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In this paper, we extend the studies on the emergent thermodynamics in a quenched quantum Ising chain (QIC)
[R. Dorner, J. Goold, C. Cormick, M. Paternostro, and V. Vedral, Phys. Rev. Lett. 109, 160601 (2012)] to a more
general quantum spin chain with asymmetrical excitation spectra. We verify that the Jarzynski and Tasaki-Crooks
relations are still tenable in this system. As an example, we discuss the behaviors of the work done and irreversible
entropy production induced by a sudden quenching in the anisotropic XY chain in a transverse field with the
XZY-YZX type of three-site interactions. Different from the QIC, this system has the phase transitions not only
between two gapped phases, but also between gapped (or gapless) and gapless phases at zero temperature. We
discuss the effects of quantum phase transitions on the work done and irreversible entropy production at low

temperature.
DOI: 10.1103/PhysRevE.91.032137

I. INTRODUCTION

It is well known that if a system is driven far away
from thermal equilibrium its behavior cannot be described by
near-equilibrium approximations. Thus fluctuation theorems
may be used to discuss the evolution of the system [1-3]. In
1997, Jarzynski presented a relation [4] that shows how to
determine free energy changes by measuring only the work
performed on the system, without the need that the processes
be quasistatic. By comparing probability distributions for the
work spent in the original process with the time-reversed
one, Crooks found a refinement of the Jarzynski relation,
which is referred to as the Tasaki-Crooks relation [5]. Both
these two relations became particularly useful for determining
free energy differences. In other words, important equilibrium
information can be extracted by studying the fluctuations in
nonequilibrium work. In recent years, these relations, initially
derived for classical systems, have been extended to quantum
systems [2,6—13].

The simplest protocol to take a quantum system out of
equilibrium is to change one of the system parameters, which
is usually mentioned as quantum quenching. There is much
work on the probability distribution function of the work
done [8,10,13-16], the thermalization [17], and the quantum
entanglement [11,18-24] of quantum systems following a
quenching. Among them, it is particularly interesting when the
change takes the system through a quantum phase transition
(QPT) involving macroscopic changes in the state of the
system at the initial and final points.

Recently, Dorner et al. gave an analytic demonstration
of the fluctuation relations in a sudden quenched transverse
quantum Ising chain (QIC) and found that near criticality a
small change in the transverse field reflected in a sharp increase
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in irreversible entropy production [6]. Their derivation was
based on the symmetrical excitation spectra. In this paper,
we will extend the discussion about QIC to a comparatively
general quantum spin chain with asymmetrical excitation
spectra in order to find out whether the fluctuation relations
depend on the symmetry of the excitation spectra and how
the different QPTs affect the behaviors of the work done and
irreversible entropy production. As an example, we discuss the
behaviors of the work done and irreversible entropy production
in the anisotropic XY chain in a transverse field with the
XZY-YZX type of three-site interactions. Different from the
QIC, this system has gapped and gapless phases [25,26], so
that it may undergo three different QPTs at zero temperature:
the QPT between two gapped phases, the QPT between gapped
and gapless phases, and the QPT between two gapless phases.
We discuss the effects of QPTs on the the work done and
irreversible entropy production at low temperature.

This paper is organized as follows. In Sec. II, we give a
brief description of the quantum Jarzynski and Tasaki-Crooks
relations. In Sec. III, we extend the demonstration to the
quantum spin chain with asymmetrical excitation spectra. In
Sec. IV, we discuss the behaviors of the work done and
irreversible entropy production in the anisotropic XY chain
in a transverse field with the XZY-YZX type of three-site
interactions. Section V gives a brief conclusion.

II. THE QUANTUM JARZYNSKI AND
TASAKI-CROOKS RELATIONS

We consider a quantum system, whose state depends on
some parameter A, if the system equilibrates with the reservoir
at the temperature 8~!. The partition function is

Z(}) = Tr[e PHM]. )
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At time ¢ = 0, the system is in equilibrium with X at an initial
value Ag. Then we take the parameter from its initial value A
to a final value A, at a later time ¢ = t and record the work
done once A, is reached. The initial and final Hamiltonians
have the spectral decompositions H( o) = ), E.(Xo)|n){n|
and H(A.) =), E,(A;)|m)(m| with eigenvalues E,(Ao)
[E,.(A;)] and eigenvectors |n) (|m)), respectively. Following
a sudden quenching (r — 0), the transition probabilities
are ngfn\n = e PE) |(n|m)|?/ Z (o). Accordingly, the work
distribution is [7]

Pr(W) =" pip8{W — [En(ho) — EsG0)]}. ()

n,m

The Fourier transform of the work distribution is [8]
xr(u) = / dwe"V P(W)

— Tr[eiltH(A,)efiuH()»n)efﬁH()Lg)/Z()LO)]’ (3)

which is also referred to as the characteristic function in the
forward process.

The Tasaki-Crooks relation is written in terms of the
characteristic function as [5]

Xe@)  Z(w)
xp(—u+if)  Z(ko)
X B, here, is the characteristic function in the backward process.
The Jarzynski relation [4] is given as

w20
xr(p) = (e "7) = Z00)
These two fluctuation relations are demonstrated by Dorner
et al. in a sudden quenched transverse QIC [6] by treating
the quenching as a thermodynamic transformation. The two
relations allow one to access the free energy difference AF
between two states via nonequilibrium measurements, such as
the work done, no matter how far the system is driven out of
equilibrium. For the isothermal case, the average work (W)
will exceed the free energy difference A F between initial and
final states: (W) > AF. The deficit between the average work
and the variation in free energy is the average irreversible work,
(Wirr). The irreversible entropy production is defined as

“4)

= ¢ PAF, (5)

ASie = B{(Win) = B(W) — AF) (6)
with
W) = _l.dXF(U)
du u=0
—BH(A) —BH (o)
Z(ho) Z(Xo)

In the following, we will extend the discussion to a more
general quantum spin chain.

III. A QUANTUM SPIN CHAIN WITH ASYMMETRICAL
EXCITATION SPECTRA

Now we discuss a general quantum spin chain, whose
Hamiltonian can be diagonalized to a quadratic form as

1
H= ZAk<nlnk - 5), ®)
k
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where k are the waves vectors, A; are the quasiparticle
excitation spectra, and 7, and n,T( are fermionic annihilation
and creation operators.

The quasiparticle excitation spectra Aj; can always be
written as A; = & + ai. Here, g, are symmetrical while a;
are antisymmetrical in the momentum space, that is, &, = ¢_;
and a; = —a—_;. Obviously, QIC is corresponding to the case
of ay = 0.

Therefore, the Hamiltonian H can be written as

H =Y e+ mae— D+ atjm—n' )

k>0 k>0

= D lexm 0y — D+ ax(ng —n_p)]
k>0

=Y H,. ©)
k>0

Here, n; and n_;, are particle number operators and |ng,n_x)
(nx = 0,1) are energy eigenstates of Hy.
From Egs. (1) and (9), the partition function is

zZ =2V Hcosh (%)
k

=[ [P + P + e P 4 ef). (10)
k>0

In the case of a sudden quenching, H changes to

1
H(.) = ZAk<nknk - —> Z(Nk‘i‘ak)(nknk - 5)

(11)

M (ﬁ,t) and 7 ( 17,1) are related by the Bogoliubov transforma-
tions [25]:

Nk = COS @My + i sin wkﬁik,
n,t = cOos (pkﬁ,t — i sing . (12)

Here, ¢ are the Bogoliubov angles.
Therefore, the relations of the eigenstates of Hj(Ao) and
H;()\;) are

10¢,0_¢) = i cos @k |0k,0_g) + sin g [T, T_g),

10k, 1) = [0k, T_s),

116,0_4) = [14,0_4),

1, 1og) = —i sin @0, 05) + cos e[ Te, Tg).  (13)

In the above, |77y, _¢) (1 = 0,1) are energy eigenstates of the
final Hamiltonian H;(A,).
The characteristic function Eq. (3) takes the form

XF(M)

— 1_[ Z e~ (ut+Plermtn_—D+arm—n_)]
Z()‘O) k>0n=0,1

x (1g nik|ezurk(nk+ﬁ,k71)+5k(ﬁk*ﬁfk)]|nk n_g)

— H{e(iu-kﬂ)sk [e—iusk COS2 o+ ol sin2 ol
k>0
+ef(iu+/3)sk [efiusk sin2 O + eiusk C0S2 §0k]

+ e(i”"’ﬁ)ak e—quA + e—(iu"rﬂ)&l/( eiuak}/z()\‘o)‘ (14)
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Under the mapping Ao < Ay, & < &, G <> Gy,
or <> —@y, the backward characteristic function is easily
obtained as

l_[{e(iv-i-ﬁ)gk [e—iusk COSZ Ok + eivsk Sin2 (Pk]
k>0

xg(v) =

_’_ef(ier/S)Ek [efivek SiIl2 D + eivsk COS2 (Pk]

+e(iu+ﬂ)5ke—ivak + e—(iv-&-ﬁ)ﬁ;(eivak}/z()hr). (15)

After a simple algebra calculation, the Tasaki-Crooks relation
can be derived as

Z(Mo)

xp(—u +if) = Z(kr)XF(u)- (16)

Moreover,
_ Z(A ) 17
xr(iB) = Z0w) (17)

for xp(0) = 1. Hence, the two relations are also tenable
in this system although the excitation spectra of which are
asymmetrical.

Furthermore, the analytic forms of the work done and
irreversible entropy production for this spin chain are as
follows:

= Z{[Sk — i cos 2(pk][e’38’< — e*ﬂsk]

k>0
+ (@ — @)™ — e
! 18
x e Bex 4 eBex 4 p—Bar 4 eBar’ (18)
and
cosh [ (k )]
ASy = )+ In ——=—. (19)
" Z cosh [ 2 )]

IV. THE ANISOTROPIC XY CHAIN IN A TRANSVERSE
FIELD WITH THE XZY-YZX TYPE OF THREE-SITE
INTERACTIONS

As an example, we discuss the behaviors of the work
done and irreversible entropy production induced by a sudden
quenching in the anisotropic XY chain in a transverse field
with the XZY-YZX type of three-site interactions, whose
Hamiltonian is [26]

= 1+y X X -y v,y b4
H=— Z Tan ntl T Tan Ont1 + hon

N
_Z [%(U; 19, Un+1 0.”)' 1%, Un+l)] (20)

Here, N is the number of spins in the chain, y (—1 < y < 1)
is the anisotropy parameter of the system, o*>>% are the Pauli
matrices, i (h > 0) is a uniform external transverse field, and
a(o > 0)is the XZY-YZX type of three-spin coupling constant.
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By using the Jordan-Wigner transformation [27]

n—1

o, = 1_[(1 — ZC;rc,-)(ci + cp),

i=l1

n—1
1
o’ny = - l_[(l — Q.Cj(,‘i)(ci - Cn)» (21)
! i=1
= 26:26‘” -1,

2
Un

the Hamiltonian (20) can be written by spinless fermion

operators le and c,. Then, through Fourier transform c, =
\/Lﬁ >, cke”* and the Bogoliubov transformation of the

fermionic operators [25]
Cr = cOs Oy + i sinbyn (22)

the Hamiltonian (20) can be written in the momentum space
and be reduced to the diagonal form of Eq. (8) with

Ax = —a sin 2k + 24/ (cosk + h)? + y2sin? k. (23)

Here,
h +cosk — /b
cos by = s
V2[b — (h + cos k)/by]
ink
Sin 6 = Y0 : (24)
V2[br — (h + cos k)v/br
with by = &7 /4. Accordingly, & =

2/(cosk + h)2 + y2sin’k, and @ = —asin2k. It is
easy to obtain that in Eq. (12) the Bogoliubov angles
@x = O — 6, where 6, corresponds to Hy(X\;).

There are three parameters in this system: &, ¥, and &, so we
study the behaviors of the work done and irreversible entropy
production in the following three cases:

(a) @ and y are fixed, and thus A = h, a; = a;, and

= Z Ah cos 26, gi(ho); (25)
k>0
(b) « and £ are fixed, and thus A = y, a; = dy, and
W) = Z Ay sink sin 26;gx(70); (26)
k>0

(c) h and y are fixed, and thus A = «, g = &, and

= > Aasin2kgi(ap). 27)
k>0
Here, Ah=h; — ho, Ay =y — Y0, Aa=0a; — ag, gx(ro) =
2(ePek —e—Pek) / _ Bay _ p—PBay .
T s rora > And g1 (ho) = s Sm e With Az,

yr, and o, the parameters of H(X;)

It is thus clear that (W) is proportional to AA whether
A = h, y,or «. In other words, the value of % is entirely due
to the properties of the initial state. In contrast, the relation
between the irreversible entropy production A S and A)isnot
linear. If AL — 0, AF = AX2E|;_;) = (W), which means

ASiy = 0. If AX is not small enough, AAS/‘\" depends on not

only the properties of the initial state but also the difference
between the initial state and the final state.
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FIG. 1. The phase diagram at zero temperature for the XY chain
with the XZY-YZX type of three-site interaction in a transverse field
for @ = 0.5. The horizontal dashed line corresponds to y = 0.7 and
the vertical dashed line corresponds to & = 0.5.

From the spectra (23), we get the phase diagrams at zero
temperature shown as Fig. | fora = 0.5 and & > 0 and Fig. 4
for h =0 and o > 0. In these diagrams, there are gapped
and gapless phases [26]. Between gapped phases, the QPT
is referred to as the Ising transition [28]. Between gapless
and gapped phases, the QPT is similar to the anisotropy
transition [27].

In the following, we show some numerical results of the
work done and the irreversible entropy production. After
numerical calculation, we find that <Nﬁ and % do not change
as N is changing when N is large enough, so we only discuss
the quantities per site, thatis, (w) = % and As;; = %, and
only show the results corresponding to N = 1000 without loss
of generality.

First, we study the case of a small change. Figure 2 shows
% and AAS;;' as functions of & for Ah = 0.01. As h is changing,
the system undergoes a QPT between two gapped phases at
he=1witha =0.5and y = O.<7 >(see the horizontal dashed

line in Fig. 1). Figure 3 shows Ny and %‘/‘" as functions of

y for Ay = 0.01. As y is changing, the system undergoes a

0.0 1.2
N@ (b)

-0.80
095 ‘\IOO 1.05 |

00 05 10 15 00 05 10 15
h h

FIG. 2. (a)% and (b) AASL“ as functions of 4 for Ah = 0.01,

y = 0.7, = 0.5,and N = 1000. The solid, dashed, and dotted lines
correspond to 8 = 100,50, 10, respectively.
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FIG. 3. (a)% and (b)%’;’" as functions of y for Ay =0.01,
h=0.5,a =0.5,and N = 1000. The solid, dashed, and dotted lines
correspond to 8 = 100,50, 10, respectively.

QPT between gapped and gapless phases at y,,, ~ +0.274
with o« = 0.5 and 7 = 0.5 (see the vertical dashed line in
Fig. 1). It is easy to be concerned that when the parameter

A (L =h or y) changes through the critical lines % and

% are both continuous in the vicinity of the critical points,

particularly where % achieves its extreme value. It can be
understood that near the critical point the equilibrium state
changes dramatically for small changes of A, so that to drive
the system across the critical point is difficult, and this is
reflected in a sharp increase in irreversible entropy production.

Besides, as & is changed, % tends to diverge symmetrically

at the critical point, while %
v

side of the critical points as y is changed. We believe that this
results from the different QPTs, even if they are both second
order.

Now, we turn to discuss another interesting case. Figure 4
gives the phase diagram of this system for 2 = 0 at zero
temperature. There is a special point («,y) = (1,0) (see the
horizontal dashed line in Fig. 4). The two phases foro < 1 and
o > 1 are both gapless. However, at zero temperature when

changes more rapidly in one

1.0F
0.5+F gapped
o=l gapless
N 00—
05 gapped
-1.0F ) ) )
0.0 0.5 1.0 1.5 2.0

FIG. 4. The phase diagram at zero temperature for the XY chain
with the XZY-YZX type of three-site interaction in a transverse field
for h = 0. The horizontal dashed line corresponds to y = 0.
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0.05 0.30
(a) (b)
0.00 |t 0.25
-0.05
. s 0.20
<-0.10 2015
A
G -0.15 .
0.10
-0.20
0.05
025}
0.00
-0.

00 05 1.0 1.5 2.0
a

30 L L L
00 05 1.0 1.5 2.0
[24

FIG.5. ()% and (b)4i* as functions of a for Aa = 0.01,
y =0, h =0, and N = 1000. The solid, dashed, and dotted lines
correspond to 8 = 100,50, 10, respectively.

o < 1 the energy spectra have only two Fermi points, whereas
when o > 1 the energy spectra also have two additional
Fermi points [29]. Figure 5 shows the variations of % and
% as « is changing for y =0 and 4 = 0. In the vicinity
of the point @ =1, %ﬁ and AAL("; are both continuous and
AAS(‘;’ achieves its extreme value as well. This indicates that
although the two phases are both gapless their properties
are different. In addition, when 8 — oo, (w) =0 for @ < 1,
which means in this region the energy of the system is
irrelevant to « and the system is in a neutral equilibrium
state.

Second, when the sudden change is large, % is the same as
that for a small A, but the properties of isj\" are different. For
instance, Fig. 6 shows AAL‘V“ varying as a function of y for Ay =
0.3, whose value is much larger than that for Ay = 0.01,
respectively. The reason is that the sudden quenching coincides
with the distance between the states of the initial and final
Hamiltonians. The more X is changed, the more the irreversible
entropy production is needed. Moreover, instead of being near
the critical points, the sudden quenching between gapped and
gapless phases occurs in the interval y € (y,, — Ay,y.,) U
(Ye, — AY,¥¢,) approximately. y,, and y,, at zero temperature
for « = 0.5 and & = 0.5 are shown in Fig. 1. As the result,
the irreversible entropy production is asymmetrical on either
side of the critical points and changes no more sharply near
the critical points, which is different from that for Ay = 0.01.

Certainly, we notice that in the above cases the signature of
quantum criticality decreases at higher temperatures with the

PHYSICAL REVIEW E 91, 032137 (2015)

-1.0 -0.5 0.0 0.5 1.0

FIG. 6. %ﬂ” as a function of y for Ay =0.3, h =0.5, ¢ = 0.5,
and N = 1000. The solid, dashed, and dotted lines correspond to
B = 100,50,10, respectively.

emergence of thermal fluctuations, and the differences between
different QPTs are also eliminated by thermal effects.

V. CONCLUSION

We have studied the statistics of the fluctuation relations,
work done, and irreversible entropy production in a sudden
quenched quantum chain, whose Hamiltonian can be diag-
onalized to a reduced form as H =), Ak(n,tnk — 1), with
asymmetrical excitation spectra. We verify that the Jarzynski
and Tasaki-Crooks relations are still tenable in this system.

The anisotropic XY chain in a transverse field with the
XZY-YZX type of three-site interactions is taken as an example
to discuss the effects of the quenching, especially between
different phases, on the work done and irreversible entropy
production. It is found that, different from the irreversible
entropy production, the average work (W) is proportional to
A so that the essential characteristics of % are entirely
due to the properties of the initial state. The work done and the
irreversible entropy production are both continuous. Moreover,
the latter achieves its extreme value in the vicinity of the critical
points between different phases and shows some difference for
different QPTs at low temperature.
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