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In this paper, we investigate effects of counterion connectivity (i.e., association of the counterions into a
chain molecule) on the electrostatic potential of mean force (EPMF) between two similarly charged cylinder
rods in a primitive model electrolyte solution by solving a classical density functional theory. The main findings
include the following: (i) The counterion connectivity helps in inducing a like-charge-attractionlike (LCA-like)
phenomenology even in a monovalent counterion solution wherein the LCA-like observation generally does not
occur without the counterion connectivity. (ii) For divalent counterion solutions, the counterion connectivity
can reinforce or weaken the LCA-like observation depending on the chain length N, and simply increases the
equilibrium nearest surface separation of the rods corresponding to the minimum EPMF to nearly three times
the counterion site diameter, whether N is large or small. (iii) If N is large enough, the LCA-like strength tends to be
negatively correlated with the electrolyte concentration c over the entire range of the rod surface charge magnitude
|σ ∗| considered; whereas if N drops, the correlation tends to become positive with decrease of the |σ ∗| value, and
particularly for modest |σ ∗| values, the correlation relationship exhibits an extreme value phenomenon. (iv) In
the case of a 1:1 electrolyte, the EPMF effects of the diameters of counterion and coion sites are similar in both
situations with and without the counterion connectivity. All of these findings can be explained self-consistently
by a recently proposed hydrogen-bonding style mechanism reinforced by one additional concept: flexibility of
the counterion chain and the factors affecting it, like N and counterion site valence.
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I. INTRODUCTION

Many liquid systems of interest have two or more chemical
components. In many cases, however, only a subset of these
components can be observed directly in a given experimental
setup, and the presence of other components can only be
indirectly perceived by their influences on the ‘’observable”
components. In static light scattering or videomicroscopy
experiments on colloidal systems, for example, it is usually
the case that only the static structure of the colloidal parti-
cles themselves is detected, and the correlations among the
remaining components (salt ions, water molecules, polymers,
etc.) are usually invisible to these techniques. Equilibrium
microstructures measured in this type of experiment can
be determined by using an effective pair potential (EPP)
also called a potential of mean force (PMF) among the
observable particles that reproduces their pair correlations.
From a theoretical point of view, the EPP [1–3] can be
obtained from a “contraction” of the description of multi-
component systems, and the presence of the nonobservable
components is then taken into account through their influences
on the EPP. Depletion interaction is a kind of EPP and,
consequently, understanding the depletion potential between
colloidal components due to the presence of various nonad-
sorbing species provides a basis for manipulation of colloidal
dispersion microstructures, phase behaviors, stability, and the
resulting material properties (e.g., rheology, optical properties)
[4–10].

The depletion effect has been extensively studied in the area
of colloid-polymer mixtures, where small neutral polymers
induce depletion interactions between large colloidal particles.
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Adsorption of polymers from solution to solid surfaces is
usually used to control interfacial properties such as steric
stabilization or flocculation, surface tension, and lubrication
properties [11–14]. This is especially important in many
practical applications including cosmetics, water treatment,
foodstuffs, paint, and inks, in which application of solid
particles often involves a use of polymers. Polymers may
be physically adsorbed or chemically attached to the colloid
surfaces, or free in bulk solution. Whatever forms the polymers
take, their presence will significantly mediate the interaction
between two surfaces. A large body of research shows that,
at low concentrations of depleting agents, large colloidal
particles experience only an effective attraction; at higher
concentrations, however, the colloid pair potential also has
a repulsive barrier due to structuring of the depleting agents
within the gap. The forces between two particles in a
solution depend mainly on whether the polymer is attracted
(adsorbed) to or repelled (depleted) from the particle surface.
On the one hand, addition of nonadsorbing polymers to the
colloid suspension can result in so-called polymer-mediated
“depletion attraction” between particle pairs; on the other
hand, an attachment of polymers to the two surfaces by grafting
or strong adsorption is a common method of stabilizing large
particles in a solution [15,16]. When a colloidal particle
approaches another one, the two attached polymer layers begin
to overlap, and limited interpenetration of chains in good
solvents leads to effective repulsion and to a steric stabilization
of the colloids. For mixtures of charged colloid particles and
uncharged polymer coils, there is a competition between the
long-range electrostatic repulsion and the short-range entropic
depletion attraction. For these systems, the colloid structure
goes from electrostatically stabilized colloidal clusters to
the formation of attractive gels [17–20]. In recent years,
attention has been driven to colloid-polymer mixtures where
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the two species are like charged, and for this particular case,
the effective depletion attraction between the two colloids
becomes greatly enhanced by the colloid-polymer electrostatic
repulsion. For charged colloid-polymer mixtures where the
colloid and polymer are differently charged, the effective
depletion interactions will definitely present different traits.
On the other hand, when the Van der Waals force (called
the dispersion force) among the depleting particles is taken
into account, distribution of the depleting particles within
the gap between two large objects is bound to change, and
the corresponding depletion interaction between the large
objects also changes accordingly by presenting a deviation
with respect to the hard sphere depletion potential. Nev-
ertheless, because of the coupled chain connectivity and
long-range electrostatic interaction, polyelectrolyte depletants
have received much less attention, particularly in theoretical
studies, as compared to the conventional neutral polymers and
simple electrolytes. Consequently, the understanding of the
polyelectrolyte depleting behavior is rather incomplete.

A description of electrostatics in solution will inevitably
concern the role of electrical double layers (EDLs). Standard
textbook theories of the EDL are based on a Poisson-
Boltzmann (PB) theory, a mean-field theory that describes
a system in terms of the mean electrostatic potential and
the average concentration of the mobile ions. At large
surface-charge magnitude, high counterion valency, and high
ion concentration—the so-called strong-coupling limit, the
PB theory fails to capture a number of qualitative effects
observed in experiments and simulations, such as like-charge
attraction [21–24] and charge inversion [25,26]. In this regime,
an Ornstein-Zernike integral equation method [27–29] and
a strong-coupling theory [30–32] have been employed to
account for the strong interionic correlations. Under weak-
coupling conditions, it is generally accepted that the EDL
is well described by the PB theory. However, a number
of phenomena involving the EDL under the weak-coupling
conditions, such as the long-range electrostatic attraction
between two neutral plates [33], the slow ion transport in the
ion channels [34], and salt effects on bubble coalescence in
water [35], cannot be explained, even qualitatively, by the
PB theory. A method even better than the PB theory, the
Ornstein-Zernike integral equation method, and the strong-
coupling theory is the so-called classical density functional
theory (DFT) [36], which retrieves the effects omitted in
the PB theory. A large number of studies show that the
classical DFT is remarkably successful in dealing with
interfacial phenomena and structure [37–43]; Recent work [44]
has shown conclusively that a traditional density functional
approximation for the EDL consisting of a simple electrolyte
solution at a charged surface, as will be sketched below, is
surprisingly accurate even under strong-coupling conditions
characterized by considerable asymmetries in ion valence and
size, and extremely high ion molar concentration.

The aim of the present paper is twofold. One of the
goals is to obtain knowledge of the modification of the
electrostatic potential of mean force (EPMF) in the presence of
a polyelectrolyte that is differently charged by comparison with
the colloid surface charges, by probing a wide parameter range.
Another goal is to explore the validity of a hydrogen-bonding
style mechanism (HBSM) [23,24], originally proposed for

a salt-ion-induced LCA, in the polyelectrolyte problem, and
extend its application range beyond the salt ions by introducing
additional concepts characterizing the charged chain molecule.
It is noted that typically the LCA refers to an attraction
generated by correlations between ions on purely electrostatic
grounds. In contrast, the attractions found in the present paper
and in the literature [23,24] are due to the competition of
the electrostatic interaction, hard-core repulsion, and con-
formational entropy (“connectivity”); such an interplay of
the electrostatic and nonelectrostatic interactions does not
qualify to be called LCA. Consequently, we use the word
“LCA-like” to denote the attraction found in the present
paper; moreover, the proper expression for the attractions
found in the literature [23,24] also should be “LCA-like.”
The rest of this paper is organized as follows: In Sec. II,
a brief review of the DFT approach used is presented and
then applied to calculate the EPMF occurring between two
similarly charged rods immersed in a polyelectrolyte water
solution. In Sec. III, the calculated EPMF results are presented,
and their main features are described and compared with
those originating from the simple electrolyte solution instead
of the present polyelectrolyte water solution; based on the
comparisons, we analyze the role of counterion connectivity in
the EPMF between two similarly charged rods, and formulate
a self-consistent explanation for the polyelectrolyte-induced
EPMF. Finally, in Sec. IV, we summarize the present findings
and formulate perspectives and future developments of the
model.

II. METHOD

The subject of the present study is similar to that in Ref. [23]
except that the counterions (here, cations) are tangentially
bonded together to form a freely jointed and positively charged
chain [45], and the counterions constituting the chain have
the same valence. The polyelectrolyte solution making up
the bath, with which the EDL around the two similarly and
negatively charged cylinder rods is in equilibrium, consists
of fluid mixtures of positively charged chains and negatively
charged coions dissociated from the chains. As regards the role
of anion connectivity in the EPMF, for length reason it will
be discussed independently in a separate presentation. A
primitive model (PM) is used for the polyelectrolyte solution,
where the solvent is implicitly described by its dielectric
constant, and interactions among the counterion sites forming
the chain and the coions are given by a summation of hard-
sphere interaction and Coulombic interaction, as described in
the literature [44]. For simplicity, the cylinder rod and solution
have the same dielectric constant. The Helmholtz free energy
functional F [{ρα}] describing the present system is comprised
of an ideal gas contribution and an excess contribution Fex,
viz.,

F [{ρα}] = kBT
∑

α

∫
drρα(r)

{
ln

[
ρα(r)λ2

α

] − 1
}

+Fex[{ρα}], (1)

where λα is the thermal de Broglie wavelength of the αth
component, kB is the Boltzmann constant, and T is the
absolute temperature. The excess contribution Fex originates
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from internal interactions within the system, and is in general
unknown. For the present system consisting of positively
charged chains and anions; it is comprised of Fshort hr, due to
the short-ranged hard-sphere interactions appearing when the
counterion sites and coions approach each other closely, FCoul,
due to a direct Coulombic interaction among the counterion
sites and coions, Fcoupling, due to coupling of the Coulombic
and hard-sphere interactions, and Fex,assoc due to association
of the counterion sites in the chain:

Fex[{ρα}] = Fshort hr[{ρα}] + FCoul[{ρα}] + Fcoupling[{ρα}]
+Fex,assoc[{ρα}]. (2)

The first three terms and the final term Fex,assoc in Eq. (2) are
dealt with as described in the literature [44] and according to
the description in Ref. [45], respectively, and repeated briefly
here because of the essential importance in reproducing the
results.

Fshort hr[{ρα}] is dealt with by an enhanced Kierlik-
Rosinberg (KR) third-order equation of state (EOS) [46]
which incorporates a recent third-order expansion equation of
state [47] into a Kierlik-Rosinberg version [48] of an original
Rosenfeld fundamental measure functional (FMF) [49]. It is
indicated [46] that the high accuracy and self-consistency of
the third-order EOS confirms the KR-FMF third-order EOS
proper for rather severe state conditions.

FCoul is given in the mean field approximation as

FCoul[{ρα}] = 1

2

∑
αβ

∫
dr

×
∫

dr′ρα(r)ρβ(r′)uCoul αβ(|r − r′|), (2a)

where uCoul αβ(r) denotes the potential due to direct Coulombic
interactions among salt ions and is given by

uCoul αβ(r) =
{

0, r < dαβ,

qαqβ/rε, r > dαβ,
, (2b)

where qα is the electric charge of the α component in units of
coulombs, and ε = ε0εr is the permittivity of the solution with
ε0 the vacuum permittivity and εr the relative permittivity of
the solution medium.

A second-order functional perturbation expansion approx-
imation is employed to deal with Fcoupling:

Fcoupling[{ρα}] = Fcoupling
[{

ρb
α

}] +
∫

dr
∑

α

− kBT �c(1)coupling
α

[
ρα(r) − ρb

α

]

+ (1/2)
∫∫

drdr′ ∑
α

∑
β

− kBT �c
(2)coupling
αβ (|r − r′|)

× [
ρα(r) − ρb

α

][
ρβ(r′) − ρb

β

]
, (2c)

where �c
(1)coupling
α and �c

(2)coupling
αβ (r) are the coupling parts

of the bulk first- and second-order direct correlation functions
(DCFs), respectively, and �c

(2)coupling
αβ (r) is obtainable in the

following way:

�c
(2)coupling
αβ (r) = c

(2)
αβ (r) + βuCoul αβ(r) − c

(2)
HS αβ(r), (2d)

where the bulk second-order DCF c
(2)
αβ (r) is for an overall neu-

tral mixture of charged hard spheres, i.e., the bulk electrolyte
solution in the PM, and is analytically available in the form of
the mean spherical approximation [50]. �c

(1)coupling
α is obtained

by functional integration of �c
(2)coupling
αβ (r), and Fcoupling[{ρb

α}]
is obtainable via the fluctuation route and the expression for
�c

(2)coupling
αβ (r).
Fex,assoc[{ρα}] is treated by a modified interfacial statistical

associating fluid theory (MISAFT) [45], which applies broadly
to a range of inhomogeneous complex fluids, giving the exact
density profile for ideal chains in an external field; when the
MISAFT is applied to lipids near surfaces, lipid bilayers, and
copolymer thin films, the theoretical results show excellent
agreement with molecular simulations.

It may be worth explaining the meaning of the mean field
approximation. If an approximation for the Helmholtz free
energy gives a bulk second-order direct correlation function in
the form of β times the negative potential function, then the
approximation is called the mean field approximation. As a
result, in the present paper, the direct Coulombic interaction
is treated by the mean field approximation, whereas the hard-
sphere interaction and hard-sphere-Coulombic interaction are
dealt with by a non-mean-field approximation.

In the classical DFT, one works in the grand canonical
ensemble and the corresponding grand potential 	[{ρα}] is
related to the intrinsic Helmholtz free energy F [{ρα}] via a
Legendre transform:

	[{ρα}] = F [{ρα}] +
∑

α

∫
drρα(r)[uα(r) − μα], (3)

where μα is the chemical potential of the αth component, and
uα(r) is an external potential, acting on the αth component,
which consists of an electrostatic part due to the presence of
external charges such as the charges smeared on two cylinder
rods in this paper, and a nonelectrostatic part due to a confining
geometry or combination of several confining geometries, such
as the two cylinder rods standing face to face of the present
interest. In the present calculations, the nonelectrostatic term
is hard, i.e., it disappears when the ion surface loses contact
with the rod surface and is infinite otherwise; whereas the
electrostatic term is treated in the same way as in the
literature [23]. After minimization of the grand potential
	[{ρα}], the equilibrium single-particle density distribution
{ρα} is obtained and is used further to obtain the grand potential
itself by substituting {ρα} into the expression for 	[{ρα}].
From the calculated grand potential and density distributions,
one can easily acquire all the other relevant thermodynamic
quantities such as the EPMF as a function of the rod nearest
surface separation h, a central theme of this study. The two
negatively charged cylinder rods considered are hard, and
do not exert a dispersion force on the counterion sites and
coions. In the text, the asterisk marks a reduced quantity; more
specifically, one uses d = 4.2 Å as the unit of length, and,
correspondingly, the counterion and coion reduced densities
ρ∗

+ and ρ∗
−, respectively, are defined as ρ±d3; the nearest rod

surface separation h and cylinder diameter dcylinder are reduced
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as h∗ = h/d and d∗
cylinder = dcylinder/d , respectively; the surface

charge density σ of the rod is reduced as σ ∗ = σd2/e (e is
the electron charge in units of coulombs); the reduced excess
grand potential per unit surface area in units of kBT is reduced
as 	∗

ex = 	exd
2/kBT , and 	ex = 	 − 	b is easily calculated

by importing the equilibrium density distributions and bulk
densities into the grand potential expression. Some parameters
are fixed throughout the calculations unless otherwise stated;
they are T = 298 K, the relative permittivity of the solution
medium εr = 78.5, and d∗

cylinder = 5.
According to the definition, the reduced EPMF per unit area

and in units of kBT is calculated as

u∗
elec(h) = 	∗

ex(h) − 	∗
ex(hmax), (4)

where hmax is large enough that u∗
elec(h) will no longer change

when hmax increases progressively. It should be noted that as
the reported EPMF u∗

elec is measured per unit surface area and
in units of kBT , the EPMF per unit rod length should be equal
to u∗

elecπdcylinderkBT . As a result, as one will see subsequently,
the EPMFs per unit rod length reported in the present sample
calculations is most often around kBT , so they are physically
meaningful.

The validity of the disparate elements of the free energy
functional F [{ρα}] of present interest has been confirmed.
On the one hand, the sum of Fshort hr[{ρα}], FCoul[{ρα}], and
Fcoupling[{ρα}] constitutes the excess free energy functional
of the simple PM electrolyte, and has been illustrated [44]
to be accurate even under quite harsh conditions, such as
considerable asymmetries in ion valence and size, extremely
high ion molar concentration; on the other hand, the validity of
Fex,assoc[{ρα}] has also been confirmed [45] in the presence of
intersegment hard-sphere interaction and attraction interaction
to model lipids near surfaces, lipid bilayers, and copolymer
thin films. Consequently, Eq. (2) can be reasonably expected
to work for electrolyte systems with ions connected into a
chain molecule.

III. RESULTS AND DISCUSSION

In the present work, we concentrate on the influences of
counterion connectivity on the EPMF between two similarly
charged cylinder rods. In addition to the site number or length
N of the counterion chain, we will also calculate the effects
of different combinations of N and other electrolyte solution
parameters, as these effects on the EPMF in different cases will
supply necessary clues for exploring the relevant mechanism
causing the effects. Throughout the paper, an c : m electrolyte
means that the cations making up the chain have valence n,
and the dissociated anions have valence m.

The present results for the EPMF are presented in Figs. 2–7,
and we will discuss these results one by one in relation
to three-dimensional counter- and coion density profiles for
several representative situations, as documented in Figs. 8–11.
By comparing the present Figs. 3–6 and the figures displayed
in Refs. [23,24], one knows that the EPMF curves are far
more kaleidoscopic in the presence of counterion connectivity
than in the absence of the counterion connectivity. Conse-
quently, neither the equilibrium nearest surface separation h∗

e

(corresponding to the lowest point of the EPMF curve) nor
the LCA-like strength will provide enough descriptions of

the EPMF curves in various parameter combinations. As the
EPMF curves in the presence of counterion connectivity are
rarely reported, full views of the EPMF curves in various
parameter combinations will give valuable information. So
the EPMF curves in various parameter combinations are
documented.

The following analysis will show that our discoveries can
best be explained with the help of the HBSM [23,24] recently
proposed for dealing with the EPMF between two spherical
or cylindrical surfaces on which some quantity of charges
are evenly smeared. By appealing to fairly common-sense
concepts such as bond energy, bond length, the number of
hydrogen bonds formed, and the counterion single-layer sat-
uration adsorption capacity, the HBSM successfully explains
many EPMF observations based on experiments, simulations,
and theoretical calculations. Reinforced by the two concepts
of the counterion effective adsorption spaces belonging to
different localized surface charges and the hydrogen bond
directivity, the HBSM is further advanced to successfully
explain the effects of discreteness of surface charges on the
EPMF [42]. Below, we will exemplify the application of the
HBSM to the effects of counterion connectivity on the EPMF.

According to the HBSM [23,24,42] the LCA-like strength is
positively correlated with the energy and number of “hydrogen
bonds” created. Of the two quantities, the hydrogen bond
energy is positively related to the valence of the counterion
playing the role of the hydrogen atom in the case of the neg-
atively charged surface of the present interest, and negatively
related to the bond length, which is the sum of lengths I and
II. With regard to the bond length of the hydrogen bond, there
needs to be a further explanation. Figure 1 shows the lengths
I and II, and the so-called surface subdomains involved in the
hydrogen bond creation, and it is clearly shown that the length
I measures the separation between some surface subdomain
of one of the two negatively charged surfaces taking the role
of the oxygen atom (hydrogen donor) of a water molecule
and an adsorbed counterion playing the role of the hydrogen
atom of the same water molecule; and length II measures the
separation between the adsorbed counterion and the empty
surface domain of the other of the two negatively charged
surfaces which is not covered by the counterion and serves
as the oxygen atom (hydrogen acceptor) of the other water
molecule involved in the hydrogen bonding. In addition, the

--------------
--------------
--------------
--------------
--------------
--------------

--------------
--------------
--------------
--------------
--------------
----------- ---+

+

length
I

length
I

length
II

l en gth
I I

FIG. 1. Diagram of the HBSM for explaining the EPMF between
two similarly charged cylinder rods immersed in an electrolyte
solution.
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FIG. 2. (Color online) Effect on the EPMF of site number N of
the counterion chain. Values of other solution parameters considered
are noted in the figure and described in the text.

hydrogen bond energy is positively related to magnitude of
surface charges contributing to the actual formation of the
hydrogen bond and playing the role of the oxygen atoms
(hydrogen donor and hydrogen acceptor, respectively) of
the two water molecules involved in the hydrogen bonding.
The number of hydrogen bonds created is determined by the
counterion single-layer adsorption capacity, which is limited
by the counterion single-layer saturation adsorption capacity,
which determines the maximum number of hydrogen bonds
likely to be formed, and obviously negatively related to the
counterion size, and positively correlated with the counterion
effective adsorption space (a concept used in the case of the
discrete surface charges [42]). However, it should be noticed
that the actual counterion single-layer adsorption also depends
on the adsorption force field, which is obviously positively
correlated with the surface charge magnitude and counterion
valence, and negatively related to the temperature and relative
permittivity of the solution medium. In addition, when the
hydrogen bond directivity is violated, then the hydrogen bond
energy will drop. In Fig. 1 the length II is deliberately shown
to be longer than the length I, and this is because continuing
reduction of the length II will necessarily cause the two
counterions to be in close proximity and consequently an
increase of the system energy level. As a result, the continuing
reduction of the length II is forbidden. On the other hand,
although an increase of the perpendicular distance between
two counterions helps in weakening the continually increasing
direct electrostatic repulsion between the two counterions
with the dropping of the length II, and allows the length
II to be reduced further to a certain extent, the counterion
adsorption capacity’s decrease accompanying the increasing
of the perpendicular distance reduces the number of hydrogen
bonds likely to be created, and also raises the system energy
level; as a result, a thinner counterion layer is also forbidden. In
brief, the lengths I and II are determined by many factors, and
the bond length or the final equilibrium distance is a rigorous
statement of the principle of the grand potential minimum,
which also corresponds to the equilibrium density profile.
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FIG. 3. (Color online) As Fig. 2 except that the effect of the
surface charge density is also considered as well as that of the
site number N of the counterion chain. The 2:1 type electrolyte is
considered.

It is known that the LCA-like will not materialize in the 1:1
simple electrolyte solution if the bulk electrolyte concentration
and colloid surface charge strength are not high enough,
as literature [23,24] shows. From Fig. 2, one notices that
the counterion connectivity helps in inducing the LCA-like
observation even in a 1:1 simple electrolyte solution in which
originally there is no LCA-like phenomenon. Concretely
speaking, the longer the counterion chain, the more obvious
the inductive effect; however, the inductive effect tends to
become stable as the site number N of the counterion chain
reaches approximately 20. In the meantime, the equilibrium
nearest surface separation h∗

e is reduced with increase of N and
becomes almost constant when N is more than 20. It is known
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FIG. 4. (Color online) Effect on the EPMF of electrolyte molar concentration c subjected to different combinations of site number N of the
counterion chain and surface charge density σ ∗. The 1:1 type electrolyte is considered.

that decreasing of h∗
e with increase of the LCA-like strength

accords with the fact that hydrogen bonding energy varies
inversely with the bond length [23,24]. Unlike Fig. 2 wherein
the 1:1 type electrolyte is considered, in Fig. 3 we investigate
the N effect in a 2:1 type electrolyte solution, and three values
of the reduced surface charge density σ ∗ are considered. The
information Fig. 3 conveys includes the following: (i) When
the σ ∗ value is low enough even the divalent counterion
(N = 1) fails to elicit the LCA-like behavior, and this has been
explained quite successfully by means of the HBSM [23,24].
(ii) Although the counterion connectivity is a plus factor in
causing the LCA-like phenomenon, its eventual occurrence
depends on the extent to which the contributing factors have
been at work. Specifically, in the case of Fig. 3(a) wherein

|σ ∗| = 0.05 is relatively low, N = 2 is insufficient to generate
the LCA, and N = 3 and beyond is necessary to induce the
LCA. Moreover, the LCA-like strength is always very low.
(iii) As represented in Fig. 2 for the case of a 1:1 electrolyte,
the same N effect rule is also true for the 2:1 electrolyte, i.e., a
longer counterion chain will induce the LCA-like phenomenon
more strongly, and the positive correlation effect becomes
stable as N reaches 20; moreover, h∗

e is also reduced with the
increase of N for the interval with N � 2. (iv) An additional
observation emerging from Fig. 3 is that when the value of
|σ ∗| is high enough so that the LCA-like behavior arises in the
2:1 simple electrolyte solution, the counterion connectivity
clearly causes h∗

e to be elevated to nearly 3 and to be larger
than 2; whereas under similar conditions h∗

e is usually less than
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1.5 times the counterion diameter without the presence of the
counterion connectivity.

As regards the inductive effect of the counterion connec-
tivity, we think that it is due to an increase of the magnitude
of charges carried by the near surface counterion chain as a
complete entity in comparison with the case in the absence of
the counterion connectivity. As it is the near surface counterion
chain which plays the role of the hydrogen atom in the
hydrogen bond formation, an increase of the excess positive
charge magnitude of the hydrogen atom would entail a stronger
hydrogen bond. To support the above guess, three-dimensional
density profiles of the total counterion site and coion are
displayed in Fig. 8 for the two cases of Fig. 2 and in Fig. 9
for the two cases of Fig. 3(c). It is shown that the maximum
near surface total reduced counterion site density ρ∗

+ certainly
increases in Fig. 8 from approximately 1.155 for N = 1 to
1.385 for N = 20, and in Fig. 9 from approximately 1.635 for
N = 1 to 2.53 for N = 3. However, the less obvious increase
of ρ∗

+ in Fig. 8 seems not enough to alone explain the very
evident increase of the LCA-like strength with the N value,
as documented in Fig. 2; there should be other coexisting
reasons responsible for the obvious LCA-like strength-N
correlation. Figures 8 and 9 show that in comparison with the
nearly complete depletion of the coions from the near surface
domain in N = 1, there is a considerable amount of coion
aggregation between the two rod surfaces for N = 3 and 20.
Considering the attractive interaction between the counter-
and coions, the coion aggregation between the two rod surface
domains, initially populated exclusively by the counterions in
the N = 1 case, will certainly reduce the osmotic pressure
between the two rod surfaces. It is thought that it is the
combined variation of the hydrogen bond energy and osmotic
pressure that induces the observed change of the LCA-like
strength with the N value.

However, the above explanation leads to a new problem
remaining to be solved, i.e., how to explain the saturation
phenomenon for the LCA-like strength and h∗

e with the site
number N? When N progressively increases, the flexibility
of the chain also increases accordingly, and the counterion
chain can adopt a conformation which causes the sites to
be arranged along the rod surface so that h∗

e approaches
the corresponding value in the simple electrolyte solution.
Compared to the simple ion without connectivity, the number
of configurations the chain can adopt is eventually constrained
by the connectivity, and as a result h∗

e with the counterion
connectivity will be always larger than h∗

e in the simple
electrolyte, as demonstrated in all of the figures, which show
that h∗

e in the presence of the counterion connectivity generally
exceeds 1.5 times the counterion site diameter, whereas h∗

e is
usually less than 1.5 times the counterion diameter without the
presence of the counterion connectivity. One may wonder why
h∗

e is larger in the 2:1 electrolyte than in the 1:1 electrolyte?
On the one hand, it is logical that for the same N, the chain
comprised of divalent counterion sites will be less flexible than
that consisting of univalent counterion sites as the electrostatic
repulsion is stronger for the divalent case than for univalent
case, and the electrostatic repulsion serves to keep the occupied
sites as far away from each other as possible; on the other
hand, it is easy to understand that the less flexible the chain,
the more difficult it is for the chain to adopt conformations
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FIG. 5. (Color online) As Fig. 4 but different combinations of
site number N of the counterion chain and the surface charge density
σ ∗ are considered.

which lead to the sites being arranged along the rod surfaces.
As a result, the mass center of the adsorbed counterion sites is
on average farther from the rod surface in the 2:1 electrolyte
than in the 1:1 electrolyte, and accordingly h∗

e is larger in
the former case than in the latter case. Another problem to
be interpreted is the saturation of the LCA-like strength with
increasing value of N. Although the increase in N raises the
charge magnitude carried by the hydrogen atom, the diameter
of the hydrogen ion also increases accordingly; the two
factors work in opposite directions, and their combined effect
determines the occurrence of the LCA-like strength saturation
phenomenon.

When the counterion connectivity is present but N is
not large, the chain flexibility is accordingly not large so
that h∗

e tends to be large, and this inevitably reduces the
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FIG. 6. (Color online) As Fig. 4 except that the 2:1 type electrolyte is considered and the site number N = 5 for one case.

hydrogen bond energy; on the other hand, the magnitude
of the charges carried by the near surface counterion chain
surely rises, as exhibited in Fig. 9 by an obvious increase
of ρ∗

+ for N = 3 in comparison with N = 1. The total
effect of the above two factors is as illustrated in Fig. 3,
which shows that in comparison with the simple elec-
trolyte, the counterion connectivity may raise or reduce the
LCA-like strength, and this depends on the site number
N considered.

The effects of the electrolyte molar concentration c in
different situations are systematically exemplified in Figs. 4–6,
which clearly show that the way in which the LCA-like
strength changes with c is affected by many factors, such
as |σ ∗|, N, and the electrolyte type considered. Figure 4
shows that for a 1:1 type electrolyte the LCA-like strength
decreases monotonically with c for the three cases of |σ ∗|

considered if N is large enough; whereas the situation tends
to be complex when N is not very large, for example, N = 3.
To be specific, in the case of N = 3, the LCA-like strength
indeed decreases monotonically with c if |σ ∗| is large enough,
for example, σ ∗ = −0.25; however, the relationship between
the LCA-like strength and c can be reversed completely if
|σ ∗| is small enough, for example, σ ∗ = −0.05, as shown
in Fig. 4(a). There one observes that with the increase of c

the LCA-like strength becomes larger or one purely repulsive
EPMF tends to weaken and eventually changes from repulsion
to attraction. When the value of |σ ∗| is neither too big nor too
small, for example, |σ ∗| = 0.15, the relationship between the
LCA-like strength and c becomes nonmonotonic; in the lower-
concentration interval the LCA-like strength increases with c,
whereas in the higher-concentration interval the relationship
is completely reversed, and instead, the LCA-like strength
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FIG. 7. (Color online) Effects on the EPMF of the counterion site diameter and coion diameter. Values of other solution parameters
considered are noted in the figure and described in the text.

decreases with increasing c. If one considers that with the
increase of N the chain’s flexibility also grows, and this will
make it easier for the chain to adjust its configuration to
suit adsorption onto the rod surface, the above observations
fit in well with the HBSM. According to the HBSM, the
relation of the LCA-like strength with c depends on two
factors working in opposite directions; one helps in raising
the LCA-like strength by more counterion adsorption induced
by the enhanced c value, and the other inhibits the increase
of the LCA-like strength with c by an electrostatic screening
mechanism according to a classical formula for the screening
constant κ = (

∑N
i=1 q2

i ρ
b
i /ε0εrkBT )1/2 (where ε0, qi , and ρb

i

are the vacuum permittivity, ion charge, and bulk number
density, respectively). When N = 20 is considered, the strong
flexibility of the counterion chain makes its single-layer

adsorption capacity reach the relevant saturation value even
at the minimum value of the c and |σ ∗| intervals considered;
as a result, only the electrostatic screening effect is at play
for all |σ ∗| cases, and the LCA-like strength of course drops
with c, as shown in Figs. 4(b), 4(d), and 4(f). When a
shorter chain is considered, like N = 3, and at a similar c

interval, the lower flexibility of the counterion chain makes its
single-layer adsorption capacity reach the relevant saturation
value only at the highest |σ ∗| value considered, and it is
far below the adsorption saturation capability at the lowest
|σ ∗| value considered. It is known that according to the
HBSM [23,24], when the single-layer adsorption saturation
capacity is not reached, the two effects occur in combination,
but the electrostatic screening effect is just a secondary
consideration; the c-induced adsorption enhancement effect
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FIG. 8. (Color online) Three-dimensional density profiles of total counterion site and coion. (a),(b) are for the N = 1 curve with h∗ = 1.6,
and (c),(d) for the N = 20 curve with h∗ = 1.6 in Fig. 1.

is largely responsible for the final status. As a result, the
LCA-like strength is respectively negatively and positively
correlated with c at the maximum and minimum of the c

interval considered, as shown in Figs. 4(e) and 4(a). On the
other hand, when a modest |σ ∗| is considered, such as |σ ∗| =
0.15, the single-layer adsorption capacity reach its saturation
value approximately at c = 0.1M; consequently, in the lower
concentration interval, approximately from 0.0125M to 0.1M,
the correlation between the LCA-like strength and c is positive,
whereas in the higher concentration interval, approximately
from 0.1M to 0.4M, the correlation becomes negative. The
above analysis is supported by the three-dimensional counter-
and coion density profiles displayed in Figs. 10 and 11, wherein
it is clearly indicated that the maximum counterion density
very obviously rises with the bulk molar concentration c when
both |σ ∗| and N are small, whereas it is almost constant with
c when both |σ ∗| and N become larger.

What is displayed in Fig. 5 is similar to what is in the
left part of Fig. 4; the main differences between them are the
values of the site number N and the surface charge density
σ ∗ as marked therein. One comparison between the two

similar figures adds up to one conclusion: that |σ ∗| at the
transformation point in the relation of the LCA-like with c

depends on the site number N considered, and decreases with
increasing N value. We think that the negative correlation
is due to the fact that with the increase of N the enhanced
flexibility of the counterion chain means that the single-layer
adsorption saturation capacity can be reached more easily, and
consequently, for the same concentration interval, |σ ∗| value
smaller by 1 is needed to reach the saturation value. Once the
adsorption saturation value is reached, further increase of the
c value will no longer raise the LCA-like strength; instead,
LCA-like strength–c relation will transform from positive
correlation to negative correlation.

Figure 6 describes the relation of the LCA-like strength with
c in the 2:1 electrolyte and with N = 3, 5 and 20, respectively.
The six subfigures lead to the following conclusions for
the case of the 2:1 electrolyte: (i) σ ∗ at the transformation
point in the LCA-like-strength–c relation does not depend
on the site number N considered, but also differs from those
corresponding to the 1:1 electrolyte case; whether N = 3, 5 or
20, the LCA-like-strength– c relation displays wholly different
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FIG. 9. (Color online) Three-dimensional density profiles of total counterion site and coion. (a),(b) are for the N = 1 curve with h∗ = 1.3,
and (c),(d) for the N = 3 curve with h∗ = 2.7, in the Fig. 2, respectively.

characteristics at σ ∗ = −0.05 and σ ∗ = −0.15, rather than
at σ ∗ = −0.05 and σ ∗ = −0.25, as for the case of the
1:1 electrolyte and N = 3. It is of particular interest that
the positive and negative correlation relations of LCA-like
strength with c in the two cases are diametrically opposed to
each other. (ii) At high value of |σ ∗|, the LCA-like-strength–
c relation is nonmonotonic, and the LCA-like strengths reach
their maximum values at medium concentration; in addition,
contrary to the situation of the 1:1 electrolyte wherein h∗

e

always decreases with the LCA-like strength, the h∗
e–LCA-

like-strength relation offers a nonmonotonic behavior in the
case of the 2:1 electrolyte and large |σ ∗|. However, the h∗

e–
LCA-like-strength negative correlation relation survives in the
low-|σ ∗| case. The above observations are still understandable
from the point of view of chain flexibility. As the counterion
site changes from univalence to bivalence, the chain flexibility
drops considerably, and by comparison the value of N, another
factor influencing the chain flexibility, can no longer play
a dominant role; as a result, whether N = 3, 5, or 20,
the divalent-counterion chain is really less flexible than the

univalent-counterion chain. It is easy to imagine that the
weakened flexibility is unfavorable for the counterion chain
adsorption onto the rod surface unless the adsorption force
field, measured by |σ ∗|, is large enough; moreover, given that
the value of |σ ∗| is small, adsorption of the divalent-counterion
chain cannot be increased effectively only by increasing the c

value. Based on the above analysis, the LCA-like-strength– c

negative correlation, diagrammed as in Figs. 6(e) and 6(f),
can be understood as a reflection of the dominance of
the electrostatic screening due to the considerably reduced
flexibility and the small adsorption force field, a combination
of which leads to inhibition of the adsorption increase with c

even when the single-layer adsorption capacity has not reached
its saturation value. On the other hand, an enhanced |σ ∗|
still can overcome the reduced flexibility and help to further
the adsorption increase with c; consequently, the saturation
adsorption capacity can be reached at c = 0.05M , and the
LCA-strength–c relationship is nonmonotonic, as shown in
Figs. 6(a) and 6(b). When a modest |σ ∗| value is considered,
as in Figs. 6(c) and 6(d), the value of the transformation
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FIG. 10. (Color online) Three-dimensional density profiles of total counterion site and coion. The top and bottom two sub-graphs are for
the c = 0.0125M curve with h∗ = 3.0, and c = 1.6M curve with h∗ = 3.0, in the top sub-graph of Fig. 3.

concentration ct at which the single-layer adsorption capacity
reaches its saturation value will naturally move to a higher
value, for example, ct = 0.2M , in the case of N = 20;
moreover, in the case of N = 3, the ct value obviously goes
beyond the maximum c value considered, and this may be
understood as showing that the three site chain is less flexible
than the 20- site chain. As regards the strict negative correlation
between h∗

e and c, as shown in Figs. 6(a), 6(b), and 6(d), we
attribute it to the EDL squeezing effect caused by an enhanced
c value. It is known that the c-motivated EDL squeezing
effect is common in the simple electrolyte EDL system, one
significant feature of which, in comparison with the chain
molecule EDL system, is large flexibility. Given that the
divalent-cation chain is featured with a considerably reduced
flexibility, occurrence of the flexibility-motivated phenomena
will definitely be accompanied by certain conditions, which
help in weakening the effects caused by small flexibility, such
as a high |σ ∗| value and a high N value, and thus we explain
why the strict negative correlation mentioned above occurs
only for |σ ∗| = 0.25 or for a lower |σ ∗| value (like 0.15) but
accompanied with a large site number, like N = 20.

Figure 7 describes the effects of the counterion site diameter
d∗

cation and coion diameter d∗
anion on the EPMF in a 1:1

electrolyte; and the site number N equals 10, and σ ∗ is equal
to −0.03, − 0.1, and -0.25, respectively. It is shown that
there are crucial differences between the two effects. First,
on the whole, the LCA-like strength increases with d∗

anion, and
negatively and weakly correlates with the value of h∗

e , as shown
in Fig. 7(f). It is generally accepted that the LCA originates
from an electrostatic correlation effect, which, according to
the language of liquid state theory, actually measures the cross
correlation between the electrostatic and steric interactions;
on the other hand, as analyzed in literature [23,24], the
electrostatic correlation effect will become gradually more
noteworthy as the size increases. Consequently, the above-
mentioned d∗

anion effect is understandable. Moreover, the d∗
anion

effect becomes increasingly obvious as |σ ∗| grows steadily
and reaches higher values, and this can be explained as an
amplification effect of |σ ∗| on the LCA-like strength. It should
be pointed out that d∗

anion has little effect on both the LCA-like
strength and h∗

e at low values of |σ ∗|, and moreover in the low-
|σ ∗| case, the correlation relationships between the LCA-like
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FIG. 11. (Color online) Three-dimensional density profiles of total counterion site and coion. The top and bottom two sub-graphs are for
the c = 0.0125M curve with h∗ = 1.8, and c = 0.4M curve with h∗ = 1.8, in the lower sub-graph of Fig. 3.

strength and h∗
e and with d∗

anion are no longer monotonic. We
think this is due to the amplification effect of |σ ∗| eventually
becoming so small that other unknown elements begin to take
effect and change the original monotonic relationship. Second,
we turn to effect of d∗

cation. It is shown in Figs. 7(a), 7(c),
and 7(e) that d∗

cation has obvious effects on the EPMF for any
value of |σ ∗|, and this is reflected in h∗

e and the LCA-like
strength. On the one hand, h∗

e always increases monotonically
with d∗

cation, irrespective of |σ ∗|; on the other hand, the effect
on the LCA-like strength turns upon how large |σ ∗| is, and
exhibits an extreme phenomenon at higher values of |σ ∗| and
monotonic change at lower values of |σ ∗|. According to the
HBSM, the counterion site serves the role of the hydrogen
atom in the hydrogen bonding, and as a result increase of d∗

cation
necessarily means increase of the length of the hydrogen bond,
equivalent to h∗

e , as it is; consequently, the positive correlation
between h∗

e and d∗
cation is strong evidence for the HBSM.

The reason for the extreme phenomenon at higher values of
|σ ∗| is the counterion site single-layer saturation adsorption
capacity, which obviously drops with the counterion site size,
and whose reduction, in the case of the high-|σ ∗| zone where

the counterion site single-layer adsorption has reached its
saturation value, directly diminishes the number of hydrogen
bonds likely to be formed. It eventually overwhelms the
enhanced electrostatic correlation effects and induces the
appearance of an extreme point. However, in the low-|σ ∗| zone,
the counterion site adsorption does not reach the saturation
capacity and thus is not affected by the dropping of the
saturation capacity. As a result, the enhanced electrostatic
correlation effect achieves complete control over the LCA-
like strength and induces the monotonic positive correlation
between the LCA-like strength and d∗

cation.

IV. CONCLUDING REMARKS

To summarize, in the present study, we systematically
investigated the influence of the counterion connectivity (i.e.,
the association of the counterions into a chain molecule) on
the EPMF between two similarly charged cylinder rods in a
primitive model electrolyte solution; the conclusions reached
are summarized as follows.
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(1) The counterion connectivity tends to more effectively
induce the LCA-like observation even in a one-valence coun-
terion solution wherein the LCA-like effect generally does
not occur without the counterion connectivity. For a divalent
counterion solution, the counterion connectivity can reinforce
or weaken the LCA-like effect depending on the chain length
N, and simply increases the equilibrium rod nearest surface
separation, wherein the EPMF reaches its minimum, to nearly
three times the counterion site diameter, whether N is large
or small. If N is large enough, the LCA-like strength tends
to be negatively correlated with the electrolyte concentration
over the entire range of the rod surface charge magnitude |σ ∗|
considered; whereas if N drops, the correlation tends to become
positive with the decrease of the |σ ∗| value, and particularly
for modest |σ ∗| values, the correlation relationship exhibits an
extreme value phenomenon. In the case of a 1:1 electrolyte, the
EPMF effects of the diameters of the counterion site and coion
are similar in both situations with and without the counterion
connectivity.

The present analysis indicates that the mechanism of the
LCA-like process in the presence of counterion connectivity
is the same as the HBSM [23,24,42], originally proposed
for explaining the LCA-like behavior without the counterion
connectivity; however, to explain the effect of the counterion
chain length N, one has to import the so-called flexibility
concept of the counterion chain into the HBSM, and the
flexibility of the counterion chain is considered to increase
with the chain length N and drop with the counterion site
valence. It is noted that the present view that a longer freely
and tangentially bonded chain has more flexibility than its
shorter chain counterpart is supported by computer simulation
reported in the literature [51]. It is clearly indicated in Fig. 3
therein that the critical temperature and critical density of
short fully flexible chains formed from tangentially bonded
Lennard-Jones monomeric units increases and decreases,
respectively, as the number m of the monomers per chain
changes from 3, 4, 5, to 6; the change tendencies of the
critical parameters are surprisingly similar to those of a
spherical model fluid, whose critical temperature and critical
density also increases and decreases, respectively, as the
potential range increases. Consequently, it is reasonable to
coarse-grain the freely and tangentially bonded chain into an
atomic fluid modeled by a Lennard-Jones potential with the
energy and size parameters increasing as m increases [52];
correspondingly, the critical temperature and critical density,
if reduced, respectively, by the energy parameter and size
parameter of the monomeric unit, will rise and fall with
m, respectively, as shown in Fig. 3 of [51]. Accordingly,

the potential range of the effective potential between the
coarse-grained “atomic” fluid, if measured by the diameter
of the monomeric units, will increase with m; the reason is
an enhancement of the flexibility of the chain with m, which
brings about more chances of interactions between monomers
belonging to two different chains, and consequently, the range
of the effective potential rises with m.

(2) The present model is a greatly simplified one due to the
adoption of the assumption of surface homogeneities and the
continuum solvent model. The surface homogeneities include
geometrical homogeneity, which means the colloid surfaces
are molecularly smooth and solid, chemical homogeneity,
wherein the chemical compositions of the colloid particle are
uniformly distributed, and as a result, all differential units
of the surface area have equal hydrophobic and hydrophilic
properties, and charge homogeneity, which means that the
colloid charges are uniformly distributed on the surface.
In [42] the present author relieves the charge homogeneity
assumption and discloses the obvious influences of the charge
discrete distribution on the EPMF in a PM electrolyte solution
in the absence of ion connectivity; in [43] the present
author investigates the potential of the mean force (PMF)
between two face-to-face neutral substrate surfaces patterned
with nanoscale corrugations, and illustrates that the resulting
changes of the PMF are on the order of the thermal energy.
As a result, it will be interesting to study the influences of
surface charge discreteness and surface nanoscale corrugations
on the EPMF in the presence of ion connectivity. In the
present calculations, the differential units of the colloid surface
are equally hydrophobic, and neutral interaction between the
colloid surface and ion is hard; moreover, the interion neutral
interaction is athermal. It will be interesting to study how
attractive interactions modify the EPMF. On the other hand,
in the present continuum solvent model, the solvent asserts
its role only by screening the interion direct electrostatic
interaction with a relative permittivity εr = 78.5; both the
granularity of the solvent and its polarization are completely
ignored. It is urgent to extend the continuum solvent model to
incorporate more molecular properties of the solvent. Finally,
the validity of the HBSM in the presence of all of these
complexities is a problem deserving of study.
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