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Electromagnetic waves in a model with Chern-Simons potential
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We investigated the appearance of Chern-Simons terms in electrodynamics at the surface or interface of
materials. The requirement of locality, gauge invariance, and renormalizability in this model is imposed. Scattering
and reflection of electromagnetic waves in three different homogeneous layers of media is determined. Snell’s law
is preserved. However, the transmission and reflection coefficient depend on the strength of the Chern-Simons

interaction (connected with Hall conductance), and parallel and perpendicular components are mixed.
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I. INTRODUCTION

Space-time homogeneity and isotropy are typical for usual
quantum field theory models of elementary particles. It is a
natural assumption in the study of various processes with
simplest excitations of quantum vacuum. However, it is
not suitable for modeling the interaction of quantum fields
with macroscopic objects, changing essentially the vacuum
properties. In this case, quantum macro-effects may appear in
dynamics of material bodies which cannot be explained in the
framework of classical physics. Theoretically, this problem
was first considered in 1948 by Casimir, who showed that
quantum vacuum fluctuations cause the attraction between
two perfectly conducting parallel plates of an uncharged
capacitor [1]. This phenomenon, called the Casimir effect
(CE), is observed experimentally [2-5], and the results
obtained empirically for materials with high conductivity are,
with a high degree of accuracy, in agreement with theoretical
ones [6,7]. At typical distances of 10—1000 nm for the CE both
quantum and classical features of the system become essential.
Their combination forms a special nanophysics. Investigations
of it are not only of general theoretical interest, they are also
important for the development of new technical devices, in
view of the increasing trend toward their miniaturization.

Although there are numerous papers devoted to the theoreti-
cal problems of the CE [6,8], they are often based on simplified
models of a free scalar field theory or free electromagnetic field
with fixed boundary conditions, applying only to investigations
of some particular aspect of the CE, and ignoring usually
specificity of quantum electrodynamics. Such models are
not suitable for a complete description of a wide range of
nanophysical phenomena occurring in the system as a result
of the interaction of quantum degrees of freedom with the
material body of a given shape (classic defect). The results
presented in our paper were obtained within the Symanzik
approach [9] for construction of quantum field theory models
when there are spatial inhomogeneities with sharp boundaries.
They are described by an additional action functional (action of
the defect) that is concentrated in the region of space where the
macroscopic object is located. In quantum electrodynamics the
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interaction of photons with the defect modeling background
field is completely determined by the requirements of the local-
ity, gauge invariance, renormalizability, and is described by the
Chern-Simons action functional with a dimensionless constant
characterizing the material properties of the surface [10]. It
affects the Casimir force, which is nonuniversal and can be
not only attractive but also repulsive for a flat capacitor [10].
It is shown also that in this model the static electric charge
interacting with the surface defect generates a magnetic field,
and the stable straight-line current creates an electric field [10].
The calculated Casimir-Polder potential for a neutral atom
near a flat surface allowed us to find the parity-violating
corrections to the previously known results [11]. Based on
the earlier proposed model [10] we studied in this paper the
electromagnetic waves in three layers of matter with magnetic
susceptibilities @y, w2, @3 and permittivities &, &2, €3
separated by two parallel material planes x3 = +[/2 whose
Chern-Simons interaction with the electromagnetic field is
characterized by coupling constants a;, a,. We can show that
the interfaces of such a kind have finite Hall conductance,
simply connected with Chern-Simons permittivity.

II. STATEMENT OF PROBLEM

For the formulation and investigation of the model it
is convenient to use the notations & and a for three- and
two-component arrays, respectively. We define also the scalar
product and the x compositionvof them: &,Bv =a18) + b +
a3f3, ab = aiby + axby, & x = (a181,0282,0383), ax b =
(a1b1,a2b7).

Let us introduce the arrays:

0 = (0(—1/2 — x3),0(1/2 — |x3]),0(x3 — 1/2)),
d; = (6(x3 +1/2),8(x3 —1/2)).

Here 6(«) and §(«) are Heaviside step-function and Dirac §
function. The scalar products of §; with 8 = (81, 52,83) and d;
with ¢ = (c¢y,c¢;) are defined as

F(B1,B2,B3) = F(B) = fb,

Then one obtains

D(cy,c2) = D(c) = cd,.

0 « 0 "
e F(p) = F(—ﬁ) + DIs(B)].
X3

3)63

FBFy)=FB=y), F(1,1,1) = 1.
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where s(f) = (B — 1,83 — B2). The model [10] of the
photon field A, interacting with the two-dimensional material
surface described by equation ®(x) = 0 can be generalized for
the considered defining the action functional as

S(A) =—1G F™" + S4(A). (1)

Here, F,, = 0,A, —0,A,, G, = E(x3)F,,, if £ =0 or
v=0,and G, = M1 (x3)F, if u # 0,v # 0 with £(x3) =
F(&), M(x3) = F().

The functional S,(A) describes the interaction of the two-
dimensional material objects (defects) with the photon field.
The defects lie, in our case, at two parallel planes x3 = /;
with 1 = (—1/2, +1/2). Using the notation ®;(x) = x3 — [;
we can write the action of the defects as S4(A) = S1(A) +
S>(A), where

4

Si(4) =3

/ 3D () A, (x)F™ (x)8(D ;(x))dx
- %/Av(x)l:"S”(x)é(@j(x))dx, ji=12.

Here, F’ is the dual field tensor F*’ = eV F, ,, and e**"*
is the totally antisymmetric tensor, €23 = 1.

The Chern-Simons action Scs(V) of the abelian gauge field
Vo (@ =0,1,2) in the three-dimensional space-time is the
integral of the invariant-3 form [12],

SSS)(V,X):X/vaaﬂvye“ﬁyd%,

where €*?7 is the Levi-Civita tensor (¢°'2 = 1), and x is a

constant. Using the notations VDE" ) = Aglxs=1;, We can present
the action S;(A) of the defect layers in our four-dimensional
model in the form S;(A) = —S(C3S)(V(j),aj).

Both the Abelian and non-Abelian Chern-Simons terms
are used in many different models [13]. They can generate
the interaction potential of nonrelativistic particles moving
in the two-dimensional space [14] and enable one to construct
the gauge invariant theory of the three-dimensional massive
gauge fields [15,16]. The gauge-field models of such a kind
are relevant for the fractional quantum Hall effect [17] and
probably also for high-T¢ superconductivity [18].

In the four-dimensional gauge-field theory one studies
the models with the Chern-Simons-like action of the form
S(C4s)(A,k) = kHAVF’”, including a constant vector k, [19].
The functional S((:4S)(A,k) is gauge invariant, but violates the
Lorentz symmetry. It describes the effects of spontaneous
Lorentz invariance breaking in the so-called standard-model
extension [20] and is used for a modification of the Maxwell
theory [19].

Comparing the actions S?(V, X)s S(C4S)(A,k) in the above-
mentioned models with the Chern-Simons terms S¢(A) in
Eq. (1), one notes that the coupling constants a; in §;(A)
are dimensionless, but the parameter x and the vector k,, have
the dimension of mass.

Therefore, in the (2+41)-dimensional Maxwell-Chern-
Simons theory, the photon has a “topological” mass m = x
[16]. The Casimir force f between parallel lines in this model
is the same as in the theory of the free scalar field with mass
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m. It is attractive, and

1 > yidy
f= /

C16nld oy e — 1

where [ is the distance between the lines [16]. For small
ml, f~ —@8ml®)~'[¢(3)+ ml — (ml)*] (¢ denotes here the
Riemann zeta function), and for the large distances (ml > 1),
one obtains f ~ —(8x[*) "' [2(ml)* + 2(ml) + 1]e~>".

Analogous results exist in the Maxwell-Proca-Chern-
Simons theory [21], and a similar nontrivial distance depen-
dence of the Casimir force between two parallel conducting
plates is obtained also in the standard-model extension [22]. On
the other hand, in the four-dimensional theory of the quantum
electromagnetic field with the Chern-Simons defect actions
S;(A), the power function describes exactly the dependence
of the Casimir force Fc,s from the distance / between two
parallel planes in vacuum [10]:

)
Feas = _Wc(aliaz)' 2
Here, the function C(a;,a;) is expressed in terms of the
polylogarithm Liy(z) [10].

For identical defect planes (a; = a, = a), the factor f(a) =
C(a,a) is an even function of a, f(0) = f(ap) = 0, with ag &
0.5892, and lim,|—,« f(a) = 1 inaccordance with the Casimir
force for perfectly conducting plates [1]. If 0 < |a| < ag, then
f(a) < 0, and the Casimir force is repulsive. If |a| > ay, then
0 < f(a) < 1, and the Casimir force is attractive. It vanishes
fora = 0,|a| = ap.

The presented results demonstrate the difference between
the proposed model Eq. (1) and the other ones constructed with
the inclusion of Chern-Simons terms in the Lagrange density.

The Euler-Lagrange equations for the action functional
S(A) Eq. (1) are written as modified Maxwell’s equations:

5S(A)
A,

= 9:G*" + D(a)J’ = 0. 3)

We use the notations J' = 63“‘”)Fap, a = (a;,a,). We con-
struct the general solution of Eq. (3), analyze its properties,
and consider processes of plain-wave scattering.

Action Eq. (1) and the Euler-Lagrange Eq. (3) are invariant
under gauge transformation A, (x) — A, (x) + 9,¢(x). Thus,
the solution of Eq. (3) is defined up to a gauge transformation.
We fix it by choosing the temporal gauge Ao = 0. Then
the vector-potential A* = (0,A) yields the electric field E =
—80;{ and the magnetic induction B =3 xA.

We solve Eq. (3) using the Fourier transform over coordi-
nates xo = ct, xi, x2 for the vector-potential A,;:

1 L o
Aulx) = 5 /e"”‘AM(x%p)dp

)2
_ 2 Re
(2n)?

f 0(po)e' ™™ A, (x3,P)1dp.

Here and later we use the notation p for vector p = (po, p1, p2),
DX = poXxo — p1X1 — p2X>2. Re denotes the real part and w =
cpo the frequency.
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III. SOLUTION OF EULER-LAGRANGE EQUATIONS

With the gauge condition Ay = 0, Eq. (3) for K()@,ﬁ) are
equivalent to the following ones

2i
(B3EP 203+ E)p = D@, “)
(03 M 713 + M7I'PHr =—2ip°D(a)p, (5)
Ay =P *p, (6)
where
pEip1A1+ip2A2, ‘EEipzAl—iplAz,
P = f(KlaK27K3)v Ki = \/p(%sil/bi - p% - p%
By definition the real part of «; is chosen to be nonnegative,
and if it vanishes, then k; = —i|«;|.

If in the Symanzik approach one takes into account polariza-
tion effects arising from the interaction of quantum fluctuations
of the fermion fields with the defect and electromagnetic field,
then with the accuracy sufficient for our problem, the constants
€i, Wi, a; will be functions of p in Eqgs. (4)—(6). We assume
that these effective characteristics of real materials are used in
Egs. (4)—(6) in the further calculations.

The fields p,t are found from Egs. (4) and (5). The
components Ay, A, of the vector-potential A are expressed
by p and 7,

Al =—i(ppr+Tpdp ™, Ary=i(tpi—pp)p 2 (1)

where p? = p% + p%. The electromagnetic field A(Xg,, p)inthe
considered medium is characterized by the mutually orthog-

onal vectors py = (p1,p2.0), p1 = (p2, — p1.0), 1=(0,0,1).
The vectors p|, 7 define the plane of incidence. In virtue of

Egs. (6) and (7), the vector p_gtentlgl A= (A1, Az, A3) can be
presented in the form A = A + A, where A is parallel to
the plane of incidence, and A is perpendicular to it:

Aj(x3,p) = (=i pyp~2 — TP 7203)p(x3, ), (8)

21(x3, ). ©)

Since in our gauge E(ﬁ,x3) = —ipog(ﬁ,x_g), the field p(x3, p),
(t(x3,p)) describe plane waves whose electric field vectors
are parallel (perpendicular) to the plane of incidence. Equa-
tions (4) and (5) show that the Chern-Simons defects mix
parallel and transverse components of the phonon field.

Let us introduce the notations f(x3) = (o(x3),7(x3)) and
define

_(EP2 0 (0 p
K- () e (5, %)

e O & Ki
Li = ) e = —, m; = —,
0 m Ki i

Then we can present Egs. (4) and (5) in a compact form:

(8:Kd3 + KPHf = 2iD(a)Cf. (10)

AL (x3,p) =—ipip~

i =123

We conclude that f is continuous at x3 = [},
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since a discontinuity would yield a §’ function on the left-hand
side of Eq. (10), which is absent on the right-hand side. Due to
Eq. (7), A1 is continuous at the defects. Thus, the derivatives
d0,12A1 2 are continuous, which implies the continuity of the
components E;; and Bj.

Introducing f(x3) = F(E(x3)) with f(x3) =
(F1(x3),£2(x3),f3(x3)), we integrate Eq. (10) from x3 =1; — n
to x3 = [; + n with infinitesimal 7:

L.
s 03f; 1)) —
Kj+1

L:
—Lost;(1;) = 2ia;CE1)).  (12)
Kj

Within the layers x3 # =£/;, Eq. (10) is written as (37 +
/cl.z)fi (x) = 0 and yields

fi :fz++fz_v (Ioz [ )—C e¥1K1A3 (13)

For real «; the solution with the upper (lower) sign describes
a plane wave moving in positive (negative) x3-direction.

It follows from Egs. (13), (8), and (9) that A=At + A-
and

Lo+ 4 R
= ipjpr(x3) - ipLTE(xs)
Ay ===, Af(x3>=——“p2 Y, (14
with
Pir=mFrPL () =P, (15)
Po = Plpi=p=0 = poF(n1,n2,n3), n; =/eip;. (16)

Since 3f; = ix;f;, where f; = f - fF, the condition

Eq. (12) can be written as !
Ljifjn) — L) = 2a;C8;)),

These equations describe the discontinuity of the components
H, ; of the magnetic field and Dj of the dielectric displacement
due to the currents a;J¥ in Eq. (3):

i=12. 17

Ds L+l D3j =—aj J = zajB’% j» (18)
Hi 1 — Hyj =—aij2=2ajE1,j, (19)
Hy g — Hyj=a;)} =2a,E, ;. (20)

In order to solve Egs. (11) and (17) it is convenient to
introduce the following 2 x 2 matrices:

T =1+oL;} (BL; —2¢,C), j =12, a.p==l,

and four-component vectors U;

=(uj,u;), V;=(v],v))
with uf:fji(lj), vf :fjjrl(lj). Then we obtain from

Egs. (11), (13), and (17) the relations between the V and U by
means of the transfer matrices 7':

V; =17,U;, U, =TV, V,=TU,, T=07TT,

—ilk T++ T+7
T =(° 1 ,-187 SRS = L)
0 e'21 2 T Tj

One has for nonactive media (real ¢, u, and a)
G;=T/GuT;. T/G;T; = G;, T'GsT =Gy,
UG U = ViG,V, = UiG,U, = V;G3V,. 21
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Here 7, * denote the hermitian conjugation of the matrix and
the complex conjugation of the vector components,

G T8 Tl _(poe; 0O
;= Imx; _ Rex; 8 = 0 mj/po ’
T8 T8

Rek; (Imx;) is the real (imaginary) part of «;.

For a complete analysis of the propagation of waves in the
considered medium it is enough to assume that in the region
x3 > 1/2 there are no waves moving in the negative direction
of x3 axis. This restriction obeys f; (//2) = v, = 0, since for
real k3, £5°(//2) is the amplitude of the wave moving from x3 =
400 to the plane x3 = //2, and for imaginary «3 the field must
decay exponentially for x3 — +o00. Then V, = TUj yields

T af+T "u; =0, vy =T "uf +T"u;, (22
where T** denote the corresponding 2 x 2—submatrices of
the 4 x 4—matrix 7.

For real k| the amplitude of the incident wave propagating
in the region x3 < —I[/2 in the positive x3 direction is
¢in = ¢/ = uj e7*1!/2 The amplitude of the reflected wave is
¢, = ¢, = u; ¢"1/2 and that of the transmitted wave is given
by ¢, = cq =V, Te*s!/2 for real k3. The amplitudes c¢,, ¢, are
obtained from Eq. (22):

¢, =—e (T ) 'T "¢y, (23)

¢ = ei(K3+K1)1/2[T++ _ T+_(T__)_1T_+]Cin. (24)

If x5 is imaginary, then ¢, yields again the amplitude of
the reflected wave (total reflection), whereas ¢; describes the
amplitude of the decaying wave.

If both «; and «3 are imaginary, then the waves are totally
reflected at both x3 = +//2. The waves obey v, =u] = 0.
Then Eq. (22) can have a nonzero solution only if «3 is
imaginary (since by Eq. (21), V5G3V, = UG, U; = 0), and
detT~~ = 0 with

T~ = LTy e ™' T + T, et™IT )
= T, (™1 — RyR)e ™' T 7], (25)
R, =—(T, )", ", Ry =T/ (T, )~

The matrices R; describe the total reflection of the waves
coming from the center to [, VT =Ryvi,u, = Rzu;r. These
matrices differ by a similarity transformation from unitary
matrices O; = g;/ ‘R g "2 Thus, one obtains electromag-
netic waves propagating in layer 2 as soon as one of the two
eigenvalues e’? of the unitary matrix Q,0; agrees with e+,

If «; is real, then the functions f Ji(x3)eiﬁx describe plane
waves propagating in the medlum with constants &;, p;
in directions of vectors p] = (p1,p2, £ «;) with velocity
v = cpo/lp | = c/nj For the angle ©; between p; and the
X3 axis, sin 19 =p/1p;l =p/(pon;), and this equality ylelds

Snell’s law sin;/sin ¥ = ny/n;. The component vj of
the wave front velocity v; is equal to v;i
Feuj/(pon3).

The electric field vector of the wave propagating in the
jth layer in the positive (negative) direction of the x3 axis

= tv;k;/|p;| =

PHYSICAL REVIEW E 92, 013204 (2015)

is Ef = —ipoAT (Ej =
energy density is £j|I§;F|2 (8j|Ej_|2). The energy current
density propagating in the positive x3 direction is /; =/ ,Jr —

Ij_, Iji = v 8]|Ei|2 In virtue of Egs. (14)—(16),

—ipOA;), and the corresponding

sejloT
],_1i+1i Iizpo—f

£
L pom;lTy]
T’ P p2 :

’ L7 pz

If we denote U; = V3, then I; = p*UFG;U,/ p;. The energy
is conserved in the nonactive medium, therefore the quantity /;
is independent of x3 and /; = I; (in agreement with Eq. (21)).
It follows from Eq. (21) that the energy current /; vanishes
in case of total reflection, since V,G3V, = 0 by imaginary 3
and v, =0.

If k; is imaginary, then, similarly as in a wave-guide, the
waves propagate in the jth layer parallel to the plane x3 = 0 in
direction of vector pj. Due to the boundary conditions given
by the matrices O;, the relation between w and p; will be
changed.

IV. CONCLUSION

The Chern-Simons interaction at x3 = [; does not change
Snell’s law. However, the reflection and transmission co-
efficients depend on the strengths a; of these interactions.
They lead to a mixing between the parallel and perpendicular
components of the electromagnetic waves and they change the
relation between frequency and wave vector for waves between
two totally reflecting media. Consequently, such interactions
will also modify the strength of the Casimir effect. A search
for surfaces and layers showing such a behavior is of particular
interest.

The electromagnetic polarization effects governed by the
defect action S¢(A) are concentrated on the planes x3 = +1/2.
Outside the planes x3 = +1/2, Eq. (3) describe electromag-
netic waves with the usual dispersion relations, and the
polarization mixing is defined by the boundary condition
Eqgs. (18)—(20).

In contrast, the Chern-Simons modification of the (3+1)-
dimensional Maxwell theory [19] generated by the translation
invariant action S®(A,p) yields circularly polarized plane
waves. There, the Chern-Simons term coupling is given by the
four-vector p*. The plane waves with four-vector k* obey the
dispersion relation (p”pﬂ)2 + (p* pu )kt k) — (k”pﬂ)2 =0.
The velocity of the wave propagation depends on its polariza-
tion.

The presented results may be verified experimentally. In this
way, it is possible to determine the Chern-Simons permittivity
a(p). It has a simple physical meaning. Comparing Eq. (3)
with the usual inhomogeneous Maxwell equations in media,
we see that j; ; = —a; Jl." with i,k = 1,2 in Egs. (19) and (20)
can be interpreted as components of currents j, = (Ji.1,Ji2,0)
generated by the electric field E",- = (E; 1,E;2,0) in the planes
x3 = ;. It follows from Egs. (19) and (20), jix = oix1Ei1 +
oik2Ein with Oi kil = —0i k> k, =1,2,and 012 = —2a;.

Thus, ;, is the Hall current in the plane x3 =1
and the strength of the Chern-Simons interaction a;(p) =
0i21/2 defines the Hall conductivity o;. In SI units
Oi1p = —a;e?/(ha) with the fine structure constant o and
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h/e?> = Rx = 25812,8...Q. Note also that Egs. (19) and (20)
can be considered as standard boundary conditions connecting
the magnetic field with the Hall current on the surfaces between
layers. It follows from Eq. (18) that the magnetic induction B3
in the considered processes generates a jump in the dielectric
displacement D3 on the boundaries of the layers. It can be
considered as a manifestation of the magnetoelectric effect.

In the framework of this approach, we have shown that our
two-dimensional material body interacting with an electro-
magnetic field has nonzero Hall conductivity. Using the results
of our calculations, it can be found by optical experiments. In
this way one can predict also the Casimir force, if as in the
case €; = u; = 1, with i = 1,2,3, its theoretical dependence
from the parameters of the model is known. It follows from the
above presented results that the Casimir force [10] between two
planes in vacuum with equal Hall conductivity o7, is attractive,
if |o12| > 2.065 and repulsive otherwise.

If the Chern-Simons permittivity of the plane depends on
the wave vector p, the result Eq. (2) obtained for constant
parameters a; needs to be corrected. The formalism [10] used
for calculation of Fc, presented in Eq. (2) enables one to do it.
The problem is reduced to replacing a; — a;(p) in the photon
propagator, which is included in the integral over p yielding
the Casimir energy. Corrections to the Casimir force obtained
in this way could be considered as contributions of van der
Waals forces between the planes analogous to those arising
between material slabs [7,23].

When a is finite, the Chern-Simons potential breaks the
time and space parity. It is the case also for the interaction of
photons with (2+1)-dimensional Dirac fields modeling two-
dimensional materials [25,26].

In this paper we have considered only the case of inactive
media (Ima; = Ime; = Imp; = 0). Using complex values
of the model parameters and also taking into account the
defect contribution of the (3+1)-dimensional Dirac field [24],
one can construct within the Symanzik approach in quan-
tum electrodynamics a model for a wide class of quantum
macroscopic phenomena in systems with two-dimensional
space inhomogeneities. In such models one can investigate the
Hall effect, plasmonics, nanophotonics, topological insulators,
properties of two-dimensional materials, doping, thin films,
and sharp interfaces.

One places high emphasis on these problems, and many
important results are obtained in the study of them [26,27]. The
comprehensive model, built within the proposed approach and
based on fundamental physical principles, seems to be suitable
for this research field. We expect that it provides an opportunity
to obtain more accurate quantitative results than those that have
been achieved to date by use of other theoretical assumptions.
An investigation of such models will enable us to understand
more deeply the relationship between different nanophysical
effects.

ACKNOWLEDGMENTS

D.Yu.P. and Yu.M.P. acknowledge Saint Petersburg State
University for research Grant No. 11.38.660.2013 and are
grateful also to ETH Ziirich and Ruprecht-Karls-Universitat
Heidelberg for financial support and their kind hospitality.

PHYSICAL REVIEW E 92, 013204 (2015)

APPENDIX: DETAILED RESULTS AND COMMENTS

We give an obvious form of matrices used in our calcula-
tions. They are functions of é = (ey,ez,e3), W = (my,my,m3)
and can be written as

5 f@my  g(énm)
M(é,m) = - M B Al
(m (—pégon,e) F.2) (A
Thus, M is completely defined by its elements {M};; =
f(&,m) and {M}12 = g(&,m).
The matrices Tf and their inverses are given by

. 2a;

T —14ap-, (T} — o Y
{17}, +a/3€j+1’ {17}, O‘eijO’
() ), = TRy 2 2

P det(T) PO det (1)

4a12- + (ejr1 +afej)mjy +afm;)

€j+1M 11

det (TO"3 )=

J
The matrices T+ satisfy

T = cos(al)Z7™ + i sin(ka])Z5™,

afe; +e ala; +a
{Z(fﬂ}u = fer 3’ {ZTﬁ}u:_ @ 2)’
2e3 e3po
{Z“ﬂ} _ daaare; — (ae% + ﬁ€1€3)m2
2 2€2m2€3 ’
afayeomy + ajesm
{Zgﬂ}n: Bazeym | + aje; 2 f= £l
€xm2e3 Po
The relation Eqgs. (23) and (24) for the amplitudes ¢;, ¢, can
be written as ¢, = —e™ ! T, ¢, ¢, = ! ®3TVI/2T, ¢, with

T, =T )'T", T,=T""-T (T ) 'T" .
Using the notations
o(a,b) = acos(kyl) + i bsin(k,l),
V(a,b,c) = b(a + ¢)cos(kal) + i (ac + b?) sin(kal),
e = plaere), mf =pBmam), ¢ =efm!

mﬁ = w(mlvﬂm27ﬂm3)v
o,f = =+l1,

e” = Y(er,aer,ae3),

Yol = e*mP,

one can write the matrices T;, T, in the following form:
2ei[eam™ — 4i ajaymy sin(kal)]

(T} = )
z

4ml(azmzeJr + a1e2m+)
{Tt}12 = . 3 s
Poz

1 —+
{T/}u = Z{Sala2€2m2 +v

+ 4[a12%++ — a§<pf+ — 4a12a§ Sinz(Kgl)]},

4m, {a262m2 + a; [(p;‘"" — 4a% sinz(/czl)]}
{T/}2 = p;z ,
0

where
7 = 4eymoresmzdet T~ = ¢yt 4 8a,aream»

+ 4[a§<pfr +aleit — data3 Sin2(Kgl)].
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The reflection matrices R; defined by Eq. (25) are

R =T/ (T;)"", R=—(T,)'T,",
—+ 4a;m,

r.
{Ri}n = —#, {Ri}12=—rT,
1 1

i’ixﬁ = dai + (e; + aer)(my + pmy),
rs? = 42 + (e3 + aer)(ms + fmy),  a,p = 1.
Multiplication and the inverse of matrices of the form of

Eq. (A1) yield matrices of the same type. Because g, does
not belong to this class of matrices, this is also the case for the

. 121y =172
matrices O; = gz/ R;g, /2
1 rot 4a; . Jesm;
O =—+ J IV . A2
J r;f‘* <—4aj e,m;y rj+ (A2)
The r** obey
riTr 16a?e2m2 =rtr. (A3)

Ifay, a, ex, my arereal, and ey, e3, m;, m3 are imaginary, then
(r=H)* =rT, (r™)* = r~, and it follows from Eqs. (A2)
and (A3) that the matrices Oy, 0,0 = 0,0, are unitary,

and
_1(r 0
0= R(—Q* P*>’

PHYSICAL REVIEW E 92, 013204 (2015)

where

R = I’1++r2++, P = rf+r;+ — 16aiae,ms,
0= 4./627712(alr2_+ +a2r1+_), PP*+ Q0" = RR*.

The eigenvalues A, of the matrix O read

—P — P* £ (P — P*)? — 400"

)&1,2 — TR — ei(C-HIl.z),
ImR V(ImP)? + |Q|?
tan({) =———, tan =F .
) ReR (m2) =+ ReP
They coincide for ImP = 0, Q = 0. In this case, ;, = 0,
—+ o A e— *
r, =——r, P=——r""r/" =P
2 a ! PRENE

The boundary condition Egs. (18)—(20) can be proved
directly from Egs. (6) and (7). Using the relations D=
¢E, B=puH, E=—A, B=0 x A, p> +«* = p2ep and
notations €/k = e, K/ = m, we obtain D3 = — pgep,

_ pimT — preppy
= P

It follows from J” = €3"°* F,,, that J® = 27,

preppy + pomt

H,;
pz

, Hy=

gl 2P0(P|T 2— Pzp), J2 o 2po(p1,02+ pg‘r)‘

b p
Thus, in virtue of Eq. (17), the equalities Eqs. (18)—(20) are
fulfilled.
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