (A12) is approximated by 3\ nzBé /2y L) [by
using Si(xy,) =~ /2], independent of time, thus it is negligible with respect to the term (3322) for the reason explained in this
Appendix. As for the pseudomodes, the /_7/3 term in Eq. (A10) can be approximated, using again the series expansion of the
exponential, by

_T+2n

eNT B} K (—0)'3 e [ [ 5
0 E (=9 (v”t)’%/ dx sinxle/ dyy
n=0 x0 Yo

PR Al3
v||£1/3 n! 1+ y? ( )

where y =k, /kj >~ (k; L)'/°. The integrals in y for n = 0,1,2 over three decades (yo > 1) are of order O(1). The dominant
term (n = 0) falls in time as #~*/>. We conclude that this term is negligible compared to the term (3322).

APPENDIX B: MAGNETIC FIELD LINE RANDOM WALK

In this Appendix, I illustrate the details of the calculation of dy (7). By using the definition of Pj; in the first relation of
Eq. (A1) [the result is unchanged if P, given by the second relation in Eq. (A1) is used] and Eq. (9), it is found in cylindrical
coordinates (d*k = kidk,dkydyr) with ki =k, cosyr, ko, =k, sinyr, k3 = kj, that

1 [ inf[kjvyt o
—2/ d3k Pll(k)M = NJT/ H dk”Sil’l[k”U”l‘]
By J- ki kY

1 ek
ky L1/3 IRy k1D + 51—/“31—7/3(’<n,k3,kf) , (B1)

shear pseudo

where J and I, are defined, respectively, in Egs. (A11) and (A3). The J term, from the second relation in Eq. (A11), is given by

3aN k' Sil‘l[k”l}”Z] 1 1 —LI/SkH
2123 /o ki (k AR kMz/a)e"p< e ) (B2)
ki Il I 1 1

By using the series expansion of the exponential and the same approximation as in Eq. (A12), the shear-mode contribution to the
MFL transport coefficient can be approximated to the lowest order by

SJTN vt
h ~ B3
(shear) 2 KL (B3)
where the approximation [¥ + %(f) + %ff)]lxo ~ 1/x¢ for xy <« 1 was used. Thus, the shear term grows linearly in time. The

pseudomode term in Eq. (B1) is equal to the pseudomode term in Eq. (A10), modulo a constant factor —Bg /vyj; due to its decay
in time for every n, it is neglected here with respect to the shear-mode term.
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