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Conductivity of warm dense matter including electron-electron collisions
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We present an approach that can resolve the controversy with respect to the role of electron-electron collisions
in calculating the dynamic conductivity of dense plasmas. In particular, the dc conductivity is analyzed in the
low-density, nondegenerate limit where the Spitzer theory is valid and electron-electron collisions lead to the
well-known reduction in comparison to the result considering only electron-ion collisions (Lorentz model). With
increasing degeneracy, the contribution of electron-electron collisions to the dc conductivity is decreasing and
can be neglected for the liquid metal domain where the Ziman theory is applicable. We give expressions for the
effect of electron-electron collisions in calculating the conductivity in the warm dense matter region, i.e., for
strongly coupled Coulomb systems at arbitrary degeneracy.
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I. INTRODUCTION

Physical properties of warm dense matter (WDM) have
become an emerging field of research. New techniques such
as intense ultrashort pulse laser irradiation or shock wave
compression allow one to produce states of matter with high
energy density in the laboratory that are of relevance for
astrophysical processes. In the density-temperature plane of
Coulomb systems, the region of degenerate, strongly coupled
plasmas is now accessible.

The calculation of properties of WDM is a challenging task.
Transport properties, in particular the dc conductivity, are well
investigated for a fully ionized plasma in the classical, low-
density limit as given by Spitzer and Harm [1] within kinetic
theory (KT), see also Ref. [2] and references given therein.
The evolution of the electron velocity distribution function is
described by a Fokker-Planck kinetic equation. The linearized
kinetic equations are solved with a Landau collision integral,
that includes both the electron-ion (e-i) and electron-electron
(e-e) collisions.

Alternatively, the conductivity of strongly degenerate elec-
tron systems such as liquid metals has been obtained by
Ziman and Faber [3] using the relaxation time approach.
The treatment of the e-i interaction has been improved by
Dharma-wardana [4] and others [5-7] who used expressions
for the pseudopotentials and ionic structure factors that are
appropriate for the particular ions under consideration. Lee
and More [8] extended this approach to the nondegenerate
regime. Desjarlais [9] later derived corrections to the Lee-More
conductivity model due to partial ionization. However, to
recover the Spitzer result for the conductivity, e-e collisions
have to be taken into account. This is not consistently possible
within the relaxation time approach [10] but has been done
by Stygar [11] and Fortov et al. [12] using interpolation
procedures, see also Adams et al. [13]. In this work, we
present a general approach using linear response theory (LRT)
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that allows also for a systematic treatment of e-e collisions at
arbitrary degeneracy.

The investigation of time-dependent fields is somehow
difficult in KT, too. Often, the collision term in the time-
dependent kinetic equation is replaced by an energy-dependent
but static relaxation time ansatz, see Landau and Lifshitz [14],
Dharma-wardana [4], or Kurilenko et al. [15,16]. According
to Landau and Lifshitz [14] it should be emphasized that such
an approach is only applicable in the low-frequency limit. The
high-frequency region, relevant for describing bremsstrahlung,
can be treated in LRT, see Ref. [17]. In the present work, we
focus on the static conductivity for a response to an electric
field that is constant in time and space (dc conductivity).

Recently, the Kubo-Greenwood formula [18,19] was con-
sidered as a promising approach to the dynamical conductivity
in dense, strongly interacting systems at arbitrary degen-
eracy. Based on the rich experience in electronic structure
calculations for solids, liquids, and complex molecules using
density functional theory (DFT) and the enormous progress
in computing power, ab initio simulation techniques have
been developed that allow one to treat a large number of
constituents with individual atomic structure. Most successful
so far has been a combination of DFT for the electron system
and classical molecular dynamics (MD) simulations for the
ions which we will refer to as the DFT-MD method in what
follows; for details, see Refs. [20—23]. This method does not
rely on effective pair potentials or two-particle cross sections as
in standard KT which become questionable in dense, strongly
coupled plasmas. The evaluation of the Kubo-Greenwood
formula using optimal single electron states gives the full
account of e-i interaction and treats e-e interactions based
on the exchange-correlation (XC) functional used in the
DFT cycle, in addition to the mean-field (Hartree) term. The
inclusion of e-e collisions into the DFT-MD calculations of
transport properties in WDM is a subject of lively debate,
especially for the limiting case of nondegeneracy.

Within this paper, we apply a generalized approach to
nonequilibrium processes according to Zubarev et al. [24,25].
Using this generalized linear response theory (gLRT) transport
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properties are related to equilibrium correlation functions
such as current-current or force-force correlation functions.
Different expressions for the conductivity are deduced which
lead to identical results should they be calculated exactly,
as was shown analytically by performing partial integration.
However, they are differently suited for performing calcula-
tions after perturbation expansions. In particular, expressions
that are consistent with KT (Spitzer result for the dc plasma
conductivity) are compared with the Ziman-Faber theory, the
Kubo-Greenwood formula, and the rigorous results for the
Lorentz model. In the Lorentz model, noninteracting electrons
are considered to move under the influence of the potential of
the ions at given configuration (adiabatic limit).

Transport theory for WDM benefits from different sources.
On one hand, the conductivity of liquid metals and disordered
solids is well described in the weak scattering limit (Fermi’s
golden rule) by the Ziman formula if the conducting electrons
are degenerate; see also the Ziman-Faber approach [3] where
alloys at finite temperatures are considered [26]. Main ingre-
dients are the element-specific electron-ion pseudopotential
and the (dynamical) ion structure factor that are adequately
described using the Kubo-Greenwood formula where the e-i
and the e-e interaction (via the XC functional) are considered
in any order. Evaluating the correlation functions within
DFT-MD [20-23], no perturbation expansion is performed.
On the other hand, the conductivity of plasmas is described by
KT so in the low-density, nondegenerate limit the Coulomb
interaction between e-i as well as e-e pairs leads to the
Spitzer result. At higher densities, gL.LRT can be applied that
considers correlation functions to be evaluated analytically
using the method of thermodynamic Green functions [25,27—
30]. Nonperturbative solutions are possible by classical MD
simulations using effective pair potentials, see Ref. [31], as
long as the nondegenerate case is considered.

Bridging between both the transport theory of condensed
matter and plasma kinetic theory, the contribution of e-e colli-
sions that is clear in KT remains unclear in the Ziman or Kubo-
Greenwood approach [4]. We address this problem within
gLRT that incorporates the Kubo formula as well as the KT as
particular special cases in Sec. II, see Refs. [17,25]. A simple
expression is derived that accounts for the contribution of e-e
interactions provided that the contribution of the e-i interaction
is known. Accounting for e-e collisions, we show that the dc
conductivity of WDM is reduced in the nondegenerate region,
which becomes less relevant with increasing degeneracy
(Sec. III). A simple fit formula is given in Sec. IV A. For
example, we present exploratory calculations for aluminum
in the WDM region in Sec. IV C. Further properties such
as the optical conductivity and other thermoelectric transport
coefficients like the thermal conductivity, see Refs. [32,33],
will be considered in subsequent work.

II. LINEAR RESPONSE THEORY AND EQUILIBRIUM
CORRELATION FUNCTIONS

A. Fluctuations in equilibrium and transport properties

In the following we outline the conceptional ideas on which
the generalized response equations are based. The definitions
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of the physical system and the quantities for its description are
given for completeness of the presentation.

We consider a charge-neutral Coulomb system consisting
of ions with (effective) charge Ze and particle density njo,
and electrons of charge —e, mass m, and particle density n, =
Znion. The Hamiltonian

I:I:T'i‘vei'i‘vee (1)

of the system contains the kinetic energy (7') of the electrons
and ions, the electron-ion (Vei) pseudopotential, and the
electron-electron (Vce) Coulomb interaction.

The interaction with an external, spatially uniform electric
field E**'(¢) is given by

Ae(t) = —e Y i - E™(0) 2

with ; the position operator of the different electrons in the
considered sample. We take the adiabatic limit and consider
the electron contribution to the current density operator

2 e € A
.:— AiI—P, 3
j leZp — 3)

where 2 denotes the volume of the sample and P the total
momentum of the electron subsystem. Without loss of gener-
ality we consider periodic time dependence of the field with
frequency w. In LRT, the average value of the current has the
same periodic time dependence, ()" = Relj(w) exp(—iwt)].
Similarly, an inhomogeneous external field can be decomposed
into Fourier components with wave vector k. In the spatially
homogeneous (k — 0) and isotropic case considered here,
the dynamical electric conductivity is defined as j(w) =
o(w)E(w), where E(w) is the screened internal electric field.

There is a fundamental theory for transport coefficients that
relates those to equilibrium correlation functions [17,24,25].
We outline our approach and its general results in Appendix A.
A main ingredient is the possibility to extend the relevant
statistical operator considering a set {B;} of relevant observ-
ables that characterizes the nonequilibrium state of the system.
The fluctuations of the single-particle occupation numbers or
the respective current densities could be considered. If the
averages of these observables are already correctly taken into
account, they do not have to be calculated dynamically so
the corresponding nonequilibrium state is observed within
a shorter time when considering the evolution from an
initial state. As shown in Appendix A, generalized response
equations are derived to eliminate the Lagrange parameters F,
according to self-consistency conditions. Assuming linearity
with respect to the external field, a system of linear equations
follows where the coefficients are equilibrium correlation
functions,

(A;B), = [oo dte’™ (A1), B)
0

00 1
= / dte' / dATr{A(t — ihBL)BTpo),  (4)
0

0

where pp is the equilibrium statistical operator. The time
dependence A(r) = e//" Ae~!H!/" s given by the Heisenberg
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picture with respect to the system Hamiltonian H, so A =
i[H,A]l/h. B = (kg T)~! is the inverse temperature.

B. Different choices of relevant observables and
corresponding response functions

Solving the generalized response equations, transport
coefficients are related to equilibrium correlation functions,
which is an expression of the fluctuation-dissipation theorem
(FDT). In principle, the equilibrium correlation functions (4)
can be calculated because we know the equilibrium statistical
operator. Thus, the FDT seems to be very convincing and
promising to evaluate transport coefficients in dense, strongly
correlated systems like WDM. However, the evaluation of
the equilibrium correlation functions is a quantum statistical
many-body problem that has to be treated by perturbation
theory or numerical simulations. For an analytical approach,
the interaction between the charged constituents of the system
(e,i) is considered as perturbation. Additionally, we will show
that the choice of relevant observables {B;} is crucial for an
effective solution scheme. We discuss three different sets of
relevant observables B; to characterize the nonequilibrium
state, which are taken in addition to the conserved observables
energy H and particle number N of the system, see Ref. [25].

(i) The empty set of relevant observables B, is considered.
It is equivalent to the grand-canonical ensemble, see Eq. (A1).
All nonequilibrium distributions are formed dynamically. As
a result we obtain the Kubo formula [18],

2

oM w) = T BB, 5)
where lim,_,o has to be taken after the thermodynamic
limit. The response function is given by the correlation
function of the electrical current, see Eq. (3). It coincides
with the conductivity o(w) if only the irreducible part of
the current-current correlation function is taken. Despite
this compact, comprehensive, and intuitive expression, its
evaluation contains a number of difficulties. In particular, it
is not suited for perturbation expansions of the dc conductivity
because it is diverging in zeroth order of the interaction. We
come back to this issue in Sec. II C and Appendix D.

(ii) The fluctuations Sfiy, =M, — (fip)eq Of the single-
particle occupation number fi, are chosen as relevant ob-
servables B;. In this way, we can derive expressions in parallel
to KT where the nonequilibrium state is characterized by the
single-particle distribution function f(p,?). The modification
of the equilibrium single-particle distribution function can be
calculated straightforwardly according to

Tr{pre(r) 871p} = Z(Sﬁpvaﬁp’)Fp’(t) =45f(p.1). (6
-

The Lagrange multipliers Fp(#) are determined from the
response equations (A3). These response equations are gen-
eralized linear Boltzmann equations that contain a drift
and collision term as expressions of equilibrium correlation
functions. A comprehensive discussion is found in Ref. [17].

The nonequilibrium single-particle distribution function (6)
is known if we have information about all moments of
the distribution function, i.e., the quantum averages of the
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observables
(=12
b=y B p’ R

For instance, P; = P is related to the electrical current and
P; to the heat current. Taking a finite number L of these
functions (7) as the set of relevant observables {B;}, see
Refs. [17,25,34,35], the response function is approximated
by a ratio of two determinants,

0 Nii ... Nig

28 [Nit  dn dip

Wy P
C@=Tag s

Ny dpy ... dig

dn ... diL

x |: o ®)
drq ... dpp

The Kubo scalar products are given analytically for the electron
gas as

Znion Qm T[(I 4+ 1"+ 3)/2]
B I'5/2)
Lur—1y(Brld)
L (B
with the ideal part of the electron chemical potential 1i¢ and

the Fermi integrals 7, (y) = ﬁ Ooo xdx

1 ~ 4
Ny = g(PlsPl’) =

©))

dy(w) = (P P — i@y Py}, (10)

are correlation functions (4) of the system in thermodynamic
equilibrium.

With increasing number of moments, L — oo, the full
solution of the KT would be reproduced. Further convergence
issues, in particular for the static case, have been discussed in
detail elsewhere, see Refs. [30,34,36-38]. Note that the static
conductivity is increasing if more moments are taken into
account as a consequence of the Kohler variational principle,
see Ref. [17].

(iii) The current density operator is taken as relevant
observable B;. This relates directly to the thermodynamics of
irreversible processes where the state of the system is described
by currents. Corresponding generalized forces are identified as
the response parameters F;. In a first step, we consider the total
momentum P as relevant observable. The relevant distribution
function is a shifted Fermi or Boltzmann distribution. Further
details of the nonequilibrium distribution functions beyond
the average of momentum (which is correctly reproduced) are
formed dynamically. We obtain

2 P P\2
Ziman(w) — e /3 (P,P)

3m2Q _j (P, + (B; Pyt

. dn

(o2

which we denote by Ziman since its static limit (w = 0) for
T = 0 K is the Ziman-Faber formula [3] for the conductivity.
The Ziman formula is also denoted as second fluctuation-
dissipation theorem since the inverse transport c.:oe.fﬁcients are

related to the force-force correlation function (f’; f’)w+,~,,. Note
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that P is the first moment of the single-particle distribution
function (7). Therefore, the response function (11) is identical
with Eq. (8) for L = 1, the first moment approach in KT.

Using the explicit expression for the Kubo scalar prod-
uct (9), we obtain from Eq. (11) a generalized Drude expression
for the conductivity [39]

an)gl
_ (12)
—iw + leman(w)

with the plasma frequency wp = Ve*Znion/(€om). The dy-
namical collision frequency

O_Ziman (a)) —

'8 ;\. B\ irred

3Znion2m PPy (13)
is given in terms of the irreducible part of the force-force
correlation function. However, higher moments are needed in
order to take into account e-e collisions. As a special case, the
two-moment approach with P,,P; as relevant observables is
discussed in Ref. [17] and will be considered in the explicit
calculations in Sec. III.

inman(w) —

C. Perturbation theory for the dynamic conductivity
and convergence

For the dynamic conductivity, we derived expres-
sions (5), (8), and (11), which can be proven to be identical
by performing partial integration, see Refs. [17,25]. They
have, however, different properties when considering the time
behavior of the respective equilibrium correlation functions
and systematic perturbation expansions. This will be discussed
in the following.

1. Version (i), the Kubo formula (5), and the current-current
correlation function

The momentum of the electrons is conserved in zeroth
order of the interaction with the ions. Explicitly, evaluating
the correlation function (4) in lowest order, we have

2 PP €
sKwo() — fim 2 _BP) L O%
1—03m2Q —iw+n 1-0—iw+7n

(14)

The dynamical conductivity is purely imaginary for finite
frequencies. This result is well-known as the Lindhard RPA
expression of the dielectric function €(0,w) =1 — a)gl Ja?.
The dc conductivity (w — 0) diverges. Therefore, the Kubo
formula (5) is not appropriate to calculate the dc conductivity
within perturbation theory. Applying a perturbation expansion,
additional steps like partial summations or §, functions
with finite width are required, see Appendix D. Note, that
perturbation theory is suitable for finite frequencies.

2. Version (ii), the kinetic theory, and the single-particle
occupation number correlation function

The correlation functions dj (10) in the expression for
the conductivity (8) can be evaluated by perturbation theory
using thermodynamic Green’s functions, see Ref. [17] and

Sec. Il A. From the definition of the generalized forces P =
i[H,P;]/h with H containing kinetic and potential energy, see
Eq. (1), it is evident that d;(w = 0) is of second order in
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the interaction. The kinetic energy 7" commutes with P,. The

quantity P, enterin g the correlation function dj; is decomposed
in the contributions due to the e-i and the e-e interaction. The
evaluation of the correlation functions

F 1 A oA A oA
P, Pr)orin = —ﬁ{([vei,Pz]; [Vei, Pr D ootin
+([Veevf)l];[Veevf’l’])aﬂrin} (15)

in Born approximation for the screened Coulomb potential
V.i is given in Sec. III A for the static case; for arbitrary w see
Ref. [17]. It should be emphasized that for the dc conductivity a
perturbation expansion is possible starting with a nondiverging
term in lowest order, in contrast to the Kubo formula (5).
Contributions due to e-e collisions are represented by the
second term in Eq. (15) for /,/’ > 1 only since the lowest-order
term vanishes, [f’l , Vee] =0.

3. Version (iii), the Ziman formula (11), and the
Jorce-force correlation function

Following the discussion of the correlation functions
dyy (15) it is evident that the collision frequency pZiman gy
Eq. (13), behaves regularly in the limit @ — 0 so one can
also perform this limit in expression (12).. However, since the

e-e interaction does not contribute to P = f’l, it treats the
conductivity on the level of the Lorentz model only. It does
not give the correct result in the low-density limit as was
discussed in Ref. [17], see also the following Sec. III, but is
correct in the limit of strong degeneracy.

The well-known expression of the Ziman formula for
o =0 was derived in the Born approximation. It can be
improved considering higher-order terms in the perturbation
expansion [26]. However, secular divergent terms (van Hove
limit) then also arise that have to be treated by partial
summations [40,41]. This is avoided if the single-particle
distribution function is considered as relevant observable.
The account of higher moments P, of the single-particle
distribution function also improves the result for the Born
approximation. For increasing numbers of moments, see
Refs. [30,36], the solution converges to the Spitzer formula
if considering the low-density limit. Going beyond Py, the e-e
collisions contribute. Thus, to avoid singular expansions and
partial summations, we can enlarge the number of relevant
observables corresponding to the Kohler variational principle
as given by version (ii), see Ref. [17].

III. DC CONDUCTIVITY AND ELECTRON-ELECTRON
COLLISIONS

A. Renormalization function

As was shown in the previous section, the best choice of
relevant observables to take into account e-e collisions are
the fluctuations of the single-particle occupation numbers,
leading to Eq. (8). The calculations can be performed in
Born approximation without encountering any divergencies
and naturally including all relevant scattering mechanisms.
Adopting the Drude form (12) obtained from the Ziman
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formula as the general expression for the conductivity,

2
€W
o(@)= ———, (16)
—iw + v(w)
we take this as definition of the dynamical collision frequency
v(w). To show the influence of e-e collisions on the conduc-
tivity, we relate the full dynamical collision frequency to the
solution in the one-moment approach (13) as a reference value
by introducing a complex renormalization function r(w) in
such a way that
. 1 P
V(@) = r(@a™(w) = r(e)—=—P; P . 17)
P.P) o
If the solution is approximated within a finite number L of
moments according to Eq. (8), a renormalization function
r'P(w) is defined correspondingly so, see Refs. [35,39,42],

2
(1)
: s (18)
—iw + rO(w)pvZiman(g))

o BD(w) =

Let us consider the simplest nontrivial approximation, the
two-moment approach with f’l ,f’3, i.e., particle current and
energy current as relevant observables. Then, from Eq. (8), the
renormalization factor can be given explicitly in the static (dc)
case as (for the dynamic case, see Ref. [17])

F2(0) = d233d11 — di3ds) 19
dii[ds3 + z—:z?dn — Mdyy — Wedy ]

The correlation functions d;y = %(IA’I; f’,f)wﬂ-,, = dfli, +dy;
have to be evaluated. The nondegenerate limit for a plasma
with singly charged ions has already been discussed in
Ref. [17]. Here we will calculate the renormalization function
for arbitrary degeneracy and effective ion charge Z. In screened
Born approximation, we have (summation over k, p includes
spin and respective wave-vector summation)

v
& =nhz? Y f dheo |~ \D_

£ _ GRPA( )
p-q

2

fk ( flk+q\)

x f (1- f\p—ql) (hew — Ellyrq T Ex)
X 5(ﬁ(z) E] + Elp q|)K1(k»q)K1’(k’q)v (20)

)

ERPA(

(1= ficra))

x fy (1 - f&-m) (he> = Efjcr + EY)
x 8(hw — E}, + Ef, o) (Ki(k,q)
+ Ki(p. — @)Ky (k,q) + Ky (p, — q))., 2n

where  f¢ = (ePEH) 4 1), ES = h%k%/(2m,), and
Ki(k.q) = k(BEI~D — (k. + g )(BEj )"

with index ¢ =1,e for ion and electron contributions,
respectively. Exchange terms in 4 are small and not
given here. The Coulomb interaction V(gq) = 62/(609q2)
is statically screened with eRPA(g,0) =1 + «?/q%, where
K2 =[2A731_ 1/2(ﬂu Y+ Z%nionle?/(eoksT) is related to
the Debye screening length, the (ideal) electron chemical
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potential ,lLi:d [see Eq. (9)], and thermal wavelength

= 2nh?/mkgT)">. The explicit evaluation of the
correlation functions dfli,,dleﬁ in the Born approximation
relevant for the two-moment approach r®(0), Eq. (19), is
shown in Appendix B. The limit of nondegenerate electrons
is discussed in the following subsection.

Whereas the statically screened Coulomb potential is a
reasonable description for the e-e interaction leading to a
convergent result for the correlation function, taking this
approximation for the interaction of electrons with ions
(effective charge Z) is only applicable in the low-density
limit. For WDM at higher densities, the interaction at short
distances is of relevance where the Coulomb potential has to
be replaced by a pseudopotential. Also, the ionic contribution
to the screening should be taken into account via the ion-ion
structure factor. Both effects are taken into account in DFT-MD
simulations, see Sec. Il C. They would improve the result for
djj; in the high-density region.

By introducing the renormalization function r%(w) in
Eq. (18) we have improved the Ziman result for the conduc-
tivity to the full solution of KT if an infinite set of moments
is used, L — oo. Furthermore, evaluation of the correlation
functions (20) and (21) allows one to consider the influence of
e-e collisions beyond the Lorentz model so the correct Spitzer
result is obtained in the low-density limit. For the following
discussions it is helpful to introduce a correction factor, see
also Ref. [13],

Relw) = 22 @2)

Gei(w)
where ogiiec(w) denotes the dynamical conductivity deter-
mined within gLRT including the e-e interaction, whereas
o.i(w) is that of the Lorentz model neglecting e-e interactions.

B. Nondegenerate plasma with singly charged ions

Here we discuss results for the fully ionized hy-
drogen plasma (Z =1) in the low-density limit, see
Refs. [27,34,37,43]. We introduce the plasma parameter
I' = e*(dmn./3)'/? /(4mepksT) and the electron degeneracy
parameter

2m kB

©= (Bn?ne) (23)
as dimensionless parameters. Due to simple dependencies in
the low-density limit (I' <« 1,0 > 1), the dc conductivity
o(ne,T) is traditionally also related to a dimensionless
function o *(I",®) according to

(ks T)**(4m o)

U(neaT) = m1/2e2

o*(T,0). (24)

In the low-density limit, this function can be expressed as

o*(T.0) = prefact’0r a . 25)
Coulomb logarithm L(I",®)
Explicit expressions of the Coulomb logarithm L depend on
the treatment of the collision term, in particular the screening
and whether strong collisions have been taken into account,
see Refs. [27,34,37]. Different approximations and approaches
are summarized in Table I.
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TABLE I. Coulomb logarithm and prefactor in the low-density limit according to Eq. (25) for different approximations originally derived
via the Fokker-Planck equation (FP), the relaxation time approximation (RTA), or linear response theory (LRT). Collisions are treated in the

Born approximation (weak, B) or T matrix (strong, T).

Prefactor a

Originally Coulomb

Notation Collisions derived by ei eit-ee logarithm
Spitzer [1] okT Strong FP 1.016 0.591 Ls,
Brooks-Herring [44] o lorentz Weak RTA 1.016 - Lgn
Ziman [3] g iman Weak RTA 0.299 - L
Eq. (8), 1 moment o(-B Weak LRT 0.299 - Lz
Eq. (8), 2 moments o@B Weak LRT 0.972 0.578 Ly
Eq. (8), 2 moments o®T Strong LRT 0.972 0.578 Lsp

KT for the fully ionized plasma in the high-temperature,
low-density limit leads to the Spitzer result [1] with the Spitzer
Coulomb logarithm

Lsp(M) = 1In (3177, (26)

valid for I'?© > 1 only. Strong collisions as well as e-e
collisions are taken into account. In contrast, the relaxation
time approximation allows one to derive analytical expressions
for I'?’0 « 1 in the case of the Lorentz plasma valid for
highly charged ions where collisions can be treated within
Born approximation. What follows is the Brooks-Herring
formula [44] with the Brooks-Herring Coulomb logarithm,

—3In(Q)— 3y +D—¢n@)+..., 27

where ¢ = (2/37%)!/°T'/®, and y = 0.577216...
constant.

For completeness, we give the Ziman formula [3] that arises
from evaluating the force-force correlation function df,i, (20),
calculating the Born approximation in the adiabatic and static
case. For the Coulomb logarithm we have

Vei(q)
exPA(q,0)

Lgu(I',®) =

is Euler’s

2 2

37 €

Lz = Su( )

(28)

/0 dq ¢’ f-(q/2)

containing the static ion-ion structure factor Sji(g). This
Coulomb logarithm is applicable for any degeneracy and leads
to the Brooks-Herring Coulomb logarithm in the low-density
limit (© > 1,Sii(q) = 1).

Inspecting Table 1, it is apparent that the known limiting
cases discussed above can be reproduced within gLRT. While
the one-moment approximation leads to the Ziman formula,
we conclude that the two-moment approach is already a
reasonable approximation to the prefactor a given by Spitzer. It
can be improved taking higher moments into account [30,36].

In any case, we find the low-density limit L = —% In(n) +
O(n"), where the contributions O(n°) depend on the plasma
parameters and the approximation taken. Regardless of the
treatment of the collision integral, the conductivity is lower
if e-e collisions are taken into account. For the fully ionized
hydrogen plasma (Z = 1) in the low-density limit, we find the
correction factor (22)

KT 0591
= lim — = 227" _ 582, (29)

RET —
o1 glorentz 1 016

ee

from the prefactors given in Table I. The prefactor g“or*"* =
2527 =3/2 2 1.016 results from solving the Fokker-Planck
equation for the Lorentz model. The same prefactor is found
in the Brooks-Herring formula (27) using the relaxation time
ansatz. Thus, this result corresponds to the evaluation of the
conductivity according to version (ii) by taking into account
arbitrary numbers of moments.

The Ziman formula (28) with the prefactor a%™" =
3/[4(27)"/?]1 2~ 0.299 can be applied to the strongly de-
generate electron gas but is no longer exact for higher
temperatures. As discussed above, the force-force correlation
function [version (iii) in Sec. II C] in the Born approximation
cannot reproduce the details of the distribution function. The
inclusion of e-e scattering leads to the prefactor 0.591 in the
Spitzer formula (26); this result is reproduced starting from
Eq. (8). The convergence with increasing rank L is shown, for
instance, in Refs. [30,34,36]. We now compare the exact limit
Eq. (29) with the result using the prefactors in the two-moment
approach,

2
o Oilee 0578
Re é>>1 o 0972 0-594. (30)

The two-moment approach with Py, P as relevant observ-
ables (i.e., particle current and energy current) allows for a
variational approach to the single-particle distribution function
working well for the low-density, nondegenerate limit. It will
be extended to arbitrary degeneracy in Sec. [V A.

C. The Kubo-Greenwood formula: DFT-MD calculations
of correlation functions in WDM

Recent progress in numerical simulations of many-particle
systems allows one to calculate correlation functions in WDM,
e.g., in planetary interiors [45]. In classical systems, MD
simulations have been performed for sufficiently large systems
using effective two-particle potentials in order to obtain
correlation functions that can be compared with analytical
results, see Refs. [31,46,47]. In WDM, it is inevitable to
allow for quantum effects and strong correlations in the
region where electrons are degenerate. This can be done, for
example, within MD simulations based on finite-temperature
DFT using Kohn-Sham (KS) single-electron states. To treat a
disordered system of moving ions in adiabatic approximation,
in addition to the general periodic boundary conditions for
the macroscopic system, the ion positions are fixed in a
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finite supercell (volume €2.) at each time step so the KS
potential is periodic with respect to this supercell. We can
introduce Bloch states uy,(r) where k is the wave vector
(first Brillouin zone of the supercell) and v is the band index.
Subsequently, the MD step is performed by moving the ions
according to the forces imposed by the electron system using
the Hellmann-Feynman theorem. This procedure is repeatedly
performed until thermodynamic equilibrium is reached. Then
physical observables such as the equation of state (pressure,
internal energy), pair distribution functions, and diffusion
coefficients can be extracted. In this way, the ion dynamics
is treated properly, allowing one to resolve even the collective
ion acoustic modes [48,49]. Furthermore, an evaluation of the
Kubo formula is possible for a number of snapshots of the
DFT-MD simulation; for details, see Refs. [20-23,50,51].

The DFT-MD method works very well for fairly high
density or coupling parameters, but the limiting case I' <« 1
and ® > 1 has been addressed, too, see Refs. [52,53]. The
mean-field (Hartree) term contains the e-e¢ interaction. It is
still an open question to what extent the e-e correlations in the
XC functional represent e-e collisions in this limit as discussed
above. The numerical results indicate that at least parts of the
e-e contributions are included.

The starting point for the calculation of the conductivity in
the DFT-MD method is the Kubo formula (5). The equilibrium
statistical operator Jy contains the Kohn-Sham Hamilton
operator Hys. The time dependence of the operators within
the Heisenberg picture in the correlation functions (4) is
treated as P(r — ift) = en MM Hks Pe—7 (=D Hs - Single-
electron states (Hgs|kv) = Ex|kv)) are introduced, solving
the Schrodinger equation for a given ion configuration within
the KS approach. With the momentum operator (7) in sec-
ond quantization P = 37, ., (kv |f)|k’v’)6ziuék/v,, the averages
with the equilibrium statistical operator are evaluated using
Wick’s theorem. From the Kubo formula (5), we find for the
real part of conductivity

2
KG 2me

Reop’(@) = 30— %(kvlf)lkv’) - (kv'|plkv)

X (fiw — fiw)8y(Exy — Exy — how). (31)

Here a broadened § function,

[
8p(x) = ;)cz——l—nz’ (32)
is introduced and the matrix elements are given

by (kv[plk'v') = Sk [k, v + 5 [q d ruy, (X)(R/i)(9/0F)
Mku’(r)]~

Extensive DFT-MD simulations have been performed, for
instance, for warm dense hydrogen [22,23,45] using up to
N. =512 atoms in a supercell (depending on the density)
and periodic boundary conditions so N, discrete bands appear
in the electronic structure calculation for the cubic supercell.
Expression (31) has been evaluated numerically, where fi, =
f(Ex,) describes the occupation of the vth band, which
corresponds to the energy Ey, at k. Since a discrete energy
spectrum results from the finite simulation volume €2, the &,
function has to be broadened, see Appendix D, at least by
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about the minimal discrete energy difference. An integration
over the Brillouin zone is performed by sampling special k
points, with a respective weighting factor W (k) [20,22]. The
imaginary part of the conductivity can be calculated using the
Kramers-Kronig relation.

The Kubo-Greenwood formula (31) takes adequately into
account e-i collisions via the interaction potential as well as the
ion-ion correlations via a structure factor. This way to treat the
e-i interaction makes the transition from WDM to solid-state
band structure calculations more consistent. Pseudopotentials
and ionic structure factors are correctly treated. The e-e
interaction is considered in the KS Hamiltonian in addition
to the mean-field (Hartree) term via the XC functional. Using
the representation by Bloch states |[kv’) which diagonalize the
KS Hamiltonian, the time dependence in the current-current
correlation function (31) is trivial leading to the §, function.
As shown in Appendix D, convergent results in the static case
can be obtained due to the broadening of the §, function (32).
It is not clear until now whether e-e collisions are rigorously
reproduced in this approach, and more detailed investigations
to solve this problem are planned for the future.

IV. RESULTS

A. The correction factor for arbitrary degeneracy

After discussing the correction factor (22) in the limit of
nondegenerate hydrogen-like plasmas, we give now results
for the static case Re.(w = 0) = R, for arbitrary degeneracy
that is relevant for WDM. Using the definition of the
renormalization functions r in the Drude-like expression (18),
we can express the static correction factor as

Re. = Ocitee _ Vei ’ (33)

Oei Teitee

where reitee = r®(0) shall be calculated according to Eq. (19)
and for r.; the e-e contributions are neglected. In general,
considering arbitrary degeneracy ©, the result depends on
the plasma parameters T,n. as well as the ion charge Z.
The correlation functions in Eq. (19) were calculated in
Born approximation. For the evaluation of the corresponding
integrals, see Appendix B. For easy access in any application
we give an expression which was fitted to the numerical data.
The following fit formula is valid in the temperature range
of T > 10* K up to temperatures where relativistic effects
need to be taken into account and free electron densities
ne < 10** cm™3 with an error of less than 2%,

1 1

Ree(T.0,2) =1 - A(Z) + {A(Z) + 0.75B(Z)

e—% 0.75\ -1
xIn|1+ @32
C(T,Z)

_ In@)—M()?
3

+G(T, 2~ 3 (34)
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where we introduced the functions

92

AZ)= —— | 35
(2) 32+ 73 (35)
3{v2Z[67 +391In(2)] + 56} _ 21(19Z + 8)

[13(Z + V2)I? T3z + V2P
(36)

1.7y = e 172 e 2m soq3 LEZ (37)
U7 3xh Ameg\ kT T VTIKT

G(T,Z) = %[(0.044 In(T[KD)? — (0.0472 In(T[K]))?

B(Z) =

+0.0184In(T[K]) — 0.010], (38)
M(T) = 6.0 — 2.5 In(In(T[K])), (39)

where y is again Euler’s constant and ©® is defined in
Eq. (23). Instead of the density n. we use the electron
degeneracy parameter ©® in Eq. (34) that was designed using
the known limiting cases as discussed in Sec. IIIB. The
explicit dependence on temperature 7" and effective charge
Z in Egs. (35)—(37) is based on the analytical result for the
classical behavior, see Appendix C, and the high-density limit
limg« Ree(T,®,Z) = 1. Furthermore, we use a Gaussian-
like term in the fit in order to interpolate at arbitrary degeneracy
parameter ®, with the functions given by Egs. (38) and (39),
see Appendix C. The fit is valid not only for fully ionized
hydrogen but also for WDM with any effective ionization Z.

It should be mentioned that the general formalism is
valid also in partially ionized plasmas. Working with an
effective ionization is a quick option. Alternatively, for a
more sophisticated treatment, pseudopotentials between the
different components might be used and additional scattering
mechanisms with the neutral components have to be taken
into account. The effects of e-e collosions are relevant in the
low-density region where the short-range modifications of the
Coulomb potential leading to the pseudopotential are of less
importance. In this case, the evaluations can also be performed
for arbitrary e-i interaction and a corresponding modification
of the fit formula (34) can be derived.

Figure 1 shows the results for Z = 1 in dependence on the
density and temperature. The e-e interaction generally leads
to a reduction of the static conductivity which is expected due
to an additional scattering process. Also, this becomes less
relevant with increasing degeneracy due to the Pauli exclusion
effect. Figure 3 in Appendix C illustrates the results for Z = 2
and 3, respectively. With increasing effective charge, the e-e
correction factor becomes smaller.

Beside the comparison of the fit formula (34) with the
numerical results, Figs. 1 and 3 show the low-density limit
given by Spitzer, see Eq. (29), which would be reached at
very large values of ® only. Also shown are approximations
proposed by Stygar et al. [11]

1 - RS (2)
14+0.6In(1+ 2)

R (®,7) = RXT(Z) + . (40)
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FIG. 1. (Color online) Correction factor R.. of the conductivity
due to e-e collisions as function of degeneracy parameter ® at Z =
1 for different temperatures T = (10°,10*,10°,10°) K. Numerical
calculations (LRT, full lines) are compared with the fit formula (34)
(dot-dashed lines) and the approximations (40) of Stygar ef al. [11]
and (41) of Fortov et al. [12] (dashed lines).

and Fortov et al. [12],
1 - RZ(2)
VI+6?

with the Spitzer values RX'(Z = 1) = 0.582, see Eq. (29),
and RfeT(Z = 2) = 0.683, see Ref. [1]. The value R?eT(Z =
3) = 0.778 follows from the low-density limit 1 — A(Z) in
Eq. (34). The phenomenologically constructed approximations
of Fortov et al. and Stygar et al. do not include an explicit
dependence on T. The Stygar et al. expression gives the
behavior in the low-density limit qualitatively correct, whereas
the behavior in the region of strong degeneracy is better
described by that of Fortov et al. [12]. A numerical analysis of
the correction factor using gL.RT has already been presented
by Adams et al. in Ref. [13] but no fit formula was given.

The inclusion of further effects such as dynamical screen-
ing, ion-ion structure factor, and strong collisions (see
Refs. [34,35,37,38,54]) requires more detailed investigations.
However, these effects are of less relevance for the correction
due to e-e collisions, in both the high-density and low-density
limits. In the latter case, corrections appear only in higher
orders of the virial expansion. Dynamical screening can be
taken into account approximatively by an effective screening
radius, see Refs. [38,55], but affects the correction factor by
less than 2%.

RF™(©,72) = RK'(Z) +

e

(41)

B. The contribution of e-e collisions

The discussion on the inclusion of e-e collisions in the
case of DFT simulations is still ongoing. However, this is
crucial when comparing different approximations, as will be
seen in the following subsection. Here we want to respond to an
argumentation given by Dharma-wardana in Ref. [4]. Using the
relaxation time approach, the single-center 7" matrix combined
with a total ion-ion structure factor derived from quantum HNC
was calculated. Comparison with data for aluminum and gold
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FIG. 2. (Color online) Aluminum dc conductivity as function of
density for 10 000 K (blue) and 30 000 K (red). Experiments
were performed by DeSilva and Katsouros [57] (triangles) and
Clerouin et al. [56] (stars) for which regression curves are given
by dashed-dotted lines (green). The DFT-MD results of Desjarlais
et al. [20] are shown as hollow circles on dashed lines. Calculations
of Dharma-wardana [4] based on the relaxation time approximation
(RTA) are given as crosses. Degeneracy effects become important
right to the vertical dotted lines (® = 1). Solid lines (green) show
the conductivity of a hypothetical Lorentz plasma, obtained by
extracting the e-i scattering contributions from the regression curve
(dashed-dotted line) according to the correction factor Re., Eq. (34),
for the given densities and temperatures.

show good coincidence in the region of a degenerate electron
system. Here Fermi’s golden rule and the relaxation time ansatz
are justified, which follows from our discussion as well.

A more general discussion in Ref. [4] on the role of
e-e interaction for the electrical conductivity argues that
no resistivity can be observed because the total current is
conserved under e-¢ interaction. This seems trivial. However,
it is not accurate to conclude that this is also the case in the
general case of a two-component plasma. There is an indirect
influence via the screening of the electron-ion pseudopotential

[ T
0.9 \
loglO(T[K]) \
Ml'l)
0.8}
| Spitzer
—— LRT N
-—-— fit formula .
0T el Fortov T
| | | | Lol Lo
10° 10" 10 10' 107 10° 10*
0
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interaction that arises within a mean-field treatment. Even
more, those collisions are entropy producing. The umklapp
processes in crystalline solids [26] are not relevant in a
plasma since there is no long-range order. It is correct that the
interaction with the ion subsystem is necessary to obtain any
change in the total electron current, but it cannot be said that e-e
interactions play no part in the static or dynamic conductivity
at all.

The Spitzer result takes into account the contribution
of e-e collisions to the conductivity. This is due to the
flexibility of the single-momentum distribution f(p) that is
sensitive to the contribution of e-e collisions. The same is also
obtained introducing moments of the distribution function as
done in the variational approach [34,35]. It is claimed and
generally accepted that the Spitzer result is the benchmark
for the low-density limit of a classical plasma. In contrast,
the conclusion drawn in Ref. [4], that this does not establish
the validity of results of the Spitzer type, is not convincingly
justified. The other main argument is that good agreement
between experimental data and calculations neglecting e-e
contributions shows that the direct role of e-e interactions,
taken for granted in the plasma literature, needs to be seriously
reconsidered. We have shown that it is the particular case
of highly degenerate WDM states where the contribution of
e-e collisions to the conductivity becomes small indeed. This
can readily be seen from the correction factor R..(®) that
approaches the value 1 for ® < 1.

C. Conductivity of aluminum plasma

The static electrical conductivity of Al plasma has been
investigated experimentally by a number of groups, see,
e.g., Refs. [56-58], and also been discussed in the context
of theoretical approaches, see Kuhlbrodt et al. [59—61] and
references therein and Refs. [4,20,21,56]. For example, we
consider experimental data that were theoretically analyzed
by Desjarlais er al. [20], see also Ref. [21], using the Kubo-
Greenwood formula (31). The results for the dc conductivity
are shown in Fig. 2. The dotted lines indicate the density for
which ® = 1, i.e., degeneracy effects are important to the right
of these lines.

IEEEERLL

L AL B

09
------- Spitzer
—— LRT .
0.8 | —— fit formula o -
............................................ .‘.‘.:T.‘. =m- EQI_TOV
T B AR EET] B R T S S AR R A TT] S AR A T B AT
10° 10" 10 10' 10° 10° 10*

(C]

FIG. 3. (Color online) Correction factor R.. of the conductivity due to e-e collisions as function of the degeneracy parameter ® for Z =2
(left panel) and Z = 3 (right panel) for different temperatures T = (10°,10*,10°,10°) K; same notation as in Fig. 1.
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For solid-state densities, the electron system is degenerate
(® < 1, region right to the dotted lines) and the correction
factor is R.. &~ 1 there, see Figs. 1 and 3. The conductivity
is essentially determined by the e-i interaction, whereas the
e-e interaction does not give a direct contribution but influ-
ences the e-i pseudopotential due to screening and exchange
interactions. In this region, excellent agreement between the
measured data [56,57] and the DFT-MD simulations using the
Kubo-Greenwood approach [20] can be stated. Evaluations
based on gLRT yield also the correct qualitative behavior in
this region but depend on the choice for the screening function
and the ion-ion structure factor [59-61], see Eq. (28).

At low densities, the aluminum plasma is at conditions
where ® > 1 so the plasma is no longer degenerate. In this
region, the correction factor is R, < 1, see Figs. 1 and 3,
so e-e collisions contribute to the conductivity. In order
to illustrate the influence of e-e collisions, we propose the
following procedure. Dividing the measured values by the
correction factor R, Eq. (34), yields the contribution of the e-i
collisions to the conductivity, thus giving simultaneously an
estimate for the effect of e-e collisions. To apply the correction
factor the charge state Z has to be specified. We use the
ionization degree calculated from coupled mass action laws,
see Refs. [54,57]. For the temperature of 30 000 K, at the
densities considered here a value Z &~ | has been given. It
was also found that at 10 000 K the ionization degree is much
lower in this low-density region. The calculated average charge
state of Z ~ (.1 indicates that at most 1/10 of the Al atoms
are ionized, and, correspondingly, the free electron density
Ne = Mion = Naom/ 10 is also reduced. Besides the reduced
number of charge carriers, an additional scattering contribution
on the neutral atoms leads to a further reduction of the the
electrical conductivity, as was shown in Refs. [S9-61]. Within
a partially ionized system this may become the stronger effect
than that of e-e collisions. This might well justify taking the
e-e contribution into account via the correction factor instead
of an explicit numerical calculation.

Please note that the electrical conductivity in this partially
ionized, nondegenerate region ® > 0 and I' < 1 strongly
depends on the ionization degree of the plasma and the
effective interaction between the electrons, ions, and neutral
atoms. The calculation of corresponding mass action laws and
two-particle potentials is the main problem in this region which
has been addressed in chemical models, see Refs. [59-61].
Applying DFT-MD simulations in this low-density region
is a challenge since most of the DFT codes are based
on plane-wave expansions which become computationally
expensive there. Furthermore, the XC functional has to be
chosen such that the correct band-gap (ionization energy) is
reproduced. Standard XC functionals, such as given by Perdew
et al. [62], underestimate the band gap systematically [63] so,
e.g., hybrid functionals [64] have to be applied. These issues
are the subject of future work. Finally, the general applicability
of linear response theory and the Kubo-Greenwood formula
under the conditions of the experiments should be considered.
In the low-density region the relaxation of the system to a
stationary state near thermodynamic equilibrium is slow when
the thermodynamic parameters are changing with time. In the
case of strong fields the linear response might not be valid any
more.
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V. CONCLUSIONS

We conclude that e-e collisions have to be included in the
low-density, nondegenerate region of WDM. Compared with
calculations of the dc conductivity that take into account only
e-i collisions, such as the use of the relaxation time ansatz,
the contribution of the e-e collisions can be represented by a
correction factor R, that depends mainly on the degeneracy
parameter ©. In the case of a strongly degenerate electron gas
(® < 1), the contribution of e-e collisions can be neglected
since only umklapp processes are of relevance in solids. In
the nondegenerate limit ® >> 1, the e-e collisions lead to a
reduction of the dc conductivity by a factor of about 0.5 for
Z = 1. With increasing Z the reduction becomes less relevant
leading to the Lorentz plasma result for Z > 1.

The generalized linear response theory allows one to evalu-
ate the transport coefficients of WDM in a wide region, joining
the limits of strong degeneracy known from liquid metals and
of low densities as known from standard plasma physics. The
present work considers free electrons interacting with ions
having an effective charge Z. The fit formula given in Sec. IV A
to calculate the influence of e-e collisions on the conductivity
allow one for a better implementation in codes and other
applications. Besides the dc conductivity considered in this
work, the investigation of further thermoelectric transport
coefficients is currently of high interest, see Refs. [32,33].

Future work will be concerned with the frequency depen-
dence of the correction factor R... While it was already shown
numerically in Ref. [17] that the renormalization function is
not relevant in the high-frequency limit, lim(wpl Joy—o (@) =1,
the intermediate-frequency region has to be investigated for
any degeneracy.

The implementation of pseudopotentials and the ion-ion
structure factor become relevant with increasing free electron
density. However, at high densities, the influence of the
renormalization function is fading, r(w) — 1. Therefore these
effects are of high relevance for the e-i collisions determining
the collision frequency v%™" but barely relevant for the
correction factor Re.

Another issue is the composition of WDM in the low-
density, low-temperature limit where a chemical model is
applicable. The ionization degree and composition are derived
from a mass action law that gives the effective charge Z in
dependence of temperature 7 and ion density nj,,. In par-
ticular, for the partially ionized plasma, additional scattering
with neutrals will reduce the conductivity at low temperatures
considerably. The effect of e-e collisions is more visible in
the high-temperature region, also at moderate density, where
neutrals are less abundant and cannot cloud the picture. Further
work is necessary in order to relate predictions of chemical
models to those based on DFT and to clarify the role of e-e
collisions within DFT-MD in the low-density limit.
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APPENDIX A: GENERALIZED LINEAR
RESPONSE THEORY

In the case of a charged particle system considered here,
described by the Hamiltonian H , under the influence of an ex-
ternal field, Hp(r) = —efE\(7), the nonequilibrium statistical
operator has to be determined. Following Zubarev [35,65-67],
one starts with a relevant statistical operator

o PH=1N)+Y Fi)By

ﬁrel(t) = Zrel(t)

Zea(t) = Tr{e PrRE R fOBy, (AD)

as a generalized Gibbs ensemble which is derived from the
principle of maximum of the entropy. This relevant distribution
is characterized by a set of relevant observables {B,} chosen in
addition to energy H and number of particles N. The Lagrange
parameters B, u, Fi(t), which are real valued numbers, are
introduced to fix the given averages

Tr{B; p(1)} = (B))' = Tr{B) pra(1)}. (A2)

These self-consistent conditions ensures that the observed
averages (B;) are exactly reproduced by the Hermitian (7).
Similar relations are used in equilibrium to eliminate the
Lagrange parameters § and p. Starting with the relevant
statistical operator, the stationary nonequilibrium state is
formed dynamically, and this process converges faster the
more relevant observables 31 are included to characterize the
initial state. The selection of the set of relevant observables
has no influence on the result if the calculations are performed
rigorously but will influence the result if approximations such
as perturbation expansions are performed.

In linear response, the response parameters F;(¢) are con-
sidered to be small so we can solve the implicit relation (A2).
The response parameter are determined after expanding up to
the first order with respect to the external field E**'(w) (we
consider a homogeneous field, e.g., zero wave vector) and the
response parameters F;, where F(t) = Re{F;e~*'}. We arrive
at the response equations [17]

> [(Bi; Br) + (Bis By). — ico{(By Br) + (By; 8 By): )1 Fr
l/

= ﬂ—{(Bz,P)+<Bz, P).} - E™ (), (A3)
|
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with z = w +in (lim, o) and the Laplace transform of
the correlation functions, Eq. (4). The time derivative of
the position operator in Hy(r) leads to the total momentum
P= > » Py and subsequently to the right-hand side of
Eq. (A3).

Considering L relevant observables & él = B, — Tr{f?;,oo},
Eq. (A3) is a system of L linear equations to determine the
response parameters F; for a given external field E*'(w). It
is the most general form of LRT, allowing for an arbitrary
choice of relevant observables B, and corresponding response
parameters F;. Comparing with kinetic theory [17], the first
correlation function on the left-hand side can be identified as
a collision term, while the right-hand side represents the drift
term due to the external perturbing field.

The set of relevant observables Bl to characterize the
nonequilibrium state can be chosen arbitrarily, and the calcu-
lated nonequilibrium properties are independent on this choice
provided no approximations like perturbation expansions are
performed. At least the set of relevant observables B; should
contain conserved quantities that determine the equilibrium
state. Conveniently, also long-living fluctuations in the system
that are hardly produced by the dynamical evolution (such
as bound state formation) should be taken into account.
Otherwise, a perturbation expansion is converging only slowly.
Different expressions and results can be understood as approx-
imations, working in a Markov approximation and describing
the system on different levels of sophistication. Results that
are obtained in lowest order are improved summing up (some-
times divergent) terms that occur in higher-order perturbative
expansions. Alternatively, we can suggest different choices of
the set of relevant observables B like a variational approach
(Kohler variational principle), see Ref. [17].

Starting with the occupation numbers 71, of the single-
particle states |p) as set of relevant observables B, we arrive
at the generalized linear Boltzmann equations [17] (671, = 71},)

D (@A) (s ). =i (8,87 )+ (387 ) JF,

>
= _ﬂz

This is the basic equation to work out the linear response
approach given in Sec. I A.

(A Ap)Ip” - B @) (A4)

APPENDIX B: CALCULATION AND SIMPLIFICATION OF THE CORRELATION FUNCTIONS, EQS. (20) AND (21)

The expression (20),

dS = whZ*2(2s; + 1)2[ dhw

kpq
x §(he — Ejjyq + Ef)8(he —

Vi) |’ . C i
eRPA(g,w) FEU = Ficra) £ (1= fip-q)
El + Elp q‘)Kl(k’q)Kl’(kiq)v (Bl)

is evaluated by performing the integral over /iw. In the resulting § function that describes energy conservation, we can neglect the
ionic contributions because of the large mass ratio (adiabatic limit, elastic collisions of the electrons at the fixed ions). The ions

are treated classically, and the summation over p and spin summation gives simply (2s; +

of ions. In particular,

62

dS = 20 hZ%nion 2 Z [

€02(g2 + k2)

1y Zp f}i7 = Nion§2 = Njon, the number

2
| 720 s (E - B @
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or with g> — ¢*/3 and transforming the § function

- et 3272 A 2 [ q* * ! m
ai = % QT gy dkael—e/da B3
U= Ugeyyr 3 e Mo (271)6/0 q(q2+x2)2/0 (U= 1) L (” >h2k (B3)

Now the integral over z can be performed so k > ¢/2, and we transform the k integral as k dk = dk*/2 = d(BE)m/(R*B) (note
that the superscript e for electrons is omitted throughout the rest of this appendix),

. e 4 m o g3 m o0 1
i = —— ThZ* nienQ— dg—————= | —— E B4
O T S /o T+ ( hzﬂ) /ﬂhzqz/@m) “ k)d(,BEk) ePE P 1 @9

so the integral over k is performed,

Y A S L S N g9 ! B5
N Gregp 3w g Y R A 4 ()
or, using dimensionless Q = /Bh2q2/m,
00 3
0- 1
ds = 7d—— d , B6
1 neA3 / 0 (0% + @Kz)z eQ*/8—a 4 | (BO)
m
with @ = ,BMied, the thermal wavelength A. [see below Eq. (21) in Sec. III A] and the prefactor
4
d=-Q2m)'*7% Qm'2glr_¢ (B7)
3 (4mep)?”

In analogy to Eq. (B6) we now calculate the correlation functions (B 1) with higher moments. With K| (k,q) = —¢., Ki(k,q) =
—q,(BE), and replacing (BE;) — x we find

ds = zd

oo Q3
neAZ'/o dQWSw(Q), (B8)

with
1
gQZ/Sfa —+ 1 ’

S13(Q) = S31(Q) _os +/00 d .
= = X y
13 31 eQZ/Sfa +1 08 ex—o 41

0*/64 /‘” x
S =—— 42 dx ——.
33(0) Yo + - X i

S11(Q) =

We evaluate the e-e correlation functions, Eq. (21), in the lowest nonvanishing order. Because of total momentum conservation,
dy} = di5 = 0. The first and only correlation function within two-moment approach is

s = 2np hZ/ dho

kpq
X 8(hw — Ejyq + E)d(hw — Ep + Ejp_g)k. Ex — (k; + q)(Ex + ho) + p E, — (p; — g (E, — hw)]z- (B9)

V(q)

RPA (g ) S(Ex + hao)lf(Ep)[] — f(E, — hw)]

The dynamically screened Coulomb potential will be replaced by the static Debye potential, see Sec. III A. The effect of dynamical
screening that leads to the Lenard-Balescu expression for the conductivity has been discussed elsewhere [34]. For the evaluation,
using spherical coordinates, we obtain

ce 27 Q2 3 3 31
a5 =p 3<2n>9fd / dh“’/d /d €0q> + 1)

Wkgcos,  hq? 2 0, g
><<S<ha)— qC0SO% _ q)a(m— Paeosty | q)

m 2m m 2m

2

f(Ek)[l — f(Ex + ho)] f(EI — f(E) — hw)]

x [¢*(E, — Ex)* +2q - (p —k — 2q)(E, — En)ho + (p — k — 2q)*h*o?]. (B10)

The angles between the g direction and the direction of k or p are denoted by 6; and 6, respectively.
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The square brackets written in spherical coordinates are
Bt h?
(qu(p2 e Z(pq cos 0, — gk cos O — 24]2)(132 — kho + {p* + K> + 4q2 —4pq cos 8, + 4kq cos O — 2pk
x [cos 6, cos 6 + sin @), sin 6 (cos ¢, cos ¢y + sin ¢, sin ¢k)]h2a)2}> . (B11)

The last parentheses can be rewritten as cos ¢, cos ¢y + sin ¢, sin ¢, = cos(¢, — ¢x). ¢, — ¢ can be introduced as new variable,
the integral vanishes. We are left with

2 1 1 4
d§§:ﬂzhﬂm—/mdqqumdhwfwdksz dzk/oodppzf dzy ——
- 3e3(2m)0 Wt Jo — 0 —1 0 —1 (g% + «?)?

1 1
X JEOL = fEx+ o)l fEIT = f(Ey = holl (zk + L @) — (z,, - zq—p - %)

I K2
X |:qzm(p2 — kz)2 +2(qpzp — qkzik — 26]2)%(}72 — kz)ha) + (p2 + K+ 4c12 —4pqz, +4kqz — 2pkzpzk)h2a)21| .
(B12)

Introducing dimensionless variables Q as definedaboveandx = /BEi, y = \/BE,, ® = vQ/(Bh), and performing the integrals
over z,,Zx, we have

16ne4Qm7/2 00 Q3 00 00 0
deez—f dQ—/ dv/ dxx/ dyy
B 36 n)0 2K o (02 +2842)* oo Ji—0p2/v2 v+Q/21//3
1 1

1 1
X e +11+4+ e—X*—v0+a pyi—a +11+ e~ Y +v0+a

2 2
x |:(y2 —x22 22032 — X2 Q + 2(5% + X2 — 4 <% - %) v2i| . (B13)

Now we substitute x> = £ +v2/2 —vQ/2+ 0%/8, y*> = $ +1v2/2 +vQ/2 + Q?/8, thus shifting the lower bound of the x
and y integral to zero. In general, the final expression

P dQQ—3 f€(@,0)  with
5= Ty 1 gy By B
ee _ i SIS — ¢ 5S4 %
f33 (av Q) — /;oo dv/o dx/o dy[(y )C) + 21) (y + .X)] e)?+1)2/2—vQ/2+Q2/8—01 + 1

1 1 1
x 1+ e~ X221 0/2+a—0?%/8 o9+v/24+vQ/2+0*/8~a +11+ eV /2+vQ/2+a—0%/8’

(B14)

is evaluated numerically. For the classical limit an analytical expression can be given, see Appendix C.

APPENDIX C: CORRELATION FUNCTIONS IN THE CLASSICAL LIMIT AND CONSTRUCTION OF A FIT FORMULA

Expressions for the correlation functions derived in Appendix B are further analyzed in the limit of nondegeneracy. We
introduce integrals of the form:

_ [ 0’ 1 0\’
Jib —/0 dQ(Q2+ @KZ)Z T (?) , (C1)
Y 0’ * (408
J2,b —/0\ dQ(QZ n @K.Z)z \/0\ dxex+Q2/8_a + 1’ (CZ)
00 Q3
. Zfo dQ(Q2 By 3(@.0). (C3)
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For the correlation functions, Egs. (B8) and (B14), we find:
d]] 2

§=Zd Ag-]lb 05 (C4)
di3
o =24 A3(Jlb 1+ 2p-0), (C5)
dsi 2
o= de(-ll,bzz + 2J2.p=1), (Co)
efte
ds; _d 2 7 )
QSN
In the classical limit [o¢ < 0, k2 & KD = B + Z)n.e? /€o] the integrals yield
Io%) b . 7
Ji = ea/ dQQ—3e_Q2/8 Q_2 — —%El(—kz) b=0 (C8)
e A T
o) Q3 5
J2p=0 = ea/ dQ—————— %% = J 0, (C9)
o e i |
00 3 2
Jrp=1 = ea/ dQWKQZ/S (% + 1> = Jip=0 + J1,p=1, (C10)
0 + 2Fk
[e's) 3 00 00 00
s=e [ Q(sz—hz,sz)ze_2Q2/8/ av [ ai [Cape G- ap e ignl €D
0 Ll —oo 0 0
a7
1 - In(2
= —4ﬁe2“§Ei(—2k2) = —4ﬁe2“[ Ei(—k) + n; )] (C12)
with the coefficient k2 = k2(a) = ’g—mﬁ/c% = (115;2{2;?) e~ Z—’T", the exponential integral Ei(x) = — [ ©-dt = y + In|x| + O(x),

and y as Euler’s~ constant, see Sec. III B. The term in order of k2 is neglected, we approximate Ei(—l?) ~y+In|— l€2|, and
therefore Ei(—2k?) ~ Ei(—k?) + In(2). We obtain for the fractions of correlation functions:

N3 5
M _ 5 (C13)
Nn o 2
d 1
kA (C14)
d]] El(—k2)
dsi 3
G, 3 (C15)
d]] El(—k2)
a5 V2 [ In(2) ]
D Mo —— . Cl16
a7z | T ECR (€16)

For the renormalization functions (19) in the two-moment approximation in the classical case we find

ol 4 84 1 1 2
rei(@) = 13 169 Ei(—k?) +O|:Ei(—]}2)i| ’ (C17)

MZ++2) 12Z[V2(n@®) —4) —7Z] 1 1 77
el+ee( ) = . 7 O —~2 (Clg)
13Z + 442 (13Z 4 44/2)2 Ei(—k?) Ei(—k2)
for the Lorentz plasma and the plasma with e-e correlations, respectively. The correction factor (33) is then given as
Rel(@) = L8 (C19)
Feitee(@)
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_, 92 3{(V2Z[67 +39In(2)] + 56} 1 o [ 1 T ©20)
 1BW2+2) 169(Z + +/2)? Ei(—k2) Ei(—&2) |
Instead of the degeneracy o the correction factor can be rewritten as a function of the degeneracy parameter ®,
1 ~1
Re(® > 1)=1—A(Z)+ B(Z) |1 ¥ C21
©>1) (2)+ ()[HC(T,Z) (C21)

because of a ~ 1n(%ﬁ ©®~%2) in classical regimes. The functions A(Z), B(Z), and C(T,Z) are given in Egs. (35)—(37).

In the classical limit, the asymptotic behavior of the correction factor with respect to the temperature is given analytically with
Eq. (C21). In the degeneracy limit (a >> 0, ® <« 1), the correlation function d55 = 0, so the correction factor R.. = 1. Therefore
we construct a fit function R.. in which the analytical classical result goes to 1 for high degeneracy, see the first three terms of
Eq. (34) in relation to Eq. (C21). Equation (34) includes a fit coefficient a which does not affect the classical limit and can be
used for a better adjustment in the intermediate range. Finally, the discrepancy between our fit formula and numerical results was
reduced by a Gaussian-like term, see the last term of Eq. (34).

The fit formula Eq. (34) for the correction factor R is now compared with the numerical evaluation using the expressions
for the correlation functions according to (B8) and (B14) in Appendix B in Figs. 1 (Z = 1) and 3 (Z = 2,3).

APPENDIX D: BROADENING OF THE § FUNCTION

Another topic is the broadening of the § function to make a smooth transition in the static case (w — 0). For the application
of the Kubo-Greenwood formula given as Eq. (31), Mazevet et al. [21] pointed out: “In practice, because of the finite simulation
volume and resulting discrete eigenvalues, the § function must be broadened. We use a Gaussian broadening of the §-function
that is as small as feasible without recovering the local oscillations in the optical conductivity resulting from the discrete band
structure.”

To discuss expression (31), we consider a finite value for 7,

n
8,(2) = 5——. D1
D= (D1)
The finite width of the § function can be interpreted as an additional damping to overcome the level spacing due to the finite
volume with periodic boundary conditions. The limit 7 — 0 can be taken only in the final expressions, summing up all orders of
perturbation expansion. Expanding with respect to interaction V, the van Hove limit (V2/n — 0) has to be taken, see Ref. [41].
Therefore, for finite 1 a perturbation expansion of (31) can be performed.

With the perturbation expansion

. (ki |V [k)
(k11plk2) = RK 6k, 1, + L2 (hky — hky) (D2)
E, — E,
we have with k, = k; + q and (k|V |k») = Vy
ne*h < Of(Ey) v, 2 n
Re o X6(0) = (ka 0+ —t—q+.. ) ) (D3)
3m?Q %: 0Ey % Ep — Eaq n? 4+ (Ex — Exiq)?

Considering the screened interaction with uncorrelated ions in the nondegenerate case, qu = NignZ2e* /l€o Q(q2 + )], Eq. (D3)
leads to

Reo®6(0) = TP f LIPPR {k21 + / 4 fion 2" 2 L + } (D4)
3m? @3t n (2m)? [eo(g? + kD> (Ex — Ek+q)2q n? + (Ex — Epyq)?

Before the last term is reinterpreted as a 6 function, we estimate the denominator E; — Ej, by the broadening parameter 1 of
the 8, function so

we’hp d’k
3m? 2m)3

Re o ¥%(0) = FEQR TS (k) + . .. (D5)

with

1 1 d? ionZ2e*
O =+ 1 Don” ~ : L

— 4+ ...
12 ] @n) leo(@® + KO (Ex — Ecrg? L 0+ (Ex — Exrg?

:l_i_lnionzze“ /"O dq q* < m )Q/Idz nm/kq 1
n o ke Jo @) (g®+«? \RPkq) Joi T (im/kq)? + (z 4 q/2k)? (z 4 q/2k)*
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11 njn2Z%e* /00 dq q*
n k2 & Jo @n)?(g>+«?)?

m \’ h*kq 2 i h*kq 2
h?kq nm 1 —(q/2k)? nm

- + —_—
n ,72 k3 Egﬁz

1 1 1 nnZ2%e*mm /2" dq q’ n
o (m)?(g* +«?)?

4
o) <%> . (D6)

In principle, one has to sum the leading divergent terms o< (1/7)(e*/n)". We give here only the first contributions,

1 1

o1 1 1
—tSA+ = 1+ SAt L = —— (D7)

non n

Now the limit  — 0 can be performed with the result —1/A.

= — 1 .
nl—;A+...

For comparison, see Ref. [17], with the golden rule for the transition rates and S(g) ~ 1 — |V.i(¢)|* ~ qu, the energy-

dependent relaxation time can be calculated

1 2

T
k q

_2_7 Vq

E-
S(Ey — Erg) e, (D)
E-k

The q integral in Eq. (D8) can be performed using spherical coordinates where K is in z direction, E in the x — z plane. It is
convergent only in the case of a screened Coulomb potential. Using the statically screened Debye potential V, = e?/{eoQ(g® +
Kk3)}, kb = Bnee? /ey, we find the energy-dependent collision frequency

Ve =T

1 Zet m
= }’le——
drrel Pk

1
Inv1+b— =

L)’ (D9)
2140

with b = 4k?/ "1% in the Coulomb logarithm. The static conductivity is determined as

282
ULorentz _ e’h ,BL k2 T f (1 _ f ) _ 2 _Lorentz __
de = —5 o E Tk Jk k) = €owp T =
m 0 T

We introduce the average relaxation time g0

e*n.

m plorentz :

(D10)

and the static collision frequency v-°r"* = 1/71®"? The approach can also

be applied for a pseudopotential describing the e-i interaction and an ion structure factor describing the ion configuration. The
Lorentz model is solved if using the relaxation time ansatz. It corresponds to the Brooks-Herring result where the semiconductor
conductivity for the screened electron-hole interaction is considered.
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