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The dynamics of quasistationary states of long-range interacting systems with N particles can be described by
kinetic equations such as the Balescu-Lenard and Landau equations. In the case of one-dimensional homogeneous
systems, two-body contributions vanish as two-body collisions in one dimension only exchange momentum and
thus cannot change the one-particle distribution. Using a Kac factor in the interparticle potential implies a scaling
of the dynamics proportional to N with § = 1 except for one-dimensional homogeneous systems. For the latter
different values for § were reported for a few models. Recently it was shown by Rocha Filho and collaborators
[Phys. Rev. E 90, 032133 (2014)] for the Hamiltonian mean-field model that § = 2 provided that N is sufficiently
large, while small N effects lead to § & 1.7. More recently, Gupta and Mukamel [J. Stat. Mech. (2011) P03015]
introduced a classical spin model with an anisotropic interaction with a scaling in the dynamics proportional
to N'7 for a homogeneous state. We show here that this model reduces to a one-dimensional Hamiltonian
system and that the scaling of the dynamics approaches N2 with increasing N. We also explain from theoretical
consideration why usual kinetic theory fails for small N values, which ultimately is the origin of noninteger

exponents in the scaling.
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I. INTRODUCTION

Systems with long-range interactions may present unusual
properties such as as nonergodicity, anomalous diffusion,
aging, non-Gaussian quasistationary states (QSS), negative
microcanonical heat capacity, ensemble inequivalence, and,
more importantly for the present work, very long relaxation
time to thermodynamic equilibrium of a QSS, diverging with
the number of particles N [1-9]. A pair interaction potential
is long ranged in d spatial dimensions if it decays at long
distances as r~* with o < d. The dynamics of such systems
can be decomposed in three stages: a violent relaxation into a
QSS in a short time, a slow relaxation of the QSS, and the final
thermodynamic equilibrium. In some cases after the violent
relaxation the system may also oscillate for a very long or even
infinite time around a QSS [10]. By introducing a Kac factor
proportional to 1/N in the pair-interaction potential the fluid
(Vlasov) limit is well defined and given by N — oo [11-14].
The dynamics is exactly described by the Vlasov equation
for the one-particle distribution function, while for finite N
it is valid only for short times. Collisional terms must be
considered for a more accurate description of the dynamics
for finite N, leading to kinetic equations such as the Landau
or Balescu-Lenard equations [13,15,16].

As already noted, the dynamics of relaxation to equilibrium
depends on the number of particles in the system and has been
extensively studied in the recent literature [1-5,14,17-24]. Its
dependence on N can be obtained from collisional corrections
to the Vlasov equation, i.e., by determining the relevant kinetic
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equation. Two-body collisions lead to a collisional integral
in the kinetic equations of order 1/N, and thus relaxation
occurs in a time scale proportional to N, an exception being
three-dimensional gravity with a relaxation time of order
N/log N [25,26]. For one-dimensional homogeneous systems
two-body terms in the kinetic equation vanish identically as
collisions between two particles result only in momentum
exchange [27-29]. For instance, the Balescu-Lenard and
Boltzmann equations for a homogeneous one-dimensional
system with a pair interaction potential are respectively written

as [16]:
D it = 22 / / K2V (k)
g /1P =Ty a, lek kp?
0
><5[k(P1—Pz)]<a———>f1(171;l‘)f1([’2§f)
p1 Op2
)
and

0 1
8tf1(l71 ) N,/ p21p1 — p2l

x [f(P0) f(Py:t) — fpis D) f(p2iD)], (2)

where p is the one-dimensional momentum variable, n the
particle density, (k,kp;) the dielectric function, and p} and
p5 the postcollisional momenta for incoming particles with
momenta p; and p,. Setting e(k,kp;) = 1 is equivalent to
neglegible collective effects and yields the Landau equation.
In both cases the right hand is identically zero due to the Dirac
§ function in the collisional integral in Eq. (1), while for the
Boltzmann equation in Eq. (2) we have p| = p; and p) = py.
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In both cases we obtain df/dt = 0 if only two-body collisions
are considered, and the dominant term comes then from three-
body or higher-order terms. This has been considered recently
for the Hamiltonian mean-field (HMF) model, resulting in a
dynamics of the homogeneous states scaling with N2 [30],
at variance with previous results with scalings proportional to
N'7 and exp(N) which are due to small N effects [31-33]. The
N7 was also reported for a classical anisotropic Heisenberg
model by Gupta and Mukamel in Ref. [21] and the question
remains if it is due also to small N effects. In this paper
we investigate this issue for small and large N. We reobtain
a N? scaling for large N as predicted from kinetic theory,
while noninteger exponents in the scaling are due to finite
N effects, as a result of the failure of basic approximations
usually considered for the determination of kinetic equation in
closed form, as shown below.

The structure of the paper is as follows: In Sec. II we present
the model and discuss some of its properties. The scaling of
the dynamics of a QSS is determine numerically in Sec. III. We
address the limits of applicability of kinetic theory in Sec. III
and close the paper with some concluding remarks in Sec. V.

II. THE MODEL

The mean-field classical anisotropic Heisenberg model con-
sists of N classical spins S; = (S;y,S;,Si;),i = 1,2,...,N,of
unit length globally coupled, with the Hamiltonian [21]:

H:—LZ§-§j+DZSi21. 3)

The first term in the right-hand side with J > 0 describes a
ferromagnetic mean-field coupling and the second term a local
anisotropy. Following Gupta and Mukamel, we take J =1
and D = 15. Note that the coefficient 1/N in the coupling
term in the Hamiltonian is a Kac factor that makes the energy
extensive. The magnetization of the system is defined by:

I i
m:(S):NZSi. (4)
i=1

Using spherical coordinates the spin components are written
as S = sin(6;)cos(¢y), Siy = sin(6;)sin(¢), and S;; = cos(8;),
and the equations of motion are given by:

ds; -
— ={S;,H}, 5
7 { 1 )]
withi = 1,2, ...,N and the Poisson bracket:
N
0A 0B 0A 0B
{A,B}=Z{8——,——}. (6)
— 10¢; 9Si; 3S;; I
Thus
Six = Siymz - Sizm_\f - ZDSiniza
Siy = Sizmx - Sixmz + ZDSixSizv @)

Siz = Sixmy - Siymx'

These equations of motion admit as first integrals the z
component m, of m, the total energy, and the the length of
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each spin. This allows us to rewrite the equations of motion as

6; = m, sin(¢;) — my cos(¢h),
bi =m, cot(6;) cos(¢;) + m,, cot(8; ) sin(¢;)—m + 2D cos(6;).
3

As a first result we observe that these equations are canonical
and derive from the Hamiltonian:

N
H == [mycos(¢i)y/1— S +mysin(¢),/1 — S%
i=1

+m.S;. — DS.]. 9)

where p; = cos6; = S;; and g; = ¢; are canonically conjugate
and correspond to the momentum and position variables,
respectively. As a consequence, the model is effectively
one-dimensional and thus explains why a scaling proportional
to N® with § # 1 is observed. As the model is effectively one
dimensional and Hamiltonian, the tools of kinetic theory can
be used to derive a kinetic equation, as described, for instance,
in Ref. [13]. The first consequence of this fact is that for a
homogeneous state in ¢, the collisional integral proportion to
1/N of the Balescu-Lenard equation vanishes, and one must
go to the next order in an expansion in powers of 1/N (see
Ref. [30] and references therein).

III. SCALING OF THE DYNAMICS

In order to study the dynamics of a homogeneous state, and
for comparison purposes, we use here the same initial condition
as in Ref. [21], a waterbag state (uniform distribution) in the
intervals ¢ € [0,27)and 6 € [ /2 — a,7 /2 + a], with energy
per particle:

D ,
e:;sm a, (10)

and a chosen such that e =0.24. The state is spatially
homogeneous and stable for this energy. From Ref. [30] the
expected scaling of the dynamics of this QSS is N2. On the
other hand, Gupta and Mukamel obtained from numerical
simulations a different scaling in N''7. We argue that, similarly
to what occurs in the HMF model, the N7 scaling only occurs
for a sufficiently small number of particles, while for larger N
the scaling becomes proportional to N2.

In a homogeneous stable state the spatial distribution
for variable ¢ is always uniform up to small fluctuations,
but the distribution for variable 6 slowly varies with time
towards thermodynamic equilibrium [30]. As a consequence,
the dynamics can be probed by the statistical moments M,, =
(@ — (#))"). Odd moments of & vanish for an even distribution
in @ as is the case here. Figure 1 shows the second moment
M, as a function of time. It varies very slowly for the states
considered here (it is almost a constant of motion) so we
consider the time evolution of the fourth moment M, which
is more responsive to small changes in the statistical state of
the system. In Ref. [21] Gupta and Mukamel considered the
average (cos#), which is more difficult to characterize the
small variations in the distribution function of 6 (compare, for
instance, Fig. 3 of their paper to our Figs. 1 and 2 below).
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FIG. 1. Second statistical moment M, of variable 6 for N =
100 000.

The equations of motion in Eq. (8) are solved using a parallel
implementation of a fourth-order Runge-Kutta algorithm in
a graphics processing unit using the CUDA extension to the C
language [34,35]. This allows us to perform simulations with a
much greater number of particles than considered in Ref. [21].
The time step used is 6z = 0.01 and ensures a maximum
relative error in the energy or order 10~*. Figure 2 shows
the time evolution of M, for different number of particles up
to N = 100000. Figures 3 and 4 show the same results but
with 1/N'7 and 1/N? time rescalings, respectively. A better
data collapse is obtained for the N? scaling.

In order to compare quantitatively ours with previous
results, we performed a series of simulations with the same
number of particles as in Ref. [21] but also considering values
of N up to 60000. By averaging over many realizations we
compare the time evolution of M, for a given value of N
with the previous smaller number of N in the simulations and
perform a least-squares fit for the difference between both
time series rescaled by 1/N?. The results are shown in Table I
and corroborate, up to some small deviations, a scaling in N?.
Figure 5 shows the statistical moment M, for the same number
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FIG. 2. (Color online) Moment (M,) of variable 6, as a
function of time for different numbers of particles N =
10000, 20 000, 40 000, 60000, 80000, 100 000.
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FIG. 3. (Color online) Same as in Fig. 2 but with a time rescaled
by (N — 10000)~"7.

of particles as in Table I with time scaled as 1/N? with a very
good data collapse for N > 5000.

We note that, in Ref. [21], Gupta and Mukamel de-
termined the scaling behavior considering the values N =
300,1000,3000,5000. The difference of theirs and our results
for the case N = 3000 and 5000 comes from the fact that
considering the magnetization as a relevant variable yields
more imprecise results than when considering the statistical
moments of the momenta variables (see also the discussion of
this in Ref. [35]).

IV. LIMITATIONS OF KINETIC THEORY

Our results are in agreement with what is expected from
a kinetic theory derived from the Bogoliubov-Born-Green-
Kirkwood-Yvon (BBGKY) hierarchy in a series expansion in
power of 1/N. Two- and three-particle correlation functions
contribute with terms proportional to 1/N and 1/N?, respec-
tively. As two-particle contributions to the kinetic equation
vanish in the present case, one must retain the contributions
from three-particle collisions which are proportional to 1/N?.

— N=10 000
— N=20000 —
N=40 000
— N=60 000 7
N=80 000
— N=100 000|

F | | |

5

0.0 2.5x10" e 5.0x10* 7.5x10* 10

FIG. 4. (Color online) Same as in Fig. 2 but with a time rescaled

by (N — 10000)~2.

012117-3



C. R. LOURENCO AND T. M. ROCHA FILHO

TABLE 1. Best scaling in N? for the moment M, between a pair
of simulated data with N, and N, particles.

N, N, 8

300 1000 1.767
1000 3000 1.797
3000 5000 2.015
5000 10000 2.056
10000 20000 2.072
20000 40000 2.066
40000 60 000 2.096

These considerations are based on the introduction of the
Kac factor in the Hamiltonian and the scaling proportional to
N7 reported by Gupta and Mukamel is reobtained here for
smaller values of N. This unusual scaling stems on the failure
for small N of the Markovianization hypothesis used in the
determination of the Balescu-Lenard and Landau equations,
which requires that the force autocorrelation function (for
homogeneous systems) differs significantly from zero only
for very short times if compared to the dynamical time
scale over which the one-particle distribution function varies
significantly. Let us show this explicitly for the simpler
case of the Landau equation, i.e., for weak coupling, as the
same kind of approximations are used in the deduction of
the Balescu-Lenard equation (see Ref. [13] for a thorough
discussion on these assumptions).

The N-particle distribution function fy(ry,vy,...,
ry,Vy;t) is the probability density in the N-particle phase
space for a particle at time # to have position r; and momentum
p:. We define the s-particle distribution function by

fs = fs(rl»vly ..
= /drs+1dvs+1 codrydvy fy(r,vi, . TN, VNG,

(1)

S5, Vs3t)

where r; and p; are the position and momentum vectors of
particle i in d dimensions. The Liouville equation then implies

J
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FIG. 5. (Color online) Moment M, of the 6; as a function of time
for N = 300, 1000, 3000, 5000, 10000, 20000, 400000, 60000
with a time rescaling (N — 300)~2. The number of realization varies
from 300 for N = 300 to 25 for N = 60 000.

that the reduced distribution functions satisfy the BBGKY
hierarchy [13,16]:

R

9 5 [
Efs:ZKjfs‘Fﬁ > Ok

j=1 j<k=1

p N i/d AVe1®i i forr, (12)
I \£ j,S s+1>
N - s+1AVs119 541 Js+1
where
Iej:—vj-Vj, @jk:—VjV(l‘j—l‘k)ajk,
b= O 9 (13)
ik= an ka’

and V; is the gradient operator for the position of particle j.
In order to obtain a closed kinetic equation for the one-particle
distribution function f; we have to determine the functional
dependence of f, on f; (Bogoliubov hypothesis [16]). This
can be accomplished in the present framework by writing
the reduced distribution functions in the form of a cluster
expansion, which for a homogeneous system is given by:

f2(vi,va,r1 = 12) = f1(v1) f1(V2) + Ca(V1, V2,11 — I2), (14)
f3(Vi,v2,v3,11 — 12,10 —13) = f1(V1) f1(V2) f1(V3) + Z S1(vi)Ca(v2,v3,12 —13)
P(1.2.3)
+ C3(v1,V2,V3,r] — I2,I — I3), (15)

and so on, where the time dependence is kept implicit; P(1,2,3) stands for permutations of particles 1, 2, and 3; and C; is the
s-particle correlation function. Let us consider a parameter A < 1 characterizing the strength of the interaction, i.e., V = O(}).
A two-particle correlation requires the interaction of two particles to be created and therefore C; is of order A. A three-particle
correlation requires the interaction between two pairs of particles and thus Cs is of order A2, and so on. By considering the case
s = 1 in Eq. (12) and using Eq. (14) we have:

d N —1 a
Efl(vl;t) = T/dedl‘z Oplfitvist) fi(vast) + Ca(vy, V2,1 — 125 1)]. (16)
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The two-particle correlation function is the solution of the
equation obtained by replacing Eq. (15) into Eq. (12) fors = 2
and discarding higher-order terms containing three-particle
correlations:

0 4 L N
(—— 1= Kz)Cz(Vl,Vz,l‘l —12;1) =013 f1(vi; 1) f1(v2; 1).

ot
(17)
Its solution can be written as:

Cy(v1,va,r] —I251)

Ri+K))t .
= KK Cy(vy,va,1 — 125 0)

t O O A
+ f dt €RHRIG L vt — ) Aivait — 7). (18)
0

The first term in the right-hand side of Eq. (18) is a transient
term due to correlation at + = 0 and dies out rapidly [13]. By
replacing Eq. (18) into Eq. (16) and noting that the mean-
field force vanishes in a homogeneous state, we obtain (using
N — s — N for large N):

%fl("l;t)
= /Otdtr/dvzdl‘z O KK G fi (vt — 1)
x fi(va;t —T)
= /Otdr/dvzdrz 32V V()XY v (1),
X fi(vist — ) fi(vast — 1)

t
=/ dT/dedl‘z 02V V(Irin)ViV(ri — via1)o2
0
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with ri; = r; — r, and vy, = v; — v,. The force autocorrela-
tion of the F(r,?) at position r is defined by

C(t) = (F()F(0)) = / dr F(r,0)F(r,1)

= / drVV(r —vipt) VV(r). (20)
Thence we have:

a t
Efl(vut) =/0 dT/de 012(F () F(0)) 012 fi(vi;t — 1)

X fi(va;t — 1). 2D

This is a master equation which is non-Markovian as it depends
on fi atprevious times form 0 to 7. To obtain a true (Markovian)
kinetic equation the usual procedure is to assume that the
dynamic time scale 7; over which the one-particle distribution
function f| varies significantly is much greater than the time
scale 7. such that the force autocorrelation is sufficiently small.
In this case, one can replace fi(v;¢ — ) in the integrand
in Eq. (21) by fi(vy;t), which corresponds to the ballistic
approximation (free motion for a homogeneous system), and
extend the time integration to infinity. We then finally obtain
the Landau equation:

8 o0
S fiin = /0 dr / dvs 92 (F()F(0)) 92
x fi(vist) fi(va; 1). (22)

This form will suffice for the present discussion. The same
type of considerations are also necessary in the determination
of the Balescu-Lenard equation [13,15]. As discussed above,
for a one-dimensional homogeneous system these corrections
vanish and one must go one order further in the 1/N expansion.
Usually one always considers a Markovianization procedure
taking into account the time scales such that 7; > f.. A
failure of this condition implies, among other things, that
the collisional integral does not vanish exactly for a one-

. . dimensional homogeneous system, and one should expect that
X fi(vi;t = T) fi(vast — T) (19) : Eeneous system, P
the scaling of the dynamics is therefore affected.
20 (\)\\HHH T T 9x1077 \
a
— N=1000 (b)
— N=10 000
N=100 000 [
— N=1000 000 — N=1000
— N=3000
7 N=5000 ||
8x10 — N=7000
— N=10000
- N=100 000
2 - N=1000 000 | -
7 M
7x107 B
]
) I | | 6x10” | \ \ \

0.01 1 100 10000
t

FIG. 6. (Color online) (a) Force autocorrelation C(¢) as a function of t
(My) of variable 6 averaged over 1000 realizations except for N = 100

0 20 40 60 80 100

ime for different values of N. (b) Time evolution for the fourth moment
000 and N = 1000 000 with 300 and 200 realizations, respectively.

The initial conditions are the same homogeneous state as in Fig. 2, thermalized up to t = 20.0 before starting the simulations shown here.
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In order do address this point, we compute the force
autocorrelation function from numeric simulations by:

1 N
C) =+ D FiOF0), (23)

i=1

where F;(t) is the force on particle i at time ¢ due to all
other particles. Figure 6(a) shows C(¢) for different numbers
of particles for the present model and the time evolution of
(My) for variable 6. We observe that the time required for
a significant decrease of C(¢), i.e., the correlation time 7, is
roughly the same for all values of N, while the dynamical
time #; is smaller for smaller N as shown in the right panel
of Fig. 6. In this way, the correlation time can become of the
same order of magnitude as the dynamical time, breaking down
the Markovian condition, and therefore the usual derivation of
Kinetic equations from the BBGKY hierarchy is no longer
valid. Figure 6(b) shows the fourth moment M, of variable
6 and it becomes evident that Markovianity is not valid for
N = 1000 and N = 3000, while it is approximately valid for
N = 5000. For N > 10 000 the system is clearly Markovian,
in agreement with the results in Table I. This explains why a
different scaling in N° of the dynamics with § # 2 is observed
for homogeneous one-dimensional systems for small N [30].

V. CONCLUDING REMARKS

We have shown in this paper that the mean-field anisotropic
Heisenberg model introduced by Gupta and Mukamel in
Ref. [21] is effectively a one-dimensional classical Hamil-
tonian system, and the dynamics of a QSS scales as N? for
large N while the scaling in N7 previously reported is due to
small N non-Markovian effects in the dynamics. For large N

PHYSICAL REVIEW E 92, 012117 (2015)

a kinetic equation for a homogeneous one-dimensional long-
range interacting system must consider three-body collisions,
which are of order 1/N2. This approach is only valid if
N is sufficiently large such that the contribution of strictly
two-body collisions does vanish, while for small N the
arguments leading to the N? scaling fail. The small N case
can be tackled using an approach developed by Ettoumi and
Firpo by determining the diffusion coefficient in terms of
action variables who used a mean passage time approach [36]
and obtained a N'7 scaling for the Hamiltonian mean-field
model [37]. Based on time evolution of the autocorrelation
of the force for the homogeneous case, one can consider if a
similar behavior occurs for nonhomogeneous one-dimensional
and for higher-dimensional systems and whether and how it
influences the scaling for small N. This will be the subject of a
separate publication. This also raises the question regarding
whether similar effects might have a role in astrophysics.
Indeed, smaller globular clusters can have a number of stars of
the order of just a few thousand, as opposed to 10'° stars in a
typical galaxy. Other long-range interacting systems may also
have a similar behavior. More recently, Gupta and Mukamel
introduced a different model of classical spins in a sphere
described by a two-dimensional Hamiltonian [38] and also
displaying a scaling of the dynamics of a homogeneous QSS
in N'7. Taking into account the discussion in the present paper
and in Ref. [30], this is a strong indication that this model is
in fact effectively one dimensional, which is still to be shown.
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