PHYSICAL REVIEW E 91, 052146 (2015)

Stochastic approach to the generalized Schrodinger equation: A method of eigenfunction expansion

Satoshi Tsuchida” and Hiroshi Kuratsuji
Department of Physics, Ritsumeikan University-BKC, Noji, Kusatsu City, 525-8577 Shiga, Japan
(Received 6 January 2015; published 27 May 2015)

Using a method of eigenfunction expansion, a stochastic equation is developed for the generalized Schrodinger
equation with random fluctuations. The wave field ¥ is expanded in terms of eigenfunctions: ¥ = )", a,(¢)¢,(x),
with ¢, being the eigenfunction that satisfies the eigenvalue equation Hy¢, = A, ¢,, where H is the reference
“Hamiltonian” conventionally called the “unperturbed” Hamiltonian. The Langevin equation is derived for the
expansion coefficient a,(¢), and it is converted to the Fokker-Planck (FP) equation for a set {a,} under the
assumption of Gaussian white noise for the fluctuation. This procedure is carried out by a functional integral, in
which the functional Jacobian plays a crucial role in determining the form of the FP equation. The analyses are
given for the FP equation by adopting several approximate schemes.
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I. INTRODUCTION

The phenomenon of random fluctuations has been one of
the central subjects in statistical physics, with topics covering
a wide class of physical systems ranging from molecular level
to cosmological phenomena [1-4]. Brownian motion, which
is one such system, is formulated by the Langevin equation,
which is an equation of motion that is modified by adding ran-
dom force. The Fokker-Planck (FP) equation, which is written
for the statistical distribution function for random variables, is
an alternative form to describe random systems [1-4].

The purpose of this article is to study the stochastic analyses
of the generalized Schrodinger equation in the presence of
random fluctuations. The work was inspired by previous
studies of the Landau-Ginzburg (LG) equation, including the
effect of thermal agitation occurring in the superconductivity
near the transition temperature (see, for example, [5,6]). We
consider this specific problem in the framework of the wider
discipline in such a way that it can be extended to the general
class of the Schrodinger-type wave equation. Indeed, among
general wave equations, we mention wave propagation in the
media in the presence of various sorts of fluctuations caused
by external agents (see, e.g., [7,8]). Our starting equation is
a Schrodinger-type equation with additional random force,
which is regarded as a Langevin-type equation. Apart from
the random fluctuation driven by the external agents, the
generalized Schrodinger-type equation has been studied in the
framework of the random potential [9,10]. The study presented
in Refs. [9,10] deals with the randomness that is intrinsic to
the media itself, and it belongs to a different category from the
one that will be treated in what follows.

Although it is easy to write the Langevin equation formally
for the wave field ¥ (x,r) itself, the concrete calculation
is rather cumbersome when one considers applications to
actual problems. Thus, it is desirable to find a tractable
way to apply the calculation. We propose here a method
of eigenfunction expansion that is based on the use of an
orthonormal set of functions that are the eigenfunctions of a
reference Hamiltonian, Hy, which is taken as an unperturbed
part of the Hamiltonian appearing in the Schrodinger-type
equation. The method was previously developed in connection
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with the semiclassical analyses of a path integral [11,12], so
its application to our stochastic problem is very natural. There-
fore, the wave field is expanded by this set of eigenfunctions,
and the Langevin-type equation for the original wave field
yields the Langevin-type equation for the expansion coef-
ficients (see the next section). This Langevin equation is
converted to the FP equation by using the functional integral
formalism on the basis of Gaussian white noise for the
fluctuation. The essential point is that a functional Jacobian
appearing in the functional integral plays a key role in deriving
the FP equation.

Here, we remark on previous studies of the stochastic
approach to the Schrodinger equation. In Refs. [13,14], the
stochastic differential equation is employed to describe the
various sorts of random fluctuations inherent in quantum
waves. In particular, in Ref. [13] this equation was used to
derive the FP equation. The method developed therein may not
always provide relevant tools for the wide class of problems
described by the generalized Schrodinger equation. However,
the present approach, in which the eigenfunction expansion
is used, is expected to provide a very simple and general
technique for studying the stochastic characteristics of the
generalized Schrodinger equation.

The paper is organized as follows: In the next section, the
Langevin equation is derived for the generalized Schrodinger
equation. In Sec. III, the Langevin equation is converted to
the functional integral on the basis of Gaussian white noise.
In Sec. IV, the FP equation is derived from the functional
integral by adopting the trick of imaginary time. This is based
on the well-known procedure for deriving the Schrodinger
equation from a path integral. In Sec. V, the analyses of the
FP equation are presented for the case in which the expansion
coefficients are treated as independent of each other. In
Sec. VA, we adopt the strong-coupling approximation to
derive the expression for the “first-excited” state by using
the variational method. In Sec. V B, we present the transition
amplitude for the small diffusion limit, which corresponds to
the semiclassical approximation.

II. LANGEVIN EQUATION FOR THE
SCHRODINGER-TYPE EQUATION
Our starting point is the Langevin-type general-
ized Schrodinger equation for the wave field ¥ (x,r)
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[5,6]:

oY (x,t)
Yo

= Hyr(x,t) + n(x,1), (1)

where H is an operator corresponding to “Hamiltonian.” The
coefficient y denotes the complex diffusion constant, and
n(x,t) represents fluctuation coming from thermal and other
effects, which obeys the law of white noise,

(" (e, Hn(x",1")) = h8(x — x")8(t — 1), 2

where 4 is a diffusion constant for the random process.

In the following discussion, H is assumed to be given by
thesum H = Hy + V = (V2 4+ U) 4+ V. Hy is conventionally
called an unperturbative term described by the potential U,
whereas V represents a perturbation, which allows time
dependence in general. Hy and V are assumed to be Hermitian.

Now let us consider the eigenfunction expansions for

Y and 7,

Y@ =) e, ) =Y O, ()
where a,(t) and 7, (¢) are complex functions of ¢, and ¢, (x) is
defined as an eigenfunction Hy¢,(x) = A,¢,(x), where we
assume the eigenvalue A, is positive for the convenience
of later arguments. By using the orthogonality relation
f @n ()P (x)dx = 8,,,, we can get a Langevin equation for
a,(1),

da,(t)  OE
at  dar

(), “4)

together with the complex conjugate. Here we introduce the
energy function E, which consists of the unperturbed and the

J

2h
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perturbation terms E = Ey + E,, with

%
= E A, Ay,
n

E, = Z(n|V|m a* A =

n,m

)

E Vam@, G,

where V,,, =V (thatis, V denotes the Hermitian), and |n)
and |m) are the eigenstates for mode n and m, respectively.
The complex variable a, can be expressed in terms of real
and imaginary parts as a, = X, + iY,, which is used for the
concrete description of the FP equation.

Here we remark on the complex coefficient y in Eq. (4):
For this purpose, we rewrite Eq. (4) in terms of real variables

(X,Y):

ax, dy, 1 0E

* dt “ dr §8X ©)
dy, dX, 10E

QW—K7= 28Y Im(n).

Here o and k are defined by y = —a + ik. I[f we setk = 0, this
equation describes the dissipation, hence o should be positive.
On the other hand, for the opposite case in which « = 0, one
can see that the equation of motion leads to nondissipative
motion, since the energy function E is conserved.

III. FUNCTIONAL INTEGRAL

According to the assumption of white noise, n(x,?) obeys
the Gaussian distribution,

1
P [n(x,t)] = Nexp [—E / n*(x,t)n(x,t)dx dt] , (D)

where £ is the diffusion constant corresponding to the Planck
constant. By considering the Langevin equation and taking
account of the boundary condition ¥ (x,0) = ¥ (x), ¥ (x,T) =
Y¥'(x), the transition probability from v (x) to ¥'(x) is written
by the path integral,

¥'(x) 1 T
K@@' (x),T |y (x),0) N]]; exp [——/0 U*(x,t)n(x,t)dxdt] nDn(xJ)*Dn(x,t), (3

(x)

which turns out to be represented in terms of the amplitude {a,},

x.t

K({a,).T|{a,}.0) = /{ ’exp[ / Znnu)nn(r)dr}]_[bnn(r) Dij (1), ©)

where we use the eigenfunction expansion defined by Eq. (3). The functional integral (9) is rewritten in the following steps: First,
by inserting the expression for the identity of the §-functional integral [15,16]:

da, 0E
/H]‘[s[F(r)—nnm]DF(t)—l (F(r)-y - ) (10)

together with use of the well-known relation for the § function, 8[ f(x)] ffooo

n.(n}) as well as p,(p}), we obtain

dt  da}

explipf(x)ldp, and next by integrating over

1 T
K ~ C/exp [_ﬂ/ ZF:Fndtj| DFDF,, (11)
0 n

052146-2



STOCHASTIC APPROACH TO THE GENERALIZED ... PHYSICAL REVIEW E 91, 052146 (2015)

where C is a factor that does not depend on F,,. By the definition of F),, and by using a functional determinant, the path integral

is given as
1 (7 da* OE da, OE SF* SF,
K~C —— o . dt | det| —= |det | —= | Da*Da,. 12
/exp|: Zh/() ;(y dt Ban><y dt 8a;f> :| ¢ |:8a:] ¢ I:(Sa,, In =G 12)
The functional determinant is calculated and written by using real variables (X,Y),

SF, 1 (T (3’E O%E
det =exp|—— — |dt]. (13)
Sa, 8y Jo \ax2 = 9y2

This factor plays a crucial role in fixing the correct form of the FP equation. The process to derive it will be given in Appendix.
From the above form of the path integral, we see that an action functional is modified as

"1y da, OE 2 E T T
= - - d — 4 — )dt = wdt +h [ Mdt), (14
> Z/o 2 ar " aapl Ty ( )Zf (axﬁaYZ)t Z(/o frdt /0 t) (1

o 0°E n ) (15)
4y? \axz oay?2 /)

Now we rewrite the Lagrangian £, in Eq. (14) by using real coordinates, (X,Y), explicitly, and further by noting y = —a + ix.
Then we obtain

L1 . . . 9E . JE . 9E . JE 1[/dE\* IE \*
Ly ==y*(X>+Y? Xp—+ Y — | =k Xy =V | + — . 16
2{”/' (4 V) e Xagim + gy ) = Xy —Yax ) Y2l lax, ) T ey, (16)
Here, in order to make a connection with quantum mechanics, we introduce imaginary time t(= —it), and we set the

Lagrangian as £,(= —£,). By using the conjugate momentum p, = % X, = ddx”

becomes
oo | L IE 2+ _AE . JEY L] IE 2+ IE an
"o\ P T %, T Gy, Py =1y T, 8y 12|\ ox, a, ) |

Thus, the total Hamiltonian is given by H = ), H,.

IV. THE FOKKER-PLANCK EQUATION

We now derive the FP equation via the “imaginary-time” Schrodinger equation by starting with a quantized version of the
Hamiltonian (17). First we note that the corresponding “wave function” W({X,},7) is related with the probability distribution
function P({X,,},?) as follows:

V({X,} 1) = P({X,}.0). (18)

As is well known, the Schrodinger equation is given by integral equation
V(X )T o) = / K(X,)ow + € | (X, 0y (X)), [ dX,.

where the propagator K is constructed from the action functional given above. Thus, according to the well-known procedure (see
[17]), the Schrodinger equation for the wave function W ({X,},7) turns out to be

v 1 a dE  k dE\? a dE  k dE \?
Tor T ;mw[(”“ ’zaxn+’2aYn)+<””y "2y, ’28)@” > "
where
T 0 w=l(2F 2+ 9F 2-+Mh (20)
nx = —th—, ppy = —ih_—, =3 :
Pnx ax, P a7, g \ox, Y, ) |

Then, by using Eq. (20) and replacing the imaginary time t with the original real time ¢, namely t — —i¢, we obtaind

v Z h 9 2+ 3 \2 vt 1 OFE aw+aan N [9E oW  9E 9V
—_— = —_— —_— —_— o —_— K —_
t — | 2y 2 \oX, Y, e 39X, 0X, = aY, dY, | 0X, 0Y, Y, 0X,

+ ¢ 82E+82E MW 1)
4ly2 \9X2 = 9Y? ’
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’E

Using (15), the last term becomes 3Ty |2(aX2
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+ de) Hence the second and the last terms can be combined in a single form

by noting the relation VA- f +A-Vf =V . (A f ). Further, by getting the wave function ¥ back to the original probability

distribution P, we finally obtain the FP equation:

P h 3 \?2 19 OE IE
— = E — =) P+— o P —«
t — |2y \ox, 2y 29X, \ X, Y,

Here we discuss some specific features of this equation:
(i) Equation (22) can be represented in a continuity equation
of the probability:
oP

—+V.J=0, 23
o T (23)

where the “current” is defined as J = Z Jus

JIE JoE

Iy =— hV,P + A, P), A, = K x o=
oy (VP AP A =gyl TG,
24)

with k being the unit vector that is perpendicular to the (X,Y)
plane. Indeed, it has been known that the FP equation can be
derived by following an analogy with the continuity equation
for the probability flow in an intuitive way [18].

(i1) As a special case, we consider stationary distribution,
namely the case of % = 0, for which we propose

P =ePE (25)

where 8 = 1/kT denotes the inverse temperature. Substituting
this form, we have

’E  O’E
(@ _hﬂ)z{a)ﬂ ay2

S o

For this relation to be satisfied for an arbitrary function E, the
following relation should be held:

B=-. 27)

This is merely the fluctuation dissipation theorem, which
establishes the relation among three parameters «, 8, and
h, representing the dissipation, inverse temperature, and

J

aP_Z ho( 9 2P+A i)
t o~ L2yP \ox, ly 28X,

—kY,P)+ —

p) h 3 2P+ 1 9 8EP+ IE
—_— —_— — | ¥ K .
20y 12 \ Y, 2y 2 ay, \ oY, X,

(22)

(

diffusion, respectively. Note that the effects of « disappear
in the above relation (26), and nonzero « plays an essential
role for the existence of the equilibrium state. If o =0,
the equilibrium state does not exist, because the effective
temperature becomes infinite.

Calculation of the partition function. The equilibrium
distribution is used to evaluate the partition function, which
leads to various sorts of thermodynamical quantities [19]: As
a particular case, we consider the case in which the energy
function is given by the unperturbed one, Eg = ), A, (X ,zl +
Y?2), for which we have

fexp|: ,BZA a an]nda*dan _H[ﬂ/\ }

(28)
This is the same form as the partition function used in
the superconductivity near the phase transition [5,20],
which is described by the time-independent LG free
energy. That is, the partition function is given by Z =
Jexpl— BFIY. Y N]]dy*dy with Fly.y*] =
J¥*Hy dx. H is given as the Hamiltonian that depends on
the electromagnetic field. In this way, the present approach
includes the stationary problem for the LG theory as a special
case.

(iii)) The FP equation describes the coupling among the
modes a; (i =1, ...,00). This is governed by the perturbation
term E, in the energy function (5), which is written in terms
of the real variables (X,,,Y,):

EU = Z Bnm(XnXm + YnYm) + Cnm(XnYm - XHIYI1)9 (29)

n,m

where B,C are the real and imaginary parts of the Hermitian
matrix V,,:(Vun = Bun +iCh); hence these become the
symmetric and skew-symmetric matrices, respectively, namely
Bum = Buns Com = —Ciun.

In particular, the FP equation described by the unperturbed
energy Ey yields

h 9 2P Ao @Y, P +kX,P)|.  (30)
o
21y \ Y, v |28Y,1 ‘

Furthermore, the term coming from E, gives rise to the modification to the above, that is,

1 0
Z P, & Bin X & CinYn) P =k (Bin Yo

1 0
+ Z| 12 3Y, (B Y — CinXm)P + k(Bim

nm

Xm - Clem)P]- (31)
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This term plays the role of the perturbation to the unperturbed
equation (30). Also the coefficients B,;,,;,Cp,, have time depen-
dence in general, so we have a time-dependent perturbation
theory for the FP equation that may be expected to bring about
specific physical consequences.

V. ANALYSES OF THE STOCHASTIC EQUATION

The FP equation that was derived above is described by the
energy function E, which includes the coupling among various
modes. In the following discussion, we restrict the argument to
the specific case of the independent mode Ey = ), A,a;a,.
For this case, the stochastic equation is given by (30), and
the analyses of this will be carried out in a simple manner,
because the modes are decoupled from each other. That is, the
distribution function is written as a product form:

P ((X},0) =[] Pu(Xn. Y1),

where P,(X,,Y,,t) means the distribution for the nth mode,
and the term including « is omitted because it does not
contribute to the equilibrium state. In what follows, we
consider the nth mode only, so the index n is suppressed.
Then, we set the variable separation as

P(X.Y,t) = exp[—et] f(X,Y).

Thus, we get the eigenvalue problem as follows:

3?92 2w [ df  df
4 T xL +yL
<ax2+ay2>f+ h ( ax T ay)

2
=— (e +2A) f. (32)

Here we use the polar coordinates X = Rcos6, Y = Rsin0,
and we consider the case in which the eigenfunction f(X,Y)
does not depend on the angular variable 6. Therefore, the
eigenvalue problem becomes

1 d df wdU 202
M[R(ﬁ ‘—f)] e

2 dR h
where © = 2’\—" = 2Af. Here we use the notation U(R) =

X247 = R2 and then the Hamiltonian is written as H =
AMU(R).

A. Strong-coupling approximation

The eigenvalue problem (33) looks simple, but this may
not be represented by special functions that have been used so
far. If we note that Eq. (33) includes the parameter u, which
can be regarded as a perturbation parameter, one may think
of carrying out the perturbation scheme by expansion with
respect to the small parameter © (Ju| < 1). That is, one starts
with the equation for 4 = 0 as an unperturbed solution, which
is given by the Bessel function. However, this procedure may
not be relevant, since the case u = 0 corresponds to o = 0,
which does not represent thermodynamic equilibrium as it
is pointed out above. From this inspection, it is suitable to
consider the case in which || is not small, |u| >~ 1, which
we call the “strong-coupling approximation.” The following
procedure is similar to that used in the stochastic approach

PHYSICAL REVIEW E 91, 052146 (2015)

of ferromagnetic particles [18], although the problem under
consideration belongs to a completely different discipline.

Then, we immediately get the solution for the zero
eigenvalue (¢ = 0):

fo(R) = exp [—%U(R)]. (34)

This corresponds to the Boltzmann distribution, which is
identified with the “ground state.” As a sequel of the ground
state, we assume an “‘excited state” as

f(R) = exp [—%U(R)}g(m. (35)

The function g(R) satisfies

d (g Hylde 2 2 g Py (36)
) eXp|—% = €Rexp|—— .
dR P72 |ar h P75 8

In particular, for € = 0, we can set
go(R) = k (constant).

The eigenvalue equation (36) is equivalent to the following
variational problem: That is, the functional given by

+ to zero, which gives

© (dg\’ n
I = — ——U|RdR 37
|, (5R) = [-5v] @
should be minimized under the normalization condition
* w
/ gexp |:—EU:|RdR= 1. (38)
0

Furthermore, we propose that the orthogonality relation should
be held between two eigenstates g and g:

/gg exp [—%U}RdR —0. (39)

Under this prescription, we consider the first-excited state
as a concrete example. To perform the variational calculation,
we choose the trial function as the quadratic expression

g1(R) =

The coefficients A, B, and C are determined by three
conditions corresponding to Eqs. (37)—(39), which are written
explicitly as

A+ BR+ CR>. (40)

[ = JiB*> +4J,BC +4J,C* (=¢)) (41)
and

J1A? +2J,AB + J3(2AC + B?) +2J4,BC + JsC* =1,
42)
J1A+ LB+ J:C =0,

respectively. Here we set J; = [~ exp[—4 R*]R*dR. The
minimum value of I is obtained as follows: First, by elimi-
nating A from Eq. (42), one gets the quadratic constraint with
respect to B,C:

2
G(B,C) = (—2 J3> B*+2J,BC
_l’_

J 2
(1 J)c —1=0. (43)
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Next, by using this constraint and following the Lagrange
multiplier method, we have the relations

d
dxi

where A is a multiplier. Equation (44) leads to simultaneous
equations for B, C, and XA. By solving this, we can obtain the
value of €;. The explicit manipulation is rather tedious and is
omitted here.

By continuing the above procedure, we can obtain a
sequence of the excited states g,(R). By using this, the
distribution function P(R,t) is expanded as

(I —AG)=0(x; = B,C,)), (44)

"
P(R,t) = C,t)g,(R ——=U|. 45
(R.1) 2; ()g()ap[ > } (45)
The expansion coefficient C,(t) satisfies dC,/dt =
—€,C,, and from the initial condition P(R,0)=

> Ca(0)ga(R) exp[—5 U], we get C,(0) = [ P(R,0)g,(R)
exp[—5U]RdR. As an actual situation, it may be sufficient to
keep the terms up to the first-excited state,

P(R.1) = {Co(1)go + C1(1)g1(R)} exp [—%U}- (40)

The distribution of this form may be utilized to calculate the
time evolution of the average value of physical quantities under
consideration.

B. Small diffusion limit

We consider another procedure of the nonperturbational
scheme that is given as the asymptotic limit of the path integral,
namely the limit of zero diffusion, z ~ 0. This corresponds to
the semiclassical approximation in quantum mechanics. The
path integral expression for # ~ 0 becomes

Ky =exp [—&} . “47)

Here the classical action is written as a sum of the contributions
coming from each mode n; Sic = ), SZ. In what follows, we
take account of the mode n only, and we suppress the index 7.
The final result is obtained by summing over n. By using the

polar coordinate, the action functional is given as

o2 (. dU\* o ,.
== (rR=-cZ= —_R2? 4
Ssc /[2( CdR) +2 G]dt, (48)

where { = % The conjugate momentum for 6, py = R%0,
is conserved because 6 is a cyclic coordinate. Then, the
Lagrangian becomes

P SLA (49)
T2 ng 2R’

Following the procedure of classical dynamics (see [21]), the
equation of motion is derived by a Routhian given by R =
cf — L. Tt is rather complicated to deal with this equation,
but one can ignore the term including c if ¢ can be chosen as
small. Then the equation of motion is written in a form of the
so called “instanton” equation

. du
R=¢ o =XR. (50)

PHYSICAL REVIEW E 91, 052146 (2015)

By using this, K is simply written as

2 (dt
Ksc=CXP|:—E[ F:| (28

Furthermore, noting 5_12 = 2#, it follows that the transition

probability from the initial point R; to the final one Ry is

c? Rr dR
K (Ry,t|R;,1;) = exp “ach el
R;

- i 1t (52)
= exp “8h K2 — th .

As the final step, attaching the index of mode for the orbit,
we write R as R(k), and taking the product over all modes k,
we obtain

2

c R(k) s dR(k)
K ({R ¢} tI{Ri ). 1) = - / i|
sc({Rr Lt I{ R}, 1) l:lexp [ 45ch Jray,  R(K)?

—Hex . C]% 1 . 1
— LI TR \ Ry T R ) |

(53)

where ¢y, ¢ indicate that the quantities correspond to mode k.

VI. SUMMARY

We studied a stochastic theory for the generalized
Schrodinger equation by using a method of eigenfunction
expansion. The present approach would have an advantage in
that once one starts with the expansion for the wave function
(order parameter) in terms of the set {a,}, one can always
obtain the Langevin equation in a very general way. Thus
this approach would provide an efficient way to investigate a
wide class of systems that can be described by the generalized
Schrodinger equation.

By using the functional (or path) integral formalism, the
Langevin equation results in the FP equation based on the
assumption of Gaussian white noise for the fluctuation. We
paid particular attention to the calculation of the functional
Jacobian, which is simply incorporated in the action functional.
As a consequence of this procedure, we arrived at the specific
form of the FP equation (22), which is relevant to our
subsequent analyses of the distribution function.

The analyses of the distribution function have been given
for the case of the unperturbed Hamiltonian, which can be
treated within two categories: (i) by using the expansion with
respect to the dissipation constant ¢, and (ii) by adopting the
asymptotic limit of “zero” diffusion (4 ~ 0). Our analyses
have an advantage in that we can obtain a concise analytic
form for the distribution function and the transition probability.
In this connection, the FP equation that was developed
in Ref. [13] seems to be a complicated way to obtain a
simple form of the distribution function. As a potentially
useful application of our method, we mention the problem
of a calculation for various sorts of transport coefficients
in nonequilibrium statistical physics that is inspired by the
generalized Schrodinger equation [22].
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An immediate application of the present formalism could
be the calculation of conductivity for the superconducting
fluctuation current just above the critical temperature. The FP
equation (22) is expected to play a key role in calculating
the time-dependent average for the current leading to the
conductivity. The details of this topic will be discussed in
a forthcoming paper.

APPENDIX: THE CALCULATION OF THE
FUNCTIONAL JACOBIAN

was developed in Ref. [23]. Let us write F = )/Z,—‘t’ — A, and

define F = y ¢ d . We note the relation

][] (A 2]

The first factor det[%] = det[%] = C can be omitted because
it is simply a divergent factor. Then we have the integral
equation

t
yb(t) = ya(r) — / Ala(r)ldr, (A2)
0
which is rewritten by using the step function,
T
yb(t) = ya(t) — f 0t —t)Ala(r)]ldr. (A3)
0

Using this form, the interval of integration can be converted
to [0, 7], which coincides with the interval in the path integral
(12). Then, Eq. (A3) is expressed as a discrete form:

yb(t) = ya(t) — Y 0t — 1)) Ala(r))le. (A4)
J

By carrying out the differential with respect to a(#;), we obtain

D) _ dat) _ )ALl
Yaato =V oa) 29(’ D e &

(A5)
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which is reduced to
ab(t;)
da(f)

dA[a(t)] .
da(ty)
The matrix represented by these elements is a triangular matrix.
For t; > 1, it follows that
ab(ti)
da(t)

1
=6 — =0t — 1) (A6)
14

1 dAla(t;)]
Cy da(n)
For t; = t;, noting 6(t; — ;) = 1/2, which is a Dirichlet
discontinuous factor [24], we get
% _ 1 0A[ a(t,)]g
da(t;) 2y da(t;)

(AT)

(A8)

Here it is crucial to have the factor % The determinant, except
for the infinite factor C, is given as
1 dAla(t;
la(t)] S) . (A9)

5F 5b
det[%}_dt[sa]_l:[(l 2y da(n)

which turns out to be

8b 1 /T
det| — | =exp| ——
da 2y Jo

Therefore, by substituting A =
Jacobian,

8 F, 1 (T (9E 0’E
det =exp|—— + — ) dt (A11)
day, 8y Jo 8X2 aY?
Also, we have the complex conjugate of (A11),
det OF, ! /T —82E + 2 dt (A12)
e =exp|—— )
Sar P 8y* Jo \9X2 9Y}?

By summing up (A11) and (A12), we obtain the terms that are
proportional to M in the text.

dAla(t)]

2a(t) dt] . (Al0)

we have the functional

()*’

[1] S. Chandrasekhar, Rev. Mod. Phys. 15, 1 (1943).

[2] M. C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 17, 323
(1945).

[3] R. Kubo, M. Toda, and N. Hashitsume, Statistical Physics
I, Nonequilibrium Statistical Mechanics, 2nd ed. (Springer-
Verlag, Heidelberg, 1991).

[4] L. P. Kadanoff, Statistical Physics: Statics, Dynamics and
Renormalization (World Scientific, Singapore, 2000).

[5] A. Schmid, Phys. Rev. 180, 527 (1969).

[6] A.Larkin and A. Varlanov, Theory of Fluctuations in Supercon-
ductors (Oxford University Press, New York, 2009).

[7]1 M. Segev, Y. Silberberg, and D. N. Christodoulides, Nat. Photon.
7,197 (2013).

[8] A. Ishimaru, Wave Propagation and Scattering in Random
Media (Wiley-IEEE, New York, 1999).

[9] M. Fibich and E. Helfand, Phys. Rev. 183, 265 (1969).

[10] J. Zittartz and J. S. Langer, Phys. Rev. 148, 741 (1966).

[11] S. Levit and U. Smilansky, Ann. Phys. 103, 198 (1977).

[12] L.S. Schulman, Techniques and Applications of Path Integration
(Dover, New York, 2005).

[13] K. Someda and R. D. Levine, Chem. Phys. 184, 187 (1994).

[14] R. Biele and R. D’ Agosta, J. Phys. Condens. Matter 24, 273201
(2012).

[15] J. Zinn Justin, Quantum Field Theory and Critical Phenomena
(Oxford University Press, New York, 2002).

[16] P. Ramond, Field Theory: A Modern Primer (Addison-Wesley,
Boston, 1992).

[17] R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path
Integrals (Dover, New York, 1965).

[18] W. F. Brown Jr., Phys. Rev. 130, 1677 (1963).

[19] R. P. Feynman, Statistical Mechanics: A Set of Lectures
(Westview, New York, 1998).

[20] J. S. Langer and V. Ambegaokar, Phys.
(1967).

[21] L. D. Landau and E. M. Lifchitz, Mechanics, 3rd ed.
(Butterworth-Heinemann, Oxford, 1982).

[22] Y. Imry, Introduction to Mesoscopic Physics (Oxford University
Press, London, 2002).

[23] R. F. Dashen, B. Hasslacher, and A. Neveu, Phys. Rev. D 10,
4114 (1974).

[24] Encyclopedic Dictionary of Mathematics, 4th ed. (MIT Press,
Cambridge, 1993).

Rev. 164, 498

052146-7


http://dx.doi.org/10.1103/RevModPhys.15.1
http://dx.doi.org/10.1103/RevModPhys.15.1
http://dx.doi.org/10.1103/RevModPhys.15.1
http://dx.doi.org/10.1103/RevModPhys.15.1
http://dx.doi.org/10.1103/RevModPhys.17.323
http://dx.doi.org/10.1103/RevModPhys.17.323
http://dx.doi.org/10.1103/RevModPhys.17.323
http://dx.doi.org/10.1103/RevModPhys.17.323
http://dx.doi.org/10.1103/PhysRev.180.527
http://dx.doi.org/10.1103/PhysRev.180.527
http://dx.doi.org/10.1103/PhysRev.180.527
http://dx.doi.org/10.1103/PhysRev.180.527
http://dx.doi.org/10.1038/nphoton.2013.30
http://dx.doi.org/10.1038/nphoton.2013.30
http://dx.doi.org/10.1038/nphoton.2013.30
http://dx.doi.org/10.1038/nphoton.2013.30
http://dx.doi.org/10.1103/PhysRev.183.265
http://dx.doi.org/10.1103/PhysRev.183.265
http://dx.doi.org/10.1103/PhysRev.183.265
http://dx.doi.org/10.1103/PhysRev.183.265
http://dx.doi.org/10.1103/PhysRev.148.741
http://dx.doi.org/10.1103/PhysRev.148.741
http://dx.doi.org/10.1103/PhysRev.148.741
http://dx.doi.org/10.1103/PhysRev.148.741
http://dx.doi.org/10.1016/0003-4916(77)90269-X
http://dx.doi.org/10.1016/0003-4916(77)90269-X
http://dx.doi.org/10.1016/0003-4916(77)90269-X
http://dx.doi.org/10.1016/0003-4916(77)90269-X
http://dx.doi.org/10.1016/0301-0104(94)00075-1
http://dx.doi.org/10.1016/0301-0104(94)00075-1
http://dx.doi.org/10.1016/0301-0104(94)00075-1
http://dx.doi.org/10.1016/0301-0104(94)00075-1
http://dx.doi.org/10.1088/0953-8984/24/27/273201
http://dx.doi.org/10.1088/0953-8984/24/27/273201
http://dx.doi.org/10.1088/0953-8984/24/27/273201
http://dx.doi.org/10.1088/0953-8984/24/27/273201
http://dx.doi.org/10.1103/PhysRev.130.1677
http://dx.doi.org/10.1103/PhysRev.130.1677
http://dx.doi.org/10.1103/PhysRev.130.1677
http://dx.doi.org/10.1103/PhysRev.130.1677
http://dx.doi.org/10.1103/PhysRev.164.498
http://dx.doi.org/10.1103/PhysRev.164.498
http://dx.doi.org/10.1103/PhysRev.164.498
http://dx.doi.org/10.1103/PhysRev.164.498
http://dx.doi.org/10.1103/PhysRevD.10.4114
http://dx.doi.org/10.1103/PhysRevD.10.4114
http://dx.doi.org/10.1103/PhysRevD.10.4114
http://dx.doi.org/10.1103/PhysRevD.10.4114



