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Exact solution of the dimer model on the generalized finite checkerboard lattice
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We present the exact closed-form expression for the partition function of a dimer model on a generalized finite
checkerboard rectangular lattice under periodic boundary conditions. We investigate three different sets of dimer
weights, each with different critical behaviors. We then consider different limits for the model on the three lattices.
In one limit, the model for each of the three lattices is reduced to the dimer model on a rectangular lattice, which
belongs to the ¢ = —2 universality class. In another limit, two of the lattices reduce to the anisotropic Kasteleyn
model on a honeycomb lattice, the universality class of which is given by ¢ = 1. The result that the dimer model
on a generalized checkerboard rectangular lattice can manifest different critical behaviors is consistent with early
studies in the thermodynamic limit and also provides insight into corrections to scaling arising from the finite-size

versions of the model.
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I. INTRODUCTION

Universality and scaling are two key concepts in the study
of phase transitions and critical phenomena [1,2]. For two-
dimensional critical systems, one can use the central charge ¢ to
classify universality classes [3—5]. Using Monte Carlo methods
[6-9] and analytic methods [10,11], it has been found that
many critical systems have nice universal scaling behaviors
[12-21]. In the present paper, we obtain exact solutions of the
dimer model on the generalized finite checkerboard lattice. Our
results will be useful for further study on finite-size corrections
and scaling.

The study of classical dimer models has a long history. Such
models are of interest as direct representations of physical
systems, such as of diatomic molecules on a lattice. But they
are also important because of their equivalence to statistical
mechanical models with different universality classes. As far as
we know there are at least three different universality classes
for dimer models: the Ising universality class with central
charge ¢ = 1/2 (the dimer model on a so-called 3 x 12 lattice
[22]), the Kasteleyn universality class with central charge
¢ = 1 (the dimer model on a honeycomb lattice [23]), and the
universality class with central charge ¢ = —2 (the dimer model
on a square lattice [24,25]). Thus, it appears that the dimer
model itself has not a single critical behavior but several critical
behaviors associated with different universality classes. A
similar situation occurs in the staggered vertex model [26,27]
as well as in a one-dimensional anisotropic XY model with
alternating nearest-neighbor interactions [28]. These may have
multiple phase transitions [26-28].

Here we focus on the dimer model on a checkerboard lattice
(see Fig. 1), a setup which provides a tool to study the evolution
of physical properties such as system transits between different
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geometries. The checkerboard lattice is a simple rectangular
lattice with anisotropic dimer weights x;, x», y;, and y,. Each
weight a is simply the Boltzmann factor e~£«/*T for a dimer
on a bond of type a with energy E,. There are three possible
classifications of the dimer weights on the bonds of the lattice
shown in the Fig. 1. We denote them as checkerboard lattices
A, B, and C. Using Baxter’s method [29] of converting the
dimer model into a vertex model, Wu and Lin [30] have shown
that the dimer model on the checkerboard lattice B can be
converting to the staggered ice-rule model with some set of
vertex weights. Using Baxter’s method one can also show
the equivalence of the checkerboard lattices A and C to the
staggered ice-rule model with different sets of vertex weights.

The dimer model on the checkerboard-A lattice was first
introduced by Kasteleyn [31], who showed that the model
exhibits a phase transition. Since Kasteleyn did not publish the
exact expression for the partition function, and since it has not
been given in the existing literature, we supply it here for finite
2M x 2N lattices with periodic boundary conditions using the
Pfaffian method. Additionally, we present the exact solutions
for the dimer model on checkerboard-B and checkerboard-C
lattices using the Pfaffian method. The latter solution recovers
that of Cohn, Kenyon, and Propp [32] in the case M = N.
Another checkerboard lattice is the so-called generalized-K
model [33,34], which is characterized by two parameters x and
y. This can be considered as a special case of checkerboard-B
and checkerboard-C lattices for the case x| = x, = x, y» = 1,
and y; = y and we investigate this limit also.

About 50 years ago Kasteleyn [31] introduced the dimer
model on an anisotropic honeycomb lattice. This has been
called the K model [35], or the K| model in our notation.
We should emphasize that the dimer model on an anisotropic
honeycomb lattice at the critical point has anisotropic scaling.

The anisotropic honeycomb lattice can be described as a
bricked structure (see Fig. 2) and the bonds in three principal
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FIG. 1. The unit cell for dimer models on the checkerboard lattices A, B, and C in solid lines. The choice of arrows satisfies Kasteleyn’s

clockwise-odd theorem [43].

We refer to such a dimer model, which was motivated by
domain-wall considerations [33,36], as the K, model (see
Fig. 2). The exact solutions of the K and K, models reveal an
unusual phase transition when x; = x, + y;, X, = x; + yj, or
y1 = x1 + x,. The specific heat has a square-root divergence
as T is lowered toward T, but it is identically zero for all
T smaller than T,. This property occurs in many different
kinds of physical systems, and we refer to such singular
behavior as a KDP-type phase transition after the ferroelectrics
transition in potassium dihydrogen phosphate (KH,PO,). The
isomorphism of the K; model to a ferroelectrics model is
discussed in Refs. [37,38]. A second such system is lipid
bilayer biomembranes [33] and the corresponding dimer
model is a K, model. The third system is a domain-wall
model of the commensurate-incommensurate (CI) transition
[39]. The isomorphism of the K; model to a domain-wall
model is discussed in Refs. [40,41]. Its exact solution allows
the testing of theories of CI-Ising crossover [42].

The K; and K, models with x; = x, = x can be considered
as a special case of the generalized K model for the case
y = 0. This generalized K model belongs to the Kasteleyn
universality class (¢ = 1) and belongs to another universality
class (¢ = —2) for y = 1, when it is just the dimer model on
the rectangular lattice.

It is interesting to consider different cases of the checker-
board lattices A, B, and C. For x; = x, and y; = y, the
partition function for all three models reduces to that for
the dimer model on the rectangular lattice with uniform

%
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Y * %*
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FIG. 2. K, and K, dimer model on the brick lattice, which is
topologically equivalent to the honeycomb lattice.

weights. When one of the weights x|, x2, y;, or y, on the
checkerboard-A lattice is equal to zero, the partition function
reduces to that for the dimer model on the one-dimensional
strip. When one of the weights x| or x, on the checkerboard-B
lattice is equal to zero the partition function again reduces to the
partition function for the dimer model on the one-dimensional
strip. But when one of the weights y; or y, is equal to zero
the partition function for the checkerboard-B model reduces to
the partition function for the dimer model on the honeycomb
lattice—the so called K, model (see Fig. 2). And for the case
when one of the weights x;, x5, y;, or y, is equal to zero the
partition function for the checkerboard-C model reduces to
the partition function for the dimer model on the honeycomb
lattice, the so-called K| model (see Fig. 2).

Thus and as was first pointed out in studies directly in
the thermodynamic limit [26,29,30] the dimer model on
the checkerboard-B and checkerboard-C lattices can show
two different types of critical behavior, depending on the
parameters (weights) of the model. One critical behavior is
typical for the Kasteleyn universality class with the central
charge ¢ = 1 and another is typical for the universality class
with ¢ = —2, while the dimer model on the checkerboard-A
lattice exhibits the critical behavior typical for the universality
class with ¢ = —2.

II. THE GENERALIZED FINITE
CHECKERBOARD MODEL

The partition function for the dimer model on the checker-
board lattice can be written as

Ny, Ny, N, N,
J— X1 X2 " Y2
Z= § :x1 X7V s

where N, is the number of dimers of type a and the summation
is over all possible dimer configurations on the lattice. Let
us consider a 2M x 2N rectangular lattice with periodic
boundary conditions in both the horizontal and vertical
directions. It is well known that the partition function for a
planar dimer model with periodic boundary conditions can be
expressed as a linear combination of four Pfaffians [43]:

Z =3(=Goo+ Gipo+ Goip+ Gipip) (D
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The Pfaffians G, p with («,8) = (0,0);(0,1/2);(1/2,0);
(1/2,1/2) are the square roots of the determinants

Gop = Pf[Aqp]l = /det Ay g,

where det A, g is
N-1M-1

detAgp =[] [ detr@an.dpm).

n=0 m=0
and the matrix A(¢y,,,Pp,n) is given by [44]
)"(¢a,n 1¢ﬂ,m) — Z a(u 1 ,u2)ei(ul¢a.n+u2¢ﬁ.m). (2)
uy,u

Here, the variables ¢, , and ¢g ,, are given by

2w (n + o) 2w (m + B)
an = s Ppn = (3)

and the matrices a(u,u,) are defined in the following sections.

Our main results can be summarized as follows. We find
that the partition function for the dimer model on checkerboard
lattices under periodic boundary conditions is given by

(x1xp)"N

Z= T( Zoo + 73 120t Zo 1/2 +Zl/2 1/2) “)
where Ziﬁ with («,8) = (0,0),(0,1/2),(1/2,0),(1/2,1/2) are
partition functions with twisted boundary conditions, which,
for the checkerboard A model are given by

N-1M-1

_ - don o dam 2
Zi,ﬁ = (x1x) " MN l_[ 1_[ (‘xl e —xyel2

n=0 m=0

+ ’)’1 ei%TM —»n e_i%%f)

- Hmﬁ“[ (% g —)\

(5 il

N ¢
1_[ |:t +sin? =% 4 2% sin’ %}, (5)
for the checkerboard B model are given by
N—1M-1 . ,
_ j dan _j%an 2
Z;,ﬂ = (x1x7)" MV 1_[ 1_[ Hxl e —xpe ' 2
n=0 m=0
¢ﬂm _j%m 2
—(ne T —me )
e ¢an i X2 :
l_[ l_[ sin + -In—
=0 m=0 2 X1
s (28 g L 2|, 6)
2 2w

and for the checkerboard C model are given by
N—1M-1 . ,
: da.n _dan\2
TG e —m o)
n=0 m=0
. PB.m . PB.m

+(e T —yes )2|

Ziﬂ = (xixa) ™M
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.2 ¢a,n i X2
=7 —1ln—=
sSin ( + n X )

20 Pem
' Zhm 1 22
+z°sin < + = y1>

where ¢, and ¢g ,, are given by Eq. (3) and

(7

2= Ny o2 _ (x1 —x2)* + (1 — y»)?
)C]Xz’ 4X1X2 ’

(8)

In the next three sections, we derive these main results for
checkerboards A, B, and C, respectively.

III. CHECKERBOARD-A MODEL

The dimer model on the checkerboard-A lattice was
first introduced by Kasteleyn who showed that the model
exhibits a phase transition [31]. However, Kasteleyn never
published the exact expressions for the partition function of
that model, so we do so here for the case of periodic boundary
conditions.

Orient the lattice edges as shown in Fig. 1 for which it is
known [45] that the Kasteleyn clockwise-odd sign rule [43]
is satisfied. Let us divide the lattice into (non-overlapping)
unit cells, each of four lattice sites as shown in Fig. 1. We
represent the location of each unit cell by the indices p; and
P2, representing the x and y coordinates of the center of the
cell. Sites within each cell are then identified by an index T,
which takes four values indicating their locations relative to
the center: Ly, (left up); Ryp (right up), Laown (Ieft down), and
Rgown (right down). We define matrix A(pi,p2; p,p5), the
elements of which represent the directed weights connecting
the lattice points of unit cell (py, p>) with those of unit cell
(p},py). Other elements of the matrix A(pi,p»; p}.p5) are
zero. The matrix a(0,0) corresponds to the bonding between
two points in the same unit cell:

a(0,0) = A(p1,p2; p1,p2)
Lup Rup Ldown Rdown
Lup 0 X2 - 0
— Rup —X2 0 0 Y2

Lgown » 0 0 X2
Rdown 0 —»n —X2 0

Matrix a(1,0) corresponds to the bonding between two points
in a given unit cell and the one to the right:

a(1,0) = A(p1,p2; p1 + 1, p2)
Lup Rup Ldown Rdown
Lyp 0 0 0 0
Ry [x o0 0 0
" Lgown | O 0 0 0
Raown 0 0 X1 0
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Similarly a(0,1) corresponds to the bonding between two points in the given unit cell and the one above it:

a(0,1) = A(p1,p2; p1,p2 + 1)
Lup Rup Ldown Rdown

Ly [0 0 0

Ry [0 0 0 -y

T Liewm | O 0 0 0
Riown N O 0 0 0

We note also that a(—1,0) = —a’(1,0) and a(0, — 1) = —a’(0,1). Then the determinant of matrix A(pi,ps; p},p5) can be
written as

N M

detA = l_[ H det A(Pa,n.Pp.m)s

n=1m=1

where A(@q, ., Pp,m) 1s given by Eq. (2):

Mebun Bpon) = Y alar,up)el 1 9ertssin)

.
= a(0,0) + a(1,0) %" + a(—1,0) e~ '%=
+a(0,1) "% 4+ a(0, — 1) e "%, ©)
In matrix form A(¢y,,,Pp,m) can be written as
(U Xy — Xy e 1Py 4y el 0
Nt = | 2000 X X e (10)
0 —y2 e —xy - xy @0 0
Therefore
det A(@a,n-Bpm) = 18(an-bpm)l’.
where
8 Bembpm) = (x1 6% —x2 ) (1 e —xy ) £ (@ — e Y (e —yy )
= |x ¢ _ x, e*i%tTn|2+|y1 o -y i (11)

The Pfaffians G, g with («, 8) = (0,0); (0,1/2); (1/2,0); (1/2,1/2) for the checkerboard-A model on the 2M x 2N rectangular
lattice can be written in the form

NoM [ [
Gus =TT (e =2 )
n=1m=1

where ¢, , and ¢g,, are given by Eq. (3) and («,8) = (0,0),(0,1/2),(1/2,0),(1/2,1/2). Then, the partition function for the
checkerboard-A model can be rewritten in the form given by Eq. (4) with

2 . PB.m _»¢ﬁ,m
e e

G N—-1M-1 ¢ i X 2 ¢ i y 2
72, = ek _ 4| | sin (22 4 2122 2 gin (LB Dn 22
B oM ,E)nl;[() i sm( > —|—2 nx1 + z7|sin > —|—2 ny1
N—1M-1
= 1_[ 4|12 + sin qb;’” + z%sin? 98 '"]
n=0 m=0 *~
N—1M—-1
_ 4] #2 4+ sin2 <M) + Z2sin? <M)} (12)
n=0 m=0 * N M

in which ¢ and z? are given by Eq. (8). With the help of the identity [46]

N-1

4|sinh(N o + iwa)|* = 4[sinh> N w + sin’> ra ] = ]_[ 4|:sinh2 o + sin? (W)} (13)
n=0
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Z,.p can be transformed into a simpler form,

Zas =[] 2th[N wl(”(m +ﬁ)) + inai| , (14)
m=0
where w; (k) = arcsinhz/t2 + z2 sin® k.
The free energy per site S F is defined as
1
—ﬂF:EInZ, (15)

where S is the area of the lattice, Z is the partition function, and § = k7T with Boltzmann constant k3 and temperature 7 .
From Egs. (4) and (12) one can derive free energy per site for the dimer model on the checkerboard-A lattice in the form

1 2w 2w 0 1)
—BF = —/ d&/ doln4|r? +sin®> = + z%sin® = |. (16)
87'[2 0 0 2 2

The dimer model on the checkerboard-A lattice therefore has a singularity at t =0 fort =0 (x; =x, =x, y1 =y =1Y)
when the partition function reduces to the partition function on the rectangular lattice with uniform weights given by Eq. (4) with

Z4 g, namely,
N—1M-1
o (T +a) v ., (n(m+B)
Ziﬁ = 1_[ 1_[ 4[sm2 (T) + g sin’ <T>:| (17)

n=0 m=0

Recently it has been shown that this dimer model on the rectangular lattice with uniform weights belongs to the ¢ = —2
universality class [24,25].
IV. THE CHECKERBOARD-B MODEL

Let us now consider the dimer model on the checkerboard-B lattice. The unit cell is depicted in Fig. 1. Following reasoning
similar to that of the previous section, we obtain

)»(¢a,n,¢ﬁ,m) — 0(0,0) + a(l’o) ei¢a,n + a(_l’o) e*i(ﬁa,n + a(O’l) ei¢5.rr: + G(O, _ 1) e*i@?»m’ (18)
in which
0 x3 —y» 0 0O 0 0 O 0 0 » 0
I ) 0 0 Y1 11X 0 0 0 _ 0 0 0 -
aWOO=1L " 0o o x| WO=1g o o of “OV={g o 0o o) U
0 -y —x» O 0 0 x1 O 0o 0 O 0
and a(—1,0) = —a”(1,0) and a(0, — 1) = —a”(0,1). The matrix form of M@Pa,n>Pp,m) 1s now given by
0 Xy —xp e e —yy 4y elf8n 0
| —x2+ xp e 0 0 Vi — yreifen
)\(qﬁa,n v¢ﬂ,m) - V2 — yi e_i‘/’ﬂ-"' 0 0 Xy — X1 e_iqﬁa,n (20)
0 —y1 + ype TP —xy 4 xp €/%en 0

The determinant of A(@y ,,$g, ) can be written as

det)\(qsa.n ’¢ﬁ,m) = |g(¢a.n s¢ﬁ,m)|2,
where g(Po,n,$p ) is given by

Pa.n j faun

8 @an bpm) = |x1€ 7 —x3e77

j L2

—(ylé’iz —ye 2
. 2

sin Pan + L In aes + 4y1y, sin® —¢’3’m +iln 2 .

2 2 X1 2 Vi

Therefore the partition function for the dimer model on the 2M x 2N checkerboard-B lattice can be written in the form given
by Eq. (4), with

2 PB.m. - $pm )2

= 4X1XQ

N—1M-1 P PN P ;
Zéﬂ: 4 sin< a’n+—ln—2>‘ +zzsin2<—ﬁ’m+—ln2>‘
’ 20 M0 2 2 X1 2 2 Y1
N—1M-1 _ 2 .
- ST o Ben g (—d’ﬂ”" +<In 2) : @1)
n=0 m=0 4)61)62 2 2 2 Y1
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with (o, 8) = (0,0),(0,1/2),(1/2,0),(1/2,1/2). With the help of the identity given by Eq. (13), Z, g can be transformed into a
simpler form,

M-1
225 = [] 4/sinh | Neoy T B L2 4 ia | sinh | Neo FPEA L L 22) el (22)
i u 2 y m 2 yi
where
— )2
wy(k) = arcsinh\/M + z2sin k.
4)(?1)62
The free energy per site 8 F for the dimer model on the the checkerboard-B lattice can be written in the form
1 1 - - (x1 — x2)? ¢ LM
— BF = -1 —R do dplna| L — 20 = Z+-m=)]|. 23
B 2n()clxz)+8sz e/(; /(; ¢ln [ - + sin® 2+zs1n <2 2nyl>i| (23)

As for the case the checkerboard-A model, the partition function for the checkerboard-B model has a singularity at r = 0. Again
att = 0(x; = xp,y; = y») the partition function for the checkerboard-B model reduces to the partition function on the rectangular
lattice with uniform weights [see Eq. (17)], which belongs to the ¢ = —2 universality class.

There is another point at which the partition function for the checkerboard-B model has a singularity. When y; or y; is equal
to zero the partition function for the checkerboard-B model reduces to the partition function on the honeycomb lattice—the
so-called K, model. That model belongs to another universality class with central charge ¢ = 1. Let us consider the case y, = 0.
Then the partition function with twisted boundary conditions given by Eq. (21) can be rewritten as

—-1M-1

_ H [7 4| S22l e fen T explidaml. (24)
(xﬁ 0 m=0 4)61)C2 2 4)C1)C2 ’
For even M one can use the identity
M-1 M-1
[]la—bexplidpm) =[] la+bexpligpml. (25)
m=0 m=0
and rewrite Eq. (24) in another equivalent form,
—1M-1
(X] - xZ) 2 ¢a n y12 .
= 4| — — m)|- 26
(x ﬂ ,H) nl1_[0 4X1)C2 sin 2 + 4)61)62 eXp(l(ﬁﬂ, ) ( )

Then the free energy per site S F in the thermodynamic limit can be written in the form

1 1 2 2 — )2 0 2
—BF = 3 In (x1x2) + ﬁRe/ d@/ deln 4|:M +sin® = 4+ y—16'¢:|.
T 0 0

(27)
4x1x, 2 4xix;

Note that our result for the free energy for the K, model recovers the results of Ref. [33]. There it was shown that the K,
model exhibits a KDP-type phase transition at y; = x; + x5, x| = y1 4+ X2, or X3 = y; + X1, and the second derivatives of the
free energy in the {x;,x,,y;} space exhibit an inverse-root singularity near the phase boundaries.

To summarize, the dimer model on the checkerboard-B lattice exhibits two different types of critical behavior; one is
characteristic of the ¢ = —2 universality class and another critical behavior is typical for ¢ = 1.

V. THE CHECKERBOARD-C MODEL

Let us now consider the dimer model on the checkerboard-C lattice. The unit cell is again depicted in Fig. 1. We obtain

Mans$pm) = a(0.0) +a(1,0) €% +a(=1,0) e +a(0,1) 9 +a(0, — 1) e, (28)
in which
0 X2 -y 0 0O 0 0 O 0 0 w 0
_ —X2 0 0 Y1 11X 0 0 0 _ 0 0 0 )
a00)= ("% 0 g ] eao=7 g g o] e«Oob=[g ¢ o | @
0 -y —x1 O 0 0 x O 0o 0 O 0
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and a(—1,0) = —a”(1,0) and a(0, — 1) = —a”(0,1). The A matrix is

0 Xy — xp e i Pan —yy oy P 0
. —X7 _I_ X1 ei¢om 0 O v — yzei¢ﬁm
)\'((ﬁa,n »¢ﬂ,m) - V2 — Vi eii(t)ﬁ"" 0 0 x| — X, €7i¢“’” (30)

0 —y1 + yze*itbﬁ.m —Xx1] + X2 ei%an 0

and

PB.m 7[.4’,3‘”: 2
(yle o »e 2)

) + 4y, y, sin’ <¢’3m —i—ilnﬁ).
2 V1

Thus the partition function for the checkerboard-C model on the 2M x 2N rectangular lattice can be written in the form given
by Eq. (4) with

i ban _ s Pan 2
g(¢a,na¢ﬂ,m)= _(xl e —xye 2 )

. 2 [ Pan
= 4x,x, sin’ ( >

N—1M-1
Ze 5 = (x1xp) MV 1_[ 1_[ | (x1 TV~ xy e_i%)z + (y1 € iy, e_iw)ﬂ (31)
n=0 m=0
N—1M-1 .
2 X1 M 2 yl
n=0 m=0
where (a,8) = (0,0),(0,1/2),(1/2,0),(1/2,1/2).
The free energy per site 8 F for the dimer model on the the checkerboard-C lattice can be written in the form
1 2 2 » ) ) )
— BF = —[ d@[ d<p1n|(x1 e'r —xp e”%)z—f— (y1 et ) e”%)2| (33)
872 Jo 0
1 1 2 2 ) 0 i X2 2 .o (@ i Y2
= Eln(xlxg)—l— WRG./O d@/o d<p1n4|:sm (5 + Eln ;) + z°sin (5 + Eln ;)] (34)

Note that our result for the partition function for the checkerboard-C model for the case M = N reproduces the result of
Cohn, Kenyon and Proop [32]. In our notation, that result reads as

N—-1N-1

_N2 : w(nta) _irnta)\ 2 7 (m+p) _imm+p)\ 2
Zep = e [T TT10n €5 4 e 555) 4 (3 €557 4 92 550 (39)
n=0 m=0

The only difference is the sign inside the brackets (see Eqgs. (7.7) and (7.8) of Ref. [32]). It is easy to see that for even N the
identity

N-1

N—
l—[ X1 e ﬂ(VIA‘/F(I) +x2 efiﬂ(nl\;roz))z + f| _ 1—[ |(x1 eiﬂ(n];ra) —xe l'r(n];rm)) + f|

n=0

holds, which is enough to prove the equivalence between our result given by Eq. (31) for M = N and the result of Ref. [32]
given by Eq. (35).

As for the case of the checkerboard-A and checkerboard-B models, the partition function for the checkerboard-C model has
a singularity at t = 0 (x; = x2,y; = y»). Again the partition function for the checkerboard-C model reduces to the partition
function on the rectangular lattice with uniform weights [see Eq. (17)], which belongs to the ¢ = —2 universality class.

There is another point at which the partition function for the checkerboard-C model has a singularity. When one of the
weights xy, x2, y1, or y; is equal to zero the partition function for the checkerboard-C model reduces to the partition function on
the honeycomb lattice (the so-called K; model), which belongs to another universality class with central charge ¢ = 1. Let us
consider the case y, = 0. The partition function with twisted boundary conditions given by Eq. (32) can be rewritten as

N—-1M-1

¥
otﬁ - 1_[ l_[ ‘_ - exp(l¢a n) - CXP( l¢o¢ n) — exp(iqﬁﬂqm) .
n=0 m=0
Then the free energy per site 8 F for the dimer K| model can be written in the form
1 2 2 [0 o2 -
TPF=gRe | 40 [ delnf(n et e e, (36)

The K| model has been studied in detail in Refs. [37,38]. There it was shown that the K; model also exhibits a KDP-type phase
transition at y; = x; + xp, X] = y; + X2, or x; = y; + x|, where the specific heat has a square-root singularity near the phase
boundaries.
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Thus as in the case of the dimer model on the checkerboard-
B lattice, the dimer model on the checkerboard-C lattice also
has two different types of critical behavior, one typical for the
¢ = —2 universality class and the other typical for the ¢ = 1
universality class.

VI. SUMMARY

We considered the dimer model on generalized finite
checkerboard rectangular lattices. We obtained the closed-
form expressions for the partition function of the dimer models
on 2M x 2N checkerboard rectangular lattices A, B, and C
under periodic boundary conditions. We also considered the
different limits of each model. When dimer weights x; = x;
and y; = y, the partition function for all three models reduces
to that of the dimer model on the rectangular lattice with
uniform weights, which belongs to the ¢ = —2 universality
class. In another limit, namely, when one of the weights y,
or y, is zero, the partition function for the checkerboard-B
model reduces to that of the dimer model on the honeycomb
lattice, the so-called K, model. When one of the weights x;,
X2, Y1, Or yp is equal to zero the partition function for the
checkerboard-C model reduces to that of the dimer model on
the honeycomb lattice, the so-called K; model. The K| and
K; models exhibit a KDP-type phase transition and belong to
the Kasteleyn universality class with the central charge ¢ = 1.

PHYSICAL REVIEW E 91, 062139 (2015)

Thus, the dimer model on the checkerboard-B and
checkerboard-C lattices can show two different critical behav-
iors, depending on the parameters (weights) of the model. In
one limit the model reduces to the dimer model on a rectangular
lattice, which belongs to the ¢ = —2 universality class. In
another limit it reduces to the anisotropic Kasteleyn model on a
honeycomb lattice, which belongs to another universality class
with ¢ = 1. The result that the dimer model on a generalized
checkerboard rectangular lattice can manifest different critical
behaviors is consistent with early studies in the thermodynamic
limit [26,29,30].
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