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Exact solution of the dimer model on the generalized finite checkerboard lattice
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We present the exact closed-form expression for the partition function of a dimer model on a generalized finite
checkerboard rectangular lattice under periodic boundary conditions. We investigate three different sets of dimer
weights, each with different critical behaviors. We then consider different limits for the model on the three lattices.
In one limit, the model for each of the three lattices is reduced to the dimer model on a rectangular lattice, which
belongs to the c = −2 universality class. In another limit, two of the lattices reduce to the anisotropic Kasteleyn
model on a honeycomb lattice, the universality class of which is given by c = 1. The result that the dimer model
on a generalized checkerboard rectangular lattice can manifest different critical behaviors is consistent with early
studies in the thermodynamic limit and also provides insight into corrections to scaling arising from the finite-size
versions of the model.

DOI: 10.1103/PhysRevE.91.062139 PACS number(s): 64.60.an, 64.60.De, 87.10.Hk

I. INTRODUCTION

Universality and scaling are two key concepts in the study
of phase transitions and critical phenomena [1,2]. For two-
dimensional critical systems, one can use the central charge c to
classify universality classes [3–5]. Using Monte Carlo methods
[6–9] and analytic methods [10,11], it has been found that
many critical systems have nice universal scaling behaviors
[12–21]. In the present paper, we obtain exact solutions of the
dimer model on the generalized finite checkerboard lattice. Our
results will be useful for further study on finite-size corrections
and scaling.

The study of classical dimer models has a long history. Such
models are of interest as direct representations of physical
systems, such as of diatomic molecules on a lattice. But they
are also important because of their equivalence to statistical
mechanical models with different universality classes. As far as
we know there are at least three different universality classes
for dimer models: the Ising universality class with central
charge c = 1/2 (the dimer model on a so-called 3 × 12 lattice
[22]), the Kasteleyn universality class with central charge
c = 1 (the dimer model on a honeycomb lattice [23]), and the
universality class with central charge c = −2 (the dimer model
on a square lattice [24,25]). Thus, it appears that the dimer
model itself has not a single critical behavior but several critical
behaviors associated with different universality classes. A
similar situation occurs in the staggered vertex model [26,27]
as well as in a one-dimensional anisotropic XY model with
alternating nearest-neighbor interactions [28]. These may have
multiple phase transitions [26–28].

Here we focus on the dimer model on a checkerboard lattice
(see Fig. 1), a setup which provides a tool to study the evolution
of physical properties such as system transits between different
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geometries. The checkerboard lattice is a simple rectangular
lattice with anisotropic dimer weights x1, x2, y1, and y2. Each
weight a is simply the Boltzmann factor e−Ea/kT for a dimer
on a bond of type a with energy Ea . There are three possible
classifications of the dimer weights on the bonds of the lattice
shown in the Fig. 1. We denote them as checkerboard lattices
A, B, and C. Using Baxter’s method [29] of converting the
dimer model into a vertex model, Wu and Lin [30] have shown
that the dimer model on the checkerboard lattice B can be
converting to the staggered ice-rule model with some set of
vertex weights. Using Baxter’s method one can also show
the equivalence of the checkerboard lattices A and C to the
staggered ice-rule model with different sets of vertex weights.

The dimer model on the checkerboard-A lattice was first
introduced by Kasteleyn [31], who showed that the model
exhibits a phase transition. Since Kasteleyn did not publish the
exact expression for the partition function, and since it has not
been given in the existing literature, we supply it here for finite
2M × 2N lattices with periodic boundary conditions using the
Pfaffian method. Additionally, we present the exact solutions
for the dimer model on checkerboard-B and checkerboard-C
lattices using the Pfaffian method. The latter solution recovers
that of Cohn, Kenyon, and Propp [32] in the case M = N .
Another checkerboard lattice is the so-called generalized-K
model [33,34], which is characterized by two parameters x and
y. This can be considered as a special case of checkerboard-B
and checkerboard-C lattices for the case x1 = x2 = x, y2 = 1,
and y1 = y and we investigate this limit also.

About 50 years ago Kasteleyn [31] introduced the dimer
model on an anisotropic honeycomb lattice. This has been
called the K model [35], or the K1 model in our notation.
We should emphasize that the dimer model on an anisotropic
honeycomb lattice at the critical point has anisotropic scaling.

The anisotropic honeycomb lattice can be described as a
bricked structure (see Fig. 2) and the bonds in three principal
directions have activity x1, x2, and y1. There is another possible
arrangement of the bonds in the principal directions, namely,
the bonds having activity y1 in one direction, while in the other
two directions the bonds have activities x1 and x2 alternately.
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FIG. 1. The unit cell for dimer models on the checkerboard lattices A, B, and C in solid lines. The choice of arrows satisfies Kasteleyn’s
clockwise-odd theorem [43].

We refer to such a dimer model, which was motivated by
domain-wall considerations [33,36], as the K2 model (see
Fig. 2). The exact solutions of the K1 and K2 models reveal an
unusual phase transition when x1 = x2 + y1, x2 = x1 + y1, or
y1 = x1 + x2. The specific heat has a square-root divergence
as T is lowered toward Tc, but it is identically zero for all
T smaller than Tc. This property occurs in many different
kinds of physical systems, and we refer to such singular
behavior as a KDP-type phase transition after the ferroelectrics
transition in potassium dihydrogen phosphate (KH2PO4). The
isomorphism of the K1 model to a ferroelectrics model is
discussed in Refs. [37,38]. A second such system is lipid
bilayer biomembranes [33] and the corresponding dimer
model is a K2 model. The third system is a domain-wall
model of the commensurate-incommensurate (CI) transition
[39]. The isomorphism of the K1 model to a domain-wall
model is discussed in Refs. [40,41]. Its exact solution allows
the testing of theories of CI-Ising crossover [42].

The K1 and K2 models with x1 = x2 = x can be considered
as a special case of the generalized K model for the case
y = 0. This generalized K model belongs to the Kasteleyn
universality class (c = 1) and belongs to another universality
class (c = −2) for y = 1, when it is just the dimer model on
the rectangular lattice.

It is interesting to consider different cases of the checker-
board lattices A, B, and C. For x1 = x2 and y1 = y2 the
partition function for all three models reduces to that for
the dimer model on the rectangular lattice with uniform
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FIG. 2. K1 and K2 dimer model on the brick lattice, which is
topologically equivalent to the honeycomb lattice.

weights. When one of the weights x1, x2, y1, or y2 on the
checkerboard-A lattice is equal to zero, the partition function
reduces to that for the dimer model on the one-dimensional
strip. When one of the weights x1 or x2 on the checkerboard-B
lattice is equal to zero the partition function again reduces to the
partition function for the dimer model on the one-dimensional
strip. But when one of the weights y1 or y2 is equal to zero
the partition function for the checkerboard-B model reduces to
the partition function for the dimer model on the honeycomb
lattice—the so called K2 model (see Fig. 2). And for the case
when one of the weights x1, x2, y1, or y2 is equal to zero the
partition function for the checkerboard-C model reduces to
the partition function for the dimer model on the honeycomb
lattice, the so-called K1 model (see Fig. 2).

Thus and as was first pointed out in studies directly in
the thermodynamic limit [26,29,30] the dimer model on
the checkerboard-B and checkerboard-C lattices can show
two different types of critical behavior, depending on the
parameters (weights) of the model. One critical behavior is
typical for the Kasteleyn universality class with the central
charge c = 1 and another is typical for the universality class
with c = −2, while the dimer model on the checkerboard-A
lattice exhibits the critical behavior typical for the universality
class with c = −2.

II. THE GENERALIZED FINITE
CHECKERBOARD MODEL

The partition function for the dimer model on the checker-
board lattice can be written as

Z =
∑

x
Nx1
1 x

Nx2
2 y

Ny1
1 y

Ny2
2 ,

where Na is the number of dimers of type a and the summation
is over all possible dimer configurations on the lattice. Let
us consider a 2M × 2N rectangular lattice with periodic
boundary conditions in both the horizontal and vertical
directions. It is well known that the partition function for a
planar dimer model with periodic boundary conditions can be
expressed as a linear combination of four Pfaffians [43]:

Z = 1
2 (−G0,0 + G1/2,0 + G0,1/2 + G1/2,1/2). (1)
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The Pfaffians Gα,β with (α,β) = (0,0); (0,1/2); (1/2,0);
(1/2,1/2) are the square roots of the determinants

Gα,β = Pf[Aα,β ] = √
det Aα,β,

where det Aα,β is

det Aα,β =
N−1∏
n=0

M−1∏
m=0

det λ(φα,n,φβ,m),

and the matrix λ(φα,n,φβ,m) is given by [44]

λ(φα,n,φβ,m) =
∑
u1,u2

a(u1,u2)ei(u1φα,n+u2φβ,m). (2)

Here, the variables φα,n and φβ,m are given by

φα,n = 2π (n + α)

N
, φβ,m = 2π (m + β)

M
, (3)

and the matrices a(u1,u2) are defined in the following sections.
Our main results can be summarized as follows. We find

that the partition function for the dimer model on checkerboard
lattices under periodic boundary conditions is given by

Z = (x1x2)MN

2

(−Z2
0,0 + Z2

1/2,0 + Z2
0,1/2 + Z2

1/2,1/2

)
, (4)

where Z2
α,β with (α,β) = (0,0),(0,1/2),(1/2,0),(1/2,1/2) are

partition functions with twisted boundary conditions, which,
for the checkerboard A model are given by

Z2
α,β = (x1x2)−MN

N−1∏
n=0

M−1∏
m=0

(∣∣x1 ei
φα,n

2 − x2 e−i
φα,n

2
∣∣2

+ ∣∣y1 ei
φβ,m

2 − y2 e−i
φβ,m

2
∣∣2)

=
N−1∏
n=0

M−1∏
m=0

4

[∣∣∣∣ sin

(
φα,n

2
+ i

2
ln

x2

x1

)∣∣∣∣
2

+ z2

∣∣∣∣ sin

(
φβ,m

2
+ i

2
ln

y2

y1

)∣∣∣∣
2]

=
N−1∏
n=0

M−1∏
m=0

4

[
t2 + sin2 φα,n

2
+ z2 sin2 φβ,m

2

]
, (5)

for the checkerboard B model are given by

Z2
α,β = (x1x2)−MN

N−1∏
n=0

M−1∏
m=0

∣∣∣∣x1 ei
φα,n

2 − x2 e−i
φα,n

2
∣∣2

− (
y1 ei

φβ,m

2 − y2 e−i
φβ,m

2
)2∣∣

=
N−1∏
n=0

M−1∏
m=0

4

∣∣∣∣
∣∣∣∣ sin

(
φα,n

2
+ i

2
ln

x2

x1

)∣∣∣∣
2

+ z2 sin2

(
φβ,m

2
+ i

2
ln

y2

y1

)∣∣∣∣, (6)

and for the checkerboard C model are given by

Z2
α,β = (x1x2)−MN

N−1∏
n=0

M−1∏
m=0

∣∣(x1 ei
φα,n

2 − x2 e−i
φα,n

2
)2

+ (
y1 ei

φβ,m

2 − y2 e−i
φβ,m

2
)2∣∣

=
N−1∏
n=0

M−1∏
m=0

4

∣∣∣∣ sin2

(
φα,n

2
+ i

2
ln

x2

x1

)

+ z2 sin2

(
φβ,m

2
+ i

2
ln

y2

y1

)∣∣∣∣, (7)

where φα,n and φβ,m are given by Eq. (3) and

z2 = y1y2

x1x2
, t2 = (x1 − x2)2 + (y1 − y2)2

4x1x2
. (8)

In the next three sections, we derive these main results for
checkerboards A, B, and C, respectively.

III. CHECKERBOARD-A MODEL

The dimer model on the checkerboard-A lattice was
first introduced by Kasteleyn who showed that the model
exhibits a phase transition [31]. However, Kasteleyn never
published the exact expressions for the partition function of
that model, so we do so here for the case of periodic boundary
conditions.

Orient the lattice edges as shown in Fig. 1 for which it is
known [45] that the Kasteleyn clockwise-odd sign rule [43]
is satisfied. Let us divide the lattice into (non-overlapping)
unit cells, each of four lattice sites as shown in Fig. 1. We
represent the location of each unit cell by the indices p1 and
p2, representing the x and y coordinates of the center of the
cell. Sites within each cell are then identified by an index �,
which takes four values indicating their locations relative to
the center: Lup (left up); Rup (right up), Ldown (left down), and
Rdown (right down). We define matrix A(p1,p2; p′

1,p
′
2), the

elements of which represent the directed weights connecting
the lattice points of unit cell (p1,p2) with those of unit cell
(p′

1,p
′
2). Other elements of the matrix A(p1,p2; p′

1,p
′
2) are

zero. The matrix a(0,0) corresponds to the bonding between
two points in the same unit cell:

a(0,0) ≡ A(p1,p2; p1,p2)

=

⎛
⎜⎜⎝

Lup Rup Ldown Rdown

Lup 0 x2 −y2 0
Rup −x2 0 0 y2

Ldown y2 0 0 x2

Rdown 0 −y2 −x2 0

⎞
⎟⎟⎠.

Matrix a(1,0) corresponds to the bonding between two points
in a given unit cell and the one to the right:

a(1,0) ≡ A(p1,p2; p1 + 1,p2)

=

⎛
⎜⎜⎝

Lup Rup Ldown Rdown

Lup 0 0 0 0
Rup x1 0 0 0
Ldown 0 0 0 0
Rdown 0 0 x1 0

⎞
⎟⎟⎠.

062139-3



N. SH. IZMAILIAN, CHIN-KUN HU, AND R. KENNA PHYSICAL REVIEW E 91, 062139 (2015)

Similarly a(0,1) corresponds to the bonding between two points in the given unit cell and the one above it:

a(0,1) ≡ A(p1,p2; p1,p2 + 1)

=

⎛
⎜⎝

Lup Rup Ldown Rdown

Lup 0 0 y1 0
Rup 0 0 0 −y1

Ldown 0 0 0 0
Rdown 0 0 0 0

⎞
⎟⎠.

We note also that a(−1,0) = −aT (1,0) and a(0, − 1) = −aT (0,1). Then the determinant of matrix A(p1,p2; p′
1,p

′
2) can be

written as

det A =
N∏

n=1

M∏
m=1

det λ(φα,n,φβ,m),

where λ(φα,n,φβ,m) is given by Eq. (2):

λ(φα,n,φβ,m) =
∑
u1,u2

a(u1,u2)ei(u1φα,n+u2φβ,m)

= a(0,0) + a(1,0) eiφα,n + a(−1,0) e−iφα,n

+ a(0,1) eiφβ,m + a(0, − 1) e−iφβ,m . (9)

In matrix form λ(φα,n,φβ,m) can be written as

λ(φα,n,φβ,m) =

⎛
⎜⎜⎝

0 x2 − x1 e−iφα,n −y2 + y1 eiφβ,m 0
−x2 + x1 eiφα,n 0 0 y2 − y1e

iφβ,m

y2 − y1 e−iφβ,m 0 0 x2 − x1 e−iφα,n

0 −y2 + y1e
−iφβ,m −x2 + x1 eiφα,n 0

⎞
⎟⎟⎠. (10)

Therefore

det λ(φα,n,φβ,m) = |g(φα,n,φβ,m)|2,
where

g(φα,n,φβ,m) = (
x1 ei

φα,n
2 − x2 e−i

φα,n
2

)(
x1 e−i

φα,n
2 − x2 ei

φα,n
2

) + (
y1 ei

φβ,m

2 − y2 e−i
φβ,m

2
)(

y1 e−i
φβ,m

2 − y2 ei
φβ,m

2
)

= ∣∣x1 ei
φα,n

2 − x2 e−i
φα,n

2
∣∣2 + ∣∣y1 ei

φβ,m

2 − y2 e−i
φβ,m

2
∣∣2

. (11)

The Pfaffians Gα,β with (α,β) = (0,0); (0,1/2); (1/2,0); (1/2,1/2) for the checkerboard-A model on the 2M × 2N rectangular
lattice can be written in the form

Gα,β =
N∏

n=1

M∏
m=1

(∣∣x1 ei
φα,n

2 − x2 e−i
φα,n

2
∣∣2 + ∣∣y1 ei

φβ,m

2 − y2 e−i
φβ,m

2
∣∣2)

,

where φα,n and φβ,m are given by Eq. (3) and (α,β) = (0,0),(0,1/2),(1/2,0),(1/2,1/2). Then, the partition function for the
checkerboard-A model can be rewritten in the form given by Eq. (4) with

Z2
α,β = Gα,β

(x1x2)MN
=

N−1∏
n=0

M−1∏
m=0

4

[∣∣∣∣ sin

(
φα,n

2
+ i

2
ln

x2

x1

)∣∣∣∣
2

+ z2

∣∣∣∣ sin

(
φβ,m

2
+ i

2
ln

y2

y1

)∣∣∣∣
2]

=
N−1∏
n=0

M−1∏
m=0

4

[
t2 + sin2 φα,n

2
+ z2 sin2 φβ,m

2

]

=
N−1∏
n=0

M−1∏
m=0

4

[
t2 + sin2

(
π (n + α)

N

)
+ z2 sin2

(
π (m + β)

M

)]
, (12)

in which t2 and z2 are given by Eq. (8). With the help of the identity [46]

4|sinh(N ω + iπα)|2 = 4[ sinh2 N ω + sin2 πα ] =
N−1∏
n=0

4

[
sinh2 ω + sin2

(
π (n + α)

N

)]
, (13)
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Zα,β can be transformed into a simpler form,

Zα,β =
M−1∏
m=0

2

∣∣∣∣sinh

[
N ω1

(
π (m + β)

M

)
+ iπα

]∣∣∣∣, (14)

where ω1(k) = arcsinhz
√

t2 + z2 sin2 k.
The free energy per site βF is defined as

−βF = 1

S
ln Z, (15)

where S is the area of the lattice, Z is the partition function, and β = kBT with Boltzmann constant kB and temperature T .
From Eqs. (4) and (12) one can derive free energy per site for the dimer model on the checkerboard-A lattice in the form

−βF = 1

8π2

∫ 2π

0
dθ

∫ 2π

0
dϕ ln 4

[
t2 + sin2 θ

2
+ z2 sin2 ϕ

2

]
. (16)

The dimer model on the checkerboard-A lattice therefore has a singularity at t = 0 for t = 0 (x1 = x2 = x, y1 = y2 = y)
when the partition function reduces to the partition function on the rectangular lattice with uniform weights given by Eq. (4) with
Zα,β , namely,

Z2
α,β =

N−1∏
n=0

M−1∏
m=0

4

[
sin2

(
π (n + α)

N

)
+ y2

x2
sin2

(
π (m + β)

M

)]
. (17)

Recently it has been shown that this dimer model on the rectangular lattice with uniform weights belongs to the c = −2
universality class [24,25].

IV. THE CHECKERBOARD-B MODEL

Let us now consider the dimer model on the checkerboard-B lattice. The unit cell is depicted in Fig. 1. Following reasoning
similar to that of the previous section, we obtain

λ(φα,n,φβ,m) = a(0,0) + a(1,0) eiφα,n + a(−1,0) e−iφα,n + a(0,1) eiφβ,m + a(0, − 1) e−iφβ,m , (18)

in which

a(0,0) =

⎛
⎜⎝

0 x2 −y2 0
−x2 0 0 y1

y2 0 0 x2

0 −y1 −x2 0

⎞
⎟⎠, a(1,0) =

⎛
⎜⎝

0 0 0 0
x1 0 0 0
0 0 0 0
0 0 x1 0

⎞
⎟⎠, a(0,1) =

⎛
⎜⎝

0 0 y1 0
0 0 0 −y2

0 0 0 0
0 0 0 0

⎞
⎟⎠, (19)

and a(−1,0) = −aT (1,0) and a(0, − 1) = −aT (0,1). The matrix form of λ(φα,n,φβ,m) is now given by

λ(φα,n,φβ,m) =

⎛
⎜⎜⎝

0 x2 − x1 e−iφα,n −y2 + y1 eiφβ,m 0
−x2 + x1 eiφα,n 0 0 y1 − y2e

iφβ,m

y2 − y1 e−iφβ,m 0 0 x2 − x1 e−iφα,n

0 −y1 + y2e
−iφβ,m −x2 + x1 eiφα,n 0

⎞
⎟⎟⎠. (20)

The determinant of λ(φα,n,φβ,m) can be written as

det λ(φα,n,φβ,m) = |g(φα,n,φβ,m)|2,
where g(φα,n,φβ,m) is given by

g(φα,n,φβ,m) = ∣∣x1 ei
φα,n

2 − x2 e−i
φα,n

2
∣∣2 − (

y1 ei
φβ,m

2 − y2 e−i
φβ,m

2
)2

= 4x1x2

∣∣∣∣ sin

(
φα,n

2
+ i

2
ln

x2

x1

)∣∣∣∣
2

+ 4y1y2 sin2

(
φβ,m

2
+ i ln

y2

y1

)
.

Therefore the partition function for the dimer model on the 2M × 2N checkerboard-B lattice can be written in the form given
by Eq. (4), with

Z2
α,β =

N−1∏
n=0

M−1∏
m=0

4

∣∣∣∣
∣∣∣∣ sin

(
φα,n

2
+ i

2
ln

x2

x1

)∣∣∣∣
2

+ z2 sin2

(
φβ,m

2
+ i

2
ln

y2

y1

)∣∣∣∣
=

N−1∏
n=0

M−1∏
m=0

4

∣∣∣∣ (x1 − x2)2

4x1x2
+ sin2 φα,n

2
+ z2 sin2

(
φβ,m

2
+ i

2
ln

y2

y1

)∣∣∣∣, (21)

062139-5



N. SH. IZMAILIAN, CHIN-KUN HU, AND R. KENNA PHYSICAL REVIEW E 91, 062139 (2015)

with (α,β) = (0,0),(0,1/2),(1/2,0),(1/2,1/2). With the help of the identity given by Eq. (13), Zα,β can be transformed into a
simpler form,

Z2
α,β =

M−1∏
m=0

4

∣∣∣∣sinh

[
Nω2

(
π (m + β)

M
+ i

2
ln

y2

y1

)
+ iπα

]
sinh

[
Nω2

(
π (m + β)

M
+ i

2
ln

y2

y1

)
− iπα

]∣∣∣∣, (22)

where

ω2(k) = arcsinh

√
(x1 − x2)2

4x1x2
+ z2 sin2 k.

The free energy per site βF for the dimer model on the the checkerboard-B lattice can be written in the form

− βF = 1

2
ln(x1x2) + 1

8π2
Re

∫ 2π

0
dθ

∫ 2π

0
dϕ ln 4

[
(x1 − x2)2

4x1x2
+ sin2 θ

2
+ z2 sin2

(
ϕ

2
+ i

2
ln

y2

y1

)]
. (23)

As for the case the checkerboard-A model, the partition function for the checkerboard-B model has a singularity at t = 0. Again
at t = 0(x1 = x2,y1 = y2) the partition function for the checkerboard-B model reduces to the partition function on the rectangular
lattice with uniform weights [see Eq. (17)], which belongs to the c = −2 universality class.

There is another point at which the partition function for the checkerboard-B model has a singularity. When y1 or y2 is equal
to zero the partition function for the checkerboard-B model reduces to the partition function on the honeycomb lattice—the
so-called K2 model. That model belongs to another universality class with central charge c = 1. Let us consider the case y2 = 0.
Then the partition function with twisted boundary conditions given by Eq. (21) can be rewritten as

Z2
α,β =

N−1∏
n=0

M−1∏
m=0

4

∣∣∣∣ (x1 − x2)2

4x1x2
+ sin2 φα,n

2
− y2

1

4x1x2
exp(iφβ,m)

∣∣∣∣. (24)

For even M one can use the identity

M−1∏
m=0

|a − b exp(iφβ,m)| =
M−1∏
m=0

|a + b exp(iφβ,m)|, (25)

and rewrite Eq. (24) in another equivalent form,

Z2
α,β =

N−1∏
n=0

M−1∏
m=0

4

∣∣∣∣ (x1 − x2)2

4x1x2
+ sin2 φα,n

2
+ y2

1

4x1x2
exp(iφβ,m)

∣∣∣∣. (26)

Then the free energy per site βF in the thermodynamic limit can be written in the form

−βF = 1

2
ln (x1x2) + 1

8π2
Re

∫ 2π

0
dθ

∫ 2π

0
dϕ ln 4

[
(x1 − x2)2

4x1x2
+ sin2 θ

2
+ y2

1

4x1x2
eiϕ

]
. (27)

Note that our result for the free energy for the K2 model recovers the results of Ref. [33]. There it was shown that the K2

model exhibits a KDP-type phase transition at y1 = x1 + x2, x1 = y1 + x2, or x2 = y1 + x1, and the second derivatives of the
free energy in the {x1,x2,y1} space exhibit an inverse-root singularity near the phase boundaries.

To summarize, the dimer model on the checkerboard-B lattice exhibits two different types of critical behavior; one is
characteristic of the c = −2 universality class and another critical behavior is typical for c = 1.

V. THE CHECKERBOARD-C MODEL

Let us now consider the dimer model on the checkerboard-C lattice. The unit cell is again depicted in Fig. 1. We obtain

λ(φα,n,φβ,m) = a(0,0) + a(1,0) eiφα,n + a(−1,0) e−iφα,n + a(0,1) eiφβ,m + a(0, − 1) e−iφβ,m , (28)

in which

a(0,0) =

⎛
⎜⎝

0 x2 −y2 0
−x2 0 0 y1

y2 0 0 x1

0 −y1 −x1 0

⎞
⎟⎠, a(1,0) =

⎛
⎜⎝

0 0 0 0
x1 0 0 0
0 0 0 0
0 0 x2 0

⎞
⎟⎠, a(0,1) =

⎛
⎜⎝

0 0 y1 0
0 0 0 −y2

0 0 0 0
0 0 0 0

⎞
⎟⎠, (29)
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and a(−1,0) = −aT (1,0) and a(0, − 1) = −aT (0,1). The λ matrix is

λ(φα,n,φβ,m) =

⎛
⎜⎜⎝

0 x2 − x1 e−iφα,n −y2 + y1 eiφβ,m 0
−x2 + x1 eiφα,n 0 0 y1 − y2e

iφβ,m

y2 − y1 e−iφβ,m 0 0 x1 − x2 e−iφα,n

0 −y1 + y2e
−iφβ,m −x1 + x2 eiφα,n 0

⎞
⎟⎟⎠ (30)

and

g(φα,n,φβ,m) = −(
x1 ei

φα,n
2 − x2 e−i

φα,n
2

)2 − (
y1 ei

φβ,m

2 − y2 e−i
φβ,m

2
)2

= 4x1x2 sin2

(
φα,n

2
+ i ln

x2

x1

)
+ 4y1y2 sin2

(
φβ,m

2
+ i ln

y2

y1

)
.

Thus the partition function for the checkerboard-C model on the 2M × 2N rectangular lattice can be written in the form given
by Eq. (4) with

Z2
α,β = (x1x2)−MN

N−1∏
n=0

M−1∏
m=0

∣∣(x1 ei
π(n+α)

N − x2 e−i
π(n+α)

N

)2 + (
y1 ei

π(m+β)
M − y2 e−i

π(m+β)
M

)2∣∣ (31)

=
N−1∏
n=0

M−1∏
m=0

4

∣∣∣∣sin2

(
π (n + α)

N
+ i

2
ln

x2

x1

)
+ z2 sin2

(
π (m + β)

M
+ i

2
ln

y2

y1

)∣∣∣∣, (32)

where (α,β) = (0,0),(0,1/2),(1/2,0),(1/2,1/2).
The free energy per site βF for the dimer model on the the checkerboard-C lattice can be written in the form

− βF = 1

8π2

∫ 2π

0
dθ

∫ 2π

0
dϕ ln

∣∣(x1 ei θ
2 − x2 e−i θ

2
)2 + (

y1 ei
ϕ

2 − y2 e−i
ϕ

2
)2∣∣ (33)

= 1

2
ln(x1x2) + 1

8π2
Re

∫ 2π

0
dθ

∫ 2π

0
dϕ ln 4

[
sin2

(
θ

2
+ i

2
ln

x2

x1

)
+ z2 sin2

(
ϕ

2
+ i

2
ln

y2

y1

)]
. (34)

Note that our result for the partition function for the checkerboard-C model for the case M = N reproduces the result of
Cohn, Kenyon and Proop [32]. In our notation, that result reads as

Z2
α,β = (x1x2)−N2

N−1∏
n=0

N−1∏
m=0

∣∣(x1 ei
π(n+α)

N + x2 e−i
π(n+α)

N

)2 + (
y1 ei

π(m+β)
N + y2 e−i

π(m+β)
N

)2∣∣. (35)

The only difference is the sign inside the brackets (see Eqs. (7.7) and (7.8) of Ref. [32]). It is easy to see that for even N the
identity

N−1∏
n=0

∣∣(x1 ei
π(n+α)

N + x2 e−i
π(n+α)

N

)2 + f
∣∣ =

N−1∏
n=0

∣∣(x1 ei
π(n+α)

N − x2 e−i
π(n+α)

N

)2 + f
∣∣

holds, which is enough to prove the equivalence between our result given by Eq. (31) for M = N and the result of Ref. [32]
given by Eq. (35).

As for the case of the checkerboard-A and checkerboard-B models, the partition function for the checkerboard-C model has
a singularity at t = 0 (x1 = x2,y1 = y2). Again the partition function for the checkerboard-C model reduces to the partition
function on the rectangular lattice with uniform weights [see Eq. (17)], which belongs to the c = −2 universality class.

There is another point at which the partition function for the checkerboard-C model has a singularity. When one of the
weights x1, x2, y1, or y2 is equal to zero the partition function for the checkerboard-C model reduces to the partition function on
the honeycomb lattice (the so-called K1 model), which belongs to another universality class with central charge c = 1. Let us
consider the case y2 = 0. The partition function with twisted boundary conditions given by Eq. (32) can be rewritten as

Z2
α,β =

N−1∏
n=0

M−1∏
m=0

4

∣∣∣∣1

2
− x1

4x2
exp (iφα,n) − x2

4x1
exp (−iφα,n) − y2

1

4x1x2
exp(iφβ,m)

∣∣∣∣.
Then the free energy per site βF for the dimer K1 model can be written in the form

−βF = 1

8π2
Re

∫ 2π

0
dθ

∫ 2π

0
dϕ ln

∣∣(x1 ei θ
2 − x2 e−i θ

2
)2 + y2

1 eiϕ
∣∣. (36)

The K1 model has been studied in detail in Refs. [37,38]. There it was shown that the K1 model also exhibits a KDP-type phase
transition at y1 = x1 + x2, x1 = y1 + x2, or x2 = y1 + x1, where the specific heat has a square-root singularity near the phase
boundaries.
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Thus as in the case of the dimer model on the checkerboard-
B lattice, the dimer model on the checkerboard-C lattice also
has two different types of critical behavior, one typical for the
c = −2 universality class and the other typical for the c = 1
universality class.

VI. SUMMARY

We considered the dimer model on generalized finite
checkerboard rectangular lattices. We obtained the closed-
form expressions for the partition function of the dimer models
on 2M × 2N checkerboard rectangular lattices A, B, and C
under periodic boundary conditions. We also considered the
different limits of each model. When dimer weights x1 = x2

and y1 = y2 the partition function for all three models reduces
to that of the dimer model on the rectangular lattice with
uniform weights, which belongs to the c = −2 universality
class. In another limit, namely, when one of the weights y1

or y2 is zero, the partition function for the checkerboard-B
model reduces to that of the dimer model on the honeycomb
lattice, the so-called K2 model. When one of the weights x1,
x2, y1, or y2 is equal to zero the partition function for the
checkerboard-C model reduces to that of the dimer model on
the honeycomb lattice, the so-called K1 model. The K1 and
K2 models exhibit a KDP-type phase transition and belong to
the Kasteleyn universality class with the central charge c = 1.

Thus, the dimer model on the checkerboard-B and
checkerboard-C lattices can show two different critical behav-
iors, depending on the parameters (weights) of the model. In
one limit the model reduces to the dimer model on a rectangular
lattice, which belongs to the c = −2 universality class. In
another limit it reduces to the anisotropic Kasteleyn model on a
honeycomb lattice, which belongs to another universality class
with c = 1. The result that the dimer model on a generalized
checkerboard rectangular lattice can manifest different critical
behaviors is consistent with early studies in the thermodynamic
limit [26,29,30].
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