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Nonlinearities of biopolymer gels increase the range of force transmission

Xinpeng Xu* and Samuel A. Safran†

Department of Materials and Interfaces, Weizmann Institute of Science, Rehovot 76100, Israel
(Received 21 May 2015; revised manuscript received 26 August 2015; published 29 September 2015)

We present a model of biopolymer gels that includes two types of elastic nonlinearities, stiffening under
extension and softening (due to buckling) under compression, to predict the elastic anisotropy induced by
both external as well as internal (e.g., due to cell contractility) stresses in biopolymer gels. We show how the
stretch-induced anisotropy and the strain-stiffening nonlinearity increase both the amplitude and power-law range
of transmission of internal, contractile, cellular forces, and relate this to recent experiments.

DOI: 10.1103/PhysRevE.92.032728 PACS number(s): 87.10.Pq, 62.20.D−, 87.17.Rt

I. INTRODUCTION

Biopolymer hydrogels (e.g., collagen, fibrin, and elastin)
comprise crosslinked, semiflexible filaments [1]. They are im-
portant constituents of animal tissues [2]. One of the properties
that distinguishes these gels [1] from those comprising flexible
filaments is their highly non-linear, strain-stiffening response
to applied shear stress [3]. For stresses that exceed a critical
value (corresponding to small strains about 5%–10% [3,4]),
these gels show a power-law stiffening of the elastic modulus
with increasing stress, where the elastic modulus in some of
these gels increases as the 3/2 power of the applied stress [3].
Recently, collagen-I gels are found to stiffen linearly (instead
of 3/2 power) with the applied stress [4]. In contrast to their
behavior under stretch, biopolymer gels show nonlinear strain
softening upon compression [5,6]. For compressional stresses
exceeding a critical value, these gels can can completely lose
their resistance to shear stress [5,6]. Such nonlinear shear
stiffening and compressive softening can be attributed to the
microstructural nonlinearities of the constituent, semiflexible
filaments which stiffen under extension and soften (due to
buckling) under compression [1,3]. In addition, tensile stresses
applied to biopolymer gels can induce anisotropy (due to
fiber alignment, for example) in their elasticity [7–9], which
has recently been identified as an important mechanism for
long-range, cell-cell mechanical signaling [8].

In this paper, we predict the elastic responses of biopolymer
gels to stresses in spherical geometries which model the
response of the gels to internal stresses such as those in-
duced by symmetrically contractile cells. In earlier theoretical
work [10], nonlinear biopolymer gels were modeled, for
simplicity, as elastic materials that stiffen under both extension
or shear as well as under compression. However, biopolymer
gels, as mentioned above, are composed of crosslinked semi-
flexible polymers which, under compression, tend to buckle
and lose their resistance to shear, leading to the nonlinear,
compressional softening in these systems [5,6]. In contrast,
in this paper we propose and analyze a more realistic model
of biopolymer gels that stiffens under extension or shear and
softens under compression. This more realistic and unified
model results in predictions for force transmission in these
systems that differ dramatically from Ref. [10], in which the
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compressional softening was not taken into account, as well
from Refs. [9,11], where the shear stiffening was neglected.
Our major predictions are as follows:

(i) A power-law regime in the far field where the dis-
placement scales as R−m, where m < 2 is predicted and R

is the distance away from the cell center. (Similar scaling was
recently found in Refs. [9,11].) This regime originates in the
asymmetric responses of biopolymer gels to extension and
compression that were not included in Ref. [10].

(ii) The amplitude of the displacement in the far field does
not exponentially increase with stiffening nonlinearity as in
Ref. [10] but shows a weaker, power-law dependence on the
stiffening and the softening nonlinearities. In Refs. [9,11] this
amplification of the strain induced by a symmetric source of
force (such as a cell) does not occur at all since the stiffening
nonlinearity was not included.

These theoretical insights allow us to rationalize recent
observations that cells in fibrous ECM can sense mechanical
signals over much larger distances compared with linear,
elastic, flexible polymer gels [8,9,12,13].

The paper is organized as follows. In Sec. II we present a
minimal model of fibrous biopolymer gels that stiffen under
extension and soften under compression. We consider the
elastic responses of these model biopolymer gels to external,
uniaxial tensile stresses. In Sec. III we then show how the
nonlinearities of biopolymer gels can increase the range of
transmission of internal cellular forces. The paper is concluded
in Sec. IV with a few remarks.

II. A MODEL OF BIOPOLYMER GELS

A. Elastic energy density

Biopolymer gels that stiffen upon tensile stresses and soften
upon compressive stresses may be modeled by the following
elastic energy density in terms of the three principal strain
components εi (i = 1,2,3) [14] as

fe(ε1,ε2,ε3) =
3∑

i=1

w(εi) + Kos

2
(ε1 + ε2 + ε3)2, (1)

which includes two separate contributions: the first term
characterizes the deformation of the semiflexible polymer
chains, and the second term represents the compressibility
of the retained water in the gel, with Kos being the osmotic
bulk modulus describing the osmotic stress when the entire
network is isotropically compressed. The physics of water
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flow that govern Kos is discussed in Appendix A 2. To
phenomenologically model the asymmetric elastic responses
of biopolymer gels to extension and compression, we use an
energy density w(εi) with piecewise continuous form,

w(εi) =
{

μ0ε
2
i [2(1 − εi/εm)−1 − 1], for εi > 0

ρ(εi)μ0ε
2
i , for εi < 0,

(2)

where μ0 is the linear shear modulus; ρ(εi) = ρ0 + (1 −
ρ0)�(εi + ε′

m) with 0 � ρ0 < 1 characterizing the gel soft-
ening due to the polymer buckling [5,6] and �(x) being the
Heaviside step function of x. This form of energy density
w(εi) is directly motivated by the physics of semiflexible poly-
mers [1,9]. More complicated forms are also possible [15], but
for simplicity we choose the above piecewise continuous form,
which includes the two major microstructural nonlinearities—
stiffening under extension and softening under compression.
The dimensionless parameters εm and ε′

m account for the
critical strain for gel stiffening upon extension and that for gel
softening upon compression, respectively [1,9,11]. Note that
in the statistical theory of single semiflexible polymers [1],
the critical strain ε′

m (for buckling) is found to be of the
same order of magnitude as the critical strain εm ∼ �/�p for
stretch stiffening. However, for a biopolymer gel, a network of
crosslinked semiflexible polymers, we expect that ε′

m can be
much larger or smaller than εm depending on the mechanical
properties of single biopolymers and crosslinkers and the
microstructure (e.g., connectivity) of the gel. For example,
in fibrin networks the critical strain ε′

m for compressive
softening can be varied [5,6] so that ε′

m can be either larger
or smaller than εm. The relationship is determined by the
mechanical properties of fibrin and the network microstructure
set by the concentrations of fibrin and the crosslinker [6].
In other networks of crosslinked, semiflexible polymers of
hierarchical structure [16], tensile stresses applied to these
polymers can stretch out the prefolded molecular structure
and thereby increase the resistance of the gel to stretch. This
is another type of nonlinear strain stiffening that may occur
for strains that exceed a value of εm which may be (much)
larger than the critical strain for compressive softening ε′

m. In
addition, when water can freely flow out of the compressed
gels (see Appendix A 2 for a discussion of gels with zero
Poisson ratio), the polymer concentration increases during
compression. This effect increases the gel modulus and may
partially or completely offset the softening of the gel due to
polymer buckling [5,6]; in this case we might expect εm � ε′

m.

B. Strain-stiffening and stretch-induced anisotropy

To demonstrate that our elastic energy corresponds to the
properties of biopolymer gels, we first consider their responses
to simple shear (with principal strains ε1 ≈ γ /2 > 0, ε2 ≈
−γ /2 < 0, and ε3 = 0 for small shear strain γ � 1) [14].
In this case, from the elastic energy density (1) we can
calculate the shear stress σ and the differential shear modulus
dσ/dγ as functions of shear strain γ . For infinitesimal shear
strain of γ � εm, the differential shear modulus is constant
and equal to μ0. As the shear strain increases approaching
γmax ∼ 2εm, the shear stress diverges as σ ∝ (1 − γ /2εm)−2

and the differential shear modulus stiffens as σ 3/2. This
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FIG. 1. Stretch-induced anisotropy in Young’s moduli for semi-
flexible polymer gels under external, uniaxial tensile stress σ1 in the
limit of ε ′

m � εm. Here εm = 0.1, ε ′
m = 0, ρ0 = 0.1; ν0 = 0.49 and

E0 = 2μ0(1 + ν0). The Young’s modulus E1 ≡ ∂σ1/∂ε1 is constant
(=E0) for small stress and increases asymptotically to ∼σ

3/2
1 with

increasing stress. E2 is the transverse Young’s modulus of the gel
under given longitudinal prestress σ1 is constant (≈ρ0E0 � E1) in
the entire range of stress calculated. Inset: Uniaxial stress vs strain
diverges near εm.

corresponds to the 3/2-power-law strain stiffening that has
been experimentally observed in many biopolymer gels [3] and
has been attributed to the inextensibility of single semiflexible
polymers [1,3].

Next, we consider the elastic responses of the modeled
biopolymer gels to external uniaxial extensions (along the
direction denoted by the subscript 1 with ε1 > 0 and ε2 =
ε3 � 0 for the non-negative Poisson ratio). In this case, the
energy density (1) becomes

fe = μ0

[
ε2

1

(
2

1 − ε1/εm

− 1

)
+ 2ρ(ε2)ε2

2

]
+ Kos

2
(ε1 + 2ε2)2.

(3)

In the linear limit where εm, ε′
m → ∞, the energy den-

sity (3) reduces to fe = μ0(ε2
1 + 2ρε2

2 ) + 1
2Kos(ε1 + 2ε2)2,

from which we calculated the Young’s modulus E0 = 2μ0(1 +
ν0) and the linear Poisson ratio ν0 = Kos/2(Kos + μ0). How-
ever, for biopolymer gels that may stiffen at small extensions,
we have εm � 1. Moreover, in biopolymer gels, we expect,
as discussed previously, the following three possibilities:
ε′
m 
 εm, ε′

m ∼ εm, and ε′
m � εm. Particularly, in the limit

of ε′
m � εm, from the energy density (3) we calculated the

longitudinal Young’s modulus E1 (as shown in Fig. 1) that
is constant for strain ε1 � εm and stiffens as σ 3/2 when the
strain ε1 increases, approaching εm. Such nonlinear elasticity
of 3/2-power-law strain stiffening in Young’s modulus can
also be attributed to the inextensibility of single semiflexible
polymers [1,3] as the shear modulus in the case of simple
shear. We also calculated the transverse Young’s modulus
E2 = ρ(ε2)E0/[1 + ρ(ε2)ν0 − ν0] (see Fig. 1), which equals
the linear Young’s modulus E0 for strain ε1 < ε′

m/ν0 (i.e.,
ε2 = −ν0ε1 > −ε′

m). When ε1 > ε′
m/ν0, E2 becomes smaller

than E0, corresponding to the gel softening that is associated
with polymer buckling due to compression in the transverse
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direction under longitudinal prestress σ1. That is, the ex-
ternal uniaxial tensile stresses applied to initially isotropic
biopolymer gels can induce strong anisotropy in their elasticity
due to the 3/2-power-law strain stiffening in the longitudinal
direction and the compressive softening in the transverse
direction.

III. LONG-RANGE TRANSMISSION OF INTERNAL
CELLULAR FORCES IN SPHERICAL GEOMETRY

Our simple model of biopolymer gels allows us to under-
stand the long-range force transmission of internal contractile
forces by cells in the extracellular matrix [8,12,13]. In the
simplest case [9,10,17], one can consider the response of gels
in spherical geometry to internal forces applied by a spherical,
contractile cell [see Fig. 2(a)] [10,12,17]. We characterize
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FIG. 2. (Color online) (a) Schematic illustration of a spherical
cell exerting contractile force on the extracellular biopolymer gel in
the quasilinear limit of εm → ∞ and ε ′

m � 1. Two regimes separated
at R̃ = R̃T are identified. (b) Numerical solutions of the equilibrium
equation (5): normalized displacement vs normalized radius for ρ0 =
0.1. Case 1: ν0 = 0 (blue dashed line). The decay of displacement
can be well approximated by composite materials: a near-field, linear
anisotropic material for 1 < R̃ � R̃T with a far-field, linear isotropic
material for R̃ 
 R̃T . The near-field displacement decays as a power
law with exponent m ≈ 1.2 and the far-field displacement as R̃−2.
The red dash-dotted line is the analytical solution (7) and (9) of linear
composite materials. Case 2 – weak compressibility: ν0 = 0.49 (black
dotted line). Its solution is similar to that of linear isotropic materials
as shown for comparison (green solid line). Inset: Normalized
effective far-field displacement ũeff . It shows that the stretch-induced
anisotropy in the gel can increase the range of force transmission.

the cellular forces by a boundary condition of fixed radial
displacement u0 at the cell-gel interface R = R0 with u0 < 0
for contractile forces [10,17].

Elastic equilibrium (zero divergence of the stress) applied to
our nonlinear gel model predicts extension in the radial direc-
tion (strain εrr > 0) and compression in the angular direction
(strain εθθ < 0), yielding the equilibrium equation [10,17]:

a0Ũ − Ṽ + (1 + Aũ′)−3

(
Ũ + 3Aũ′2

R̃
+ A2ũ′3

R̃

)
= 0, (4)

with the boundary conditions ũ(1) = 1 and ũ(R̃ → ∞) =
0. Here Ũ ≡ ũ′′ + 2ũ′/R̃ and Ṽ = c0

2ũ

R̃2 − B ũ2

2R̃3 ρ̃
′; a0 ≡

ν0
2(1−2ν0) − 1

2 and c0 ≡ a0 + 1
2 (1 + ρ̃) with ρ̃ = ρ0 + (1 −

ρ0)�(1 − Bũ/R̃) and ρ̃ ′ = (1 − ρ0)δ(1 − Bũ/R̃). We have in-
troduced the normalized displacement ũ = u/u0, the normal-
ized radius R̃ = R/R0, and ũ′ ≡ dũ/dR̃. The dimensionless
parameters A ≡ −u0/R0εm and B ≡ −u0/R0ε

′
m (A,B > 0

for contractile cells with u0 < 0) characterize the strengths
of the nonlinearity of radial stiffening and angular softening,
respectively. We now predict the implications of Eq. (4) in
several important cases.

A. Force transmission enhanced by stretch-induced anisotropy

We first consider the quasilinear limit of εm → ∞ (or
A → 0) and ε′

m � 1 (or B 
 1), in which the nonlinearity
of strain stiffening of the gel under extension is negligible but
the strain softening under compression can be important. In
this quasilinear limit, the gel in the near field (with angular
compressive strains εθθ < −ε′

m) responds as a transversely
isotropic material [18] due to the asymmetric responses
of the biopolymer gels to (radial) extension and (angular)
compression [9,11]. In the far field (with εθθ > −ε′

m), the stress
decays and the gel behaves like a linear, isotropic material.
Therefore we can simply approximate the gel as a linear com-
posite material—a near-field, linear, but transversely isotropic
material [18] with a far-field, linear, isotropic material [19] at
R̃ = R̃T where εθθ (R̃T ) = −ε′

m.
In the quasilinear limit of A → 0 and B 
 1, the equilib-

rium equation (4) reduces to

d2ũ

dR̃2
+ 2

R̃

dũ

dR̃
− G(B,ρ0,ν0)

2ũ

R̃2
= 0, (5)

where G(B,ρ0,ν0) ≡ g(ρ0,ν0) + [1 − g(ρ0,ν0)]�(1 −
Bũ/R̃) with g(ρ0,ν0) ≡ ρ0 + ν0(1 − ρ0)/(1 − ν0)
[ρ0 � g(ρ0,ν0) � 1] depending sensitively on the Poisson
ratio 0 � ν0 < 1/2 and the parameter 0 � ρ0 � 1 that
characterizes the nonlinearity of strain softening of the gel
under compression. For a spherical cell adhered to and
exerting contractile force on an infinite, biopolymer gel
[see Fig. 2(a)], we have the boundary conditions ũ(1) = 1
and ũ(R̃ → ∞) → 0 [10,17], the continuity conditions of
displacement ũ, and radial stress component σrr at R̃ = R̃T ,
where ũ(R̃T )/R̃T = B−1.

In the far field, R̃ 
 R̃T , the equilibrium equation (5)
reduces to

d2ũ

dR̃2
+ 2

R̃

dũ

dR̃
− 2ũ

R̃2
= 0, (6)
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identical to linear isotropic materials [10,17,19]. Its solution
is

ũlin(R̃) = ũeff/R̃
2, (7)

as shown in Fig. 2(b). In the near field, 1 < R̃ � R̃T , the
equilibrium equation (5) reduces to

d2ũ

dR̃2
+ 2

R̃

dũ

dR̃
− g(ρ0,ν0)

2ũ

R̃2
= 0. (8)

Note that this equation (8) has the same form of the
equilibrium equation as a contractile cell embedded in an
intrinsic transversely isotropic material [18]. The solution for
the displacement is

ũqlin(R̃) = aR̃m−1 + bR̃−m, (9)

where m = 1
2 [

√
1 + 8g(ρ0,ν0) + 1] (with 1 � m < 2) and

m = 1 for ρ0 = 0 (i.e., gels lose stiffness completely upon
compression over strain −ε′

m).
We match the far-field solution (7) and the near-field

solution (9) by the continuity of the displacement and stress
at R̃ = R̃T , where ũeff/R̃

3
T = B−1; we obtain a = 1 − b and

b = B−1( m+1
2m−1 )R̃m+1

T with the matching radius R̃T satisfying

the equation ( m+1
2m−1 )R̃2m−1

T − BR̃m−2
T + ( m−2

2m−1 ) = 0 and the
normalized effective far-field displacement given by ũeff =
B−1R̃3

T , which can be much larger than that of linear, isotropic
media for which ũeff = 1. In particular, for m = 1 we obtain
R̃T = 1

4 (1 + √
1 + 8B) > 1, and if further B 
 1(or ε′

m �
1), we have R̃T ∼ B1/2 and ũeff ∼ B1/2 
 1.

In Fig. 2, we show the solutions of the equilibrium
equation (5). The analytic solution (7) and (9) based on linear
composite materials fits the numerical solution quite well. In
the far field, the gel behaves like a linear, isotropic material
with displacement decaying as R̃−2. In the vicinity of the cell
(i.e., R̃ ≈ 1), the near-field displacement ũ decays as R̃−m,
which is longer ranged than the linear, isotropic case. Similar
scaling has also been obtained recently in Refs. [9,11,20],
but our model also incorporates strain stiffening (see the next
section). This longer-ranged force transmission results from
the stretch-induced anisotropy in the initially isotropic gels
due to the asymmetric responses of the gels to extension and
compression [9,11,20].

B. Force transmission enhanced by strain stiffening

We now consider the nonlinear limit of εm � 1 that is
more relevant to biopolymer gels which stiffen at small tensile
strains ε ∼ εm. In this limit, we must analyze the general
equilibrium equation (4). In biopolymer gels, we expect that
the relative magnitude of the critical strain ε′

m for gel softening
to εm can have values that allow for all the possibilities:
ε′
m 
 εm, ε′

m ∼ εm, and ε′
m � εm. In this section, we explore

the importance of the relative magnitudes of ε′
m and εm on the

transmission of internal forces in biopolymer gels.
We first consider the force transmission in the cases

ε′
m 
 εm and ε′

m ∼ εm. Our results in Fig. 3(b) show that
the system shows the same behavior in both cases. There are
two scaling regimes: one (R̃ � R̃∗, with R̃∗ ≡ R∗/R0) where
the displacement decreases linearly with R̃ and a far-field
regime (R̃ 
 R̃∗), where the displacement decays as R̃−2 as
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ũ = 1/R̃2

*R

0R

(a)

rrσθθσ

0u

FIG. 3. (Color online) (a) Schematic illustration of a spherical
cell exerting contractile force on the extracellular biopolymer gel
in the nonlinear limit of ε ′

m ∼ εm � 1 or ε ′
m 
 εm. Two regimes

separated by R̃ = R̃∗ are identified. (b) Numerical solutions of
the equilibrium equation (4) in the highly nonlinear limit of A =
−u0/R0εm 
 1: normalized displacement vs normalized radius for
A = 50 and ρ0 = 0.1. Case 1: ν0 = 0 (red dotted line and blue dashed
line). The near-field displacement decays linearly with R̃ (to first order
of A−1, gray dotted line). The far-field displacement decays as R̃−2,
i.e., as in linear isotropic materials (as shown in the green solid line).
Note that the two cases of ε ′

m = εm and ε ′
m 
 εm lie on the same

line. Case 2 – weak compressibility: ν0 = 0.49 (black solid line). The
solution is qualitatively similar to Case 1 of ν0 = 0.

for linear isotropic materials. An asymptotic analysis shows
that the new length scale R∗ [10] originates in the nonlinear
strain-stiffening elasticity of biopolymer gels and is of the
order of AR0 in the highly nonlinear limit of A 
 1. [Note
that the scaling law for R̃∗ ∼ A found here is completely
different from R̃∗ ∼ e2A/

√
3 obtained in earlier work [10], in

which an isotropically stiffened gel model is employed with
compressional stiffening as opposed to softening.]

In the far field R̃ 
 R̃∗, the stresses decay such that
neither the strain-stiffening nonlinearity or the stretch-induced
anisotropy are important; the equilibrium equation (4) reduces
to Eq. (6) with solution ũ = ũeff/R̃

2, as shown in Fig. 3(b).
ũeff is obtained by matching the nonlinear, near-field solution
to the far-field solution and can be much larger than that of
linear, isotropic media for which ũeff = 1. In the near field
1 < R̃ � R̃∗ and for strong nonlinearity A 
 1, the stresses
applied by the cells on the gels are large and the strain-
stiffening nonlinearity and the stretch-induced anisotropy
are both important. The near-field displacement is simply
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expanded as

ũnonlin = 1 − A−1(R̃ − 1) (10)

to leading order in 1/A [see Fig. 3(b)], i.e., the displacement
decays almost linearly, much more slowly than that in either
linear isotropic media or transversely isotropic media [18].
Additionally, the effects of nonlinearity on the amplitude of
force transmission are expressed by the normalized effective
far-field displacement ũeff , which is obtained by matching
the far-field and near-field displacements. Our calculations
(see Appendix B 1) show that ũeff ∝ A2 (again, completely
different from the scaling ũeff ∼ A−1e2

√
3A obtained in earlier

work [10]). This means that the nonlinear strain stiffening
(quantified by A) of the system can significantly amplify the
magnitude of the strain at long distances.

100 101 102 103 104
10−3

10−2

10−1

100

ũ
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FIG. 4. (Color online) (a) Schematic illustration of a spherical
cell exerting contractile force on the extracellular biopolymer gel
in the nonlinear limit of ε ′

m � εm � 1. Three regimes separated
by R̃ = R̃∗ and R̃ = R̃T are identified. (b) Numerical solutions
of the equilibrium equation (4) in the highly nonlinear limit of
A = −u0/R0εm 
 1: normalized displacement vs normalized radius
for A = 50 and ρ0 = 0.1. Case 1: ν0 = 0 (blue dashed line). The
near-field displacement decays linearly with R̃ (to first order of
A−1, gray dotted line). In the intermediate quasilinear regime, the
displacement decays as in a linear, anisotropic material as R̃−m with
m ≈ 1.2. The far-field displacement decays as R̃−2, i.e., as in linear
isotropic materials (as shown in green solid line). Case 2 – weak
compressibility: ν0 = 0.49 (black solid line). There are only two
regimes, as shown in Fig. 3. That is, the effects of stretch-induced
anisotropy are important only for compressible gels.

We now consider the nonlinear limit of ε′
m � εm (or B 


A), and in contrast to previous cases we find three distinct
scaling regimes for 1 < R̃ � R̃∗, R̃∗ � R̃ � R̃T , and R̃ 

R̃T as shown in Fig. 4, a linearly decaying regime in the
near field and the two power-law regimes in the far field. In
the limit of zero Poisson ratio ν0 ≈ 0 and strong nonlinearity
with B 
 A 
 1, ρ0 ≈ 0, an asymptotic analysis shows that
R̃∗ ∼ A and R̃T /R̃∗ ∼ (B/A)1/2 ∼ (εm/ε′

m)1/2 
 1.
In the near field 1 < R̃ � R̃∗ and for strong nonlinearity

A 
 1, the displacement decays almost linearly and is approx-
imated by Eq. (10) [see Fig. 4(b)], as in the previous cases of
ε′
m 
 εm and ε′

m ∼ εm. In the far field, the strain-stiffening
nonlinearity becomes unimportant; the equilibrium equa-
tion (4) reduces to (5). As discussed in Sec. III A, from Eq. (5)
two power-law regimes are identified as shown in Figs. 2(b)
and 4(b): (i) R̃∗ � R̃ � R̃T [quasilinear, anisotropic regime,
described by Eq. (9)], ũqlin = aR̃m−1 + bR̃−m with m =
1
2 [

√
1 + 8g(ρ0,ν0) + 1] (1 � m < 2); (ii) R̃ 
 R̃T [linear,

isotropic regime, described by Eq. (7)], ũlin = ũeff/R̃
2. Again,

ũeff is the amplitude of the normalized, effective far-field dis-
placement. That is, in the far field, although the nonlinearity of
strain stiffening is negligible, the elastic anisotropy induced by
radial tensile stress and angular compressive stress can be im-
portant such that the gel responds as a linear composite mate-
rial [see Figs. 2(b) and 4(b)], in which the range of force trans-
mission is still longer ranged than for the linear isotropic case.

In addition, the effects of near-field nonlinear strain
stiffening on the amplitude of force transmission are ex-
pressed by the normalized effective far-field displacement ũeff ,
which is obtained by matching the far-field and near-field
displacements. Our calculations (see Appendix B 2) show
that ũeff ∼ A3/2B1/2 
 1 (again, completely different from
the scaling ũeff ∼ A−1e2

√
3A obtained in previous work [10]

where there was no compressional softening). This means that
the nonlinear tensile stiffening (quantified by A = −u0/R0εm)
and the nonlinear compressive softening (quantified by B =
−u0/R0ε

′
m) of the system can both significantly amplify the

magnitude of the strain at long distances.

IV. CONCLUDING REMARKS

In this paper, we have developed a minimal elastic model
of fibrous biopolymer gels that stiffen under extension and
soften under compression. We predict that external tensile
stresses applied to such nonlinear biopolymer gels can induce
anisotropy in their elasticity: (i) stiffening in the longitudinal
direction where the fibers are stretched, (ii) softening in the
transverse direction where the fibers are compressed. We show
that the nonlinearities of biopolymer gels can increase the
range of transmission of internal cellular forces by (i) intro-
ducing a power-law regime with displacement scaling as R−m

with m < 2 and R being the distance away from the cell center,
and (ii) increasing the amplitude of the far-field displacement,
which shows power-law dependence on the stiffening and the
softening nonlinearities.

Finally, we make a few concluding remarks as follows:
(i) Our minimal model of biopolymer gels may provide a

better understanding of a recent experiment [9], which shows
that the decay of the displacement (for R0 < R < 5R0 with
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R0 being the cell radius) induced by a spherical fibroblast cell
embedded in a three-dimensional fibrin matrix scales as R−0.5.
From our calculations, we suggest that it may be the crossover
between the near-field (linearly decaying) regime and the
far-field (power-law decaying) regimes that results in such an
effective power between 0 and m (1 � m < 2). Moreover, our
model makes some predictions that could be tested by future
experiments: (1) Tensile stresses applied to biopolymer gels
can induce strong anisotropy in their elastic moduli, which
can be tested by uniaxial stretching experiments. It is also
valuable to explore the microscopic parameters (e.g., polymer
or crosslinker concentration) that determine the strength
of the stretch-induced anisotropy under the same prestress.
(2) The stretch-induced anisotropy in hydrogels can increase
the transmission range of internal forces, which can be tested
in biopolymer gels of various strengths of the stretch-induced
anisotropy and for internal forces applied first by localized
mechanical probes and eventually by contractile cells.

(ii) Our model for a nonlinear, semiflexible polymer gel
unifies two effects: (i) nonlinear strain stiffening (with modulus
increasing as the 3/2 power of the applied stress [3]) under
extension or shear, and (ii) softening under compression.
However, our gel model can be easily extended to biopolymer
gels that stiffen at small strains with a modulus that increases
with applied stress as a general power law; a linear increase
was recently found for collagen I [4], while biopolymers
such as fibrin and actin show a 3/2 power law [3]. In
these cases, the importance of the strain stiffening on the
increase of force transmission is qualitatively similar to what
we have predicted. More interestingly, our simple model for
gels that unifies their nonlinear response to both stiffening
and compression can be generalized to gels which show
tensile softening and compressive stiffening [21]. In that
case, the radial contractile cellular forces can also induce
elastic anisotropy but with softening along the radial direction
and stiffening along the angular direction. The decay of
displacement in such transversely anisotropic materials [18]
follows a power law R−m with an exponent m > 2, which
can be seen from the equilibrium equation (5) for ρ0 > 1,
characterizing stiffening in the angular directions. That is, in
nonlinear gels of tensile softening and compressive stiffening,
the stretch-induced anisotropy will decrease the range of force
transmission in comparison to that of linear isotropic materials.
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APPENDIX A: ELASTIC PROPERTIES OF THE MODELED
BIOPOLYMER GELS

In this Appendix, we calculate the properties of the initially
isotropic biopolymer gels that are modeled by the elastic

energy density (1) in terms of three principal strain components
εi (i = 1,2,3).

1. Stress-strain relations

For the interests of the present work, we consider the special
case of ε1 > 0, ε2, ε3 � 0. In this case, the elastic energy
density (1) becomes

fe(ε1,ε2,ε3) = μ0ε
2
1

(
2

1 − ε1/εm

− 1

)
+ μ0ρ(ε2)ε2

2

+ μ0ρ(ε3)ε2
3 + Kos

2
(ε1 + ε2 + ε3)2, (A1)

where μ0 is the linear shear modulus; ρ(εi) = ρ0 + (1 −
ρ0)�(εi + ε′

m) with 0 � ρ0 < 1 characterizing the gel soft-
ening due to the polymer buckling [5,6] and �(x) being the
Heaviside step function of x. From the energy density (A1)
we can calculate the three principal stress components σi =
∂fe/∂εi :

σ1 = 2μ0ε1

[
2 − ε1/εm

(1 − ε1/εm)2
− 1

]
+ Kos(ε1 + ε2 + ε3), (A2a)

σ2 = μ0
[
2ρ(ε2)ε2 + ε2

2ρ
′(ε2)

] + Kos(ε1 + ε2 + ε3), (A2b)

σ3 = μ0
[
2ρ(ε3)ε3 + ε2

3ρ
′(ε3)

] + Kos(ε1 + ε2 + ε3), (A2c)

with ρ ′(εi) = dρ/dεi = (1 − ρ0)δ(εi + ε′
m).

For uniaxial extension (along the direction denoted by
the subscript 1) with ε1 > 0, ε2 = ε3 � 0 (for non-negative
Poisson ratio), the energy density (A1) reduces further to
fe(ε1,ε2), as shown in Eq. (3), and the stress components are
given by

σ1 = 2μ0ε1

[
2 − ε1/εm

(1 − ε1/εm)2
− 1

]
+ Kos(ε1 + 2ε2), (A3a)

σ2 = σ3 = μ0
[
2ρ(ε2)ε2 + ε2

2ρ
′(ε2)

] + Kos(ε1 + 2ε2). (A3b)

Particularly, in the quasilinear limit of εm → ∞ and ε′
m � 1,

the stress components (A3) reduce to

σ1 = 2μ0ε1 + Kos(ε1 + 2ε2), (A4a)

σ2 = σ3 = μ0
[
2ρ(ε2)ε2 + ε2

2ρ
′(ε2)

] + Kos(ε1 + 2ε2). (A4b)

Furthermore, in the linear limit of εm, ε′
m → ∞, the stress

components (A4) are further reduced to

σ1 = 2μ0ε1 + Kos(ε1 + 2ε2), (A5a)

σ2 = σ3 = 2μ0ε2 + Kos(ε1 + 2ε2). (A5b)

2. Longitudinal Young’s modulus and Poisson ratio

For a biopolymer gel under uniaxial tensile stress σ 0
1 ,

we assume homogeneous deformation so that the Young’s
modulus and Poisson ratio can be calculated by solving the
following two coupled algebraic equations:

σ1
(
ε0

1 ,ε
0
2

) = σ 0
1 , σ3 = σ2

(
ε0

1 ,ε
0
2

) = 0. (A6)

From the second equation we calculate ε0
2 = ε0

2 (ε0
1 ) and the

Poisson ratio ν12(ε0
1 ) ≡ − dε0

2

dε0
1
. (We follow the notation of

Poisson ratio in anisotropic materials [7] and define the

032728-6



NONLINEARITIES OF BIOPOLYMER GELS INCREASE . . . PHYSICAL REVIEW E 92, 032728 (2015)

differential Poisson ratio νij ≡ − ∂εj

∂εi
for tensile stress applied

along i direction and contraction in j direction.) Substituting
ε0

2 (ε0
1 ) into the first equation of Eq. (A6), we can obtain the

stress-strain relation σ 0
1 (ε0

1 ) for uniaxial extension and the

Young’s modulus E1(ε0
1 ) ≡ dσ 0

1

dε0
1

.

We first consider the linear limit of εm, ε′
m → ∞. In this

case, the stress components are given by Eq. (A5), from which
we calculate the Young’s modulus E1 = E0 as

E0 = 2μ0(1 + ν0), (A7)

and the Poisson ratio ν12 = ν0 with

ν0 = Kos

2(Kos + μ0)
. (A8)

In Appendix B, we will show that the effects of compressibility
on the range of force transmission can be understood in the
following two limiting cases [22]:

(i) Limit of zero Poisson ratio ν0 = 0 (or Kos = 0). Water
can freely flow out of the gel as the polymer network is
deformed by applied stresses. In this limit, the elasticity of
the gel is purely due to that of the polymer network.

(ii) Limit of weak compressibility ν0 ≈ 1/2 (or Kos 
 μ0).
For small time scales, the water does not have time to flow out
of the gel but is deformed as the polymer network is distorted.
In this limit, the gel can only exhibit weak compressibility
with a Poisson ratio very close to 1/2.

For the general nonlinear energy density (3), the stress
components are given by Eq. (A3). We calculate the Poisson
ratio ν12 = ν0 (the same with the linear case) and Young’s
modulus,

E1 = E0 + 12
5 μ0[(1 − ε1/εm)−3 − 1]. (A9)

Note that near the maximal strain εm, the uniaxial stress
σ1 in (A3a) diverges as (1 − ε1/εm)−2 and the Young’s
modulus (A9) stiffens as E1 ∼ (1 − ε1/εm)−3, i.e., E1 ∼ σ

3/2
1 .

3. Transverse Young’s modulus and Poisson ratio

To calculate the elastic properties in the transverse direction
of the gel under given longitudinal prestress σ 0

1 , we apply an
infinitesimal stress σ along the transverse (2) direction. In this
case, the new equilibrium conditions are given by

σ1
(
ε0

1 + δ1,ε
0
2 + δ2,ε

0
2 + δ3

) = σ 0
1 , (A10a)

σ2
(
ε0

1 + δ1,ε
0
2 + δ2,ε

0
2 + δ3

) = σ, (A10b)

σ3
(
ε0

1 + δ1,ε
0
2 + δ2,ε

0
2 + δ3

) = 0, (A10c)

where ε0
1 and ε0

2 are the strain components calculated from the
equilibrium conditions (A6) for uniaxial extension under lon-
gitudinal prestress σ 0

1 . From Eqs. (A10a) and (A10c), we cal-
culate δ1 = δ1(δ2; ε0

1 ) and δ3 = δ3(δ2; ε0
1 ), from which we can

obtain the differential Poisson ratios ν21(ε0
1 ) ≡ − dδ1

dδ2
|δ2=0 and

ν23(ε0
1 ) ≡ − dδ3

dδ2
|δ2=0. By substituting δ1(δ2; ε0

1 ) and δ3(δ2; ε0
1 )

into Eq. (A10b) we can obtain σ = σ (δ2; ε0
1 ), from which we

can calculate the Young’s modulus E2(ε0
1 ) ≡ dσ

dδ0
2
|δ2=0 in the

transverse direction.

We first consider the linear limit of εm, ε′
m → ∞. In this

case, the stress components are given by Eq. (A5), and from
Eq. (A10) we calculate the transverse Young’s modulus E2 =
E0 and the differential Poisson ratios ν21 = ν23 = ν0, with
E0 given in Eq. (A7) and ν0 given in Eq. (A8) being the
longitudinal Young’s modulus E1 and Poisson ratio ν12 in the
linear limit, respectively.

For the general nonlinear energy density (3), the stress
components are given by Eq. (A3), and from Eq. (A10) we
can numerically calculate the transverse Young’s modulus E2

(see Fig. 1, for example) and the differential Poisson ratios
ν21, ν23. Here we do not show the calculations of Poisson
ratios, but usually we obtain ν21 + ν23 ≈ 2ν12 and ν21 
= ν12

(different from ν21 = ν12 in intrinsic transversely isotropic
materials [18]). That is, although the anisotropy induced in
fibrous biopolymer gels by uniaxial tensile stresses has the
same geometric, hexagonal symmetry as intrinsic transversely
isotropic materials [18], they do not have the same elastic
symmetry. The number of material parameters needed to
characterize the anisotropic elasticity is different in the two
cases.

APPENDIX B: TRANSMISSION OF INTERNAL
CELLULAR FORCES IN SPHERICAL GEOMETRY

In this Appendix, we present our analytic and numer-
ical calculations of the displacements induced in biopoly-
mer gels by internal contractile cellular forces in spherical
geometry.

We consider the response of the above modeled biopolymer
gels in spherical geometry to internal forces applied by a
contractile spherical cell modeled as a contractile force dipole
[as schematic in Figs. 2(a), 3(a), and 4(a)] [10,12,17,23]. We
characterize the cellular forces by a boundary condition of
fixed radial displacement u0 at the cell-gel interface R = R0

with u0 < 0 for contractile forces [10,17]. We treat the
extracellular gel as an infinite and compressible elastic material
as described by the energy density (1), which is discussed in
Appendix A. Homogeneous deformation is assumed in each
small gel element. This situation yields a boundary value
problem with inhomogenous deformation in the extracellular
gel that depends on the radial coordinate in spherical geometry.
Note that in this case the principal directions of strain and stress
tensor of each gel element are all along the radial and the two
perpendicular angular directions. This significantly simplifies
the following calculations.

The equation of mechanical equilibrium is given by [10,17]

dσrr

dR
+ 2

R
(σrr − σθθ ) = 0, (B1)

with σrr and σθθ being the three principal components of the
Cauchy stress tensor. The three principal strain components
are

εrr = u′ ≡ du

dR
> 0, εθθ = εφφ = u

R
< 0. (B2)
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In this case, from Eqs. (3) and (A3) we obtain the strain energy
density and the stress components

fe = μ0

[
ε2
rr

(
2

1 − εrr/εm

− 1

)
+ 2ρε2

θθ

]
+ Kos

2
(εrr + 2εθθ )2,

(B3)

σrr = 2μ0u
′
[

2 − u′/εm

(1 − u′/εm)2
− 1

]
+ Kos(u

′ + 2u/R), (B4a)

σθθ = σφφ = μ0

[
2ρ

u

R
+ u2

R2
ρ ′

]
+ Kos(u

′ + 2u/R), (B4b)

respectively, with ρ = ρ0 + (1 − ρ0)�(u/R + ε′
m) and ρ ′ =

(1 − ρ0)δ(u/R + ε′
m). Then the equilibrium equation (B1)

becomes [10,17]

a0U − V + (1 − u′/εm)−3

(
U − 3u′2

Rεm

+ u′3

Rε2
m

)
= 0, (B5)

with the boundary conditions u(R0) = u0 and u(R →
∞) = 0. Here U ≡ u′′ + 2u′/R and V = c0

2u
R2 + u2

2R3 ρ
′; a0 ≡

ν0
2(1−2ν0) − 1

2 and c0 ≡ a0 + 1
2 (1 + ρ). If we introduce the

normalized displacement ũ = u/u0 and the normalized radius
R̃ = R/R0, we obtain the equilibrium equation (4) in its
dimensionless form.

Particularly, in the quasilinear limit of εm → ∞ and
ε′
m � 1 the equilibrium equation (4) reduces to Eq. (5),

whose solutions are discussed in Sec. III A. Two power-law
regimes are identified as shown in Fig. 2. Furthermore, in the
linear limit of εm, ε′

m → ∞, the dimensionless equilibrium
equation (4) reduces to Eq. (6), the usual form in linear,
isotropic materials [17] whose solution is ũ ∝ 1/R̃2 to fulfill
the natural boundary condition ũ(R̃ → ∞) = 0.

1. Nonlinear limit: ε′
m ∼ εm and ε′

m � εm

We now consider the nonlinear limit of εm � 1 that is more
relevant to biopolymer gels stiffening at small tensile strains
ε ∼ εm. In this nonlinear limit, we must analyze the general
equilibrium equation (4). In biopolymer gels, we expect the
relative magnitude of the critical strain ε′

m for gel softening
to εm can have values that allow for all the possibilities (see
discussions in Sec. II B): ε′

m 
 εm, ε′
m ∼ εm, and ε′

m � εm.
In this Appendix, we study the first two cases: ε′

m 
 εm and
ε′
m ∼ εm, which show the same behavior as shown in Fig. 3(b).

In these cases, two regimes separated by R̃∗ (=R∗/R0) are
identified for the decay of displacement (see Fig. 3). The
linearly decaying regime in the near-field and the power-law
(with ũ ∼ R̃−2) regime in the far field as in linear isotropic
materials.

In the far field where R̃ 
 R̃∗ (A can be large but far-field
R̃ 
 A), Eq. (4) can be expanded to yield Eq. (6),

d2ũ

dR̃2
+ 2

R̃

dũ

dR̃
− 2ũ

R̃2
= 0,

with solution given by Eq. (7) [see Fig. 3(b)],

ũfar(R̃) = ũeff/R̃
2.

In the near field where 1 < R̃ � R̃∗, we consider the special
case of strong nonlinearity A 
 1. In this case, we assume

that the solution of the equilibrium equation (4) has the form

ũ = 1 + A−1f (R̃) + A−2g(R̃) + A−3h(R̃) (B6)

to third order in A 
 1. Since in the limit of strong nonlinearity
the denominator (1 + Aũ′) in Eq. (4) is positive and small
(close to but not zero, due to the nonlinear strain stiffening
of the gel under extension), we can choose f (R̃) = −(R̃ −
1) by noting that 1 − A(R̃ − 1) solves 1 + Aũ′ = 0 [10]. By
substituting the assumed solution form (B6) and expanding
Eq. (4) in powers of 1/A, we obtain the following equation to
order 1/A:

−2c0

R̃
+ −3R̃g′′(R̃)h′(R̃) + R̃g′(R̃)h′′(R̃) + 2g′(R̃)h′(R̃)

[g′(R̃)]4

+ A
R̃g′′(R̃) − g′(R̃)

[g′(R̃)]3
= 0, (B7)

with the boundary condition ũ(R̃ = 1) = 1. Making the
third term of Eq. (B7) (which is order A) vanish yields
g(R̃) = 1

2C(R̃2 − 1), where C is a constant that is determined
below. Substituting this back into Eq. (B7), we find h(R̃) =
2
3C3c0(R̃3 − 1) + 1

2C1(R̃2 − 1). Therefore the near-field solu-
tion can be approximated to second order in 1/A by

ũnear = 1 − A−1(R̃ − 1) + 1
2CA−2(R̃2 − 1). (B8)

Note that this solution indeed makes the denominator (1 +
Aũ′) in Eq. (4) positive and small (close to but not zero) if the
coefficient C is positive and not large. In Fig. 3(b), we have
shown that for the case of strong nonlinearity with A 
 1, this
solution (B8) indeed provides a very good approximation to
the near-field solution (with C fitted to be about 0.5).

Finally, for the case of strong nonlinearity with A 
 1, we
match the far-field solution (7) and the near-field solution (B8)
to first order in 1/A or Eq. (10), ũnear = 1 − A−1(R̃ − 1),
by the continuity of the displacement and the radial stress
component at the matching radius R̃∗,

ũeff

R̃2∗
= 1 − A−1(R̃∗ − 1),

2ũeff

R̃3∗
= A−1, (B9)

from which we obtain the matching radius

R̃∗ ∝ A, (B10)

and the normalized effective far-field displacement

ũeff ∝ A2. (B11)

These results have been verified by our numerical calculations
as shown in Fig. 5. This means that the nonlinear strain stiffen-
ing (quantified by A = −u0/R0εm) of the elastic biopolymer
gels can significantly magnify the magnitude of the strain at
long distances.

2. Nonlinear limit: ε′
m � εm

Now we examine the nonlinear limit where ε′
m � εm � 1

(or B 
 A). In this case, three regimes separated by R̃∗ and
R̃T are identified as shown in Fig. 4: the linearly decaying
regime in the near field and the two power-law regimes in the
far field.

In the near field where 1 < R̃ � R̃∗, the previous argu-
ments for the nonlinear cases of ε′

m ∼ εm and ε′
m 
 εm also
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FIG. 5. Normalized effective far-field displacement ũeff vs non-
linearity parameter A ≡ −u0/R0εm in the nonlinear limit of ε ′

m ∼
εm � 1. Here lines are plotted only for guidance.

apply here. The near-field solution can be approximated by
Eq. (B8) to first order in 1/A or Eq. (10):

ũnonlin(R̃) = 1 − A−1(R̃ − 1).

In the far field where R̃ 
 R̃∗, the equilibrium equation (4)
reduces to Eq. (5) from which two power-law regimes can be
identified [see Fig. 4(b)], as discussed in Sec. III A.

(i) For R̃ 
 R̃T , the solution is given by Eq. (7):

ũlin(R̃) = ũeff/R̃
2.

(ii) For R̃∗ � R̃ � R̃T , the solution is given by Eq. (9):

ũqlin(R̃) = aR̃m−1 + bR̃−m,

where m = 1
2 [

√
1 + 8g(ρ0,ν0) + 1] (with 1 � m < 2) and

m = 1 for ρ0 = 0 (i.e., gels lose stiffness completely upon
compression over strain −ε′

m).

We match the two far-field solutions (7) and (9) and the
near-field solution (10) by the continuity of the displacement
and the radial stress component σrr at the two matching radii
R̃∗ and R̃T where ũ(R̃T )/R̃T = B−1. We obtain a system of
algebraic equations as follows:

ũeffR̃
−3
T = B−1,

ũeffR̃
−2
T = aR̃m−1

T + bR̃−m
T ,

−2ũeffR̃
−3
T = a(m − 1)R̃m−2

T − bmR̃−m−1
T , (B12)

1 − A−1(R̃∗ − 1) = aR̃m−1
∗ + bR̃−m

∗ ,

−A−1 = a(m − 1)R̃m−2
∗ − bmR̃−m−1

∗ .

Particularly, for the simple case m = 1, we can solve Eq. (B12)
and obtain

R̃∗ = 1 + A

2 − (A/2B)1/2
,

R̃T

R̃∗
= (B/2A)1/2, (B13)

and the normalized effective far-field displacement

ũeff = (2A)−3/2B1/2R̃3
∗. (B14)

Since ε′
m � εm � 1 (or B 
 A 
 1), we obtain the matching

radii

R̃∗ ∼ A, (B15a)

R̃T /R̃∗ ∼ (B/A)1/2 
 1, (B15b)

and the normalized effective far-field displacement

ũeff ∼ A3/2B1/2 
 1. (B16)

This means that the nonlinear tensile stiffening (quantified by
A = −u0/R0εm) and the nonlinear compressive stiffening of
the elastic biopolymer gels can both significantly magnify the
magnitude of the strain at long distances.
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